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Model-free conditional feature screening with

exposure variables

YEQING ZHOU, JINGYUAN Liv*t, Zumur Hao, AND LipING Zuu?

In high dimensional analysis, effects of explanatory vari-
ables on responses sometimes rely on certain exposure vari-
ables, such as time or environmental factors. In this paper,
to characterize the importance of each predictor, we uti-
lize its conditional correlation given exposure variables with
the empirical distribution function of response. A model-
free conditional screening method is subsequently advocated
based on this idea, aiming to identify significant predictors
whose effects may vary with the exposure variables. The pro-
posed screening procedure is applicable to any model form,
including that with heteroscedasticity where the variance
component may also vary with exposure variables. It is also
robust to extreme values or outlier. Under some mild condi-
tions, we establish the desirable sure screening and the rank-
ing consistency properties of the screening method. The fi-
nite sample performances are illustrated by simulation stud-
ies and an application to the breast cancer dataset.

KEYWORDS AND PHRASES: Conditional screening, Feature
screening, Exposure variable, Model-free, Sure screening
property, Variable selection.

1. INTRODUCTION

Ultrahigh dimensional data arise in many frontier areas,
such as genetics, imaging, economics and finance. In these
areas, quite often tremendous amount of explanatory vari-
ables are collected, while only a few predictors are truly im-
portant to the response. To identify these truly active pre-
dictors, a variety of variable selection methods were studied
based on different models. One appealing method to select
important variables and reduce the predictor dimensional-
ity is the two-stage approach: feature screening methods are
first conducted to roughly rule out the marginally unim-
portant predictors, and subsequent regularized regression
approaches are applied to recover the final sparse models.
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In the screening stage, Fan and Lv (2008) first proposed
a sure independent screening procedure (SIS) based on the
marginal Pearson correlation in the context of linear mod-
els. Its appealing sure screening property urges statisticians
to extend the idea of SIS under different settings, including
the generalized linear models (Fan and Song, 2010), semi-
parametric models (Li et al., 2012a), nonparametric addi-
tive models (Fan et al., 2011; He et al., 2013). Fan and
Song (2010) stated that the validity of screening methods
usually relies on the correct underlying-model specification,
which motivates researchers to propose screening methods
at a model-free basis, such as SIRS (Zhu et al., 2011), DC-
SIS (Li et al., 2012b) and BCor-SIS (Pan et al., 2018). See
Liu et al. (2015) for a selective overview of the screening
methods.

However, the effects of predictors on the response are
sometimes dependent on certain exposure variables in an
unknown pattern, such as time or some environmental in-
dices. For instance, in human genetics research, gene effects
on certain phenotype, say body mass index, may reply on
the current age of people. When the predictors affect the re-
sponse via one or more exposure variables, the correspond-
ing effects are often depicted by the interactions between
predictors and the exposure variables in linear models, or
by the nonparametric coefficient functions in varying coef-
ficient models. In the varying coefficient model, the depen-
dence between predictors and response can be marginally
assessed by the conditional Pearson correlation given ex-
posure variables, due to the linearity of varying coefficient
models given exposure variables. Therefore, to reduce the
dimensionality of such ultrahigh dimensional varying coeffi-
cient models, Liu et al. (2014) and Fan et al. (2014) studied
several conditional screening methods, based on such the
partial correlation and the conditional correlation learning.

In analysis of ultrahigh dimensional data, unfortunately,
we are often lack of prior information on the regression struc-
ture (Zhu et al., 2011), and the aforementioned linearity can
be easily violated. In addition, extreme values or outliers of-
ten take a non-negligible role when tremendous amount of
data are collected, destroying the nice data structure for ap-
plying the methods to the well-designed varying coefficient
models. Under some other circumstances, predictors might
be responsible for the variance, rather than the mean of re-
sponse and the exposure variables may also play a role in the
effects on the variance component. To address these issues,
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Wen et al. (2018) developed a model-free screening method
based on conditional distance correlation learning (Wang
et al., 2015). However, the performance of this method is
easily influenced by the presence of extreme values or out-
liers in the observations. Thus, we are motivated to use a ro-
bust metric to measure the conditional association between
the predictors and response given exposure variables and
apply it to the feature screening procedures. We adopt the
conditional correlation between the predictor and indicator
function of response given the exposure variables. It em-
ploys the conditional rank instead of the original observed
value of the response and thus stays invariant after strictly
monotone transformation of the response. In estimation, the
standard Nadaraya-Watson estimator is applied, which is
easy to implement. Using the metric as a marginal score
function, we further develop a model-free conditional sure
independence screening procedure. The sure screening prop-
erty (Fan and Lv, 2008) and ranking consistency property
(Zhu et al., 2011) of the screening procedure are carefully
studied. We conduct extensive simulations to illustrate our
proposed method is effective to detect both linear and non-
linear conditional relations between the predictors and re-
sponse given exposure variables, and ranks the important
predictors above the unimportant ones with an overwhelm-
ing probability.

The rest of this paper is organized as follows. In Section 2,
we propose a model-free conditional feature screening proce-
dure based on the correlation learning, with a careful study
of its theoretical properties. In Section 3, we conduct Monte
Carlo simulations to evaluate the finite sample performance
of our proposals, and apply the method to analyze the breast
cancer data. A discussion is given in Section 4. All technical
proofs are relegated to the Appendix.

2. CONDITIONAL SURE INDEPENDENCE
RANKING AND SCREENING

2.1 Some preliminaries

Suppose Y € R! is the response variable, x
(X1,...,X,)" € RP is the associated predictor vector and
u € U is the exposure variable, where U is the support of u.
We assume U to be bounded with finite constants. Given the
exposure variables u, we define the set of active predictors
without model-specification:

(1) A={k:Givenu €U, F(y|x,u) varies with
X, for some y € R}

where F(y | x,u) stands for the conditional distribution
function of Y given x and w. (1) indicates that the truly ac-
tive predictors affect the response variable through its dis-
tribution function, which may also depend on u. The set of
inactive predictors is denoted by A€, the complementary set
of A. A screening method aims at removing as many pre-
dictors inactive predictors x 4. as possible while retaining
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all the active predictors x 4. Thus, we need to adopt a rea-
sonable metric to measure the relative importance of each
predictor conditioning on the exposure variables wu.

We briefly review the sure independent ranking and
screening procedure (Zhu et al., 2011, SIRS), which identi-
fies active predictors satisfying F(y | x) = F(y | x4) for all
y € R!. For easy illustration of its rationale, assume that x
follows standard multivariate normal distribution and each
predictor is standardized. The conditional distribution Y
given x varies with x 4, and stay constant with x%. Thus it
is natural to expect that E{OF (y | Xx)/0X} to be non-zero
for k € A and zero for k € A°. The normality assumption
implies that E{0F (y | Xx)/0X} = E{XxI(Y < y)}, where
I(-) is an indicator function. Thus, by defining pi(y) =
E{XxI(Y < y)}, Zhu et al. (2011) employs E{p3(Y)} to
rank the relative importance of predictors. The indicator
function in pi(y) ensures the robustness of the method to
extreme values and outliers.

