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Preface

Target Audience and Prerequisites. The mathematical philosophy of index
theory and all its basic concepts, technicalities and applications are explained in
Parts I-III. Those are the easy parts. They are written for upper undergraduate
students or graduate students to bridge the gap between rule-based learning and
first steps towards independent research. They are also recommended as general
orientation to mathematics teachers and other senior mathematicians with different
background. All interested can pick up a single chapter as bedside reading.

In order to enjoy reading or even work through Parts I-III; we expect the
reader to be familiar with the concept of a smooth function and a complex separable
Hilbert space. Nothing more — but a will to acquire specialized topics in functional
analysis, algebraic topology, elliptic operator theory, global analysis, Riemannian
geometry, complex variables, and some other subjects. Catching so many different
concepts and fields can make the first three Parts a bit sophisticated for a busy
reader. Instead of ascending systematically from simple concepts to complex ones in
the classical Bourbaki style, we present a patch-work of definitions and results when
needed. In each chapter we present a couple of fully comprehensible, important,
deep mathematical stories. That, we hope, is sufficient to catch our four messages:

(1) Index theory is about regularization, more precisely, the index quantifies
the defect of an equation, an operator, or a geometric configuration from
being regular.

(2) Index theory is also about perturbation invariance, i.e., the index is a
meaningful quantity stable under certain deformations and apt to store
certain topological or geometric information.

(3) Most important for many mathematicians, the index interlinks quite di-
verse mathematical fields, each with its own very distinct research tradi-
tion.

(4) Index theory trains the student to recognize all the elementary topics of
linear algebra in finite dimensions in the sophisticated topics of infinite-
dimensional and nonlinear analysis and geometry.

Part IV is different. It is also self-contained. Choosing one or two chapters of
this Part IV of the book would make a suitable text for a graduate course in se-
lected topics of global analysis. All concepts will be explained fully and rigorously,
but much shorter than in the first Parts. This last Part is written for graduate stu-
dents, PhD students and other experienced learners, interested in low-dimensional
topology and gauge-theoretic particle physics. We try to explain the very place of
index theory in geometry and for revisiting quantum field theory. There are thou-
sands of other calculations, observations and experiments. But there is something
special about the actual and potential contributions of index theory. Index theory

xvi



PREFACE xvii

is about chirality (asymmetry) of zero modes in the spectrum and classifies connec-
tions (back ground fields) and a variety of other intrinsic properties in geometry
and physics. It is not just about some more calculations, some more numbers and
relations.

Outline of History. When first considering infinite-dimensional linear spaces,
there is the immediate realization that there are injective and surjective linear
endomorphisms which are not isomorphisms, and more generally the dimension of
the kernel minus that of the cokernel (i.e., the index) could be any integer. However,
in the classical theory of Fredholm integral operators which goes back at least to the
early 1900s (see [144]), one is dealing with compact perturbations of the identity
and the index is zero. FRITzZ NOETHER (in his study [321] of singular integral
operators and the oblique boundary problem for harmonic functions, published in
1920), was the first to encounter the phenomenon of a nonzero index for operators
naturally arising in analysis and to give a formula for the index in terms of a winding
number constructed from data defining the operator. Over some decades, this result
was expanded in various directions by G. HELLWIG, I.N. VEKUA and others (see
[422]), contrary to R. COURANT’s and D. HILBERT’s expectation in [113] that
“linear problems of mathematical physics which are correctly posed behave like a
system of N linear algebraic equations in NV unknowns”, i.e., they should satisfy the
Fredholm alternative and always yield vanishing index. Meanwhile, many working
mainly in abstract functional analysis were producing results, such as the stability
of the index of a Fredholm operator under perturbations by compact operators or
bounded operators of sufficiently small operator norm (e.g., first J.A. DIEUDONNE
[117], followed by F.V. ATKINSON [49], B. YOOD [446], I.Z. GOHBERG and M.G.
KREIN [175], etc.).

Around 1960, the time was ripe for .M. GELFAND [157] to propose that the
index of an elliptic differential operator (with suitable boundary conditions in the
presence of a boundary) should be expressible in terms of the coefficients of highest
order part (i.e., the principal symbol) of the operator, since the lower order parts
provide only compact perturbations which do not change the index. Indeed, a con-
tinuous, ellipticity-preserving deformation of the symbol should not affect the index,
and so GELFAND noted that the index should only depend on a suitably defined
homotopy class of the principal symbol. The hope was that the index of an elliptic
operator could be computed by means of a formula involving only the topology of
the underlying domain (the manifold), the bundles involved, and the symbol of the
operator. In early 1962, M.F. ATiyaH and I.M. SINGER discovered the (elliptic)
Dirac operator in the context of Riemannian geometry and were busy working at
Oxford on a proof that the g—genus of a spin manifold is the index of this Dirac
operator. At that time, S. SMALE happened to pass through Oxford and turned
their attention to GELFAND’s general program described in [157]. Drawing on the
foundational and case work of analysts (e.g., M.S. AGRANOVICH, A.S. DYNIN, L.
NIRENBERG, R.T. SEELEY and A.I. VOLPERT), particularly that involving pseudo-
differential operators, ATIYAH and SINGER could generalize HIRZEBRUCH’S proof
of the Hirzebruch-Riemann-Roch theorem of 1954 (see [204]) and discovered and
proved the desired index formula at Harvard in the Fall of 1962. Moreover, the Rie-
mannian Dirac operator played a major role in establishing the general case. The
details of this original proof involving cobordism actually first appeared in [325].
A K-theoretic embedding proof was given in [44], the first in a series of five papers.
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This proof was more direct and susceptible to generalizations (to G-equivariant
elliptic operators in [42] and families of elliptic operators in [47]).

The proof of the Index Theorem in [44] was inspired by GROTHENDIECK’S
proof and thorough generalization of the Hirzebruch-Riemann-Roch Theorem, ex-
plained in [83]. We shall present the approach in detail in Chapters 10-12 of this
book. The invariance of the index under homotopy implies that the index (say,
the analytic index) of an elliptic operator is stable under rather dramatic, but con-
tinuous, changes of its principal symbol while maintaining ellipticity. Using this
fact, one finds (after considerable effort) that the analytical index of an elliptic
operator transforms predictably under various global operations such as embed-
ding and extension. Using K-theory and Bott periodicity, a topological invariant
(say, the topological index) with the same transformation properties under these
global operations is constructed from the symbol of the elliptic operator. One then
verifies that a general index function having these properties is unique, subject to
normalization. To deduce the Atiyah—Singer Index Theorem (i.e., analytic index
= topological index), it then suffices to check that the two indices are the same in
the trivial case where the base manifold is just a single point. A particularly nice
exposition of this approach for twisted Dirac operators over even-dimensional man-
ifolds (avoiding many complications of the general case) is found in E. GUENTNER’s
article [191] following an argument of P. BAUM.

Not long after the K-theoretical embedding proof (and its variants), there
emerged a fundamentally different means of proving the Atiyah—Singer Index The-
orem, namely the heat kernel method. This is worked out here (see Chapter 17 in
the important case of the chiral half Dt of a twisted Dirac operator D. In the
index theory of closed manifolds, one usually studies the index of a chiral half D
instead of the total Dirac operator D, since D is symmetric for compatible connec-
tions and then index D = 0.) The heat kernel method had its origins in the late
1960s (e.g., in [288], inspired by [299] of 1949) and was pioneered in the works
[328], [163], [33]. In the final analysis, it is debatable as to whether this method
is really much shorter or better. This depends on the background and taste of the
beholder. Geometers and analysts (as opposed to topologists) are likely to find the
heat kernel method appealing. The method not only applies to geometric operators
which are expressible in terms of twisted Dirac operators, but also largely for more
general elliptic pseudo-differential operators, as R.B. MELROSE has done in [289].
Moreover, the heat method gives the index of a “geometric” elliptic differential op-
erator naturally as the integral of a characteristic form (a polynomial of curvature
forms) which is expressed solely in terms of the geometry of the operator itself (e.g.,
curvatures of metric tensors and connections). One does not destroy the geometry
of the operator by using ellipticity-preserving deformations. Rather, in the heat
kernel approach, the invariance of the index under changes in the geometry of the
operator is a consequence of the index formula itself more than a means of proof.
However, considerable analysis and effort are needed to obtain the heat kernel for
e~*P* and to establish its asymptotic expansion as t — 07. Also, it can be argued
that in some respects the K-theoretical embedding/cobordism methods are more
forceful and direct. Moreover, in [270], we are cautioned that the index theorem
for families (in its strong form) generally involves torsion elements in K-theory
that are not detectable by cohomological means, and hence are not computable
in terms of local densities produced by heat asymptotics. Nevertheless, when this



PREFACE xix

difficulty does not arise, the K-theoretical expression for the topological index may
be less appealing than the integral of a characteristic form, particularly for those
who already understand and appreciate the geometrical formulation of characteris-
tic classes. More importantly, the heat kernel approach exhibits the index as just
one of a whole sequence of spectral invariants appearing as coefficients of terms
of the asymptotic expansion (as ¢ — 0T) of the trace of the relevant heat kernel.
(On p. 118, we guide the reader to the literature about these particular spectral
invariants and their meaning in modern physics. The required mathematics for
that will be developed in Section 17.4.) All disputes aside, the student who learns
both approaches and formulations to the index formula will be more accomplished
(and probably a good deal older).

