
COMPUTATIONAL DEVELOPMENT AND
MATLABE CODE

The detailed MCMC sampling process

Step 1: Sampling the auxiliary variable λijk and ηijk, giv-
en the response Y and Ω. The full conditional distribution
can be written as follows1:

λijk |Y,Ω ∼ Uniform (0, pijk) , if yijk = 1,(1)

ηijk |Y,Ω ∼ Uniform (0, ψijk) , if yijk = 0.(2)

Step 2: Sampling the difficulty parameter bk; suppose that
the prior of the difficulty parameters is bk ∼ N

(
µb, σ

2
b

)
.

According to Equation (1), given item k, ∀i, j when yijk = 1,
we have 0 < λijk ≤ pijk, and the following inequalities are
established:

Q∑
q=1

akqθijq − bk ≥ log

(
λijk

1− λijk

)
or equivalently

bk ≤
Q∑

q=1

akqθijq − log

(
λijk

1− λijk

)
.(3)

In the same way, when yijk = 0, we have 0 < ηijk ≤ ψijk,
and the inequalities are established:

Q∑
q=1

akqθijq − bk ≤ log

(
1− ηijk
ηijk

)
or equivalently

bk ≥
Q∑

q=1

akqθijq − log

(
1− ηijk
ηijk

)
.(4)

Therefore, given the response variable Y , the auxiliary vari-
able λ, and η the parameters Ω, the full conditional distri-
bution can be written as:

(5) bk |Y ,λ,η,Ω ∼ N
(
µb, σ

2
b

)
I
(
bLk ≤ bk ≤ bUk

)
,

where

bLk = max
(i,j)∈Ek

{
Q∑

q=1

akqθijq − log

(
1− ηijk
ηijk

)}
,

bUk = min
(i,j)∈Dk

{
Q∑

q=1

akqθijq − log

(
λijk

1− λijk

)}
.

Step 3: Sampling akq, which is an element of vector

ak, ak = (ak1, · · · , akQ)
′
. The prior of akq is assumed to

follow a normal distribution with mean µaq and variance
σ2
aq. Given item k, when yijk = 1, ∀i, j, k, the inequalities

0 < λijk ≤ pijk, θijq > 0 are established, and when yijk = 0,
the inequalities 0 < ηijk ≤ ψijk, θijq < 0 are established.

Therefore,

akq ≥
1

θijq

log

(
λijk

1− λijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 , and

akq ≥
1

θijq

log

(
1− ηijk
ηijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 .
and in the same way, when yijk = 1, ∀i, j, k, the inequalities
0 < λijk ≤ pijk, θijq < 0 are established, or when yijk = 0,
we have 0 < ηijk ≤ ψijk, θijq < 0. Therefore,

akq ≤
1

θijq

log

(
λijk

1− λijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 , and

akq ≤
1

θijq

log

(
1− ηijk
ηijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 .
(6)

Let

5kq = {(i, j) |yijk = 1, λijk ≤ pijk, θijq > 0} ,
Fkq = {(i, j) |yijk = 0, ηijk ≤ ψijk, θijq < 0} ,
4kq = {(i, j) |yijk = 1, λijk ≤ pijk, θijq < 0} ,
Gkq = {(i, j) |yijk = 0, ηijk ≤ ψijk, θijq > 0} .

When given the response variable Y , the auxiliary variable
λ, η and other parameters Ω1 (all of the parameters except
akq), the full conditional distribution is represented by

(7) akq |Y ,λ,η,Ω1 ∼ N
(
µaq, σ

2
aq

)
I
(
aLkq ≤ akq ≤ aUkq

)
,

where

aLkq = max max
(i,j)∈4kq

1

θijq

log

(
λijk

1− λijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 ,
max

(i,j)∈Fkq

1

θijq

log

(
1− ηijk
ηijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 ,

aUkq = min min
(i,j)∈5kq

1

θijq

log

(
λijk

1− λijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 ,
min

(i,j)∈Gkq

1

θijq

log

(
1− ηijk
ηijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 .

Step 4: Sampling θijq, which is an element of the ability
vector θij , θij = (θij1, · · · , θijQ)

′
. As we known, a level-

2 (individual level) random regression model can be con-
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sidered the prior of the latent ability, and the latent a-
bilities have relationships between dimensions. Therefore,
the conditional independent prior will be considered. Spe-

cific derivations are as follows: let βj =
(
β

′

j1, · · · ,β
′

jQ

)′
,

where βj is a Q (h+ 1)-by-1 column vector, β
′

jq =
(β0jq, · · · , βhjq) , q = 1, · · · , Q. Xij = (1, x1ij , · · · , xhij)
and µ =

(
Xijβj1, · · · ,XijβjQ

)′
; we can adjust the order of

the concerned dimensional ability θijq to the first position
of the column vector, and the corresponding mean µ and

Σe are also adjusted. Therefore, θ∗ij =
(
θijq,θij(−q)

)′
,µ∗ =(

Xijβjq,µ
(2)
1

)′

, Σ∗e =

(
σ2
eq Σ12

Σ21 Σ22

)
. The conditional

independent prior is as follows:

(8) p
(
θijq

∣∣θij(−q),βj ,Σe

)
∼ Nq

(
µq
ij , σ

2
q

)
,

where

µq
ij = Xijβjq + Σ12Σ−122

(
θij(−q) − µ

(2)
1

)
, and

σ2
q = σ2

eq − Σ12Σ−122 Σ21.