When exposure variable u is involved, however, the dis-
tribution of Y, as well as its association with the predictors,
may vary with u. Under this circumstance, only considering
the marginal expectations in pg(y) may miss important u-
varying information. Instances indeed exist (Liu et al., 2014)
where marginal screening procedures fail to detect those pre-
dictors with varying effects of u. To address this issue, we
define the conditional correlation between the predictor Xy
for k = 1,...,p and the indicator function of response Y
conditioning on u as follows.

Qi (u,y) = corr(Xg, I(Y < y)lu)
_ cov(Xp, I(Y < y)|u) .
Vvar(Xg|u)var(I(Y < y)|u)

Then the marginal utility for screening becomes

To estimate wy, based on the random sample {(x;, Y;, u;),i =
1,...,n}, we adopt Nadaraya-Watson estimator for each
conditional mean used to compute Q(u,y). Specially,

B(Xp | uy) = "2zt Kn(t = ) X
S n=t Y K (ui —uy)
E(XZ ‘ u) _ n-! Z?:lKh(ui _uj)XiZk
S n=t Y K (ui —uy)

n=t S Ky (u —uy) I(Y; <Y))
n—1 Z?:lKh(ui —u,)
n~U K (u —ui) X I(Y; <Y))
n=t Y K (ui —uy)

where Kp(u) = K(u/h)/h, K(-) is a kernel function and h
is the bandwidth. Then a natural estimator of wy is

E{I(Y <Y)) | ;) =

)

E{XI(Y <Y)) | us} =

cov {Xk, IY <Y)) | uj}
var (X | uj)var{I(Y <Yi) [ u;}’

)



where cov{Xy,I(Y <Y)) | u;} can be estimated through
E{XI(Y <Y)) | u;} — B(X, | w)) E{I(Y < Y)) | ;). The
variance term can be estimated by similar patterns. Based
on the sample estimation of @y, we conduct the screening
criterion to identify the active set indexed by

A= {k : &, ranks in the top d
among all @’s, for 1 <k < p},

where d is the user-specified threshold value. We refer the
proposed conditional sure independent ranking and screen-
ing procedure as C-SIRS in the paper.

3. THEORETICAL PROPERTIES

We establish several appealing properties for our pro-
posed screening procedure. Denote Apax(C) and Apin(C)
for the largest and smallest eigenvalues of a matrix C, re-

. . T
spectively. Write v2 = vv  for a vector v, and Q(u,y) =
corr{x4,I(Y < y)lu}. Say a, — b, uniformly in n if
liminf a,, — b, > 0. We consider that given u, F(y | x,u)

n—=o0
depends on x only through xiﬂA(u) for some |A| x K ma-
trix B 4(w).

The following three conditions are required for Theo-
rem 1.

(AL) E{x|xyB4(w), u} = covix, 3y u}B4(w)lcov{xB.(u)|
u}] 1B 4 (u)x 4 holds uniformly for w.
(A2) iniEWk > E[)\maX{COV(XA,Xic | u)cov(an,x; | u)}
€

Amasc{ Q% (u, ¥)}/ A2 {eov(xa, x4 | u)}] holds uni-
formly for n. .
(A3) x and Y are independent conditioning on x 43 4(u), u.

Condition (A1) is referred to as the conditional linearity
condition. Condition (A2) is the crucial assumption to guar-
antee the satisfactory performance of our proposal, which
requires the minimal signal of the active predictors not too
small. It also does not allow strong correlation between x 4
and x 4., or among x 4 themselves given the exposure vari-
able u. Note that (A2) holds automatically if x4 and x ¢
are uncorrelated conditioning on u. Similar conditions are
assumed in Zhu et al. (2011) and Liu et al. (2014). Condition
(A3) dictates that Y relies on x via the linear combinations

T

X 4B a(u).
Theorem 1. Suppose conditions (A1), (A2) and (A83) hold,
then we have

lim inf {minw}€ — max wk} > 0.

n—soo | k€A ke Ac
Theorem 1 illustrates that signals between the important
predictors and the unimportant ones are distinguishable,
which is a prerequisite for the ranking consistency property.

We assume the following regularity conditions to derive the
theoretical properties of C-SIRS. Define E(- | u) = g(- |

u)/ f(u).

(C1) (The Kernel Function) The kernel K(-) is a density
function with compact support. It is symmetric about
zero and Lipschitz continuous. In addition, it satisfies

1 1
/ K(t)dt =1, / K (t)dt =0,0<i<m—1,
—1

-1

0 # /th(t)dt =V < 00
It is bounded uniformly such that

sup |K (u)| = My, < oo.
uclU

(C2) (The Density) The probability density functions of w,
denoted by f(u) has continuous second-order deriva-
tive on U.

(C3) (The Derivatives) The (m — 1)-th derivatives of both

g(- | u), f(u) are locally Lipschitz-continuous with re-

spect to u.

(The Bandwidth) The bandwidth h satisfies h =

O(n~?), for some § which satisfies (4m)~ < 6 < 1/4.

(The Moment Condition) There exists a positive con-

stant sg such that

sup max E{exp(sX?)|u} < oo, for 0 < s < sp.
wel 1<k<p

Further assume that E(X|u) and E(X?|u), their first-
order and second-order derivatives are finite uniformly
inuel.

Theorem 2. (Sure Screening Property) Under the condi-

tions (C1)-(C5), for any 0 < v+60 < 1/4 and 0 < v < m#, if

p satisfies n®pexp(—en'/2=27720) 5 0 and gn;} wg > 2en™7
€

for some ¢ > 0, then
Pr(ACA)>1-0 {n3\A| exp(—cn1/2_27—29)} 7

where ¢ is a generic constant and |A| is cardinality of A.

The sure screening property (Fan and Lv, 2008) of the C-
SIRS procedure ensures that all truly active predictors can
be retained after screening with the probability approaching
to one.

Theorem 3. Under conditions (C1)-(C5), in addition to
conditions (A1)-(A3), if p satisfies n®pexp(—cn'/2=2%) = 0
for some positive c, then

lim inf {min @ — max @k} > 0 in probability.
n—oo | k€A ke Ac
The ranking consistency guarantees the active predictors
ranked in the top, prior to the inactive ones, with an over-
whelming probability.
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4. NUMERICAL STUDIES

4.1 The performance of conditional
screening

In this section, we investigate the finite sample perfor-
mance of our proposed screening procedure through Monte
Carlo simulations, and also compare it with five screen-
ing methods including SIRS (Zhu et al., 2011), DC-SIS
(Li et al., 2012b), DT-SIR (Lin et al., 2018), BCor-SIS
(Pan et al., 2018) and CC-SIS (Liu et al., 2014), CDC-
SIS (Wen et al., 2018). Under all model settings, we draw
(X1,X2, -+ ,X,)" and an intermediate variable u*
from the multivariate normal distribution with mean zero
and AR covariance matrix 3 = (0.5°77) ;1) (p11). Then
the exposure variable u is obtained from v = ®(u*),
where ®(-) is cumulative distribution function of the stan-
dard normal distribution A/(0,1). We set the sample size
n = 200 and fix p = 1000. Each experiment is repeated
1000 times. We adopt the Epanechnikov kernel K(u) =
0.75(1 — u?); in both simulations and real data analy-
sis.