Further Reading. What the coverage of topics in this book is concerned,
we hope our table of contents needs no elaboration, except to say that space limi-
tations prevented the inclusion of some important topics (e.g., the index theorem
for families; index theory for manifolds with boundary, other than the Atiyah-
Patodi-Singer Theorem; L?-index theory and coarse geometry of noncompact man-
ifolds; R. NEST’s and B. TSYGAN’s algebraic and operator theoretic index theory
of [314, 315]; P. KRONHEIMER’s and T. MROWKA’s visionary work on knot ho-
mology groups from instantons; lists of all calculated spectral invariants; aspects
of analytic number theory). However, we now provide some guidance for further
study. A fairly complete exposition, by ATIYAH himself, of the history of index
theory from 1963 to 1984 is found in Volume 3 of [25] and duplicated in Volume
4. Volumes 3, 4 and 5 contain many unsurpassed articles written by ATIYAH and
collaborators on index theory and its applications to gauge theory. In the infor-
mative — and charming [445], S.-T. YAU collected The founders of index theory:
reminiscences of and about Sir Michael Atiyah, Raoul Bott, Friedrich Hirzebruch,
and I. M. Singer. N. HITCHIN’s short text [213] on the 2004 Abel Prize Laureates
describes the index theorem, where it came from, its different manifestations and a
collection of applications. It indicates how one can use the theorem as a tool in a
concrete fashion without necessarily retreating into the details of the proof. We all
owe a debt of gratitude to H. SCHRODER for the definitive guide to the literature on
index theory (and its roots and offshoots) through 1994 in Chapter 5 of the excellent
book [164] of P.B. GILKEY. We have benefited greatly not only from this book,
but also from the marvelous work [270] by H.B. LAWSON and M.L. MICHELSOHN.
In that book, there are proofs of index formulas in various contexts, and numerous
beautiful applications illustrating the power of Dirac operators, Clifford algebras
and spinors in the geometrical analysis of manifolds, immersions, vector fields, and
much more. The classical book [386] of P. SHANAHAN is also a masterful, elegant
exposition of not only the standard index theorem, but also the G-index theorem
and its numerous applications. A fundamental source on index theory for certain
open manifolds and manifolds with boundary is the authoritative book [289] of
R.B. MELROSE. In [363], TH. SCHICK reviews coarse index theory, in particular,
for complete partitioned manifolds. It has been introduced by J. ROE and pro-
vides a theory to use tools from C*-algebras to get information about the geometry
of non-compact manifolds via index theory of Dirac type operators. [201] of N.
Hicson and J. ROE gives a well-written presentation of the underlying ideas of
analytic K-homology and develops some of its applications. For a concrete calcula-
tion see also the concise [306, Section 7.4.2] and the Notes (forthcoming) [202]. See
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also [134, 135, 136] of J. EICHHORN for heat kernel asymptotics on non-compact
manifolds and [313] of B.-W. SCHULZE and collaborators for index theory on sin-
gular spaces. [454] of W. ZHANG gives an excellent introduction to various aspects
of Atiyah-Singer index theory via the Bismut/Witten-type deformations of elliptic
operators. Very close to our own view upon index theory is the plea [154] of M.
FURUTA for reconsidering the index theorem, with emphasis on the localization
theorem. In the case of boundary-value problems for Dirac operators, we put quite
some care in the writing of our [80] jointly with K.P. WoJCIECHOWSKI. The recent
book [152] of D. FURSAEV and D. VASSILEVICH contains a detailed description
of main spectral functions and methods of their calculation with emphasis on heat
kernel asymptotics and their application in various branches of modern physics.
Following up on the classic [210] of F. HIRZEBRUCH and D. ZAGIER on interrela-
tions between the index theorem and elementary number theory, the comprehensive
[373] of S. SCOTT covers the theory of traces and determinants on Banach algebras
of operators on vector bundles over closed manifolds, with emphasis on various al-
gebras of pseudo-differential operators. He gives a series of calculations that give
the flavor of the subject in tractable cases, and relates these calculations to Pois-
son and Selberg trace formulas. There is an impressive nonstandard proof of the
local Atiyah-Singer index theorem, using resolvent expansions in place of the usual
heat equation techniques. A wealth of radically new ideas of (partly yet unproven)
geometric use of instantons are given in [266] of P.B. KRONHEIMER and T.S.
MROWKA. Very inspiring is [223] of E.P. HSU on stochastic analysis on manifolds.
It gives a reformulation of the heat equation proof of the index theorem in terms
of Wiener process asymptotics. Basically, that is what we should have after A.
FEINSTEIN’s famous 1905-discovery of the basis of heat conduction in diffusion. The
details are interesting, though, in particular because they open a window to discrete
analysis. A taste of the recent revival of D-branes and other exotic instantons in
string theory can be gained from [161] of H. GHORBANI, D. Musso and A. LERDA.
Indications can be found in the review [358] of F. SANNINO about, how strongly
coupled theories of gauge theoretic physics result in perceiving a composite universe
and other new physics awaiting to be discovered. In the mathematically rigorous
and richly illustrated [352], N. RESHETIKHIN explains why and how topological
invariants by necessity appear in various quantizations of gauge theories.

The Question of Originality: Seeking a Balance between Mathemat-
ical Heritage and Innovation. Parts I-III and the two appendices teach what
mathematicians today consider general knowledge about the index theorem as one
of the great achievements of 20th century mathematics. But, actually, there are
two novelties included which even not all experts may be aware of: The first novelty
appears when rounding up our comprehensive presentation of the topology of the
space of Fredholm operators: we do not halt with the Atiyah-Jdnich Theorem and
the construction of the index bundle, but also confront the student with a thorough
presentation of the various definitions of determinant line bundles. This is to re-
mind the student that index theory is not a more or less closed collection of results
but a philosophy of regularization, of deformation invariance and of visionary cross
connections within mathematics and between its various branches.

A second novelty in the first three Parts is the emphasis on global constructions,
e.g., in introducing and using the concept of pseudo-differential operators.
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Apart from these two innovations, the student can feel protected in the first
three Parts against any originality.

Basically, Part IV follows the same line. Happily we could also avoid excessive
originality in the chapters dealing with instantons and the Donaldson-Kronheimer-
Seiberg-Witten results about the geometry of moduli spaces of connections. There
we also summarize, refer, define, explain great lines and details like in the first three
Parts, though emphasizing variational aspects based on [59].

However, the core of Part IV is different. It consists of an original, full, quite
lengthy (in parts almost unbearably meticulous) proof of the Local Index Theorem
for twisted Dirac operators in Chapter 17 and its applications to standard geometric
operators. That long Chapter is thought as a new contribution to the ongoing search
for a deeper understanding of the index theorem and the “best” approach to it.

Clearly, a student looking for the most general formulation of the index theo-
rem and a proof apt for wide generalizations should concentrate on our Part III,
the so-called Embedding (or K-theoretic) Proof. However, a student wanting to
trace the germs of index calculations back in the geometry of the considered stan-
dard operators (all arising from various decompositions of the algebra of exterior
differential forms) should consult Section 17.5 with a full proof of the Local Index
Formula for twisted Dirac operators on spin manifolds (all terms will be explained)
and Section 17.6, where we derive the Index Theorem for Standard Geometric Op-
erators. These geometric index theorems are by far less general than Part IIT’s
embedding proof, but they are more geometric, and we hold, also more geomet-
ric than the usual heat equation proofs of the index theorem. Not striving for
greatest generality, we obtain index formulas for the standard elliptic geometric
operators and their twists. The standard elliptic geometric operators include the
signature operator d + §: (1+ ) Q* (M) = QT (M) — Q= (M) = (1 — %) Q* (M),
the Euler-Dirac operator d + §: Q% (M) — Q°44 (M), and the Dolbeault-Dirac
operator v2 (0 + 8%) : Q7 (M) — Q44 (M) (all symbols will be defined). The
index formula obtained for the above operators yields the Hirzebruch Signature
Theorem, the Chern-Gauss-Bonnet Theorem, and the Hirzebruch-Riemann-Roch
Theorem, respectively. While these operators generally are not globally twisted
Dirac operators, locally they are expressible in terms of chiral halves of twisted
Dirac operators. That applies also to the Yang-Mills operator. Thus, even if the
underlying Riemannian manifold M (assumed to be oriented and of even dimen-
sion) does not admit a spin structure, we may still use the Local Index Theorem
for twisted Dirac operators to compute the index density and hence the index of
these operators. While it is possible to carry this out separately for each of the
geometric operators, basically all of these theorems are consequences of one single
index theorem for generalized Dirac operators on Clifford module bundles (all to
be defined). Using the Local Index Theorem for twisted Dirac operators, we prove
this index theorem first (our Theorem 17.59), and then we apply it to obtain the
geometric index theorems, yielding the general Atiyah-Singer Index Theorem for
practically all geometrically defined operators.

Style and Notations. To present the rich world of index theory, we have
chosen two different styles. We write all definitions, theorems, and proofs as concise
as possible to free the reader from dispensable side information. Where possible,
we begin the introduction of a new concept with a simple but generic example or
a review of the local theory, immediately followed by the corresponding global or
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general concept. That is one half of the book, so to speak the odd numbered pages.
The other half of the book consists of exercises (often with extended hints) and
historical reviews, motivations, perspectives, examples. We wrote those sections in
a more open web-like style. Important definitions, notions, concepts are in bold
face. Background information is in small between the signs » and «. In remarks
and notes, leading terms are in italics.

The reader will notice our bias towards elder literature when more recent ref-
erences would not add substantially more value. This is due not so much to the
age of the authors (both born before the middle of the last century) but rather
to the common pride of mathematicians belonging to a community where biblio-
graphic impact factors and research indices should rather be calculated in citations
after some decades of years than in numbers of recently appeared, cited and soon
forgotten publications.

There is also a distinction, due to HARALD BOHR and disseminated by BORGE
JESSEN, between expansive and consolidating periods of each individual science.
While physics and biology had consolidating periods in the first half of the last
century and suffer now of the rapid change of ever new single and dispersed results,
mathematics has had and still has good decades of consolidation and of long-time
validity of key results. To the present authors, there is no reason to hide our
indifference to changing fashions.

