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A Appendix: Technical proofs

Lemma A.1 is a natural result of the central limit theorem for functional time series devel-

oped by Horvéth et al. (2013).

Lemma A.1. Under Assumptions 1, 2 and the null hypothesis, as n — oo, we have
Z, (1) LN z(t) ~ GP{0, diag(cy,...,cx)}. In particular, when Assumption 5 is satisfied,
we have z,(t) LN z(t) ~ GP(0,cly).

Proof of Lemma A.1. From Theorem 1 in Horvath et al. (2013), we know that z,;(t) =
V(0 — i)} = ik X — ) = <= 5~ GP{0,x(t, )}, 1 < < k. Since

different groups of samples are independent, we can easily get the conclusion. O

Proof of Lemma 1. Firstly, by Lemma A.1, the continuous mapping theorem for random
elements taking values in a Hilbert space (Billingsley 1968, p.34; Cuevas et al. 2004), and
the fact that M,, = M = I, — bb' with b = (VT - \/7'_,€)T7 we have

= Z T Z d 0= z(t) "Mz .
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Let z(t) = [21(2), .. ., 2,(t)] ", then,
E(Ty) = /T E{z(t)"Mz(t)}dt = / E{szaﬁza 25(t) }dt

= Z Maatt{ca(s,t)}.

And,
Var(Ty) = E(T}) — E*(Ty),
where
By = [ [ B 2 o 2p M 3 i )2 o)
ar B
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+E Z Z Z Z {maﬁma151 Za(t)zﬁ(t>za1 (S)Zﬁl (8)} dtds.
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The last term of E(T¢) are not equal to 0 only when oo = oy, 8= ) or @ = 31, a3 = f3, 50

we have

/ / EY SN S (i, za(t) (1) 2 ()25, () Jdtds
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=2 Z Z maﬁtr(ca ® cg).
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From Theorem 4.5(d) of Zhang (2013), we have

/ / ZmaaE{z (s)}dtds = Zmaatr Ca) +2 Z m2 tr(ca @ cq).

Then we can get

Var(Tp) = 2 Z Z m?2str(ca @ ca).

a p



The following lemma shows that as long as the functional part can be extracted from
the covariance function matrix of the pivotal test vector function @(t) = M,/ *z,(t), the L2-
norm of the test statistic is a y2-type mixture plus a constant. This condition is satisfied
under both multi-sample homoscedastic case and two-sample heteroscedastic case which

allows us to derive the approximate null distribution of 7,.

Lemma A.2. Ifx(t) ~ GP{u(t), f(s,6)X}, t € T with u(t) € L*(T), f(s,t) is a function
with finite trace, i.e., tr(f) = fo(t,t)dt < 00, and X is a positive semi-definite matrix

with tr(X) < oo, then the squared L?-norm of x(t) can be expressed as

k k k 00
/||:c(t)||2dt:2/ x?(t)dt:Ziﬁi)\rA”%—Z S 6,
T i=1 YT

i=1 r=1 i=1 r=g+1
where Ay ~ 27 N102), r=1,...,q,i=1,...,k are independent, 9;, i = 1,...,k are
the eigenvalues of 3, ., r = 1,...,00 are the decreasing-ordered eigenvalues of f(s,t),
Oir = Jrpi(t)pr(t)dt, i =1,... k, 7=1,...,00, with y;(t) being the i-th entry of T p(t),
or(t), 7 = 1,...,00 being the associated eigenfunctions of f(s,t) and the columns of T
being the associated eigenvectors of X, and q is the number of all the positive eigenvalues

so that Ay > 0 and \, =0, r > q.

Proof of Lemma A.2. Since X is a positive semi-definite matrix, it has the following eigen-
decomposition,

Y = Ddiag(dy, ..., 0"

where 9;, + = 1,...,k, are the eigenvalues of ¥ and the columns of T are the associated
eigenvectors with I''T' = I,,.