We evaluate the finite-sample performance through the
following four criteria:

X =

1. Ry: The average of the ranks of each important predic-
tor out of 1000 replications.

2. §: The minimum model size to ensure that all impor-
tant predictors are included after screening. We expect
it to be as close as the the number of truly active pre-
dictors. We report the 5%, 25%, 50%, 75% and 95%
quantiles of S out of 1000 replications.

3. P,: The proportion of all active predictors selected af-
ter screening for a given model size out of 1000 repli-
cations. We consider three screened model size d =
v[n*%/log(n*/?)] varying v = 1,2 and 3. The corre-
sponding d is 16, 32 and 48, respectively. We expect it
to be as close to one as possible.

4. Py: The proportion of each active predictor selected
after screening for a given model size out of 1000 repli-
cations.

Example 1. We first generate the response Y from the
generalized varying coefficient models respectively:

o Case 1: logit {E(Y | x,u)} = xT B(u);
e Case 2: log{E(Y | x,u)} = xTB(u),

where 8 = {B1(u), ..., Biooo(u)}’. B; is nonzero when X;
is the active predictor and remains zero otherwise. We
set he active predictors index to be {2,100, 400, 600,1000},
with corresponding coefficient functions fa(u) = 2I(u >
0.4), Broo(u) = 1+ u, Baoo(u) = (2 = 3u)? Beoo(u) =
3sin(27u), Brooo(u) = exp{u/(u + 1)}. The first model is
logistic varying coefficient model while the second one is the
Poisson varying coefficient model.
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Table 1. The mean of Ry, of each active predictor for

Example 1
Method R>  Rioo Rio00 Rsoo Ri000
SIRS 30.89 8.22 109.32 491.70 18.37
BCor-SIS 38.26 11.84 96.90 504.99 23.30
DT-SIR 187.60 85.87 259.61 497.15 115.21
Casel DC-SIS 18.11 6.09 67.89 512.58 10.73
CDC-SIS 18.25 4.34 61.82 457.82 10.26
CC-SIS 9.85 9.63 7.63 2.49 17.68
C-SIRS 10.41 7.15 5.69 3.02 14.34
SIRS 7.05 2.44 123.44 462.06 3.44
BCor-SIS 11.64 3.34 38.20 250.44 6.18
DT-SIR 89.67 22.00 158.81 478.59 37.37
Case2 DC-SIS 17.53 3.66 163.17 164.99 6.36
CDC-SIS 104.78 76.95 203.15 142.34 107.58
CC-SIS 21.81 10.00 65.09 1.56 19.07
C-SIRS 3.96 4.67 35.12 1.08 6.75

Table 2. The quantiles of the minimum model size S for

Example 1
Method 5% 25% 50% 75% 95%
SIRS 77.00 27775 513.00 753.00 953.00
BCor-SIS 80.85 297.00 532,50 756.00 953.05
DT-SIR  206.85 436.00 642.00 824.25 957.05
Casel DC-SIS 83.00 285.75 526.00 773.00 959.00
CDC-SIS 75.95 245.75 463.00 691.25 §898.00
CC-SIS 5.00 7.00 12.00 27.00 137.05
C-SIRS 5.00 6.00 10.50 22.00 96.05
SIRS 75.90 255.75 488.00 725.75 942.05
BCor-SIS 17.95 81.00 192.50 396.00 765.30
DT-SIR  104.00 308.75 514.00 762.00 962.00
Case2 DC-SIS 33.00 93.75 206.00 389.25 798.05
CDC-SIS 69.00 191.75 336.50 547.25 810.20
CC-SIS 7.00 19.00 45.00 116.00 345.10
C-SIRS 5.00 7.00 12.00 32.25 169.15

We report the simulation results of Ry and S in Table
1 and Table 2, respectively. The proposed C-SIRS method
outperforms other competitors under both model settings.
The rank of each predictor is on the top while the median
of § is close to the number of truly active predictors, indi-
cating that our proposal achieves a high accuracy in rank-
ing. CC-SIS also performs satisfactorily as it is designed
for the varying coeflicient model. The marginal screening
methods, including SIRS, BCor-SIS, DT-SIR and DC-SIS,
are not able to detect the predictor Xggo. This is mainly
because the expectation of Bgoo(u) is zero, making the pre-
dictor Xggp marginally independent but conditional related
to the response. The simulation results of selection propor-
tions P, and P, are summarized in Table 3. The C-SIRS
method selects all important predictors with high probabil-
ity, indicating its sure screening property. The P, of SIRS,
BCor-SIS, DT-SIR, DC-SIS and CDC-SIS methods are neg-
ligible even for the largest submodel size d = 48.