Acknowledgments and Dedication. Due to circumstance, the responsible
author had to finish the book alone, though on the basis of extended drafts for
all chapters which had been worked out jointly with DAVID BLEECKER. First of
all, he thanks his wife Susst Booss-BAVNBEK for her encouragement, support and
love. The responsible author acknowledges the hints and help he received from I.
AVRAMIDI (Socorro), G. CHEN (Hangzhou), G. EsposiTo (Napoli), K. FURUTANI
(Tokyo), V.L. HANSEN (Copenhagen), B. HIMPEL (Aarhus), P. KIRK (Blooming-
ton), T. KorI (Tokyo), M. LEsCcH, B. SAUER and B. VERTMAN (Bonn), H.J.
MUNKHOLM (Odense), L. NICOLAESCU (Notre Dame), M. PFLAUM (Boulder), S.
ScotT (London), R.T. SEELEY (Newton), G. Su (Tianjin), K. UcHIYAMA (Tokyo)
and C. ZHU (Tianjin) in the critical phase of the final re-shuffling and updating. In
particular, he thanks Roskilde University for an extraordinary leave for that work;
the Universita degli Studi di Napoli Federico II and the Istituto Nazionale di Fisica
Nucleare (INFN, Sezione di Napoli) for their hospitality during his stay there; and
P.C. ANAGNOSTOPOULOS (Carlisle), B.J. BIANCHINI (Somerville), H. LARSEN
and J. LARSEN (Roskilde) and M. LESCH and B. SAUER (Bonn) for generously
providing useful LaTeX macros, hacks and environments and substantial help with
the final lay-out and promotion. A.E. OLSEN (Roskilde) checked the bibliographic
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Index of Notation

A Laplace operator
Ap generalized Laplace operator, 305
Beltrami Laplacian, 189
connection (covariant) Laplacian on
Qk (W), 439
connection Laplacian, 199, 536
Dirac Laplacian, 187
Euclidean, 144
Hodge Laplacian, 439
I'(s) Gamma function, 112, 204
I‘; & Christoffel symbols
for connection, 178, 421
for Riemannian metric, 168
A* (V) graded exterior algebra of V, 171,
514
AE s generating operator for Sobolev
spaces, 198
A®(T*X) total bundle of exterior forms,
172
AP(T*X) vector bundle of exterior forms,
172
AP (V) vector space of p-fold
skew-symmetric tensors, 171
As generating operator for Sobolev spaces,
197
QF (P, W) smooth equivariant W-valued
k-forms on P, 401
Q9F space of complex forms of type (0,k),
187
QP-9(M) forms of bidegree (p, q), 616

0"(P, W) smooth horizontal equivariant
W-valued k-forms on P, 401

Q% curvature of connection w, 399

Q°(X) total space of exterior differential
forms, 172

QP (X) space of exterior differential
p-forms, 172

Q3 (M, R) spaces of (anti-) self-dual forms,
405

® Thom isomorphism of singular
cohomology, 311, 313

®* Seiberg-Witten function, 665

® isomorphism from horizontal equivariant
forms to the gauge group, 411

¥ Thom isomorphism of K-theory, 290, 313

W inverse of ®, 411

741

,2(M), 2% (M) the Hermitian spinor
bundles, 531
£F(X), Ze(X) bundles associated to Spin®
structure, 659
>om vector space of spinors, 521
E%tm vector space of half-spinors, 521
Ye,g(X), ngg bundles of virtual twisted
spinors relative to g, 696
Yo1,...,v, singular set of array of vector
fields, 325
© torsion of a connection 1-form, 415
a: K(R? x X) = K(X) Bott
isomorphism, 270
B(T) symplectic space of all extensions of
closed symmetric T, 49
B(A, B) Killing form, 462
x Euler characteristic / class of a
surface, 117
complex, 7
complex vector bundle, 313
real Riemannian bundle, 453
topological manifold, 262, 320, 609
x: U(1) x Spin(2m) — Spin®(2m) 2-fold
cover, 659
Xhol holomorphic Euler characteristic
of a complex manifold = arithmetic
genus, 334
of a holomorphic vector bundle, 334, 642

Bockstein homomorphism of homological
algebra, 655

codifferential operator on forms, 188
difference bundle construction, 263
Dirac distribution, 38, 136

0X boundary of a manifold X, 143

6% covariant codifferential, 406

e-tensor, 96

1:,7; 't Hooft matrices, 467

np(s) eta function of Dirac type operator

D, 111

np reduced eta invariant, 112

~ gap (projection) metric for C(H), 52

s global section, “y5-matrix, 340

K general heat kernel, 547

k(z) Cayley transformation, 130

k € QLL(M) Kahler 2-form, 618
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A size of instanton, 475
Ay canonical difference element of A®(V)
for complex vector bundle V' — X, 289
1(P) boundary index of an elliptic
operator, 249
v, %, n field normal to the boundary, 154,
181, 191
v normalized y5-matrix, 659
vg volume form of X with metric tensor g,
170, 405
[w, w] bracket of g-valued 1-form, 399
w connection 1-form on P, 398
w symplectic form on smooth manifold, 652
wc complex volume element, 520
¢x associated vector bundle isomorphism,
409
¢(a) autocorrelation function, 124
m: P — M principal G-bundle, 395
m|p, : Po — M holonomy bundle, 456
7 (X, o) homotopy group
m1(X, o) fundamental group, 77, 128
7re T¢-equivariant bundle map defining a
Spin€(n) structure, 655
7w vector bundle base point projection, 181
P, pi,pc spinor representations, 519-521
p(X) injectivity radius of Riemannian
manifold X, 169
[o(P)] symbol class, 279, 289
0: B — U(E) xy P radial gauge for fixed
z € M, 552
o; Pauli matrices, 467
o(P) principal symbol bundle
homomorphism of
Pelk (E,F), 214, 228
differential operator, 184
o(P)(z,&2) principal symbol
of P € Lpc®(E, F), 214, 217, 228
of Bokobza-Haggiag amplitude, 234
of differential operator, 183, 216

ok(M1, ..., A) elementary symmetric
polynomial of degree k in z1,..., 2y,
448

7 involution on forms, 173
Tft parallel translation
along path ¢, 178
sz, parallel translation
within injectivity radius, 179
Tg, Tk local bundle trivialization, 183
(Gij) local Levi-Civita connection forms,
469
0 Levi-Civita connection, 180, 418
04+ decomposition of Levi-Civita
connection, 467
¢ canonical 1-form on LM, 415
¢p(s) zeta function of semi-positive elliptic
operator P, 114

|A| symmetric (absolute) factor of operator
A, 56
A atlas of charts, 157
A* group of units of Banach algebra A, 64,
65
o space of connections (affine
configurations space), see C(P), 461
A(M) generalized total characteristic class,
598
A* fundamental vertical vector field of
element A in Lie algebra, 398
ad adjoint representation of G on g, 397
Adg adjoint action of G on G, 397
ad derivative of ad at identity, 397
A A roof
A(F) total A class of real Riemannian
bundle FF — M, 451
A(M) := A(TM) total A class of
oriented Riemannian manifold M
with spin structure, 546
Ay transmission (coupling) operator, 272
Ampl, (E, F) space of amplitudes of order
k, 234
ant antipodal map
on sphere, 274
on tangent bundle, 317
A% pull-backs of 0+ to R4, 467
AR closed extension (realization) of
operator with domain R, 343
Aut(P) group of all automorphisms of P,
409

B real elliptic operator associated to Spin®
structure, 666

B2(U;Z2) group of Cech 2-coboundaries
with values in Zgo relative to the cover
U, 527

B, B, B, # tangential Dirac operators, 341

2P quotient space (space of moduli of all
connections), see M(P), 461

b Bott class, 270

b equivariant K-theory element, 292

b Betti number, 7

B(H) Banach algebra of bounded operators
on a Hilbert space H, 3

BT convex set of positive operators, 17

bt self-dual Betti number, 653

By ideal of finite rank operators, 56

By closed unit ball in Hilbert space, 18

C?(U;Z2) group of Cech 2-cochains with
values in Zs relative to the cover U,
526

C§°(R) Schwartz space of rapidly
decreasing functions, 113

C* complex units, 253

Cj, j=1,...,4 SO(4)-irreducible
decomposition for n = 4, 432
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€: P — F'M spin structure for Riemannian
manifold M, 525
¢(0) tangent vector of a path ¢, 160
¢ (left) Clifford multiplication, 180, 340,
531, 659
¢(E) total Chern class of complex vector
bundle F, 312
c: Spin(n) — SO(n) double covering
homomorphism, 517
¢ (E) Chern class of complex vector bundle
E, 312, 444
C(P,G) smooth equivariant G-valued
functions on P, 410
C°(S') Banach space of continuous
C-valued functions on St, 705
c1: HY(X;U(1)) —» H?(X;Z) Cech
cohomology isomorphism, 656
C°°(R™) complex valued C* function on
R™, 135
C>(TX) space of smooth vector fields, 165
C(H) space of closed densely defined
operators in H, 52
ch(E) Chern character, 260, 312, 445
CF(H) space of closed (not necessarily
bounded) Fredholm operators, 52
C>(R™,CN) C*° functions from R™ to
CN, 139
C*°(X; E) linear space of smooth sections
of B, = C>(FE), 181
CI(TX) complex Clifford bundle, 595
C{(X) Clifford bundle on Riemannian
manifold, 180
CfE(X) chiral Clifford bundles, 181
cgy Clifford multiplication relative to g, 697
Cl(T Xz, gs) Clifford algebras of tangent
vectors, 180
CL(V) Clifford algebra of real vector space
V, 514
Clay, complex Clifford algebra, 520
C¢,, Clifford algebra of real n space, 514
C§° smooth sections with compact
support, 186
Coker T' cokernel of the operator T, 3
C(P) space of C* connections on P, 396
c(pP)*
space of self-dual connections, 489
space of self-dual weakly irreducible
connections over fixed 4-manifold,
496
C(P)P'k Sobolev space of connections, 500
C(P);, mildly-irreducible self-dual
connections, 496, 507
CP? complex projective space of complex
dimension 2, 647
CWPj, Banach manifold of connections,
parametrized by Sobolev space, 668
(C% trivial product bundle of complex fiber
dimension N over base space X, 181

C(Y') semi-group of equivalence classes of
complexes of vector bundles with
compact support, 277

C(Y, X) space of continuous mappings
from Y to X, 18

Dw®? exterior derivative on
P xg W-valued k-forms, 435
D Dirac operator
D* (partial) chiral Dirac operators, 181,
532
D, Spin©-Dirac operator, 659
(w,L7,02)
D, ¥
697
P (free) Euclidean Dirac operator, 341
P 4 twisted Euclidean Dirac operator,
342
operator of Dirac type, 180
standard Dirac operator for spin
structure, 531
twisted Dirac operator, 532
DWW, DW= Dirac operator

generalized Dirac operators, 597
pWodd B ey

lifted Spin®-Dirac operator,

E Dirac operator
Yang-Mills Dirac operators, 613
DWOdd s DV Dirac operator
generalized Dirac operators, 608
® divisor on Riemann surface, 335
(d + &)t signature operator, 321, 604
(d + 8)F-F twisted signature operator, 346,
606
(d+96)¢v, (d + §)X Euler operator, 320, 609
% Cauchy-Riemann operator, 187
9 Dolbeault operator, 187, 334
Op generalized Dolbeault operator, 334,
639
821 4+ 4 Bgn Euclidean Laplace
operator, 187
deg, degree of contribution, 579
d exterior differentiation, 172
d + 6 deRham-Dirac operator, 320, 602
dg, dz; virtual dimensions of moduli spaces
M, My of self-dual and anti-self-dual
connections for classes of principal
SU(2)-bundles, 650
D® (symmetrized) partial derivative of
multiindex «, 135, 182
D% covariant derivative relative to w, 398
d(E®), x(Eo, E1; o) difference bundle for
complex E°®, 278, 288
deg degree
deg(P) local index of an elliptic
operator, 249
deg MT boundary clutching degree of an
elliptic operator, 249
deg(®) degree of divisor D, 335
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deg(f) winding number, mapping degree,
254, 257-259
det determinant
m: S — Fo Segal determinant line
bundle, 102
(-regularized determinant, 119
det « exterior determinant of a € K(X),
92
det F' determinant line of Fredholm
operator F', 693
det T exterior determinant of family of
Fredholm operators, 92
Fredholm determinant, 97, 98
q: @ — F Quillen determinant line
bundle, 95
Diff, (E, F') space of linear differential
operators of order < k, 182
doo uniform metric, 18
dist distance, 168
div divergence of a vector field, 185
Dom(T') domain of (not necessarily
bounded) operator T, 35

