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A composite nonparametric product limit
approach for estimating the distribution of
survival times under length-biased and

right-censored data*

SHUQIN FAN, WEI ZHAO, ALAN T. K. WAN', AND YONG ZHOU

This paper considers a composite nonparametric product
limit estimator for estimating the distribution of survival
times when the data are length-biased and right censored.
Our method takes into account auxiliary information that
frequently arises in survival analysis, and is easier to im-
plement than existing methods for estimating survival func-
tions. We derive a strong representation of the proposed es-
timator, establish its consistency and asymptotic normality,
and derive its convergence rate of approximation. As well,
we prove that auxiliary information improves the asymptotic
efficiency of the proposed estimator, and provide the values
of the composite weights that result in the largest efficiency
gain. Our proposed estimator fares well in comparison with
other more complex methods in finite samples and offers a
clear advantage with respect to computational time.

KEYWORDS AND PHRASES: Biased data, Composite non-
parametric estimator, Almost sure representation, Right-
censored, Strong consistency, Product-limit estimator.

1. INTRODUCTION

In survival analysis, it is common to use data from preva-
lent cohorts that exclude individuals who have experienced
the failure event before the recruitment time. This results
in left truncation of survival times. It is well-known that
under the stable disease condition (i.e., the incidence of
disease onset is constant over time), the incidence of dis-
ease onset follows a stationary Poisson process [20, 6], the
truncation time is uniformly distributed, and the sample is
length-biased, a term commonly used to refer to the situa-
tion where the probability of a survival time being sampled
is proportional to its length. The data are also subject to
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the usual right-censoring as some individuals in the sample
may not encounter the failure event before the study ends.

Studies on the estimation of the unbiased survival dis-
tribution of length-biased data that utilise the uniform dis-
tributional property of the truncation times include [18], [4]
and [5]. However, all these methods result in estimators that
are computationally intensive as they have no closed-form
expressions. [14] proposed an alternative maximum pseudo-
partial likelihood estimator (labelled as MPPLE hereafter)
that has a closed form expression but at the expense of a
slight efficiency loss compared to the established approaches.
Their approach is also computationally complex as it entails
estimating the distribution function of the censoring time.

[19] developed a truncation product limit estimator (la-
belled as PLE hereafter) [12] based on a maximisation of
the conditional likelihood function. Their approach results
in no information loss when the distribution of the trun-
cation time is unspecified, but is less efficient than the full
maximum likelihood approach when the parametric form of
the truncation time is known. [10] proposed a nonparamet-
ric estimator (labelled as HQE hereafter) that takes into
account the symmetry between the residual life time and
truncation time. Compared to [19]’s PLE, [10]’s method re-
sults in a more efficient estimator but has the drawback of
being highly complex and computationally challenging. Fo-
cusing on the Cox model, [11] developed a composite par-
tial likelihood-based semiparametric approach that yields
asymptotically efficient estimators. This approach provides
a simple method for estimating the parametric component
of the model but is highly complex when applied to the es-
timation of the baseline hazard function.

In this paper, under length-biased sampling, we develop
a simple nonparametric approach of estimating the survival
function that is computationally feasible. Our proposed es-
timator takes the form of the product limit estimator in the
spirits of [19], and may be viewed as a composite maximum
likelihood estimator within the framework of [11]. We call
our estimator the composite nonparametric product limit
estimator (CNPLE). We show that the CNPLE is asymp-
totically efficient. As well, it achieves a convergence approx-
imation rate of O(n~!loglogn), which is better than the
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approximation rate of [10]’s HQE [see 16] and identical to
that of the estimators of [17] and [21] for left-truncated and
right-censored data. We also prove that auxiliary informa-
tion improves the asymptotic efficiency of the CNPLE, and
the biggest efficiency gain is achieved by assigning the com-
posite weight to wy; = wy = % We consider the latter a
remarkable property of our approach, in addition to the ap-
pealing advantage of being simple. In a simulation study
based on the same setting as [10], we demonstrate the effi-
ciency gains and computational advantage of our proposed
approach over existing approaches in finite samples.

The remainder of the paper is organised as follows. Sec-
tion 2 discusses the proposed estimator, along with a deriva-
tion of its asymptotic properties. Section 3 reports results
of a simulation experiment that examines the performance
of the proposed estimator in finite samples. An illustration
based on data from the Canadian Study of Health and Ag-
ing is also presented in the same section. Proofs of theorems
are contained in the Appendix.

2. PROPOSED ESTIMATOR AND ITS
ASYMPTOTIC PROPERTIES

2.1 Notations and estimators

Let O° be the calendar time of the disease onset, T°
be the time from disease incidence to the event of failure,
and F(-) and f(-) be the distribution and density functions
of T respectively. Our interest lies in the estimation of
S(-) = 1 — F(-), the survival distribution function of TV,
and its corresponding cumulative hazard function A(-). Let
the maximum sampling time 7 = inf{t : Pr(T° > t) = 0}
be independent of (O°, T?). Denote A as the time between
disease onset and enrolment, and assume that A° and 79 are
independent. An individual can be included in the prevalent
cohort only if T° > A°, meaning that T° is left truncated
by A° with probability a = P(T° > A°) > 0. Denote A as
the observed truncation time, V' the residual survival time
from the time of enrolment to failure, and T'= A + V the
failure time. Let the marginal density function of T, A and
V be fr(t), fa(t) and fy (t) respectively. It is readily seen
that

tf(t)

(1) fr(t) = TI<t > 0),

where p = [ sf(s)ds. From [20], the marginal distribution
of A and V are identical, i.e.,

S5(t)
(2) fA(t):fv(t)ZTI(t>0)-

Due to a lack of follow-up and the inevitability of some
subjects surviving to the end of the study, observations of
survival times in a prevalent cohort are subject to right

censoring. Let C' be the censoring time with distribution
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function G(:), and § = I(T < A+ C) be the censor-
ing indicator. Instead of observing the failure time 7', we
observe the censored failure time ¥ = min(7T,A + C) =
min(V,C) + A = V 4 A, where V = min(V,C). The ob-
served data {4;,Y;,6;}7, are independent and identically
distributed (i.i.d.) copies of (A,Y,§). Clearly, the failure
time T = A + V and the total censoring time A + C' are
dependent, implying that the data are informatively cen-
sored.