Table 3. The proportions of P, and Py, given the model size

Table 4. The mean of Ry, of each active predictor for

d for Example 1 Example 2
d Method P2 Pioo Paoo Psoo Piooo Pa Method Ra Rioo Raio0 Reoo  Riooo
SIRS 0.71 0.91 0.38 0.01 0.81  0.00 SIRS 24.64 2.76 61.90 485.22 9.39
BCor-SIS 0.67 0.89 0.44 0.02 0.78 0.01 BCor-SIS 25.98 10.82 82.19 233.65 20.97
DT-SIR 0.23 0.45 0.13 0.02 0.38 0.00 DT-SIR 121.18 40.52 198.86 510.08 60.21
16 DC-SIS 0.81 0.93 0.52 0.01 0.87 0.00 Casel DC-SIS 104.67 65.33 277.81 171.04 146.13
CDC-SIS 0.82 0.96 0.56 0.01 0.90 0.00 CDC-SIS 108.22 79.91 206.46 143.12 111.44
CC-SIS 090 091 091 099 0.83 0.60 CC-SIS  188.26 167.32 131.75 56.50 169.04
C-SIRS 090 0.93 095 099 0.84 0.65 C-SIRS 5.69 8.36 10.61 1.81 6.97
SIRS 0.79 0.95 0.52 0.03 0.88 0.01 SIRS 22.78 3.29 53.03 478.24 7.70
BCor-SIS 0.78 0.94 0.57 0.03 0.85 0.02 BCor-SIS 38.16 15.31 96.98  226.20 29.06
DT-SIR 0.35 0.57 0.19 0.03 0.49 0.00 DT-SIR 153.55 61.14 225.41 495.37 99.94
Casel 32 DC-SIS 0.90 0.97 0.64 0.03 0.93 0.01 Case2 DC-SIS 362.10 520.40 560.70 579.80 538.20
CDC-SIS 0.88 0.98 0.67 0.02 0.94 0.01 CDC-SIS  497.71 484.76 506.99 500.14 487.19
CC-SIS 095 095 096 1.00 0.89 0.77 CC-SIS 231.46 197.64 143.85 71.32 188.68
C-SIRS 096 0.96 0.98 1.00 091 0.81 C-SIRS 9.63 6.71 18.70 2.39 12.31
SIRS 0.85 0.97 0.59 0.04 0.91 0.02 SIRS 9.39 1.24 31.41 439.37 7.57
BCor-SIS 0.82 0.96 0.63 0.05 0.88 0.03 BCor-SIS 13.73 2.56 33.34  312.92 22.19
DT-SIR 0.40 0.62 0.24 0.05 0.55 0.00 DT-SIR 84.96 9.54 157.90 462.88 84.07
48 DC-SIS 091 098 0.72 0.05 0.95 0.03 Case3 DC-SIS 20.31 8.49 52.85 407.09 31.37
CDC-SIS 0.91 0.99 0.75 0.04 096 0.02 CDC-SIS 18.45 7.61 50.79  389.78 29.05
CC-SIS 0.97 0.97 098 1.00 0.92 0.84 CC-SIS  123.35 34.00 151.27 197.23 177.44
C-SIRS 0.97 097 099 1.00 094 0.87 C-SIRS 6.49 1.34 8.67 19.35 8.22
SIRS 0.93 0.99 0.33 0.02 0.98 0.00 SIRS 21.89 4.01 46.42  457.25 6.79
BCor-SIS 0.89 0.97 0.67 0.08 095 0.04 BCor-SIS 36.70 8.54 82.43 9.26 22.08
DT-SIR 0.46 0.77 0.25 0.02 0.68 0.00 DT-SIR 192.56 102.51 259.23 512.11 130.13
16 DC-SIS 0.80 0.98 0.28 0.15 0.94 0.02 Cased DC-SIS 22648 172.32 295.15 5.51 202.70
CDC-SIS 0.41 0.52 0.23 0.29 042 0.00 CDC-SIS 234.92 175.71 318.88 4.99 204.87
CC-SIS 0.75 0.87 0.45 099 0.79 0.19 CC-SIS  452.48 465.33 486.95 74.69 469.96
C-SIRS 0.98 0.98 0.66 1.00 094 0.59 C-SIRS 7.99 7.39 17.09 8.78 14.56
SIRS 0.97 0.99 0.47 0.04 0.99 0.02
BCor-SIS 0.94 0.99 0.77 0.15 0.97 0.10
DT-SIR 0.56 0.85 0.36 0.04 0.78 0.00 and the error term is independently generated from ¢(1)
Case2 32 DC-SIS 0.88 0.99 040 0.24 097 0.05 for Case 1 to Case 3 and N (0,1) for Case 4. Notice that
CDC-SIS 052 0.61 031 041 051 0.01 Case 4 demonstrates the heteroscedasticity issue, where
CC-SIS 0.86 0.93 0.60 1.00 0.88 0.41 vyariance component is affected by Xggo, and the effect vary
C-SIRS 0.99 0.99 0.78 1.00 0.97 074 ith w.
SIRS 0.98 1.00 0.56 0.06 0.99 0.03 The simulation results are tabulated in Table 4 for Ry,
BCor-SIS 096 0.99 083 021 0.98 0.16 Table 5 for S and Table 6, 7 for P, and Pi. It can be clearly
DT-SIR 0.63 0.89 0.43 0.05 0.81 0.01 . . . . d
48 DOSIS 092 099 047 033 098 o011 Seen that C—S.IRS methoq is still the 9bv10us winner, an
CDCSIS 059 0.67 036 047 057 0.02 performs well in both ranking and selection. CC-SIS method
COSIS 091 095 0.68 1.00 092 0.52 is not able to capture the nonlinear conditional dependence,
C-STIRS 1.00 1.00 083 1.00 0.99 o0.82 and therankingsarenotaccurate. The performances of DC-

Example 2. We then consider following four models, in
which the response Y depends on the predictors nonlinearly
with a given w:

Case 1: Y = exp{xTB(u)} + ¢;

Case 2: Y = exp{x?B(u) + ¢};

Case 3:Y = fa(u) exp(X2) + Bro0(u) Xigg + 2100 (1)
X001 (Xa00 < 2) + Beoo(u) Xeoo + 1581000 (1) X1000 + €;
Case 4:Y = Ba(u) Xz + Bro0(u) X100 + Baoo(u)Xa00 +
Brooo(w) X 1000 + 2 exp{Beoo(u) Xeo0 }¢,

where the (B(u) setting remains identical as Example 1

SIS and CDC-SIS methods are still poor, because of the
heavy distribution of the response. We observe that SIRS,
BCor-SIS and DT-SIR methods also fail to identify the Xgg
in most cases, which is in accordance with Example 1.
Table 8 reports the average computation time, in seconds,
along with the standard deviation (SD). All simulations have
been carried out on a laptop computer with Intel Xeon 2.60
GHz processor. As a screening procedure involving expo-
sure variables, we have to utilize smoothing techniques to
estimate the conditional correlations, making it slower than
SIRS, DC-SIS, DT-SIR, among other methods that do not
need to do smoothing (and thus cannot deal with the expo-
sure variables). However, it is still reasonably fast compared
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Table 5. The quantiles of the minimum model size S for