E P X gc and/or all-purpose bundle, 491
FE spectral measure, 51
E dotted vector bundle, i.e., after removing
the zero-section, 182
E(r,t) fundamental solution of standard
heat equation in Euclidean n-space,
550, 563
E(c) energy functional, 168
FEg unimodular rank 8 even quadratic form
of signature 8 (exceptional form), 325,
646
£ (exceptional) lattice in R4 647
eg exceptional Lie algebra, 647
Ellgé;’?b’:a (E, F) space of O(m)-invariant
elliptic amplitudes of order k, 295
Ellgokobza(E, F) space of elliptic
amplitudes of order k, 235
Ell(X) class of elliptic pseudo-differential
operators on closed manifold X, 265
Ell:(R™) class of elliptic pseudo-differential
operators of order 0 in R™ being = Id
at oo, 275
Ellg (E, F) space of elliptic principally
classical pseudo-differential operators
of order k, 239
FE,, m-times twisted line bundle defined
over S2, 270
End(V) algebra of C-linear endomorphisms
of complex vector space V', 519
exp exponential map
exp(A) of matrix A in Lie algebra, 397
exp : CL(V) — CL(V), 514
exp,, of Riemannian manifold X at x, 169
Exp: C(P,g) — C(P,G), 413

Exp, of Sobolev Banach manifolds at
s € W2k+2(X,C), 669
ext natural extension in topological
K-theory, 285

JF correction operator between usual and
connection Laplacian, 564

fFourier coefficient, integral, transform,
706, 710

fit K(TX) — K(T'N) induced
homomorphism of smooth proper
embedding f: X < Y with normal
bundle N, 290

S|z differential of f: X - Y € C at
z € X, 161

F(H) space of Fredholm operators on a
Hilbert space H, 3

Fo set of Fredholm operators of index 0, 88

f* lifting (pull-back)

of differential forms, 165
of vector bundles, 713

F - « action of GA(P) on C(P) or
aF(p,w), 410

Fy(X) = H;(X;Z)/T*(X) essential
(torsion-free) homology, 658

7: FM — M orthonormal frame bundle,
416

F* field strengths of AL, 467

(FRy)€ set of unsuitable pairs, 700

JFr affine Fredholm version of Z7, 104

FX(g) bundle of oriented orthonormal
frames for the metric g, 694

G Lie group of matrices, 394

&(T) graph of an operator T', 36

¢ gauge group, see GA(P), 461

g Lie algebra of G, 397

G A Grothendieck group of abelian
semi-group, 262

GA1 (PSpinC(n)) subgroup acting on the
solution space of perturbed S-W
equations, 663

GA(P) group of C* gauge transformations
of P, 409

GB(Q?) Gauss-Bonnet form of a connection
0 with curvature form €, 321, 446

gc complexification of g, 464

g = (95 (x)) metric tensor, 167

GL(N,C) Lie group of invertible complex
N x N matrices, 42

gl(N,C) Lie algebra of complex N x N
matrices, 41

Grass®®(D) self-adjoint Grassmannian, 348

Grassp, Grassmannian of
pseudo-differential projections with the
same principal symbol, 345
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g(S) genus (Klassenzahl) of surface S =
numerical complexity of Abelian
integral, 319, 332

H hyperbolic intersection form, 646

H*(U;Z3) Cech cohomology group with
values in Zs relative to the cover U,
527

HY9(M) deRham cohomology space, 603

HY9(Opg) generalized Dolbeault cohomology
groups, 334, 639

H%49(M) Dolbeault cohomology space, 617

H*(X; R) cohomology functor with
coefficients in ring R, 266

Hg(z,y,t),Go(x,y,t) approximative heat
kernels, 566, 567

H(-) cohomology with compact supports,
312

Hy discrete Hardy spaces, 125

H algebra of quaternions, 514

H(£2¥) harmonic part of Q“, 691

H* (M) space of harmonic k-forms, 602

H+t L2-orthogonal projection onto the
self-dual harmonic 2-forms relative to
g, 691

h reduced Planck constant, 190

‘H (discrete) Hilbert transform, 127

H4(A) Cauchy data space, 344

H},(C) homology space of a complex C, 7

H IJ(, convex space of positive-definite
Hermitian matrices, 74

Hol(w, po) holonomy group, 455

Hom(FE, F),Iso(E, F) bundles of vector
bundle homomorphisms and
isomorphisms, 713, 715

Homo (X2m, V) space of Clam,-equivariant
linear maps, 523

H,,, V} horizontal, vertical subspace of T}, P
at p € P, 396

Hy Hopf bundle, 714

I(Py) index of a singular point, 252
I(p, ¢)(x) oscillatory integral, 218
1, gauge isotropy subgroup at w, 456
S imaginary part, 331
T, ideal of trace class operators, 56
T ideal of Hilbert—Schmidt operators, 56
I, Schatten class, 56
Id identity operator, 9
Z(E) Chern character defect, 314
Im(T") image of an operator T, 3
I, n X n unit matrix, 165
index
index(M, N) index of a Fredholm pair
(M, N) of closed subspaces, 344
index; topological index, 287
indexq () v O(m) character of
equivariant K-class v, 294

index
indexg P (analytic) index of an elliptic
G-operator, 360
indexy P (analytic) virtual character, 360
index; ¢ P topological G-index, 361
indexy, 4 P topological g-index, 361
index, analytic index, 286, 291
indext topological index, 286, 290
index bundle of a continuous family of
Fredholm operators, 84
index of a continuous family of Fredholm
operators, 82
index of a Fredholm operator, 3
i(P2, P1) virtual codimension of a Fredholm
pair of projections, 345
I1(X) group of stable equivalence classes of
bundles, 264

J(= G) Green’s function on boundary, 181

Je mollifier, 196

J integration operator, 38

J(M,w) set of complex structures
compatible with symplectic form w,
652

J*(E) k-jet bundle, 166

Jk(f)z k-jet of section f at z, 166

JE(E) k-jets of complex vector bundle F at
z, 166

K(z,y) weight (kernel) of integral
operators, 212

K (A, B) ad-invariant inner product on g,
461

K(IT) Gaussian curvature, 423

Kq,0(x,y,t) heat kernel error term, 567

K ideal of compact operators, 18

k, k* twisted spinorial heat kernels, 541

K¢ complexified Killing type form, 464

Ker T kernel of an operator 7', 3

K¢ (X) equivariant K-group, 293

Ko (m)(T*S™) equivariant K-group, 294

K, convolution operator, 129

K(X) K-group of topological space X, 83,
263, 266

K(X,Y) relative K-group, 264, 266

K g canonical divisor of Riemann surface S,
336

K x canonical class of compatible almost
complex structure, 653

L canonical line bundle on Spin®-manifold,
659

L*(E, F) space of canonical
pseudo-differential operators, 210

LY kobsa (B I) space of Bokobza-Haggiag

pseudo-differential operators, 234

L?.(E, F) space of principally classical
pseudo-differential operators, 214, 216,
224, 225, 229
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L, equivariant transformation of oriented
orthonormal frames, 695

Lq(p1,-..,pq) Hirzebruch L-polynomials,
324

L(F) total Hirzebruch L class, 451

L linear isomorphism A®(V) — C(V), 514

L(c) length functional, 168

L'(S') Banach space of C-valued
integrable functions on S', 705

L2?(E) = L?(X; E) Hilbert space of
Lebesgue measurable square integrable
sections in a Hermitian vector bundle
E on a Riemannian manifold X, 194

L?(S') Hilbert space of square-integrable
C-valued functions on St, 705

L2(X) Hilbert space of complex valued
square integrable functions on X, 10

L2(Z) = ¢2 Hilbert space of square
summable series, 4

Lgym(V, W) space of symmetric k-linear
forms on V' with values in W, 166

LB = [A, B] Lie bracket of vector fields
A, B, 174

L(f) Lefschetz number, 357

L(f, P) Atiyah-Bott-Lefschetz number, 358

Lg, 24 left action of g, 292, 360, 397

LM — M bundle of linear frames, 414

LP(E) LP sections of E — M, 497

My, moduli space for Spin® structure, 664

[M] fundamental cycle of oriented manifold
M, 313

M space of moduli of connections, 489

M+ moduli of C(P)},, 510

M= cigenspaces of boundary symbol, 245

A space of moduli of self-dual connections,
see M (P), 461

m mass of a particle, 190

m: Z — 7Z multiplication by 2, 655

MC multiplicative class assigned to a
characteristic class, 449

MCWPy, quotient space of moduli, 673

MCWPS), MCWPS MSWPS,
Hausdorff C*° Hilbert (quotient)
manifolds, 698

Met (M) convex set of metric tensors, 652

MF multiplicative form, 449

M;q spectral multiplication operator, 36

Mi# My connected sum, 645

M space of moduli of self-dual
connections, 489

O Cayley numbers, 607

O, 0 Big Oh, Small Oh, 549

OF generalized Dolbeault complex, 639

OP(E, F) space of operators of order k,
237

Op(p) pseudo-differential operator
(quantization) of amplitude p

Bokobza-Haggiag (global) construction,
231, 233, 234
Euclidean construction, 210
patched global construction, 229
OPp,1 Banach space of bounded operators
Wrktl(E) - WPk (E® AL(X)), 502