The proportion of observed failures up to time period ¢
may be represented by the counting process

n

OIS S IUEE S S R )
=1

i=1

As well, the at-risk function K(t) = E[I(Y >t > A)] can
be estimated by

K(t) = lil(nztzAi)-

n-
1=1

[19] proposed the following consistent truncation
product-limit estimator (PLE) of the cumulative hazard
function A(+):

(4) Aoy = [ 20

0 k(t) ’
which results in the consistent survival function estimator

(5) St =] [1—dAn<u)]

u€(0,t]

One disadvantage of [19]’s approach is that it ignores the
auxiliary information (2), the inclusion of which usually
leads to efficiency gains in estimation. [10] proposed the fol-
lowing empirical estimator:

- 1I {1_Z?_ld[I(AiZU)-i-(SZ-I(NiZu)]}
] St I(A > w) + I(V; > w) ’

w€e[0,t

which takes into account the auxiliary information of the
truncation time A and the residual survival time V' having
the same distribution. This alternative estimator of K(t)
results in

- (M dN(@) n

AHQ(t) = 0 RHQ(t)

Sue(t) = [ 1 —dAue®)],
w€[0,t]



as estimators of the cumulative hazard and survival func-
tions respectively. Because an additional programming step
is required to ensure that Kpq(t) > 0, Kpg(t) is more diffi-
cult to compute than K (t), although it results in estimators
of A(t) and S(t) that are more efficient.

We propose a composite nonparametric product limit es-
timator (CNPLE) that extends the PLE of [19] to allow for
the auxiliary information embedded in (2). Our estimator
is not only simpler but also uses auxiliary information in a
more natural manner than the HQE of [10]. Now, given that
A and V have the same marginal distribution, we have

E[I(Y >t > A)] = p LS (Hwe(t),

where we (t fo [1 — G(c)]dc. Hence we can replace K(t)
in (3) by the alternatlve I“lbk process

EBI(Y >t>V)] =

K(t)

1 — -
=3 [ (= = A wasid (Vi 2 62 V)]

i=1

(6) =

that recognises the auxiliary information (2), where w; and
wg are composite weights that satisfy w; +wz = 1. Note that
E[K(t)] = E[K(t)] = p~'S(t)wc(t). The following CNPLE
of A(-) is obtained by replacing K (t) by K(t) in (4):
-
(7) Ay (t) = dAN—(t)
o K(t)

From a computational point of view, our approach has a
clear advantage over the HQE of [10] because K(t) is, by
default, always positive and has a much simpler expression
than Kpo(t). The estimator of the survival function based
on our approach is given by

5 o (Y <u, b =1)
Sat)= ][ {1 > B }

u€|0,t] i=1

We will show in the subsequent sections that the relatively
simplicity of our approach is not offset by any efficiency
loss compared to the approach of [10]. In fact, for the spe-
cial case of the Cox model, there is an equivalence be-
tween [11]’s composite maximum likelihood estimator under
length-biased and right censored data and the estimator of
(7) when w; = we = % Now, consider the Cox model,

A(t) = Ao(t) exp{#'X},

where A(t) is the derivative of A(t), Ao(¢) is an unspecified
baseline hazard function, 8 is a p x 1 vector of regression
parameters, and X is a p X 1 vector of covariates. [11] pro-
posed a composite conditional likelihood equivalent to the
product of the truncation likelihood of T' conditional on A
and the likelihood of T' conditional on V, i.e.,

H{A ) exp(8'X)}2% exp{~(1 + 8)A(Vi) exp(5'X)}
exp|—{A(A;) + S A(V) exp(B/X)}]

For any fixed §, (9) attains a maximum at

Ni(t)
Z Z _,exp ﬂ’X)

AOn (Y) )

where K;(t) = I(Y; >t > A)+6,1(Y; >t > f/) It is readily
seen that when 3 = 0, Ag, (¢ t) is the same as A(t) when wy =
wy = 5. However, to obtain AOn( ), one has to compute the
composfne conditional likelihood, which is intricate, whereas
the derivation of A(t) is direct and straightforward.

2.2 Asymptotic properties

The purpose of this section is two-fold. We first establish
the asymptotic properties of the estimators A, (¢) and S, (¢).
We then obtain the strong representation and the rate of the
approximation of the CNPLE. Our proofs of results require
the following assumptions:

(A1) (A% T°) and the total censoring time A + C are mu-
tually independent.

(A2) O° has a constant density function, which guarantees
the length-biasedness of the data.

(A3) F,G, Fy and F4 are continuous, where Fy, Fq and H
are distribution functions of V, A and Y respectively.

(A4) For any 0 < b < by =sup{t: H(t) < 1},

_ 2 [N _dF®)
=2 || st <>

Assumptions (A1)-(A3) are regular conditions in survival
studies. Assumption (A4) is adopted from [21] and is needed
in order to obtain the approximation rate of the remainder
terms (see also Remark 1). For notational convenience, write

dﬁn K(u (u)
/ K2 Al KW i (),

where 3, (t) = N(t) — Wi(t) and Wi(t) = P(Y <t,§ = 1).
Theorems 1 and 2 below provide the i.i.d. representations of
» and S,.

Theorem 1. Let Assumptions (A1)-(A4) hold. Then we
have, for 0 <t <b < by,

b AWy (t)

10 J, ==

(1) La(t) = /

An(t) = A(t) = Ln(t) + RY(1),

with
(12)  sup |An(t) — A(t)] = O(n~Y?(loglogn)'/?), a.s.
0<t<b
and
(13) sup |RY(t)| = O(n~'loglogn), a.s.
0<t<b
where

mo = [ )
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(1).

Theorem 2. Let Assumptions (Al1)-(A4) hold. Then for
0<t<b<by, there exist R,(t) and R, (t) such that

= R),(t)+R),

(14) k?n(t) - 5(t) —S(6)[An(t) = A(t)] + Ra(t),
(15) Su(t) = S(t) = —S(t)La(t) + Ry (1),
and

(16) sup, |R,(t)] = sup |R;(t)] =
0<t< 0<t<b

O(n"tloglogn). a.s.

Remark 1. Assumption (A4) is a weak integrability con-
dition that remains valid when one or both of C' = oo and
A = 0 are satisfied, meaning that it continues to hold when
the data are only either length-biased or right-censored, or
even complete.

Remark 2. By Assumption (A4) and Theorem 2, ||S,, — S|
is bounded asymptotically by O(n=/?(loglogn)'/?).

It can be verified from (7) and (8) that the mappings
defined by A,, and S,, are compactly differentiable with re-
spect to the supremum norm. Hence it makes sense to study
the large sample properties of A, and S, by the functional
delta method [13, Theorem 2.8]. Let us define

We can represent L,(t) as the sum of iid. ¢;(¢), i =
1,...,n, ie, Ly(t) = > i, ¢i(t). In Theorem 3 and Corol-
lary 1, for the purpose of developing the asymptotic proper-
ties of 5}(7&)7 we use a Gaussian process B(u), 0 < u < 0o,
with mean zero and covariance matrix X5 (t1,t2). The proofs
are outlined in the Appendix.