Table 6. The proportions of P, and Py, given the model size

Example 2 d for Example 2

Method 5% 25% 50% 5% 95% d Method P2 Pioo Paoo Peoo Piooo Pa
SIRS 68.95 259.75 473.50 728.00 933.10 SIRS 0.87 0.97 0.63 0.01 0.93 0.00
BCor-SIS 22.00 92.00 226.50 434.50 777.20 BCor-SIS 0.75 0.90 0.48 0.14 0.81 0.03
DT-SIR  151.00 389.00 607.00 805.00 955.05 DT-SIR 0.35 0.641 0.19 0.03 0.57 0.00
Casel DC-SIS 82.00 196.75 359.00 583.25 844.05 16 DC-SIS 040 0.54 0.23 0.24 0.34 0.00
CDC-SIS 72.95 194.00 353.00 550.00 822.05 CDC-SIS 0.40 0.51 0.23 0.29 0.41 0.00
CC-SIS 65.95 185.00 328.00 568.75 865.00 CC-SIS 0.18 0.28 0.32 0.63 0.22 0.00
C-SIRS 5.00 6.00 9.00 21.00 92.00 C-SIRS 0.92 097 090 1.00 091 0.72
SIRS 95.00 203.15 495.20 702.00 925.45 SIRS 0.92 0.99 0.76 0.03 0.96 0.02
BCor-SIS 31.00 98.00 232.50 448.00 796.05 BCor-SIS 0.84 094 0.59 0.23 0.87 0.08
DT-SIR  183.90 395.75 605.00 798.00 952.05 DT-SIR 0.46 0.74 0.28 0.05 0.67 0.00
Case2 DC-SIS 42,75 126.25 251.50 505.20 879.55 Casel 32 DC-SIS 0.50 0.64 0.30 0.33 0.45 0.00
CDC-SIS  563.95 762.75 872.00 946.00 989.00 CDC-SIS 0.52 0.60 0.30 0.41 0.50 0.01
CC-SIS 45.00 162.00 346.00 578.95 882.00 CC-SIS 0.28 0.38 0.48 0.75 0.33 0.01
C-SIRS 5.00 7.50 13.25 42.50 199.65 C-SIRS 0.98 0.99 0.97 1.00 0.96 0.90
SIRS 43.90 194.00 392.00 667.00 920.10 SIRS 093 099 0.83 0.05 0.99 0.03
BCor-SIS 24.95 103.75 256.00 509.25 875.20 BCor-SIS 0.89 0.96 0.66 0.29 091 0.14
DT-SIR  116.00 319.00 527.00 729.00 939.05 DT-SIR 0.52 0.79 0.35 0.06 0.72 0.00
Case3 DC-SIS 50.00 178.75 369.50 633.75 911.05 48 DC-SIS 0.61 0.68 0.33 0.38 0.51 0.01
CDC-SIS 42.00 174.00 376.00 589.50 892.05 CDC-SIS 0.58 0.66 0.35 0.46 0.57 0.02
CC-SIS 19.00 130.00 353.50 645.00 918.25 CC-SIS 0.37 044 0.53 0.78 0.44 0.01
C-SIRS 5.00 6.00 10.00 23.00 114.00 C-SIRS 1.00 0.99 0.99 1.00 0.98 0.96
SIRS 59.95 237.00 436.50 689.25 933.00 SIRS 0.82 0.97 0.61 0.02 0.92 0.01
BCor-SIS 7.00 21.00 53.00 156.25 473.00 BCor-SIS 0.72 0.86 046 0.12 0.77 0.02
DT-SIR 222.95 471.00 660.00 840.25 965.00 DT-SIR 0.27 0.55 0.16 0.02 0.42 0.00
Cased DC-SIS 68.95 228.75 407.00 617.00 842.10 16 DC-SIS 0.38 0.53 0.26 0.28 0.31 0.00
CDC-SIS 98.00 267.75 442.50 629.00 844.05 CDC-SIS 0.01 0.02 0.01 0.03 0.02 0.00
CC-SIS 43290 673.75 811.50 918.00 984.00 CC-SIS 0.16 0.23 0.34 0.59 0.21 0.01
C-SIRS 6.00 9.00 16.00 36.00 154.00 C-SIRS 0.92 093 0.81 099 0.8 0.58
SIRS 0.89 0.99 0.72 0.05 0.96 0.03
BCor-SIS 0.80 0.91 0.57 0.20 0.83 0.06
with other conditional screening methods according to the DT-SIR 0.38 0.66 0.24 0.04 0.53 0.00
Table 8. Case2 32 DC-SIS 0.51 0.65 0.32 036 043 0.01
In short, thanks to the model-free start point of C-SIRS, CDC-SIS 0.03 0.04 0.03 0.05 0.04 0.00
it is applicable for both generalized varying coefficient mod- CC-SIS 0.23 036 045 0.71 034 0.01
els and any nonlinear dependence structure of the predictor C-SIRS 095 0.97 0.89 1.00 0.92 0.74
effects on the exposure variables, as shown in Example 1 and SIRS 092 099 079 0.07 097 0.06
Case 1 and 3 of Example 2. As it does not impose strong dis- BCor-SIS 0.83 0.93 064 028 087 0.10
tributional assumptions on the error term, the heavy-tailed DT-SIR 046 073 0.30 007 0.61 0.0
C . . .. . 48 DC-SIS 0.64 0.69 0.35 0.37 0.56 0.01

error distribution and outlier issues can be well addressed in
. CDC-SIS 0.05 0.06 0.04 0.07 0.05 0.00
Case 1,2 and 3 Qf Example .2 when ¢ is generated fI"OH'l t(1). CC.SIS 039 043 056 081 048 0.0l
Furthermore, as illustrated in Case 4 of Example 2, it is also C.STRS 0.97 098 092 1.00 095 0.3

powerful to detect significant predictor effects on the vari-
ance of response, in addition to the mean, since we utilize
the entire distribution function of the response to construct
the screening score.

4.2 Real data analysis

Breast cancer is the one of most common malignancy
among women, with a high lethality rate. There is a urgent
need for the early diagnosis of breast cancer and simultane-
ously monitoring the disease progression. In this section,
we evaluate the performance of proposed C-SIRS proce-
dure through the breast cancer data reported by Chin et al.
(2006). The dataset, available from the R package PMA,
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consists of p = 19672 gene expressions over n = 88 cancer
patient samples. Our interest is to detect the most influential
genes to the 136 comparative genomic hybridization (CGH)
measurements, as in some previous research (Witten et al.,
2009; Wen et al., 2018). CGH is known as an indicator of
the genome copy number variation and cancer diagnosis. In
addition, recent researches (McPherson et al., 2000; DeSan-
tis et al., 2017) found that age is a risk factor that influences
the incidence of breast cancer. And the effects of gene ex-
pression levels to CGH might depend on age. However, as a
typical challenge of most ultrahigh dimensional problems, it



Table 7. The proportions of P, and Py, given the model size
d for Example 2

d Method P2 Pioo Paoo Psoo Piooo Pa
SIRS 0.89 1.00 0.72 0.01 0.93 0.01
BCor-SIS 0.86 0.99 0.72 0.08 0.80 0.03
DT-SIR 0.49 091 0.25 0.02 0.46 0.00

16 DC-SIS 0.84 0.95 0.65 0.01 0.76  0.01
CDC-SIS 0.85 0.96 0.65 0.01 0.77 0.01
CC-SIS 0.50 0.84 042 0.23 0.28 0.03
C-SIRS 0.93 1.00 0.92 0.78 093 0.63
SIRS 0.94 1.00 0.81 0.04 096 0.03
BCor-SIS 0.92 0.99 0.80 0.12 0.86 0.07
DT-SIR 0.59 0.94 0.35 0.04 0.58 0.00
Case3 32 DC-SIS 0.90 096 0.75 0.04 0.85 0.03
CDC-SIS 0.90 0.97 0.73 0.05 0.85 0.03
CC-SIS 0.58 0.86 0.51 0.32 040 0.09
C-SIRS 0.97 1.00 096 0.8 097 0.79
SIRS 0.96 1.00 0.86 0.07 0.97 0.06
BCor-SIS 0.94 0.99 0.86 0.17 0.89 0.12
DT-SIR 0.65 0.95 044 0.07 0.65 0.01