P Poincaré duality, 644

P xy FM fibered product, 434

P* chiral splitting of an operator P, 47

PV projective space of complex vector
space V, 714

p(z, &) total symbol/amplitude
(dequantization), 218

P(TX) set of all tangent lines over all
points on a manifold X, 164

P (B) spectral (Atiyah-Patodi-Singer)
projection, 345

P+ (A) Calderdén projection, 344

P* formally adjoint operator, 184

Pf(A) Pfaffian of A € so(2m), 446

P x g W associated vector bundle, 400

p1(Q279) Pontryagin forms, 546

pr (M) Pontryagin class, 447

[Q] matrix of quadratic form @, 646

q: C>® (Ei(X)) — Q2% (X, iR) quadratic
map, 661

qd;, (X) Donaldson’s polynomial invariants,
650

QX intersection form on H?(X;Z), 643

R(W, Z,X,Y) curvature tensor, 422

R vector space of curvature tensors, 427

RE transformation of twisted spinors, 537

R, ME correction forms for
Spin®-Dirac-Laplacian, 660, 661

r: RR™) — S(R™) Ricci map, 427

r¢ = 5q x ¢: Spin®(n) — U(1) x SO(n)
double-covering homomorphism, 655

R1, R2, R3 O(n)-irreducible
decomposition of R, 428

R* Riesz (singular integral) operator, 212

rv: H2(X;Z) — H?(X;Z2) homology
reduction mod 2, 649

R real part, 20

Res (T') resolvent set of the operator T, 10,
50

R(A) resolvent function, 50

Ry right action of g on P, 396

R(H) representation (Grothendieck) ring of
group H, 293, 360

Ric(X,Y) Ricci tensor, 426

S scalar curvature, 426

S(Y') suspension of topological space Y,
718

Sy principally classical
symbols/amplitudes, 214
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S, slice of action through w, 489
S symmetric bilinear forms, 427
S(M) set of inequivalent spin structures on
manifold M, 528
S®(U x R™) symbols of Hérmander type
(1,0), 210
s - w infinitesimal action of C(P, g) on C(P),
413
s: R(R™) — R scalar map, 427
S;lX bundle of positive g;-symmetric
operators, 694
sgn(o) sign of permutation o, 171
shiftT shift operators, 4
sig signature
of a quadratic form Q, 320, 646
of a topological manifold X, 320
sk homogeneous polynomial of degree k,
443
sk (Q¥) Chern form, 444
Smbly (E, F') space of k-homogeneous
bundle homomorphisms on j“*X, 184,
225
SO(n) special orthogonal group, 396
so(n) Lie algebra of antisymmetric n X n
matrices, 515
Sol(n) set of all C*° solutions of the S — W
equations perturbed by 7, 692
span = [...] linear span of vectors, 21, 400
Spec spectrum, 10, 50
Spec, continuous, 10
Spec, essential, 10
Spec,, point (discrete), 10
Spec,. residual spectrum, 10
spec(A, A*) domain for spectral invariance
of operators belonging to a set A, 110
Spin(n) spin group, 515
Spin®
Spin¢(n) nth Spin®-group, 655
Spin€(n) structure for an oriented
Riemannian n-manifold, 655
spin(n) spin algebra, 515
Str supertrace
of heat kernel k, 544
of spinor endomorphism A, 522
str(W# (X)) strength of a Sobolev space,
201
SU(n) special unitary group, 395
supp support, 136
SW: H%(X;Z) — 7 Seiberg-Witten
invariants (relative to one fixed Spin®
structure), 652
SW([PSpincD Seiberg-Witten invariant,
693
SWoo (1) set of C solutions of the S-W
equations modulo C*°(X,U(1)), 691
SWp(n) smooth submanifold of MSWPy,
680
SWP), parametrized solution space, 669

T operator, Q1 (E) — Q°(E) @ Q2 (E), 491

T*(X) torsion subgroup of H*(X;Z), 657

T algebra of discrete Wiener-Hopf
operators, 132

T(X,Y) torsion tensor, 179

T2 2-dimensional torus, 142

T*X differential, = @y, 164

Td(E) Todd class of a complex vector
bundle E, 312, 450

T} discrete Wiener-Hopf operator, 69, 125,
255

T™ n-dimensional torus, 201

Tr A, tr A trace of A € 77, 58

Tr R trace of curvature tensor R, 427

T35 P X g W-valued tensors, 434

T, X tangent space of X at z, 160

U(H) group of unitary operators, 73
U(N) group of unitary N x N matrices, 73

V) eigenspace, 538

V* dual vector space, 171

Vect(X) abelian semi-group of isomorphism
classes of complex vector bundles over
X, 83, 262, 716

vol(X) volume of Riemannian manifold X,
170

W Sobolev spaces
W* modeled on L2, 35
W#(FE) bundle sections, 197
W#(R™) Euclidean, 195
W™ (R?) over half spaces, 200
W compactly supported, 198
WP* modeled on LP
WP-*(E) bundle sections, 497
W (M) Clifford module bundle, 595
W(f,0) winding number
see deg(f), 69, 125
W= (anti-) self-dual part of Rg3, 433
wa (M) second Stiefel-Whitney class of M,
527
Wy continuous Wiener-Hopf operator, 131,
256

Xt 1-point compactification of locally
compact X, 266

X interior of a manifold with boundary, 184

[X,Y] homotopy set, 72

YM(w) Yang-Mills functional, 462

Z2(U; Za) group of Cech 2-cocycles with
values in Zg relative to the cover U,
527

Z™ n-dimensional lattice, 140

(-,-) L2-inner product on QF(P xg W), 404

(+,)o inner product in L?(X; E), 170

< -,- > inner product in Hilbert space, 3
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< -,- >p Hermitian metric on vector
bundle, 170
[, -] bracket (commutator), 515
[...] =span(...) linear span of vectors, 21,
400
* star
convolution, 706, 708, 711
Hodge star operator on forms, 172, 405
star operator on exterior algebra, 172
taking the adjoint operator, 15
X outer tensor product, 243, 261, 267, 268,
278, 279
Uy gluing
two manifolds by a diffeomorphism of
their boundaries, 191
two vector bundles by an isomorphism
over the intersection of their bases,
718
|| degree of multiindex «, 135
I norm
L2%-norm on C>® (P xg W), 405
|-|le norm relative ds2, 474
||, norm relative h = f2ds?, 474
|||+ trace norm on Z7, 60
I-llx Sobolev norm, 37
Il &, x semi norm on C°°(R™), 136
II-[lp,x LP Sobolev norm, 497
operator norm, 3
Sobolev norm, 195
(+,-) C°°(M)-valued pairing on
C®(P xg W), 404
&QA-, - B pairing
H(X;Z) x Hy(X;Z) — 7, 644
"~ Fourier transform
Fourier integral, 26, 708
Fourier series, 706
“dotted
for vector bundles, 182
interior of manifold with boundary, 184
V nabla operator
VE connection (covariant differentiation
operator) on vector bundle E, 177
V2 invariant second derivative, 536
Vw® covariant derivative on T (W),
435
Vu gradient of function u, 145
@ direct sum, 5
® tensor products, 166
1 orthogonal, 13
M transversality, 700
~ asymptotic expansion, 549
~ homotopy of maps, homotopy
equivalence, 72, 716
« cup product, 311
x Clifford multiplication
see also ¢, 328
(-™)Y Bokobza-Haggiag inverse Fourier
transform, 233

V: S2Z(R™) x S2(R™) — R(R™) vee
(Kulkarni-Nomizu) product, 428

A exterior multiplication (wedge product),
171

A Bokobza-Haggiag (global) Fourier
transform of section u on Riemannian
X in Hermitian bundle with fixed
connection and fixed bump function,
232

-L (left) interior multiplication, 173, 519

‘A (left) exterior multiplication, 173, 519
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for twisted Dirac operator, 546, 592

for twisted generalized Dirac operator,
600

full K-theoretical proof, 287

full proof for twisted generalized Dirac
operators via heat kernel
asymptotics, 513

heat-equation proof, sketch, 304

K-theoretical version, 294

Atkinson’s Theorem, 64

Banach manifolds
critical value of Fredholm mapping, 681
Fredholm mapping, 681
Fredholm Theorem, 682
Fredholm transversality theorem, 701
regular value of Fredholm mapping, 681
residual set theorem, 684
Sard-Smale Theorem, 681
transverse pair of mappings, 700
Bott Periodicity Theorem
classical, 257, 272
K-theoretical, 271
periodicity homomorphism, 281
real, 357
Boundary value problems
boundary integral method, 339
chiral bag model, 355
elliptic (well-posed), 244, 343, 344
local elliptic boundary condition, 142,
146, 244, 246, 338, 344, 346, 347
Poisson principle, 272

Cabibbo-Kobayashi-Maskawa 3 X 3 matrix,
385

Calderén projector, 344

Calderén’s inverse problem, 356

Calkin algebra, 63

Canonical
1-form on bundle of linear frames, 415
class of Spin®(n)-structure —, 655



758

class of almost complex structure, 653

difference element of exterior algebra, —
K -theory, 289

expansion, 57, 58

line bundle, 633

Cayley numbers, 607
Characteristic classes, 266, 327

Chern
character, 312, 445
character defect, 314
class, 312, 444
number, 336
Euler characteristic —, 319
Euler class, 313, 321, 453
functor, 311
generalized total characteristic class, 598
multiplicative form, 449
orientation class, 311
Pontryagin
class, 324, 447
form, 546
singular set of array of vector fields, 325,
327
Stiefel-Whitney class, 527
symbolic calculus —, 443
Todd class, 312
Todd genus, 335
total A class, 451
total Chern class, 312
total form, 449
total Hirzebruch L class, 451
total Todd class, 450

Chiral

asymmetry, 349

bag model, 346, 355

chiral switch, 596
decomposition, 340, 532
Dolbeault and Hodge star, 620
representation, 521
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canonical divisor of Riemann surface, 336
Cauchy-Riemann operator, 332
complex structure, 615
complex volume element, 520
divisor on Riemann surface, 335
Dolbeault
cohomology groups, 334
cohomology groups, generalized, 639
cohomology spaces, 617
operator — Dirac operators, 187
elliptic curve, 332
holomorphic Euler characteristic, 334,
642
K3 surface, 648
Kéhler
2-form, 618
Kéhler
manifold, 334
Theorem, 622
Riemann surface, 331
symplectic structures —, 652