Theorem 3. Let Assumptions (A1)-(A4) hold. Then for
0<ty,to <bgy,

(i) there exists a Gaussian process B(u), 0 < u < oo,
with E[B(u)] = 0 and covariance function

(17) Yp(ti,te) = E[B(t1)B(t2)]

MW ) | [ 0 H(uw) )
= | Tt ) e e,
where
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H(u,v)
= (W} —w)p ' S(uVv)we(u Vo) —wellu— o)
+(wi — wo)pu S (u vV v)we(u Av)
u+v

+w1w2 /U.\/’L) %

[we(u) + we(v) —we(t —u) —we(t —v)]dt,
such that

S, V(S (u) = S(u) — S(u)B(u)]

= O ?logn), a.s.

for b <by;

(i) there exists a sequence of i.i.d. Gaussian processes
Bi(u), Ba(u),- -+, with EB;j(u) =0, i = 1,2,---, and co-

variance function (18), such that

n

sup [vin(Sn(u) = S(u)) —n~2S5(u) Y Bi(w))|
0<u<b P
= O ?log’n), a.s.;
and
(iii) there exists a two-parameter Gaussian process

{G(z,u),0 < z < oo,u > 0} with mean zero and covari-
ance function
E[G(tl,ul)G(tQ,UQ)]

= U;l/ngl/Q(ul A\ ’LLQ)S(tl)S(tQ)EB(fl, tg),
such that

sup |v/n{S,(2) —

0<z<b
= O(n Y2

S(2)} = G(z,n)|

log?n). a.s.

Corollaries 1 to 3 stated below, whose proofs are given in
the Appendix, are direct consequences of Theorem 3.

Corollary 1. Let Assumption (A4) hold. Then we have,
uniformly in 0 <t <b < by,

(i) Sn(t) — S(t), and
(i) V(S (t) — S(£)) 2 N(0,%,),

D o
where — denotes convergence in distribution, and

S2(t) [ i dlgl(gjg)

o | e

Remark 3. The strong approximation results for An(t) can
be obtained in a similar way.

(18) oy =

dW1 (u)dW1 (U) .



Corollary 2. Denote S, (t) as the survival distribution es-
timated by Ay (t) in (4). Then we have

— S(t) = N(0,%,), and
¥ < %y,

Vi(Sa(t)

ft dW1(u)

where 3y = K2 (u) -

Corollary 3. Let Assumption (A4) hold Then S, attains
mazximum efficiency when w; = wqy = 2

Remark 4. The assignment of wi = we = % 1s equivalent
to assigning the same weight to A and V in the risk pro-
cess K(t) in (6). This is justifiable as there exists no prior
information to determine which component should be given
more weight. We adhere to the choice of w1 = wy = % m
the simulation and real data studies.

3. SIMULATION AND REAL DATA
ANALYSIS

3.1 A simulation experiment

In this section we use a simulation experiment to iden-
tify and compare the finite sample properties of the CNPLE
with the PLE, HQE and MPPLE developed by [14]. Follow-
ing [10], we set £, the calendar time of enrolment, to 100, and
generated O°, the calendar onset time, from a uniform dis-
tribution over [1, 100]. Observations of the underlying failure
time T° are generated independently from a Weibull distri-
bution with the survival distribution S(t) = exp(—t?/4).
To obtain a prevalent cohort, we generate observation pairs
of (0% T?) repeatedly until there exist n observation pairs
that satisfy OY 4+ T° > ¢. The censoring time is gener-
ated from a uniform distribution such that the censoring
rate is approximately 30%, 50%, 70% and 90%. We set
n = 200 and n = 800 and the number of replications to
1000. Our target is to estimate the survival probabilities
at various time points t. Based on the results of Corollary
3, we set wy = wy = % We gauge the estimators’ sam-
pling performance in terms of the magnitude of empirical
bias (BIAS), empirical standard deviation (SE) and empir-
ical mean square error (MSE). In the case of the CNPLE,
we also compute the average standard error estimate (ASE),
which should be close to the corresponding SE if the pro-
posed method for calculating the standard error based on
equation (18). The time (in seconds) required for calculat-
ing the estimates is also reported.

Table 1 presents the results for n = 200 at the time points
t = 0.94,1.43,1.91,2.54 that correspond to the survival
probabilities of S(t) = 0.8,0.6,0.4,0.2 respectively. The rel-
atively small empirical bias obtained in all cases suggest that
all four estimators produce accurate estimates. For the CN-
PLE, the ASEs are all very close to their corresponding SEs,
indicating that our standard error estimator performs satis-
factorily. With few exceptions, other things being equal, the

BIAS, SE, ASE and MSE of estimators generally worsen as
the censoring rate increases. As expected, the PLE, which ig-
nores auxiliary information, invariably produces the least ef-
ficient estimates in terms of SE and MSE. The MPPLE dom-
inates the PLE in terms of SE and MSE, but it is inferior to
the HQE and the CNPLE by the same yardsticks in a large
region of the parameter space. Overall, the difference in sam-
pling performance between the HQE and CNPLE are small,
with the HQE being marginally better in terms of BIAS
and the CNPLE being slightly superior in terms of MSE;
in most cases, however, there is little to choose numerically
between the two estimators with respect to their sampling
performance. This similarity in performance of the HQE and
CNPLE is likely attributable to the fact that both estima-
tors incorporate the same auxiliary information, namely, the
distributions of truncation time A and the residual survival
time V being identical. Having said that, in terms of com-
puting time, the CNPLE is the superior alternative over its
more complex rival by a long shot. In most cases, the cal-
culation of the CNPLE requires less than half the time for
computing the HQE.

The general comments above also apply in broad terms
to the case where n = 800, the results for which are reported
in Table 2. While there are exceptions, the BIAS, SE, ASE
and MSE generally decrease as n increases. In summary, our
simulation results demonstrate that our proposed estimator
performs well, even under high censoring rates. It also fares
well in comparison with other more complex methods with
respect to estimator efficiency and computational time.