Then
x(t) = [zi(t), ..., zi(t)] = TTa(t) ~ GP{D " u(t), f(s,t)diag(dy, ..., )}

Note f(s,t) has the following Karhunen-Loéve decomposition:

Fls.8) =D Meon(s)n(t),

where Aj,..., A, are all the decreasingly ordered positive eigenvalues of f(s,t), and

$1(t), ..., ¢q(t) are the associated orthonormal eigenfunctions of f(s,¢) such that
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fT PA(t)dt = 1, fT or(t)y(t)dt = 0, r # 1, and ¢ is the smallest integer such that when

r > q, A\, = 0. Then every entry of *(¢) has the following Karhunen-Loéve expansion:

where yf is the i-th entry of T'' u(t) and &, =< ¥ —pul, ¢, >, 7 =1,...,¢ BV N(0,9;\,).

We can obtain

2212 = [l (1) |\2+2Zm+25 —stm Py e
r=q+1
- a3,

r=q+1
where A = (& + 0i)2 /0N ~ X3(0;7'A7162), r = 1,...,q are independent as (&, +
6ir)/\/ 191)\7: ~ N(dw/\/ 19i)\r7 1)

We conclude that

/Tuxu)u dt:/THF (1) dt:;/Tx:f (t)dt

k k 00
S T ol o

=1 r=1 i=1 r=q+1

]

Proof of Theorem 1. Note that I, — bb'" is also an idempotent matrix and it has the

following singular value decomposition:

0
I,—bb' =U - U' =U1;_1,0) (I;_,,0)U",

where the columns of U are the eigenvectors of I, — bb'. Then according to the pivotal

term of the limit test statistic
Z*(t) = (Ik—la O)UTZ(t) ~ GPk_l(O, CIk_l).

From Lemma A.2, we can get

T, —>/Hz ()] [2dt = ZiAAW Z)\AT,

i=1 r=1
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where A; ~ X%, r=1,...,¢q,i=1,...,k — 1 are independent and \,, 7 = 1,...,00 are
the decreasing-ordered eigenvalues of the common long run covariance c(s,t), with ¢ is the

number of all the positive eigenvalues. O]

Proof of Theorem 2. Based on Theorem 2 in Horvath et al. (2013), we can get
I [ (s, t) — (s, t)}2dtds L, 0. By the continuous mapping theorem for random el-
ements taking values in a Hilbert space, it is easy to obtain tr(¢) i tr(c), tr(e®?) N

tr(c®?) and tr?(¢) N tr?(c). Then this theorem follows immediately. O

Proof of Theorem 3.

T T
z1(2 z1(2 z1(t z1(t
o RN N ECE I EUA N N
Z2<t) Zz(t) $2(t> .Q?g(t)
where
x1(t 21 (¢
(1) 2(t)
d 0 - ¢ (t, s) 0 -
— GP , (12 — bnbn /TL) (12 — bnbn /TL) s
0 0 ca(t, s)
with
ci(s,t 0
(I, — b,b] /n) 1(s:9) (I, — b,b] /n)
0 ca(s,t)
=
Vnz Vn2
= nina/n _\\//E_E _\\//E_nT {c1(s,t)/ny + ca(s,t)/na}
Vvn Vvn
10 -
=T ' {nasci(s,t)/n+ nica(s, t)/n},
00
-
Vn2 V2
- - v v
where the columns of T' are the associated eigenvectors of N N
Vn Vn
From Lemma A.2, we can get
q
Ty =) A,
i=1
where A; ~ x3 and \;, i = 1,..., ¢ are the eigenvalues of nyci(s,t)/n + nyca(s, t)/n. O
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Proof of Theorem 4. Under the alternative hypothesis (9), we have z,(t) LN z1(t) ~

GPr{d(t),cI;}. Then we can get

Tn:/T W(t) Mz, (¢ dt—>/ (t) "Mz, (t)dt,

and the pivotal term of the limit test statistic

25 (t) = (I, 00U 2 (t) ~ GPr_1{(Tx—1,0)UTd(t), clp_1 }.

where M,,, M and U are defined in Theorem 1. We denote d*(t) = (I;_;,0)U"d(t) =
[di (), - di (D).