Connections, 177

(anti-) self-dual forms —, 405

basic forms, 401

canonical 1-form on bundle of linear
frames, 415

Chern connection, 640

Christoffel symbols, 178, 421

compatible (with Clifford module
structure), 180

Branson-Gilkey Theorem , 180

compatible with complex structure, 640

connection 1-form, 398

exponential map, 413

formal normal space, 489

formal tangent space, 489, 491

Gauss-Bonnet form, 446

geodesic, 179

Hermitian, 232, 640

infinitesimal action, 413
Levi-Civita connection —, 180
Maurer-Cartan form, 398

Classical action, 388
Classical paths, 388
Clifford analysis

(left) Clifford multiplication, 180, 328,
531, 659

bracket (commutator), 515

Clifford algebra, 514

Clifford module, 180

Clifford module bundle, 595

complex Clifford algebra, 520

complex Clifford bundle, 595

complex volume element, 520

exponential map, 514

metric (Riemannian, Hermitian), 179
module derivation, 180
on principal G-bundle, 396
parallel sections, 178
parallel translation, 178, 232
projection of moduli space
uniform estimates, 688

quotient space of moduli, 673
quotient space of moduli of all

connections, 461

Closed Graph Theorem, 31 Sobolev space of connections, 500
Codimension, 3 Sobolev-parametrized space
Cokernel, 3 Banach manifold, 668
Complex manifolds, 615 differential, 668
almost-complex structure, 313, 453 space of connections, 396, 461
arithmetic genus, 188, 334 space of moduli of connections, 489
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torsion free, 179
torsion tensor, 179, 415
weakly irreducible, 490
Curvatures, 372
Chern form, 444
contractions of tensor fields, 436
curvature tensor, 422
decomposition
constant curvature part, 430
traceless Ricci part, 430
Weyl part, 430
decomposition on 4-manifold, 433
Euler form, 453
first Bianchi identity, 424
Gaussian curvature, 423
general Bianchi identity, 403
of connection, 399
Ricci curvature, 426
Ricci tensor, 426
scalar curvature, 426, 654
second Bianchi identity, 425, 426
trace of curvature tensor, 427
vector space of curvature tensors, 427

Degree (mapping degree, winding number),

69
alternative definitions, 258
for n-sphere, 258

for mapping the n-sphere into GL(N, C),

259
from sphere to sphere, 274
homotopy of GL(N, C), 283
Ninomiya-Tan model, 353
of boundary condition, 147
of closed planar curve, 254
of zero of vector field, 458
Determinants
canonical section of determinant line
bundle, 107
exterior determinant, 92, 693
Fredholm determinant, 98
multiplicative anomaly, 108
Quillen determinant line bundle, 95
Segal determinant line bundle, 102
zeta determinant, 118
Diagram chasing, 6
exact sequence, 6
Snake Lemma, 6
Differential forms, — Vector analysis, 171
Differential operators
(principal) symbol, 183
approximation by Bokobza-Haggiag
pseudo-differential operators, 235
Cauchy-Riemann operator, 187
characteristic manifold, 138
characteristic polynomial, 183
characteristic polynomial (principal
part), 139

codifferential, 188, 406

covariant differentiation, 177, 435, 659
Dirac, — Dirac operators, 180
elliptic —, 137

Euler operator, 187

exterior differentiation, 174, 435
formally adjoint, 184, 405

formally self-adjoint (symmetric), 47
heat (conduction) equation, 136
hyperbolic equation, 137
hypo-elliptic, 210

Laplacian, — Laplace operators, 187
linear, 181

on S1, 38

order, 135

parabolic equation, 137

real, 182

vectorial, 138

wave equation, 136

wave fronts, 138

Diffusion processes

boundary conditions, 142

5-Dimensional cylindrical universe, 371
Dirac operators, 307

(free) euclidean Dirac operator, 341
(generalized) Dirac operator, 597
(partial) chiral Dirac operator, 532
(standard) Atiyah-Singer operator, 531
twisted generalized Dirac operator, 600
Cauchy-Riemann operator, 187, 332, 334
chiral decomposition, 181

compatible, 181

DeRham-Dirac operator, 320, 602
Dolbeault complex, 334

Dolbeault operator, 187, 334

euclidean spinors, 341

Euler operator, 187, 320, 609

gauge transformation, 351
gauge-invariant family, 351

generalized Dirac operator, 608
generalized Dolbeault complex, 334
generalized Dolbeault operator, 639
global chiral symmetry, 349

Green’s formula, 340

local chiral symmetry, 350

of Dirac type, 180, 340

partial (chiral) Dirac operator, 181, 340
product form in collar of boundary, 341
pure gauge at boundary, 342

real, 356

Riemann-Roch operator, 337

signature operator, 321, 323, 604
Spin®-Dirac operator, 659

spinors, 340

tangential operator over boundary, 341
total (elliptic) Dirac operator, 340
twisted DeRham-Dirac operator, 606
twisted Dirac operator, 342, 532
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twisted signature operator, 346, 606

Yang-Mills Dirac operator, 613
Dirac’s equation, 382
Distribution

Dirac §-distribution, 38

singular support, 117

wave kernel, 117
Domain of an operator, 35
Donaldson’s polynomial invariants, 650
Donaldson’s Theorem for smooth

4-manifolds
with definite intersection forms, 648
with even, indefinite intersection forms,
648

E-M field strength, 366
Einstein field equation, 368
Eleven eighth’s conjecture, 650
Elliptic
Cauchy data space, 344
classical Poisson equation, 137
decomposition, 242
differential operators, definition, 139, 186
fundamental elliptic estimates, 241
Garding’s Inequality, 241
main result, 239
regularity, 33, 241, 347
summary of main results, 240
topological meaning (case), 245
topology, 337
unique continuation property, 667
well-posed, 343
Elliptic integrals, 330
genus of elliptic curve, — genus, 332
of higher kind, 331
of the first kind, 331
Empty bundle universe, 372
Empty space equation, 369
Euler characteristic
Euler operator, 320
of a complex, 7
of a Riemann surface, 117
of topological manifold, 319, 609

Faraday 2-form, 366
Feynman-Kac Formula, 389
Fibration

of unitary group, 259
Field strengths (curvatures), 372
Fischer-Riesz Representation Theorem, 15
Fixed points

Atiyah-Bott-Lefschetz number, 358

Brouwer Theorem, 273

Lefschetz number, 357

multiplicity, 359

transversal, 359
Fourier analysis

Bokobza-Haggiag

Fourier transform, 232, 291

inverse Fourier transform, 233
convolution, 706, 708, 711
convolution theorems, 711
differentiation-multiplication conversion,
709, 711
Fourier coefficient, 37, 706
Fourier integral, 708, 710
Fourier inversion formula, 709, 711
Fourier series, 706
generalized function, 707
integrable-continuous conversion, 711
Parseval identity, 37, 711
Plancherel formula, 709, 711
Poisson summation formula, 710
rapidly decreasing smooth functions, 708
Fredholm alternative, 10, 26
for Sturm-Liouville boundary-value
problems, 31
Riesz Lemma for compact perturbations
of identity, 26

Gauge transformations, 409
action on connections, 411
formal slice of action, 489
gauge group, 409, 461
gauge potential, 370, 372
of particle fields, 370
Generalized Green function, 31
Genus
Klassenzahl (former terminology), 319
numerical complexity, 332
of an algebraic structure, 330
of Riemann surface, 117, 257, 331
Thom’s Genus Conjecture, 654
Geometrical unification, 370
Gohberg-Krein Product Lemma for
unbounded Fredholm operators, 43
Graph of an operator, 36
Green’s formula, 181
Groups
adjoint action, 397
adjoint representation, 397
character, 360
cocycle condition, 526
degree —, 274
elementary symmetric polynomial, 448
free abelian group, 263
Grothendieck ring, 360
Lie group of matrices, — Lie algebras,
394
Pfaffian polynomial, 446
representation, 400
respresentation space, 360
special orthogonal group, 396
special unitary group, 395
splitting exact sequence, 267
subgroup of finite index, 303
t’Hooft matrices, 467
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universal property, 263, 265

h-cobordism
Theorem of Milnor, 651
Hardy spaces
discrete, 125
in Clifford analysis, 344
Heat equation
classical heat distribution, 305, 550, 563
classical, in homogeneous isotropic body,
136
spinorial, 551
trace of the heat kernel, 115
Heat kernel asymptotics, 571
approximative heat kernel, 566, 567
asymptotic expansion, 550
convolution of kernels, 567
general heat kernel for Dirac Laplacian,
547
heat kernel error term, 567
Hilbert-Levi’s parametrix method, 305
Mehler’s formula, 586
supertrace, 544
theta function, 304
twisted spinorial heat kernel
positive and negative, 541
total, 541
(Heisenberg) Uncertainty Principle, 376
Higgs mechanism, 385
Hilbert transform, 127
Hilbert-Schmidt Diagonalization Theorem,
20
Hodge theory
Hodge-DeRham decomposition, 322
main theorem, 322
Holonomy, 455
gauge isotropy subgroup, 456
holonomy bundle, 456
holonomy group, 455
Homology, cohomology, 255
Cech
cochains and coboundaries, 526
cohomology class, 527
cohomology group with values in Za,
527
Bockstein homomorphism, 655
deRham cohomology space, 603
homology space of complex, 7
of n-sphere, 259
Poincaré duality, 644
simplicial complexes, 252
Thom isomorphism, 311
total class, 449
with compact support, 312
Homotopy, 255
Bott Periodicity Theorem —, 258
contractible, 73, 716
deformation retract, 72

fundamental group, 253, 257, 258

homotopic maps, 72, 716

homotopy classes, 72

homotopy equivalent spaces, 72, 716

homotopy set, 72

invariants, 68, 81

retract, retraction, 72, 267
Hydrogenic atoms, 374

Implicit Function Theorem
classical, 157
for Banach spaces, 499
Inverse Function Theorem, 157
Inverse Function Theorem for Banach
spaces, 500
Index
analytic index, 276, 281, 285, 286
analytic index, definition, 291
homotopy invariance, 81
index bundle, 82, 84, 269
index density, 345
local index, 276
of a singular point, 252
of an elliptic G-invariant operator, 360
of bounded Fredholm operator, 3
of Fredholm pair, 344
topological G-index, 361
topological g-index, 361
topological index, 276, 285
topological index, definition, 290
virtual character, 360
virtual codimension of Fredholm pair of
projections, 345
Index Theorems
Agranovich-Dynin index correction
formula, 346, 355
Atiyah-Bott-Lefschetz (ABL) Formula,
359
Atiyah-Patodi-Singer (APS), 345
Atiyah-Segal-Singer Fixed-Point
Formula, 362
Atiyah-Singer (AS) Index Theorem —,
294
Bojarski Conjecture, 356
Chern-Gauss-Bonnet Theorem, 321, 612
Cobordism Theorem, 303, 355
Cordes-Labrousse Theorem for
unbounded Fredholm operators, 52
Dieudonné Theorem of local constancy,
68
Discrete Gohberg-Krein Index Formula,
125
for continuous Wiener-Hopf operator, 131
for convolution operator on real line, 129
for Fredholm mappings between Banach
manifolds, 682
G-index Formula, 361
Hirzebruch Signature Theorem, 321, 605
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Hirzebruch-Riemann-Roch Theorem,
335, 637
Holomorphic Hirzebruch-Riemann-Roch
Theorem, 642
Local Index Formula, 577
Noether’s Index Formula, 127
Noether(-Hellwig-Vekua), Theorem of,
146, 152
on the circle, 41
signature deficiency formula, 355
spectral flow theorem, 355
Twisted Chern-Gauss-Bonnet Theorem,
613
Twisted Hirzebruch Signature Theorem,
606
Twisted Hirzebruch-Riemann-Roch
Theorem, 638
winding number model, 253
Yang-Mills-Dirac Index Theorem, 613
Inertial system, 367
Instantons, — (Anti-) self-dual
connections, 393
Integral operators
convolution, 27
Fourier integral operator, 226
Fourier transform, 27
Fredholm integral equation of the second
kind, 10, 27, 28
Green’s operator, 27
Hilbert-Schmidt operator, 27
integral kernel, 10
Mellin transform, 115
normalized integration operator, 38
oscillatory integrals, 217
singular integral operator, 26, 27, 226
Volterra integral, 27
Wiener-Hopf operator, 27
Inverse problems, 309