3.2 A case study

In this section, we apply the four methods considered
in Section 3.1 to data from the first wave of the Canadian
Study of Health and Aging (CSHA-1). The CSHA-1 is a
study on the prevalence of dementia among elderly Canadi-
ans conducted in 1991. The original sample contains 1132
elderly subjects (aged 65 or above) identified with dementia
by the Modified Mini-Mental State Examination in Canada.
Our analysis is based on a subsample of 807 subjects af-
ter excluding those with missing data on dementia type or
disease onset date, and those who survived more than 20
years after dementia onset due to their low likelihood of de-
veloping Alzheimer’s disease or vascular dementia [4]. The
purpose of our study is to estimate the survival probabil-
ities of subjects at various time points after disease onset.
The death rate of these subjects within a ten-year follow-up
period is 78% (or 627 deaths). Our observed survival times
are left truncated because the sample excludes subjects who
died before the study began, length-biased because those
who survived longer had a higher chance of being included,
and right-censored because some subjects were still alive at
the end of the study or lost to follow-up. We applied [1]’s
test of the stationarity assumption to the data. The test re-
sult confirmed that the incidence of dementia was constant
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Table 1. Simulation results of estimators for n = 200

Table 2. Simulation results of estimators for n = 800

t

S(t) Bias SE MSE Time Bias SE MSE Time

PLE

HQE

t

PLE

HQE

S(t) Bias SE MSE Time

Bias SE MSE Time

CensoringRate = 30%

Censoring Rate = 30%

094 0.8 3 513 26 0.8 18 48 24 2.9 094 0.8 5 277 8 87.7 10 276 8 374.5
1.43 0.6 1 506 26 0.8 18 486 22 2.9 143 06 10 265 7 87.7 18 253 6 3745
1.91 04 5 450 20 0.8 7 399 16 29 1.91 04 15 230 5 87.7 22 210 5 374.5
254 0.2 10 336 11 0.8 7 297 9 2.9 2.54 0.2 7 159 2 87.7 11 142 2 374.5
Censoring Rate = 50% Censoring Rate = 50%
094 0.8 25 580 34 0.8 39 540 29 2.8 094 0.8 7 290 8 96.7 11 274 8 4114
143 0.6 15 596 36 0.8 29 528 28 2.8 143 06 9 293 9 96.7 11 266 7 4114
1.91 04 13 536 29 0.8 21 462 21 2.8 1.91 04 12 262 7 96.7 12 231 5 4114
2.54 0.2 2 416 17 0.8 0 356 13 28 2.54 0.2 3 193 4 96.7 1 166 3 4114
Censoring Rate = 70% Censoring Rate = 70%
094 0.8 10 560 31 09 —1 480 23 3.1 094 0.8 3 269 7 105.4 8 233 5 4509
1.43 0.6 26 684 47 0.9 25 594 35 3.1 1.43 0.6 13 341 12 1054 22 301 9 450.9
1.91 0.4 34 703 49 0.9 46 640 41 3.1 1.91 04 7 352 12 1054 17 322 10 450.9
254 02 6 610 37 09 12 576 33 3.1 2.54 0.2 10 323 10 1054 17 313 10 450.9
Censoring Rate = 90% Censoring Rate = 90%
094 0.8 9 938 88 0.9 47 821 68 3.1 094 0.8 18 436 19 1139 12 370 14 487.6
143 0.6 37 1051 111 0.9 58 959 92 3.1 143 0.6 30 517 27 113.9 30 448 20 487.6
1.91 0.4 88 1029 106 0.9 95 962 93 3.1 1.91 04 5 526 28 1139 8 480 23 487.6
254 02 14 842 71 09 12 819 67 3.1 2.54 0.2 3 436 19 1139 7 416 17 487.6
MPPLE CNPLE MPPLE CNPLE
t S(t) Bias SE MSE Time Bias SE MSE ASE Time t S(t) Bias SE MSE Time Bias SE ASE MSE Time
Censoring Rate = 30% Censoring Rate = 30%
094 0.8 21 488 24 1294 18 486 475 24 1.2 094 0.8 11 270 7 63030.5 10 276 269 8 139.8
1.43 0.6 24 478 23 129.4 17 468 465 22 1.2 1.43 0.6 18 256 7 63030.5 18 253 240 6 139.8
1.91 0.4 15 424 18 1294 9 400 393 16 1.2 1.91 0.4 21 223 5 63030.5 23 211 201 5 139.8
2.54 0.2 6 319 10 129.4 0 296 280 9 1.2 254 0.2 10 151 2 63030.5 11 142 141 2 139.8
Censoring Rate = 50% Censoring Rate = 50%
0.94 0.8 45 540 29 126.1 42 539 504 29 1.3 094 0.8 12 273 8 64655.8 11 275 268 8 183.9
1.43 0.6 32 545 30 126.1 35 532 519 28 1.3 1.43 0.6 13 268 7 64655.8 12 269 268 7 183.9
1.91 0.4 21 483 24 126.1 30 465 454 22 1.3 1.91 04 16 239 6 64655.8 15 235 233 6 183.9
2.54 02 -6 368 14 126.1 17 352 331 12 1.3 254 02 6 175 3 64655.8 5 169 169 3 183.9
Censoring Rate = 70% Censoring Rate = 70%
0.94 0.8 47 514 27 130.2 48 475 432 23 1.5 094 0.8 11 249 6 662359 16 230 224 5 229.3
1.43 0.6 67 631 40 130.2 69 604 578 37 1.5 1.43 0.6 22 322 10 662359 29 311 297 10 229.3
1.91 04 67 659 44 130.2 67 651 619 43 1.5 1.91 0.4 17 335 11 662359 24 331 320 11 229.3
254 0.2 16 584 34 130.2 18 576 558 33 1.5 254 0.2 16 313 10 66235.9 20 317 294 10 229.3
Censoring Rate = 90% Censoring Rate = 90%
094 0.8 92 880 78 130.8 82 730 611 54 1.5 0.94 0.8 44 421 18 67489.3 45 363 342 13 271.1
1.43 0.6 45 994 99 130.8 57 904 836 82 1.5 1.43 0.6 51 500 25 67489.3 bH5 456 452 21 271.1
1.91 04 15 990 98 130.8 9 930 891 86 1.5 1.91 0.4 22 510 26 67489.3 27 494 475 24 271.1
2.54 0.2 19 808 65 130.8 36 781 749 61 1.5 2.54 0.2 10 429 18 67489.3 16 423 406 18 271.1

1 PLE is the truncation product-limit estimator; HQE is the
nonparametric estimator proposed by Huang and Qin (2011);
MPPLE is the maximum pseudo-partial-likelihood estimator;
CNPLE is our proposed composite nonparametric estimator;

2 Bias and SE are the empirical bias (x10%) and empirical stan-
dard deviation (x 104) based on 1000 replications respectively;
ASE is the average of 1000 standard error estimates based on
(18); MSE is the mean square error (x10%) based on 1000
replications; Time is the time (seconds) required for comput-

ing 1000 estimates by a Mac Pro i5 PC.
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PLE is our proposed composite nonparametric estimator;

2 Bias and SE are the empirical bias (x10%) and empirical stan-
dard deviation (x 104) based on 1000 replications respectively;
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cations; Time is the time (seconds) required for computing 1000
estimates by a Mac Pro i5 PC.



over time. As in the simulation study, we choose the weight
w) = wg = % following the result given in Corollary 3.