48 DC-SIS 0.92 097 0.79 0.06 0.88 0.05
CDC-SIS 0.93 0.98 0.79 0.08 0.87 0.06
CC-SIS 0.62 0.88 0.55 0.38 046 0.12
C-SIRS 0.98 1.00 097 091 098 0.85

SIRS 0.78 0.97 0.58 0.02 0.93 0.01
BCor-SIS 0.69 0.89 050 083 0.79 0.20
DT-SIR 0.19 0.40 0.11 0.02 0.33 0.00
16 DC-SIS 0.13 0.22 0.08 0.92 0.15 0.00
CDC-SIS 0.12 0.20 0.05 0.95 0.16 0.00
CC-SIS 0.03 0.02 0.02 059 0.02 0.00
C-SIRS 091 0.95 080 0.87 0.87 0.50
SIRS 0.87 0.98 0.72 0.04 0.96 0.02
BCor-SIS 0.79 094 0.62 094 0.87 0.37
DT-SIR 0.29 0.52 0.19 0.04 0.43 0.00
Cased 32 DC-SIS 0.20 0.32 0.13 0.97 0.24 0.01
CDC-SIS 0.20 0.29 0.10 098 0.23 0.01
CC-SIS 0.05 0.05 0.04 0.68 0.05 0.00
C-SIRS 0.95 097 0883 096 092 0.72
SIRS 0.90 0.99 0.7 0.06 097 0.04
BCor-SIS 0.85 0.96 0.67 0.96 091 0.48
DT-SIR 0.36 0.58 0.25 0.06 0.50 0.00
48 DC-SIS 0.26 040 0.16 0.98 0.31 0.03
CDC-SIS 0.26 0.35 0.14 0.99 0.28 0.01
CC-SIS 0.07 0.07 0.06 0.73 0.06 0.00
C-SIRS 0.97 0.97 091 099 094 0.81

is hard to determine the functional dependent-forms. Thus,
treating age as the exposure variable u, we apply the C-SIRS
method as a model-free screening technique. Furthermore,
we obtain the first principal component of 136 CGH mea-
surements as the response, and the 19672 gene expressions
as predictors.

In our analysis, we first use the seven screening methods
SIRS, BCor-SIS, DT-SIR, DC-SIS, CDC-SIS, CC-SIS and
the proposed C-SIRS to select the most of relevant genes
with top d = 2[n*/®/log(n*/®)] = 20 included, and then
conduct a second-stage selection to fit a varying coeflicient

Table 8. Run times (CPU seconds) for each experiment

Method Mean SD
SIRS 0.052 0.008
BCor-SIS 4.076 0.020
DT-SIR 0.085 0.008
DC-SIS 3.038 0.060
CDC-SIS 68.498 0.487
CC-SIS 0.344 0.007
C-SIRS 5.894 0.043

Table 9. Results for breast cancer analysis

Method Size MSPE
SIRS 10 3.694
BCor-SIS 15 4.378
DT-SIR 12 4.202
DC-SIS 9 4.837
CDC-SIS 9 3.626
CC-SIS 10 4.067
C-SIRS 9 3.533
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Figure 1. The estimated coefficient functions of the selected
nine genes.

model with SCAD penalty. Table 9 summarizes the number
of genes selected by each method (Size) and mean squared
prediction error (MSPE) by five-fold cross-validation. The
proposed C-SIRS achieves the best performance with the
sparsest model size 9 and the smallest MSPE 3.533, and
five of nine identified genes by C-SIRS are consistent with
Wen et al. (2018). We also show the estimated coefficient
functions of the selected nine genes by C-SIRS in Figure 1,
which imply the age-dependent effects of genes. For instance,
the first selected gene GGPS1 has a small negative effect on
CGH when people are in their 30s, and the negative effect
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becomes most severe at about 50s, and recovers gradually
thereafter. The third selected gene LOC51107 has a large
positive effect at people’s early stage, but gets less important
as people get order. Other functions can be interpreted in
the similar fashion.

5. A BRIEF DISCUSSION

In this paper, we utilize the conditional correlation be-
tween predictors and the empirical distribution function of
response given exposure variables to develop a model-free
sure independence screening procedure C-SIRS. It is resis-
tant to the heavy-tailed distribution, outliers and extreme
values of the response. In addition, C-SIRS is applicable for
any model involving exposure variables, including general-
ized varying coefficient model, and any nonlinear dependent
structure. It is also powerful to detect those variables with
significant effects on variance components. The ranking con-
sistency and sure screening property of C-SIRS are rendered
in both theoretical properties and simulation studies. The
breast cancer dataset is systematically analyzed by C-SIRS,
along with the comparison with other related methods.

6. APPENDIX: PROOF OF THEOREMS
6.1 Appendix A: Proof of Theorem 1

For easy presentation, we introduce some notations first.
Amax(C) and Apin (C) denote the largest and smallest eigen-
values of a matrix C. We denote vv by v? for a vector v
and Q4 (u,y) = corr{x4, I(Y < y)|u}. If we say that a, —by,

uniformly in n, then it means liminf a,, — b,, > 0.
n—oo

Without loss of generality, we assume that E(X}, | u) = 0,
var(Xg |u)=1for k=1,--- ,pand var{I(Y <vy) |u} = 1.

Meanwhile, B 4(u) satisfies ﬂ;(u)COV(XA | w)B4(u) = 1.
Then the conditional linearity condition (A1) is simplified

T
as F{X} | XZBA(u),u} = cov{Xk,X;,BA(u) | u}Ba(u)xa
Following law of iterated expectations,

E{XpI(Y < y)|u,y}
= B [E{X(y < |B(wxa .y} u.y]
[ {Xk | Bulu )XA,U}
E{I(Y <y) | Balupxauy) |y
= cov { Xi, x4 B (w) [u} B{BL(wxal(Y <) [y},

where the second equation holds because of the conditional
independence of x and Y given ﬁ;(u)xA and v in (A3)
and the third equation is due to the simplified conditional
linearity condition.

(2)  max Of(u,y) = max B {X,[(Y <) | u,y}

ke A
[con {Xk,x;,@A(u) | uH

= max
keAe

246 Y. Zhou, J. Liu, Z. Hao, and L. Zhu

T
B BL(u)xAI(Y <) |,y
Then we start to deal with the first term of (2).