Kirby-Siebenmann invariant, 648
Klein-Gordon equation, 379
K-theory
a-homomorphism (Bott isomorphism),
270
analytic index, multiplicative property,
294
Atiyah-Janich Theorem, 88
Bott class, 270, 285
Bott periodicity theorem —, 271
canonical difference element of exterior
algebra, 289
difference bundle, 83, 263, 278, 279, 288
equivariant K-theory, 287
extension homomorphism, 290
K-group, 263
outer tensor product, 267
relative K-theory, 264
ring structure, 278

splitting homomorphism, 279

symbol class, 289

Thom Isomorphism, 290

torsion, 87

with compact support, 266, 267
Kuiper’s Theorem, 77

Laplace operators
Bochner-Weitzenbock Formulas, 434
classical potential (Poisson, Laplace)

equation, 137
connection Laplacian, 189, 199, 439, 536
Dirac Laplacian, 187, 535
Euclidean, 187
Hodge Laplacian, 189, 307, 439
Laplace-Beltrami, 307

Lattice, 644

Levi-Civita connection, 418
Christoffel symbols, 558
decomposition, 467
field strength, 467
for Bokobza-Haggiag Fourier transform,

232
fundamental lemma of Riemannian
geometry, 418
in local coordinates, 420, 469
pull-back, 467

Lie algebras, 397
ad-invariant inner product, 461
complexification, 464
complexified Killing type form, 464
exponential map, 397
inner product, 460
Lie-algebra-valued connection 1-form,

372
of antisymmetric matrices, 515

Linear frames, bundle, 414

Linear span, 21

Lorentz
condition, 370
force law, 366
transformations, 368

LP-sections, 497

Magnetic moment of the electron, 383
4-Manifolds
curvature parts and self-duality, 431
Freedman’s Theorem, 648
instantons —, 465
LeBrun’s Theorem on Einstein
4-manifolds, 654
Poincaré’s conjecture in dimension 4, 648
Rokhlin’s Theorem, 649
Seiberg-Witten invariant, 652
self-dual weakly irreducible connections,
496
smooth structure
not admitting, 649
with Eg summand, 649
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smooth structures
Donaldson and Kronheimer Theorem,
651
Friedman and Morgan Theorem, 651
symplectic
Taubes’ Theorem, 653
Wall’s Cobordism Theorem, 651
Witten’s Theorem, excluding positive
scalar curvature, 654

shift operator, 4

symmetric (formally self-adjoint), 47

Toeplitz operator, 226, 282

trace class, 54, 56

unbounded Fredholm operators, 42

Wiener-Hopf operator, 26

Wiener-Hopf operator, continuous, 129

Wiener-Hopf operator, discrete
(Toeplitz), 125
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Maxwell’s equations, 366, 370

Minimal replacement (covariant
derivatives), 379

Miyaoka-Yau inequality, 655

Moduli space, 664

Momentum space, 376

Morse Index Theorem, 356

Orthonormal frame bundle, 416

Parametrix (quasi-inverse), 64, 65
Pauli matrices, 382, 467
Perturbation invariance, 68

Poincaré group, 368

Postulate of quantum mechanics, 375
Principal G-bundles, 371, 395

Noncommutative geometry, 302 all-purpose bundle, 491

Norms

Fourier coefficient norm, 37
gap metric, 52

graph norm, 36

L?-norm, 26

numerical radius, 20
operator norm, 3

Sobolev norm, 37, 195, 497
trace norm, 60

Open Mapping Principle, 13
Operators

adjoint operator, 15, 35

bounded from below, 48

chiral (nonsymmetric) components, 47

closable, 36

closed operator, 36

compact (completely continuous), 18

convolution operator, 26

densely defined (not necessarily
bounded), 35

diagonizable (discrete), 20

essential unitary equivalence, 108

essentially invertible, 64

essentially normal, 109

essentially self-adjoint, 47

essentially-unitary, 108

extension of unbounded operator, 35

formal adjoint, 32

Fredholm operator, 3

Hilbert-Schmidt operator, 25, 56

minimal closed extension, 36

normal, 109

normally-solvable, 16, 42, 343

of finite rank, 9

operator of order k, 237

positive operator, 17

realization, 343

Schatten class, 60

self-adjoint, 47

semi—Fredholm operator, 48

associated vector bundle, 400
automorphism, 409
fibered product, 434
gauge transformation —, 409
Hopf bundle, 395
horizontal equivariant forms, 401
horizontal lift of vector field, 400
transition functions, 414
with larger Lie group, 384
Projections
(spectral) APS projection, 345
Calderén projector, 344
Fredholm pair of subspaces, 344
Grassmannian, 345
idempotent, 345
of family of vector spaces, 712
projection metric, 52
sectorial projection, 356
self-adjoint Grassmannian, 348
smooth Seiberg-Witten projection
mapping, 680
Pseudo-differential operators
amplitude, 206, 275
Bokobza-Haggiag
amplitude, 234
pseudo-differential operator, 234
canonical, 210
classical, 215
doubled operator on closed double, 277
elliptic, 235, 239
equal to identity at infinity, 275, 276
Fourier integral operator, 210, 226
G-invariant, 298, 360
hypo-elliptic, 241, 287
Kuranishi trick, 216, 223
local index, 248, 275
outer tensor product, 243
phase function, 206
principal symbol, 275
principally classical, 214, 215
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properly supported, 218
pseudo-locality, 213

quantization, 236

singular support, 213

smoothing operator, 213, 226, 235

Weyl quantization, — Quantization, 211

Purely gravitational Lagrangian, 369

Quantization
quantization procedures, 374
symbolic calculus —, 182
Quantum field theory, 380
energy levels and eigenvalues, 373
Quantum mechanical expectation, 376
Quarks, 384
Quaternions, 514

Relativistic kinetic energy, 367

Renormalization techniques, 383

Rest energy, 367

Riemannian manifolds, 167
4-manifolds —, 431
Christoffel symbols, 168
distance between points, 168
energy of a curve, 168
Euler-Lagrange equations, 168
exponential map (spray), 169
fundamental lemma, 180, 418
geodesic, 117, 168, 232
injectivity radius, 169, 232
isospectral, 118
length of a curve, 168
length spectrum, 118
Levi-Civita connection —, 232
metric, metric tensor, 167

normal coordinates about point relative

to frame, 553
normal field to the boundary, 191
partitioned, 347
point injectivity radius, 169
radial gauge, 552
volume form, 170, 405

Schrédinger equation
formal solution, 389
Schrédinger operator, 387
Schrédinger picture, 378
Schrédinger probability density, 381
time-dependent (relativistic), 378
Seiberg-Witten (SW) function, 665

compactness of moduli of solutions, 691

joining of FR-pairs, theorem, 701
MSEWP), moduli of solutions,
parametrized, 678

parameter pair, freely acting (FR), 699
quadratic map, 661
Regular Value Theorem, 680
S-W equations, perturbed, 662

Hilbert manifold of solutions, 679

parametrized moduli space of
solutions, 678
S-W equations, unperturbed, 662
S-W invariant
definition, 693
full invariance, 701
S-W-equations, wider perturbed, 698

Signals and filters, 122
Signature

definition, 320

signature formula, 308, 605

signature operator — Dirac operators,
321

Singular support

of distribution, 117

Smooth manifolds, 158

automorphism, 159

connection, 177

definition of manifolds through
equations, 162

diffeomorphic, diffeomorphism, 159

differential of smooth map, 161

directional derivative of a function, 160

dotted cotangent bundle, 182

dual tangent (covariant or cotangent)
bundle, 164

embedding with not necessarily trivial
normal bundle, 290

embedding with trivial normal bundle,
285

embedding, Embedding Theorem, 162

hypersurface, 162, 166

immersion, 162

integral curve of vector field, 174

jets and jet bundles, 166

Lie bracket, 174

Lie derivative, 174

mollifying family, 196

normal bundle of embedding, 165, 290

orientation, 169

pull-back (lifting) of differential forms,
165

Sard Theorem, 259

smooth maps, 158

smooth structures

Donaldson and Kronheimer Theorem,
651
Friedman and Morgan Theorem, 651

submanifold, 162

submersion, 162

symplectic cone, 165, 225

tangent bundle, 161

tangent space, 160

vector field, 161, 165, 325

with boundary, 190, 337

Sobolev spaces, 197, 234

generating operator, 198
modeled on L2, 195
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modeled on LP, 497
on S1, 35, 152
on the disk, 152
operator of order k, 237, 502
Rellich Compact Inclusion Theorem, 201
restriction problems, 205
Sobolev Embedding Theorem, 200
Sobolev Inequality, 201
Sobolev Restriction Theorem (torus
case), 203
strength, 200
truncation, 196
Source 1-form, 366
Space-time with E-M radiation, 370
Spectral invariants, 108, 110
characteristic curve, 110, 122
eta function, 111, 345
eta invariant, 112
reduced eta invariant, 112
spectral flow, 347
trace of the heat kernel, 115
zeta determinant, 118
zeta function, 114, 307
Spectrum, 50
continuous spectrum, 10
energy levels and eigenvalues —, 373
essential spectrum, 10, 108
isospectral, 118
length spectrum, 117
Mark Kac’s query, 117, 118, 309
of a bounded operator, 10
point (discrete) spectrum, 10
renormalized heat trace, 115
residual spectrum, 10
resolvent function, 50
resolvent set, 50
singular values, 57
spectral representation, 24
Spectral Theorem, 51
symmetric spectrum, 350
Spin structures
A class, 546
for Riemannian manifold, 525
half (chiral) spinor representation, 521
Hermitian spin bundle, 531
Rokhlin’s Generalized Theorem, 593
Rokhlin’s Theorem, 594
set of inequivalent spin structures on
manifold M, 528
spin algebra, 515
spin group, 515
spinor bundles, positive and negative,
531
spinor frame, 552
spinor representation, 519, 520
spinors, 519
supertrace, 522
vector representation (double ¢, 517