Table 3 presents results on the estimated survival prob-
abilities and their standard errors by the PLE, HQE, MP-
PLE and CNPLE at time points ranging from 12 to 120
months after disease onset. At a given ¢, the PLE invariably
produces the lowest survival probabilities, while HQE gener-
ally yields the largest among the four estimators. Generally
speaking, the longer is the survival time, the smaller are
the standard errors of the probability estimates. Our pro-
posed CNPLE and the MPPLE deliver very similar results,
and both approaches yield smaller standard errors than the
PLE.

Table 3. Results of real data study: estimated survival
probabilities at selected time-points

PLE HQE
Month Est SE Est SE
12 0.889 0.054 0.927 0.033
24 0.722 0.051 0.781 0.035
36 0.573 0.045 0.633 0.033
48 0.437 0.037 0.495 0.028
72 0.247 0.024 0.297 0.019
96 0.136 0.016 0.174 0.014
120 0.065 0.010 0.095 0.021
MPPLE CNPLE
Month Est SE Est SE
12 0.935 0.028 0.922 0.035
24 0.780 0.034 0.765 0.038
36 0.616 0.033 0.608 0.035
48 0.468 0.029 0.465 0.030
72 0.258 0.020 0.266 0.019
96 0.137 0.014 0.151 0.014
120 0.065 0.009 0.082 0.009

L PLE is the truncation product-limit estimator; HQE is the non-
parametric estimator proposed by Huang and Qin (2011); MPPLE
is the maximum pseudo-partial-likelihood estimator; CNPLE is
the proposed composite product-limit estimator; Est and SE are
the estimate and its standard error respectively.

APPENDIX A. OUTLINE OF PROOFS

Proof of Theorem 1. Note that

An(t) = A(t)

Y AN (u) — dWy (u) P dN (u) B ¢
/0 K( ) * 0 X(u) /0
)

/ d,@n P K(u) - K(u

dN (u)
K(u)

K2(u)
(AW (1) — AW (u) + g EZ; dN (u)]
ROy U ELCITN

K2(u)
R () - K@)
/0 )K N
(19) = Lo (t) + R (1) + ROy (1),

We divide the proof of Theorem 1 into three parts to focus
on the derivations of the supremum norms of RO, (1), RV, (t)
and A, (t) — A(t) respectively.

Part 1: Note that

. K
= wlen(t) + w2R?112(t)7

where K2 = Z (5il(f/i <t <Y;). We apply the Ho-
effding Decomposmon for U-statistic from [9] to obtain the
asymptotic properties of R?,; and R?,,. Let T and S be
two independent failure time variables and A be a trunca-
tion variable. Given a subset @ C {1,...,n} with |Q| = 3,
let Hp denote the set of all square-integrable random vari-
ables of type gg(A;i, T3, S; i € Q), for measurable functions
gq of |Q| argument such that

E(gQ(Ai,Ti,SZ‘ 1 € Q)|Aj,Tj,Sj,j S B) =0,

for any B : |B| < |Q|,

where | - | is the cardinality of the corresponding set. Let
mqf denote the projection of f onto Hg. Then by the or-
thogonality of the Hg, the Héjek projection is

nQf(Hi,He) = —f(Hi, H2)+ En,[f(H1, Hz)]

+Em,[f(Hy, Hy)] — E[f(Hy1, Hz)],
where Hy, H, € K3. It is readily seen that
1 n n
(0 Boua®)= 53,3 7o (A T35, (43, T5.5))),
where

£ (ar,t1, 1), (a2, ta, 52))
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= —%I{al S t2 S (tl A S1),Cl2 S tg S (82 /\t)}.

The subset of K? x K3 : {D; = I{a; <t3 < (t1A81),a2 <
ty < (sy At)},t € K} is a measurable Vapnik-Cervonenkis
(VC) class of sets, with each set being the intersection of
at most six half spaces of K® [7]. By the definition of VC
subgraph, the class of functions {K+mlpt :0<t<b}isa
measurable VC subgraph, and hence a measurable VC class
of functions from the definition of K(¢) (by a simple mod-
ification of Lemma 2.5 IL.5 in [15]). By the property of VC
class and Assumption (A4), it can be seen that the envelope
H(ay,t1,81,02,t2,82) = mlpm has a finite integral, i.e.,

LA 1 [ dwi()
ER = | mmem < o) ), 'ow <

The Law of the Iterated Logarithm (LIL) according to [3]
implies that
1 n
1
3 0_ 21l (A Ti, 8. (4;.T;. 5)))
i=1 i#j

= O(n ‘'loglogn). a.s.

sup
0<t<b

Now, the sum of the diagonal terms of the U-statistic in (20)
is

(21) %Z} H% + ﬁ}lmi <T; < S <t)

/tI(AiSUSTiSSi)
0 K (u)S(u)

AN (u) - A(t)] ,

which is a biased empirical process over a VC class of func-
tions. The Law of Large Numbers [see Theorem 8.3 of 8]
implies that the supremum norm of (21) is almost surely
O(n~1). Therefore, supy,<;, |R%15(t)| = O(n~*loglogn).

Similarly, the supremum norm of R?,,(¢) has the same
order as O(n~!loglogn). Hence we have

(22) sup |RY,(t)] = O(n"*loglogn).

0<t<b

Part 2: Write

(23) s, |Rps(1))]
- | [ e
RS
REURLO Lt
< | [ v
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() - R@P o
%i%%/o Ky )
= J1+ Jo.

For J;, we have

(24)
< op |[KO—EOF E @ = K@l g
0<t<b K(t) o<t<bJo  K2(u)K(u)
EO-R@F
S o R s RO
K(Y) [ dN()

- sSu =
ey K(Yy) Jo K3(D)

For the purpose of obtaining the supremum norm of J;, we
first give the order of each term in (24).
(i) Write

Ky(t) = %Z&J(Vi <t<Y,).
i=1

By the definition of K (t),

K(t) — K(t
(25)  sup M'
0<t<b K(t)
< swp w KU)K(U‘ + sup w IM'
0<t<b K(t) 0<t<b K(t)
= ’U.)1M1 + UJQMQ.
From Equation (2.12) of [21], for any € > 0,
(26) M; = o(n"12(logn)1+9)/2). a.s.
For Ms, as
PIA<t<Y)=1) = E[I(A<t<Y)
= ' S(twel(t)
= EPI(V<t<Y))
= POI(V<t<Y)=1)

so [(A <t <Y) and 5[({{ < t <Y) are identically
distributed. Hence K (t) and K»(t) are also identically dis-
tributed. Based on this observation, it is easy to show that

Ks(t) — K(1)
K1)

‘ — o(n""/2(log n) +9)/2).