From Lemma A.2, we can get

k—1 k—1 oo
T, i>/ Hzi(t)Hth:Zi)\rAir—l—Z > o
i=1 r=1 i=1 r=q+1
—ZA A, + Z 82,

r=q+1

where A, Zk LA, Xifl)\_lﬁ’ r=1,...,q,7=1,...,k — 1 are independent, \,,

r = 1,...,00 are the decreasing-ordered eigenvalues of the common long run covariance
c(s,t) with g being the number of all the positive eigenvalues so that A, > 0 and A\, = 0,
r>q, 62 =31 62 = [(Li—1,00UTd(t)¢, (t)dt|[?, i = 1,... .,k — 1, v = 1,..., 00 with
¢r(t), =1,...,00 being the associated eigenfunctions of the common long run covariance

c(s,t). O

Proof of Theorem 5. The test statistics
T, = m / {iu(t) — i(t)}*dt
- Zni JRCIORD }th—2zm | Gt = Ot = i)
+an / {pa(t) — fu(t)}2dt
= Ty — 25, +Zm/{m (t)}2dt,

where fi;(t) = f1;(t) — pi(t), ft) = 3 3o <icp madta(t), i) = 5 31cicp mitt(t).
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Under the alternative hypothesis Hi,, note S, = Zle ng [A{ma(t) — ) H{m(t) —
T

Vi (t) Vnipa(t) Vnipa(t)
apnyd = f; : M,, : dt, and : LN
(D) NG N
GPy [0, diag{ci(s,t),...,cx(s,t)}].
Then S, -2 N{0, Var(5)}, where
v | [ vmEme
Var(S) = E / : M, : dt
T
Vi (t) Vp(t)
T
\/_ pa(s Vi (t)
/ / M, diag{c;(s,t), ..., cx(s,t) M, : dsdt
V1 Mk( ) VT (t)

_ /T /T g&i(s)ci(s,t)ii(t)dsdt,

where d; is the i-th component of d(t) = M, d(t),i=1,...,k.

Then the power is

Pr (Tn > C‘a) Pr

Ty — 28, —1—2711/{#@ (t)}2dt > C,

Based on Theorem 2, we have C,, N C, where C, can be 3, th or 62)(32 + By and note
Sy ma [t = p)ydt = L, [ di(t)dt = 52,

The power function is Pr(Ty — 25, + 52 > Cy) + o(1). If §2 — oo, we now show the
above power function tends to 1. When Var(S) < oo, this is obviously true, and when
Var(S) — oo,

Pr (S, <6°/2 - Co/2 4+ Tp/2) + o(1)

= Pr[Su/v/Var(8) < 82/{2y/Var(S)} - Ca/{2/Var(S)} + To/ {2/ Var(S)}] + o(1)
Note +/Var(S) = \/2:Z S di(s)ei(s, t)d;(t)dsdt < \/)\max S Jr & (t)dt, so

62/{2+/Var(S)} — oo where A4, is the largest eigenvalue among all the eigenvalues

of the long run covariance function ¢;(s,t), i = 1,..., k. Thus, we also have power function

tends to 1. n



B Appendix: Additional simulations

In this section, we consider the data are observed with missing values and measurement

errors by the following model:

Yii (1) = pi(t) + €i5(t) + viz(2),

Where Ulj(t)7j - 17"‘7ni7/i — ]-7~.-7k lfl\gl

N[0,0,(1 + t)] represent measurement errors,
and are independent of €;;(t),j = 1,...,n;,¢ = 1,...,k. The functional time series are
again sampled discretely at J = 100 evenly spaced design time points within 7 = [0, 1],
but we also randomly remove some design time points so there are about 90 design time
points actually observed for each curve. The above settings are similar to those used in
Zhang and Chen (2007). For the simulated functional time series above with missing values
and measurement errors, we firstly use regression spline method (Ramsay and Silverman
2005, Ch.4; Zhang 2013, Ch.3) to reconstruct the curves, and then apply the tests to the
reconstructed data. With all the other settings being the same as in the main paper, we
repeat the two simulations represented in the main paper.

The results for the homoscedastic case (repeated Simulation HOM of the main paper)
are presented in Tables 1-2, and the results for the heteroscedastic case (repeated Simula-
tion HET of the main paper) are presented in Tables 3—4. It is seen from the results that
missing values and measurement errors do have an effect on the performance, especially

the powers, of these tests. However, the overall results are very similar to those presented

in Tables 1-4 of the main paper, and the main conclusions are also the same.
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