vector space of half-spinors, 521
vector space of spinors, 521
Spin¢ structures, 655
and the Seiberg-Witten equations, 655
canonical line bundle, 659
existence theorem, 655, 657
moduli space for Spin® structures =
orbits of solutions of the perturbed
S-W equations —, 664
Stiefel-Whitney class mod 2, 655
States, 375
Strong force of quantum chromodynamics
(QCD), 384
Support, 50
Symbolic calculus, 275
(principal) symbol class, 285
asymptotic condition of growth, 210
Bokobza-Haggiag
amplitude, 234
Bokobza-Haggiag symbol, 291
characteristic form, 137
characteristic polynomial, 139, 183
dequantization and quantization —, 190
elliptic principal (polynomial) symbol,
186
leading symbol of differential operator,
183
principal symbol, 234
subprincipal symbol, 184
symbol space of symmetric k-linear
forms, 166
topological meaning of principal symbol
(case), 245
total symbol (amplitude,
dequantization), — quantization,
218
Symmetric bilinear form
curvature tensor —, 427
definite, 646
Eg, 325, 646, 649
even, odd, 646
indefinite, 646
intersection form, 643
Killing form, 462
Kulkarni-Nomizu product, 428
rank, 646
signature, 646
unimodular, 646
Symplectic structures
Gotay’s conjecture, 654
symplectic form, 652
symplectic invariant
Ho6rmander index, 308
Maslov index, 308
symplectic manifold, 652
almost complex structure —, 652
symplectormorphism, 652
Taubes’ Theorems, 654



766 SUBJECT INDEX

Thom isomorphism
equivariant, 361
in K-theory, 290
of singular cohomology, 311
Time series analysis, 124
Topological invariants
Betti number, 7, 319
characteristic classes —, 266
Euler characteristic —, 7
genus —, 257
intersection number, 259, 459
self-intersection number, 459
signature —, 308
winding number, — Degree, 69
Topological manifolds, 157
atlas of charts, 157
boundary point, 190
chart, 157
coordinate system, 157
dimension, 158
interior points, 190
Leray covering, 526
plumbing, 325
triangulation, 319
tubular neighborhood, 285
Topological vector space
Hilbertable, 198
Topology
bending R"” into closed manifold, 257
cobordant, 302
connected sum, 645
h-cobordism, 651
homeomorphic, 72
knot theory, 77
locally finite refinement of covering, 159
paracompact, 159
partition of unity, 78
Poincaré conjecture, 77, 257
proper maps, 267
residual set, 681
starlike, 73
strong topology, 81
suspension, 273, 718
Transmission problems, 272, 282

Unified field theories
Kaluza-Klein theory, 370

4-Vector potential, 370
Vector analysis
(anti-) holomorphic differential forms,
333
(left) exterior multiplication, 171, 173,
328
(left) interior multiplication, 173
(right) exterior differentiation, 174
bi-invariant forms, 317, 616
codifferential, 188
complex forms, 187

equivariant forms, 400, 401

ext function, — Exterior multiplication,
519

exterior algebra, 171, 514

exterior differential forms on manifold,
172

Gauss-Bonnet form, 321

harmonic forms, 317, 602

Hodge star operator, 172, 405

Hodge-DeRham decomposition, 603, 621

horizontal equivariant forms, 401

int function, — Interior multiplication,
519

invariant form, Weltkonstante, —
Canonical difference element of
exterior algebra, 258

jets, jet bundle exact sequence, 166

skew-symmetric tensor, 171
star operator, 171

Vector bundles, 82, 713

base (parameter) space, 712

basis theorem on stable equivalence, 272
clutching (gluing), 718

complexes with compact support, 277
direct sum, 715

dual bundle, 715

elementary complexes, 277

family of vector spaces, 712

fiber, fiber-dimension, 712, 714
G-vector bundle, 360

holomorphic trivialization, 638
homomorphism bundle, 712, 715
isomorphism bundle, 715

line bundle, 714

locally trivial family of vector spaces, 713
outer tensor product, 278

pull-back, 714

quotient bundle, 715

restriction, 713

section, 712

stably-equivalent, 264

subbundle, 715

tensor product, 715

total space, 712

trivial bundle, 713

uniqueness theorem, 272

‘Wave equation, 370

wave kernel, 117

Weak force, 384
Winding number, — Degree, 254

Yang-Mills functional, 393, 462

Yang-Mills Dirac operator, 613
Yang-Mills equation, 463
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Praise for Index Theory with Applications to Mathematics and Physics:

This book ... describes in impressive detail one of the greatest achievements of 20th-century mathe-
matics, the Atiyah-Singer index theorem. As a bonus, the author includes an extensive and detailed
discussion of some of the applications of the theorem and more recent developments in the direc-
tion of gauge theoretic physical models. For the student, the gold lining in the book is that all the
background is there—starting at a level that is accessible to anyone with a reasonable mathematical
education. There is also a bridge to the point of view from the physics side. The student can dip
into the book at many points and use it to learn individual topics. The discussion covers a very
broad sweep of mathematics which will be of interest to anyone aiming to understand geometric
analysis, whether or not gauge theories are their primary focus. Two proofs of the Atiyah Singer
theorem are given, one based on K-theory and the other on the heat kernel approach... The authors
have included many discussion sections that illuminate the thinking behind the more general the-
ory... There is much valuable historical context recorded here. Moreover, it captures the flavour of
contemporary mathematics, with the interaction of geometric, topological, analytic, and physical
perspectives and methods being in the forefront of the discussion.

Alan Carey
Mathematical Sciences Institute at Australian National University, Canberra

Those wishing to start their study of the theory of elliptic operators will appreciate the book’s use of
rigorous exposition intermingled with intuition-building casual and historical discussion. Experts
will find many features of the book useful and convenient.

Paul Kirk
Indiana University Bloomington

The real strength of the book is its detailedness, which makes it particularly attractive for the learn-
ing (graduate) student. But the senior researcher, likewise, will treasure this somewhat unconven-
tional textbook as a very valuable source of information.

Matthias Lesch
Universitat Bonn, Germany

Two or three famous Index Formulas discovered and proved in the course of middle decades of the
last century are some of the highest peaks in a mountain country rising from the vast plains of
functional analysis, theory of smooth manifolds, and homotopical topology.

This treatise, written with ambition, wit and (mathematical) eloquence, strives to combine the
qualities of a guide-book, historical chronicles, and a hiking manual for enthusiastic travellers and
budding future explorers of this vast territory.

Any reader possessing will and enthusiasm can profit from studying (parts of) this book and
enjoy finding his or her own path through this land.

Yuri I. Manin
Max Planck Institute for Mathematics, Bonn, Germany

My struggles with this theorem are vivid in my mind. I still remember the sunny autumn afternoon
when I picked from the library the first edition of this book. From the first moment I opened it I
thought it spoke to me, the beginning graduate student with a limited mathematical experience.
The proofs had the level of detail I needed at that stage in my life. What awed me most was the
wealth of varied examples from exotic worlds I did not even suspect existed. Reading those exam-
ples and the carefully crafted proofs I began to get a glimpse at the wonderful edifice behind the
index theorem.

The present edition has the same effect on the more mature me. And it does quite a bit more.
Old examples are refined, and new ones added. Facts whose proofs were only sketched in the old
edition are now given complete, or almost complete proofs. The chapter on gauge theory is com-
pletely and massively rewritten and it incorporates some of the spectacular developments in this
area that took place in the intervening time. As importantly, throughout the book, the exposition is
sprinkled with many mathematical “anectodes” which give the reader a glimpse into the minds of



the pioneers of the subject.

I believe that any youngster who will pick this new edition will be as grateful as I am to the
authors for the care and their concern for the reader. The teacher of this subject, as well, will have
many things for which to be grateful: this is one of the few places containing such a wealth of
examples and care for detail.

Liviu Nicolaescu
University of Notre Dame, Indiana

The present book is a landmark, being a complete introduction to practically all aspects of the
Index Theorem, complete with basic examples and exercises, covering topological ideas: homo-
topy invariance and K-theory; analysis: elliptic operators and heat equations; geometry: principal
bundles and curvature; physics: gauge theory and Seiberg-Witten theory. The first English version
appeared in 1985, but the present book is a largely reworked and much expanded treatise; it is a
highly informative presentation, based on the authors’ expert knowledge and pedagogical inter-
ests. Indeed, it seems to be presently the most complete single book on the many approaches to
and applications of the Atiyah-Singer Index Theorem. Experts as well will find inspiration in this
book.

Bent Prsted
Aarhus University, Denmark

The student who wants to explore the whole shape of this huge and complex territory—as well as
the usual climbing routes to the summit of the Index Theorem itself—can hardly do better than
to enlist the genial and enthusiastic guide service of Bleecker and Booss-Bavnbek.

John Roe
Pennsylvania State University

Professors Bleecker and Boofs-Bavnbek have followed ... developments in index theory from the
beginning, and made original contributions of their own... Assuming only basic analysis and alge-
bra, [this book] gives detailed constructions and proofs for all the necessary concepts, along with
illuminating digressions on the various paths through the rich territory of index theory.

Robert Seeley
Professor Emeritus, University of Massachusetts, Boston

The very appreciable feature of the book is its discussion of the applications of the theorem in
low-dimensional topology and in gauge theories. For these reasons, the book will be a valuable
reference for theoretical and mathematical physicists, especially those interested in the founda-
tions of quantum gauge theories, at the basis of the standard model of elementary particle physics.
Mathematically oriented graduate students will greatly profit from reading this excellent book.

Franco Strocchi
Scuola Normale Superiore, Pisa, Italy

Students of mathematics and physics will find this book to be an excellent resource for study of
this vast subject. In particular, attention is given to exposition of the subject from different angles,
which is very helpful as a bridge between physics and mathematics.

Cumrun Vafa
Donner Professor of Science, Physics Department, Harvard University

Readers from a wide range of backgrounds will find much to learn here.

Edward Witten
Institute for Advanced Studies, Princeton, New Jersey