Substituting (26) and (27) into (25), we have, for b < by
and any € > 0,

K(t) - K(t)

SN0

0<t<b

(28) = o(n"Y?(logn)(1+2)/2),

(ii) For b < by,

K(Y3)

29 sup —
(29) i:nEbK(Yi)

= sup (BI(A<Y; <Y)Dn™' > [unl(4; <Y; <))
i:Y;<b =

+wedi I(V; < ¥; < Y)))) 7

su EI(A<Y; <Y)]

2o nTwr Y I(A; Y £ )

K(Yi)

= Sup —=———
iy <b w1 K(Y;)

= O(logn).

IN

Substituting (28) and (29) in (24), using Assumption (A4)
and the Law of the Iterated Logarithm for empirical process,
we obtain

(30) Ji < o(n"%?(logn)*>T(loglogn)'/?). a.s.

On the other hand,

. L dN (u)
Jy < sup |K(t)— K(@)]? su
= 0<t1§)b‘ ®) ®)| 0<tI§)b o K3(u)
b
. dN(t)
= K(t)— K@)
o2, 0 = K ey

(31) = O(n 'loglogn). a.s.

Hence, by (23), (30) and (31), we have

(32) sup |R%,(t)] = O(n~'loglogn).

0<t<b

Part 3: Write

(" dN(u) bW (u)
w0 =[5 K

The process I,,(t) is an empirical process over a VC class
that has square integral envelope. Hence for b < by,
Supg<i<p [In(t)] = O(n='/2(loglogn)/?) as. [2]. By (29),
(31), Assumption (A4) and the Law of the iterated loga-
rithm for empirical processes, for b < by,

t \T t N,
A = s d{V(u) [T dN(u)
o<t<b | Jo K (u) o K(u)
~I(Yi<t) I(Y;<t>‘
= su —_—— — —_—  — 7
0<t<b ; nK(Y;) ; nK(Y;)

Y;
Y;

S—
=
=
£
|
=
£
o
U
=
&

K
< sup =
i:0<Y;<b K

)
)1 Jo K3(u)

IN

sup  — (
i0<v;<b K(Y;
b dN (u)

o K2(u)

+ sup |K(u) — K(u)|
0<u<b

= O(n"Y2(loglogn)'/?).

a.s.
Hence we obtain

Sup, [An(t) — At)]

P AN (u) B P dN (u)

o K(u) o K(u)
YdN(u) /f dWy (u)

0 K(U) 0 K(U)

A+ sup |L,(t)| = O(n"Y?(oglogn)'/?). a.s.
0<t<b

< sup
0<t<b

+ sup
0<t<b

(33) =

Combining (19), (22), (32) and (33), Theorem 1 is
proved. O

Proof of Theorem 2. Consider the Taylor series’ expansion
of e=An(t) — =AM
e~ An(t) _ —A®)
a0 o
e ML T [An(t) =A@ e A®)
=1

—e MDA, () — A®)] + %e—/\*(t) [An(t) — A()]?,

where A% () — A(t)| < |An(t) — A(t)]. Write

II

1:Y; <t

nK(Y;) '\~
nK(Y;) +1
in lieu of S,,(t) to avoid the logarithm of S, (t)’s becoming
log 0. It follows that
Sa(t) = S(t)
= e M) _ e L G (#) = S (8) + Sp(t) — e A
= —e A1) — AW)] + Ralt),

with
(34)  sup [Rn(1)]
0<t<b
1 e R _
<  sup |§e*A OA,(6) = AD? [+ sup [Su(t) — Sn(t)]

0<t<b 0<t<b
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+ sup |S,(t) — efA"(t)| = sup |log(Sy(t)) + Ay (t)]
0<t<b 0<t<b
. 2 . > é
< sup |A,(t) — At + sup |Sn(t) — S,(t = sup {— — }
(s, 1420 = A1)+ sup 15,0) = 5,) BN PIP I e AR
+ sup |S,(¢ e~ A® n < —
Oétgbl (t) | By 1(Y; <t 1)‘
_ = nK(Y;)
=: Ry + R+ Rs. 1=1
It foll iehtforwardly f h = sup i{— O }
t follows straightforwardly from (33) that ot o2, | 2 mnk (Y;) + 1]
(35) Ry = O(n"'loglogn). 8, 8 ‘
. n n n K(Y; K(;) +1
For R, given that |Hj:1 aj — 1= b| < > j—1 laj — byl nK(Y;)  nK( );_
and |a,|, |b;| < 1, we obtain - sup J
o<t<b, =, nK(Y:)[nK(Y;) + 1]
SO > nK(Y;)
= sup 18,(0) — Su(0) -3 |
0<t<b o= mnK(Y;) +1]™
A~ 51
< sup | H <M) Note that
0<t<b gy nK(Y;) .
= Y;
di (38) Z An ( ) -
- H < )+ 1) | m=2 m[nK(Y;) + 1]m™+
o G=1) _ K0 s R £y
= = j ’I’L[A((}/z) + 1 m=2 m
0<t<b, T, nK(Y-)[nK(Y;-) + 1] . - .
_ nK(Y)) Io <nK(Y1) +1> 3 1 ]
= / nK(Y;) 41 . nK(Y;) nK(Y;) +1
0<t<b K(u +1] — 00)
K(u ) ( ) K(u)[K(u) — K(u)]
- Oiltlgb/ nK2(u ) ( )[K(u) n-1] dN (u) Substituting (38) back into (37), we have
< / sup [Dn(t)] = sup |log(5a(t)) + An(t)] = O(1)
n O<t<b K(u n1] 0<t<b 0<t<b
1 ,
4+ sup K(t) - K(t) su IA{(Y;) It then follows, for any b < by, that
no<t<v|  /K() |ivi<o K(Y;)
. g (39) R
/ AN (u) ) o
o V@I () + 01 R, e — e
_ -1 )
= O(n™ ). as. = sup |e—An(t)<eDn(t) —1)]
_ 0<t<b
For Rj, applying the Taylor series’ expansion to log(S,(t)),
we have —  sup e An®
) D
log(S,(t)) = - log (1 + — ) >, [Dy ()]
P2 nK(Y) < swp IDut) sup | 328N _ o).
o j 0<t<b 0<t<b =0 (J+1)!
1
B zYZQ nK(Y; JZZt j ( i)) Combining (34), (35), (36) and (39) yields
= —Au()+ Dn(t)~ sup |R,(t)] < O(n~tloglogn)+O(n~t) +0(nt)
0<t<b
Hence, = O(n 'loglogn).
(37) sup [ Dy (t)] This completes the proof of Theorem 2.