(3)

max
ke Ae

[COVQ {Xk,X;ﬂA(u) | uH
= ,@A( )[max{cov x4, Xg | w)

cov(Xp, x4 | u)}| B(w)
< ﬁ;(u)COV(XA,X;C | u)cov(xAc,xi | w)B 4 (u)
= {ﬁ;(u)covl/2(xA,x; | u)}covfl/Q(xA,xdTA | w)
ccov(x, X e | w)eov(xae, X4 | w)eov ™2 (x 4, x4 | u)
. {cov1/2(xA,XT4 | u)BA(u)}

< Amax {COV*l/Q(XA,x; | u)cov(xA,xlc

u)
. cov(xAc,x; | u)cov_l/Q(xA,x; | u)}
T T
< Amax {COV(X_A7X_AC | u)cov(xae,X 4 | u)}

* Amax {covfl(xA,xz | u)}

u)cov(X ge, xl | u)}

[min {covixa, 5 [0}

.
= Amax {COV(X_A, X ge

where (3) holds because of the fact /\maX(CTBC) <

)\maX(B))\maX(CTC), where the matrix B > 0. Similarly,
we can verify that

T
B2 {BL(upxal(Y <y) | u,y}
< Amax [E? {xaI(Y < y) | u,y}]
T
/)\min {COV(X.A7 XA ‘ U‘)} :
These two inequations yield that
= E{Q2
max wy, = max E{Q(y, u)}
<FE Q
< E{max Py, u)}
<FE {)\max {cov(xA7x;c | U)COV(XAC7X:F4 | u)}
A {24 (1, 0)}/ N2y {eovixa, x4 [0} }]
which completes the proof. (I

6.2 Appendix A: Proof of Theorem 2
Define E(- | u) = g(- | u)/f(u), and

E(Xy, | u) = §(Xx | u)/f(u),

E{I(Y <y) | u} =Gy | u)/f(u),



where g(X; | u) = n=' Y0, Ifh(uz —u)Xik, gy | u) =

nT o Kn(wi—w)I(Y; < ), fu) =n™t 300, Kn(ui—u)
and K, (u) = K(u/h)/h.

Lemma 1. (Hoeffding’s Inequality (Hoeffding, 1963)) Let
X1,..., X, be independent random variables, and Pr(a; <
X, <b)=1fori=1,...,n. Then for any t > 0,

Pr{|7 - E(X)| > t} < 2exp {—2n2t2/ i(b’ — a¢)2} )
i=1

Lemma 2. (Liu et al., 2014) Suppose that X is a random
variable with E(e®X) < oo for some a > 0. Then for any
M > 0, there exist positive constants b and c such that

Pr(|X| > M) < bexp(—cM).

The following lemma is a slight modified version of Theorem
3.1 of Zhu (1993) and Lemma 3.2 of Zhu and Fang (1996).

Lemma 3. Suppose that conditions (C1) to (C5) are ful-
filled, and sup | Xi| < M, then for any e, > 0,
Pr{sup 19( Xy | u) — EG(Xy | u)|] > 8MMKh1n1/2an}
< 30(n1/2/5n)4 exp (—e2/1286%) + 4¢6 % exp (—nd?),
where 6 > sup[var{K(a%“)}]l/z.

Lemma 4. Suppose that conditions (C1) to (C5) are ful-
filled, for any 0 < v+ 6 < 1/4 and 0 < v < mb, then we
have

Pr{sup §(X0 | 0) — g(Xp | )] > n}
< aan eXp(7b1nl/2726'72'y)7

where a1, by and ¢ are some positive constants.
Proof of Lemma 4. For any M > 0,
Pr fsup 9060 | 0) ~9(Xi | )] 2 en ™}
= {sup |9( Xk | ©) —g(Xg | u)| > en™ 7, max | X | < M}
+ Pr{sup [9( Xk | u) —g(Xk | u)| >en™, max | X;x| > M}

< Pr{sup [9(Xk | u) — g(Xk | u)| = en™, max | X;| < M}
u
+ Pr{max | X;x| > M for some i} = Py(u) + P2,

where Pj(u) and P, are defined in the obvious way. We
derive the first term Pj(u). The following arguments are all
under the condition max |X;;| < M, which is omitted for
notation simplicity. We expand g(X}, | u) in a Taylor series

with the Lagrange remainder term under Condition (C3).
There exists a positive constant c¢; such that

sup |[Eg(Xy. [ u) — g(X [ u)|

/ Ko, (i — w) {B(X, | ) £ () — B(Xx | w)f(u)}di

= sup
u

= sup /K(t){E(Xk | w+ ht)f(u+ ht)
— BE(Xg |u)f(u)} dt’ < e mh™.

Since the kernel function K is uniformly continuous on its
compact support, we have

e ()]
< sgp{/K2 (a;u> f(ﬂ)dﬂ}l/2 < Mg

Following the Lemma 3, for 0 < v < m#,

(4)
Pr{sup (XK | u) — g( Xk | w)| > en™ 7, max | X | < M}

= Pre{sup [G08 |0) = EGON | 0) + EGX |0
— g(X | u)| > en” 7 max | Xi| < M}
< Pr{sup |§(Xk | u) — Eg(Xy | u)‘
u

> cen”7 /2, max | Xk| < M}
=0{n? exp(fblnkze*%/MQ)} ,

for some positive constant b;.

Then we deal with Pr{max |X;| > M for some ¢}. Fol-
lowing the assumption (C5) and Lemma 2, there exist some
positive constants t; and t; such that for any M > 0,
Pr(| Xx| > M) <ty exp(—taM). Then,

Pr{max |X;x| > M for some i} < nPr(|X| > M)
< nty exp(—taM)

Thus, together with (4), we have

) Pr{sulace ) - g(x | o)] 2 e}
< ern? exp(=b1n' =272 /M?) + nty exp(—to M)
< ern exp{—bin'/2=20=27 . (nV/2 /12))
by exp{—tan'/2-20-27 | \p20+21-1/2)

Following Liu et al. (2014), we take M = O(n"), where 1/2—
20 — 2y < 7 < 1/4. For large n, we can see that n'/2/M? =
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n1/272‘r > 1’ and Mn20+2v71/2 _ n'r+29+2'y71/2 > 1. Now
(5) becomes

Pr {sup X | 0) = 9(Xs | 0)] 2 en ™"}
u
< CL1’(L2 eXp(_blnl/2—249—2'y)7
where a1, by and ¢ are some positive constants. The proof is
complete. O

Lemma 5. Suppose that conditions (C1) to (C5) are ful-
filled, for any 0 < v+6 < 1/2 and 0 < v < mb, then we
have

-~

(U)—-f(U)’Z mz”} < agn? exp(—bynl~2=27),

Pr {sup

~aly )]z e}

1729727)
)

Pr{sup 5y | )

uy

< azn® exp(—bsn
where as, ba, as, by and c are some positive constants.

Proof of Lemma 5. We use the same technique as the proof
for Lemma 4. According to Theorem 3.1 of Zhu (1993) and
Lemma 3.1 of Zhu and Fang (1996), for any €, > 0,

(6)

{sup () -

< 3A(n1/2/5n)4 exp (—
(7)
pr {suplaty | v) -

u,y

Ef(u)‘ > SMKhlnl/an}

e2 /12807) + 4A67 ® exp (—nd?)