0<t<b

230 S. Fan et al.



Proof of Theorem 3. By the definition of L, (t), we have

L (t)
~ [f"dN(uw)  [" K(u) y
= [ K ) e
_ /td[z’.‘_ Y w6 =1)]

0y
/ Zz lwllA <U<Y)+U/2§I( < u
-dW1 (u)
_ dI(Y; <u,6; = 1)
- _Z/ K(u

nk?2(u)
li/t wlf(AigugmezaJ(ViSusm)
n 0
=1

<Y;)]

K2(u)

= % Z ¢i(t)

By the functional delta method [13] and Central Limit The-
orem in empirical process, for any 0 < ¢; and to < b,
Vn(Sn(t) — S(t)) follows approximately a Gaussian pro-
cess with mean zero and covariance matrix 3(t1,t2) =
S(t1)S(t2) E[¢1(t1)¢1(t2)]. This provides a basis for obtain-
ing the representation of E[¢1(t1)¢1(t2)]. Without loss of
generality, let ¢t; < t5. For notational convenience, write
fl(t) = wll(Al S t S Yl) + w251[(‘71 S t S Yl) Then we
have

(40)  Elp1(t1)o1(t2)]

DAV <u, b =1) (" 112< ) .
= i_/}(yl <t1f‘(1(i)1) 1Yy <t02,6f(:(1” | H

= FE

K(Y1) K(Y1)
o _I(Yl S t17(51 = 1) t2 fl(u) w
R o.wwﬂwﬂﬂ
. -I(Yl S t2,61 = 1) t1 fl(u) w
T wm b mw™
+E s 1 ;2((13) dWi(u) ; ’ 1?2((12) dW1(u)]
Bawy(u) [t " B[ (u)l(v)] y .
Rt TR e
b TwidiI(A; <u <Y <ty)
- E{ K1)
wed (Vi <u <Y < t2):| dWi(u)
K(Y1) K2(u)

_/t2E|:w1(51[<A1 <u<Vi<t)
0 K1)
wyd I(Vi <u <Yy < tl)} dWi (u)
K(Y1) K?(u)
b awy (u)

= . KQ(’U,) +A(t1,t2)

— B(ty,t2).

In order to give the exact expression of (40), we first
provide the exact expressions of A(t1,t2) and B(t1,t2).
(i) Note that

E[I(z‘h <u<Y; <t,6 = 1)]
K(Y1)
E[I(USTl <t,0< A <, Ty

K(Tv)
///tauK

- / ngUWdﬂ—%ﬁ—ww

A < 01)]

(c)dadt

and

E[I(f/l <u<Y) <t,0,=1)
K(Y1)
E[I(Uﬁﬂ <t, 71 —u< A <T\, Ty
K(Ty)

—Algcl)]

")

It follows immediately that

E |:w1511(A1 <u<Y; <t) 4w [(Vi<u<Y; Stl):|

K(Y1)
ftl f(@®) w(w (t) —we(t—u)) + (u)]dt
St)we (t 1\wWe C m wowe (u )
Therefore,
B(tla t2)
_ t1 pta f()f(u)[wi(we (t)—we (t—u))+wawe (u)]
B f f —is(gwc(t)g%u)wc(u)z S dtdu
ta pt1 f(t)f(uw)|wi(we(t)—we(E—u))twawe (u)]
+f f 1S(tc)wc(t)g2(u)wc(u)2 S dtdu.

(ii) Note that

(41)  Elh(w)h(v)]
= E[{wil(A Su<Y1)+wd (Vi <u<Y)}
{wll(Al <v<Y) +wedi I(Vi <v < Y)Y
= wWiE[I(A <u,v <Y +wiE5I(Vi < w0 < V7))
+wiwe E[011(A; <u <Y, Vi <v <))
+wiwr E[511(Ay <v <Y1, Vi <u<Yy)]
= I+ Lo+ Lz + 114
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We can write

1 <uAv,Yr >uVo)
—waI(A1<u/\v T1>u\/v Ci>uVuv—Ap)]

u/\v
= / / (u Vv —a)dadt
uVo

|u ol
—ut [~ f; /  swy)
(42) = wlu ' S(uV v)we(uV v) — wolu — o),

Ly = w3y E[511(Vi < w0 < Y1)
= wiE[I(T} A1<u/\v u\/v<T1<A1+Cl)]

= / / G(c)dadt
uVv Jt—uNv Jt—a /‘L

= w3 ch(u/\v)dt
uVou
(43) = wip ' S(u Vv v)we(uAv),
and
Li; = wwE6I(A <u<Y, Vi <v<Y)
= wwE[I(A1 <u<Th <A+,
- A <v<Ty <A+ )
= wwaE[I(Th —v <A <u, Ty —v<u,
’U/\/USTl,Tl A1<Cl)}
u+v
= wlwg/ / d dt
uVu t—v Jt—a ,LL
u+v
= wlwg/ — a)dadt
uV t—v ,u
u+v t—u
= [ 1 / Swd(-y)
uVu 14 v
u+v t
(44) = wiws / &[wc(v) —we (t — u)]dt.
uVuv /1’

Similarly, we can show that

Ly = wwE6I(A; <v<Y, Vi <u<Y)
B u+v f(t)
(45) = wijws L we(u) — we(t —v)]dt.
uVo

Substituting (42), (43), (44) and (45) into (41), we have

E[Iy (u) I (v)]
= wip 'S(uVo)we(u V) —wo(lu—wvl)]
+wip S (u Vv v)we (u A v)
u+v
pwnea [ p(Bc() +welw

—we(t - u) —we(t —v)|dt
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=: Hi(u,v)+ H(u,v),

where
Hi(u,v) = wip 'SuVo)|weluVo) —we(|u—mu|)
Fwop ™ S(u V v)we (u A v), and
H(wo) = (uf —w)u 'S Vo)

wo(u V) —we(lu— )]

(w3 —wo) ™ S (u V v)we (u Av)
u+v
+Fwywap " /v f®)we(v) +we(u)

—we(t —u) —we(t —v)]dt.

From the definition of A(t1,t2), it follows that

Aty 1) / ” H””’ W () (1)
0 U
(46) +/0 o %dwl(u)dwl(v)

By the exact expression of B(t1,t2) in (41), the first term
of A(t1,t2) in (46) can be expressed as

t1 to
/ Hl v, v) e W )W @)
0

/ /t2 w1l 15 u Vo) wCEU)\;;;) —wo(lu—v])]

wap 1S (u V v)we (u A v)

+ K2(u )K2( ) 1dW1 (v)dW7 (u)
_ / / [w1(we (1) —we(u —v)) + wawe (V)]
p25%(wwo (u)
)f(u) f(v)dvdu

/t1 /t2 1(we (v —wc(v—u))—i—wgwc(u)]
p2 82 (uwe (u) S?(v)we (v)
S) f(u)f(v )dvdu
_ /t2 /tl w1 (we (u —wc(u—v))—i—wgwc(v)]
p~ S (uwe (u) 5% (v)we (v)

dvdu

/t1 /tz wq WC — wc(’l} — U)) + w2wC(u)}
152 we (u)S(v)we (v)

v)dvdu
= B(tl,tQ).

Therefore,

(47)  A(ti,to)

- B t17t2 / / K2

dWl( )dW1 (’U)



Combining (40) with (47), it is readily seen that

tldW()

e

Elp1(t1)1(t2)] =
dWl( )dW1 (’U),

where
H(u,v)
= (wi —w)u™'S(uVv)we(uV o) —we(lu—v])
+(ws — w2 S (u V v)we (u Av)
u-+v
+w1wzlfl/ ft)

Vo
(48) Jwe () + we(u) — we(t —u) — we(t — v)ldt.
This completes the proof of Theorem 3. O

Proof of Corollary 1. (i) By Theorem 2 and recognising
that E[L,(t)] = 0, we can show that S, (t) — S(t) — 0;
(ii) Tt follows directly from part (i) of Theorem 3 by setting
t1 =12 =1t. ]
Proof of Corollary 2. (i) We first prove that /n(S,(t) —
sa»lbwmjgwmm
K
K2

Bolt) = / dﬂn

Similar to the proofs of Theorem 1 and 2, for 0 <t < b < by,
we obtain

dWl( )-

A (t) = At) La(t) + RO(1),
Sult) — () = —SW[An(t) — AW)] + Ra(t), and
Sa(t) = S(1) —S(t)Ln(t) + Ry, (1),
with
Os<111<)b|jin(t) —A®)] = On Y?@oglogn)'/?), a.s.
sup [Rp(t)] = sup |Ru(1)]
0<t<b 0<t<b
= sup |R.(t)] = O(n tloglogn).
0<t<b
By the definition of L, (t), we have
. _ [YdN(w)  [* K(u) y
L = ) T~y w o
_ /td[z’.‘_ Y w6 =1)]
N nK( )
! dI( Y <u,b;=1)
- Z [/ K (u)

tdI(Y;<u,8;=1) ft I(Ai<u<Y;)

where ¢;(t) = |, IO 0 ) dWi(u). By
the functional delta method [13] and Central Limit The-
orem in empirical process, for any 0 < ¢; and t; < b,
Vn(Sn(t) — S(t)) follows approximately a Gaussian pro-
cess with mean zero and covariance matrix X(ti,ty) =
S(t1)S(t2) E[py(t1)d1 (t2)]. This provides a basis for obtain-
ing the representation of E[¢;(t1)¢1(t2)]. Without loss of
generality, let t; < t5. Then we have

(49) E[¢:(t ¢1(t2)]
- |: Yl < u, 51 = 1)
= o)

‘“<“<”%mum}

-/
2dIY1<u61—1)
{ftz I(A, <u<Y1) Wl(U)H

B E[I (v <t1,51 =1)I(Yy < tg,0; =1)

K(Y1) K1)
N /0 " [(A%?u?del(u)
— [T GG ) - Bl ).

o K2(u)

In order to give the exact expression of (49), we next calcu-
late exact expression of A(t1,ts) and B(ty,t2).
Note that

[I(A1 <u<lY; <t,00 = 1)]
F
K(Y1)

— E[I(uﬁﬂ <1t1,0 §K14};1§) u, Ty — A SC’l)]
N /tl/o /t auK (c)dadt
/u M[wdw wot — u))dt.

A composite nonparametric product limit approach for estimating the distribution of survival times 233



Therefore,
(50) tl,tz
B () () welt) — welt — u)
// TS o (5 o) 1"
"AE) F) wolt) — wolt — w)]
+/ / 15 (w052 (wwola) O

On the other hand,

(51)

1 <uAw, T1>u\/v Ci>uVo—A4)]

|u ol
- uVv /J /u\/v S(y)d(iy)

= ptS(uVo)|we(u Vo) —we(ju—uv|).

(uVv—a)dadt

From the definition of A(ty,t,), it can be shown that

(52) t17t2

B / /t21A1<u<Y1) (A4 <v<Y1)

N K?(u)K2(v)
AW (u)dW (v)

_ // ”Suvv[wcwvv)—wc(\u—vm

K2(u)K2(v)

AW ( )dWl( )

_ e S wlee () —welu—v)]

_// 252 <>52<> ) 2
/ / 252 c(v) —welv = )]dvdu

we (u) 52 (v)we (v)

= B t17t2

Combining (52) with (49), it is readily seen that

Elout)ont)] = [ df(?(%)-
Hence we have

Vi(Sa(t) = 5(1) 2 N(0,5),
where 53 = $%(t) [ Sl

(ii) In order to prove that 3; < ¥, we only need to verify
that H(u,v) in (48) is less equal than 0 for any u and v. Now,
note that

H(u,v) = (w} — wi)p~"S(uV v)lwe(uV v) - weu — o))

+ (w3 — wo)p ™t S(u vV v)we(u Av)
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u+v
e [ ()

[we(v) + we(u) —we(t —u) — we(t —v)]dt.
“1S(u V) welu V) —we(ju — o))
—wo) S (u V v)we (u Av)
~Hwe(u) + we (v))(S(u+v) —
= p~ i (wy + w2 — 1)S(v)we (v)
+ p T rwa (w1 4 wa = Dwe (u)S(v)
+ 1wy (wy 4wy — 1) [S(v)we (u — v)
+ (we(u) + we(v)S(u+v)]
=0.

< (wi —wi)p
+ (w3

+ wiwa

S(v))

This completes the proof of Corollary 2. O

Proof of Corollary 3. By Corollary 1, S, is most efficient at
the values of w; and wy that minimise

M (t; w1, we) / / o (u

where

dWl( )dWy (v),

H(u,v)
= (@ — w)p (v o) wo(u v v) — wellu — o)
+(w2 — wo) ™ S (u V v)we(u Av)

u+v
— / I®licl) +wolw)

—we(t —u) —we(t —v)|dt.
Since wy + we = 1, we can rewrite M (t; wy, wy) as

M(t,w) = (wi —w)u"{S(unv)

we(u) +we(v) —we(lu = vl)]

u+v
- / FO)lwo ) + we )

Av

(53) —we(t —u) —we(t —v)]dt}.

Differentiating (53) with respect to w; yields

P — (g = 1 (S( o)
[we(u) +we(v) — we(lu —v])]
[ i)+ wow
L et — ) — wolt - v)de}
=0
when w; = L. This proves Corollary 3. 0
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