Eg(y | u)| > 8MKh_1n_1/25n}

< 3A(n1/2/5n)6 exp (—e2/12863) + 4A6; " exp (—nd3) ,

where §; > sup [var { K (%

iouy 3]
)I(Y < y)}]

Y2 And 4
constant and may take different values at different places.
We expand f(u) and ¢g(y | «) in a Taylor series with the
Lagrange remainder term under Condition (C3). There
exists some positive constants ¢ and ¢z such that

and o 2 Z

sup [Var {K ( is a generic

flu) - 1 (w)
—sup | [ K (@~ u) (@ - f(w) i
= sgp /K &) {f(u+ht)— f(u)} dt’ < covp ™,

sup [Eg(y | u) — g(y | u)|

uy

= sup
u

[ @ 0 1P | 0@ - Pl | ()
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= sup

JEOU a+ )5 Ghe) ~ Fy [0 ) dt\
< 031/mhm.

Since the kernel function K is uniformly continuous on
its compact support, we have

e (552) 2]

ol (552 ] <
Thus for 0 < v < m#),
(5)
Pr {sup |7l - )| = en ™7}
. {slip Flu) — £7(u) + EF(u) — f(u)| > n}
< Pr {sgp flu) — Ef(u)| > Cn_”/Q}

=0 {n2 exp(—bgnl_%_g"’)} ,
©)
pr {sup[aly | )~ aly | )] > en " }

= pefsup 3ty | ) = E3ly | 0) + B3y | ) ~ gty 0)

> cn‘”} <Pr {sup |9(y | w) — Egly | u)| > cn_“’/2}
uy
=0 {n3 exp(—bgnk%*zv)} ,
where by, b3 and ¢ are some positive constants. The proof is
complete. O

Lemma 6. (Liu et al., 2014) Suppose T(u,y) and S(u,y)
are two uniformly- bounded functions of u and y. For any
given v and y, T(u,y) and S(u y) are estimates of T(u,y)
and S(u,y) based on a sample with size n. For any 0 <
v+ 6 <1/4 and 0 <~ < mb, suppose that

Pr{sup ‘f(u,y) — T(u, y)‘ >cn 'V}
wy

< agn® exp(—bynt/2720727),

Pr{sup ‘g(u, y) — S(u,y)‘ > cn"}
wy

< asn® exp(—bsnt/?~20727),

where aq, by, as, bs and c are some positive constants. Then
we have



< a6n3 exp(fb6n1/2729727),

Pr{sup | Fu,)/50) - Tw.0) /500,00 2w |
u7y
< a7n3 exp(fb7n1/2720727),

Pr{sup | (w30} - (T = S0} 2 on )

< agn® exp(fbgnl/wafm)7

where a;, b; fori=6,7,8 and c are some positive constants.
Proof of Theorem 2. We divide the proof into two steps.

Step 1. We first prove that, under conditions (C1)-(C5), for
any 0 < v+ 60 < 1/4 and 0 < v < m#, there exists some
positive constant ¢ such that

cn1/2*27*20).

Pr (|&7k — wg| > cniV) < en®exp(—

We define Ay and Ay as follows,
_2Zn:§n:[corr (X, I(Y <Yj) | w;}
— corr {Xk,I(Y <Yj;) | uz}]7
*Qii [corr HXp, I(Y <Y5) | wi} —wy] -

Then we have

Pr (|&p — wi| = en™) < Pr(|A1] > en™7/2)
+ Pr (|A2| > cn_7/2) .

We deal with the first part of the summation.
(10)

Pr (JAy| > en™7/2)

< Pr(n_2 ZZ’CO/?rQ{XkJ(Y <Yj) i}

i=1j=1

—corr?{ X}, I(Y < Yi) | wi}

> cn_'y/2>

< Pr(sup ot { X, I(Y < y) | u}

u,y

— corr?{ X, [(Y <) | u}’ > cn‘”/?).

For notation clarity, we define
n
9(Xp,ylu) =n~" ZKh(ui
i=1

G Nu) =07 Y K (us

i=1

—u) X, I(Y; <vy), and

U)Xizk'

Then corr?{ X}, I(Y <y) | u} can be written as

{3y | 0) ) — 5% [0ty [0}
{332 1w f) - 72X 0 il | o fw) - 72 v}

Similar to the proof of Lemma 4, we can obtain

P {sup AL ADE n}
u

< agn’® exp(—bgnl/Q_Q'y_Qg).

Together with Lemmas 4, 5 and 6, it is clear that

Pr(sup ‘co/?rQ{Xk,I(Y <) | u} —corr?{ Xy, I(Y < y) | u}‘
uy

> cn"’) < cn® exp(—cn1/2_27_29).

Thus (10) becomes

Pr(|Ay| >en™7/2) < cen® exp(—cnl/2727720),

With Hoeffding’s inequality in Lemma 1, we can show that
Pr(|Az] > en™7/2) < 2exp(—c®>n'=27/2). Thus, there ex-
ists some positive constants ¢ such that

cn1/2_27_29).

Pr (|&) — wi| > en™7) < en® exp(—

Step 2. Assume the condition }Cmi‘l wi > 2en”7. We prove
c
that

Pr(AC

-~

A) > 1-0{nlAexp(—ent/ 020}

IfA¢ A, there must exist some j € A such that wj <en 7.
Under the condition inii‘l wi > 2en”7, we have |©0; — w;| >
c

en™ 7 for this particular j, which implies
{A¢ A} C {l&; —wj| > en™7, for some j € A}.
Then, it is clear that

Pr(A C ./Z) >1-Pr {|®J —wj| > cen™7, for some j € A}
>1— |Almax Pr{|&; — w;| > en™7}
jeA

>1-0 {n3|A| exp(—cnl/g_%_%)} )

which implies the desired conclusion. O

6.3 Appendix C: Proof of Theorem 3

The conditions (A1)-(A3) illustrate that 21114141 Wi —
€

inz}‘x w > 0.Thus, there exists some § > 0 such that
e c

min wy — max wg = d. Then we have
ke A keAe

Pr { min &, < max Wy,
ke A keAe
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< Pr<{minw, — minwy, + § < max @, — max wy
keA keA keAc keAc
< Pr {

< Pr{2 max |Wy — wg| > 6}
1<k<p

<0 {pn?’ exp (_Cn1/2729)} ,

Then by Fatou’s Lemma,

G~ e o) — Gy = e

2

Pr{liminf { min@, — max @y | <0
n—soo \ k€A keAc

< lim Pr(min@w, — maxw, <0) =0
n— o0 ke A ke Ac

In other words, we have

Pr {liminf <min6§k - max&?k> > 0} =1.
n—oo \ ke A keAe
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