The full conditional distribution of θijq can be written as:
(9)
θijq

∣∣Y ,λ,η,θij(−q),Ω2 ∼ Nq

(
µq
ij , σ

2
q

)
I
(
θLijq ≤ θijq ≤ θUijq

)
.

where θij(−q) (θij expect θijq) ,Ω2 (Ω2 expect θ)

θLijq = max
k∈Cijq 1

akq

log

(
λijk

1− λijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 ,

where Cijq = {k |yijk = 1, 0 < λijk ≤ pijk } ,
θUijq = max

k∈Fijq 1

akq

log

(
1− ηijk
ηijk

)
+ bk −

Q∑
r 6=q,r=1

akrθijr

 ,

where Fijq = {k |yijk = 0, 0 < ηijk ≤ ψijk } .

Step 5: Sampling βj =
(
β

′

j1, · · · ,β
′

jQ

)′
, the random re-

gression coefficient βj is a Q (h+ 1)-by-1 column vector. Let
X∗ij = diag (Xij , · · · ,Xij) , where X∗ij is a Q-by-Q (h+ 1)

matrix, and θij = (θij1, · · · , θijQ)
′
. Given θ, Σe, γ and T ,

the full conditional posterior distribution of βj is given by

p
(
βj |θij ,Σe,γ,T

)
∝

nj∏
i=1

p
(
θij
∣∣βj ,Σe

)
p
(
βj |γ,T

)
,

(10)

βj |θij ,Σe,γ,T ∼ N
(

Varβj

(
Σ−1

β̃j
β̃j + T−1wjγ

)
,Varβj

)

where Varβj
=

(
Σ−1

β̃j

+ T−1
)−1

. As is known, the level-2

likelihood function of βj follows a normal distribution with
mean

β̃j =

(
nj∑
i=1

X∗
′

ijΣeX
∗
ij

)−1 nj∑
i=1

X∗
′

ijΣeθij ,

and variance

Σβ̃j
=

(
nj∑
i=1

X∗
′

ijΣeX
∗
ij

)−1
,

and the random regression coefficients βj can be induced by
a normal prior with mean wjγ and covariance T on level
3. The group level covariate matrix wj consists of wj =
(1, wj1, · · · , wjs), that is, wj = diag (wj , · · · , wj), where wj

is a Q (h+ 1)-by-Q (s+ 1) (h+ 1) matrix. The fixed effect
γq is a 1-by-(s+ 1)×(h+ 1) matrix, γq =

(
γ00q, · · · ,γhsq

)
,

γ =
(
γ1, · · · ,γQ

)′
. The level-3 covariance structure can be

represented by a Q (h+ 1)-by-Q (h+ 1) matrix, that is, T =
diag (T 1, · · · ,TQ).

Step 6: Sampling γ, γ =
(
γ1, · · · ,γQ

)′
, the matrix γ is

the matrix of regression coefficients of regression of βj on
wj . The full conditional posterior distribution of is given by

(11) p (γ |β,T ) ∝
J∏

j=1

p
(
βj |γ,T

)
p (γ |φ ) ,

Therefore, the full conditional posterior distribution follows
normal distribution with mean J∑

j=1

w′jT
−1wj

−1 J∑
j=1

w′jT
−1βj

and variance  J∑
j=1

w′jT
−1wj

−1

Step 7: Sampling the residual variance-covariance struc-
ture Σe (a Q × Q matrix), a prior for Σe is an Inverse-
Wishart(v0,Σ0) distribution. The full conditional posterior
distribution of Σe is given by

(12) p (Σe |θ,β ) ∝ p (θ |β,Σe ) p (Σ0) .

Let M =
J∑

j=1

nj∑
i=1

(
θij −Xijβj

) (
θij −Xijβj

)′
and N =

n1 + · · ·+ nJ ; thus,

Σe |θ,β ∼ Inverse-Wishart (v0 +N,M + Σ0) .
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Step 8: Sampling T = diag (T 1, · · · ,TQ). T q (q =
1, · · · , Q) is a covariance matrix of different dimensional a-
bilities of level 3. First, T q is drawn. A prior for is an Inverse-
Wishart(vq,Σq) distribution. The full conditional posterior
distribution of T q is given by

p
(
T q

∣∣βjq,γq

)
∝ p

(
βjq

∣∣γq, T q

)
p (T q) .

Let Hq =
∑J

j=1

(
βjq −wjγq

) (
βjq −wjγq

)′
; thus,

T q

∣∣βjq,γq ∼ Inverse-Wishart (vq + J,Hq + Σq) .
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Matlab code

Main Code:

Sample b:

D=sum(a1.*theta1,3);

lambda0=unifrnd(0,prostar);

psi0=unifrnd(0,1-prostar);

z1=D-log(lambda0./(1-lambda0));

z2=D-log((1-psi0)./psi0);

bleft=max(z2);

bright=min(z1);

u1=unifrnd(0,1,1,n);

y1=normcdf(bleft,0,1)

+(normcdf(bright,0,1)-normcdf(bleft,0,1)).*u1;

y1(y1>0.9999)=0.9999;

y1(y1<0.0001)=0.0001;

b0=norminv(y1,0,1);

b0(1:Ndim)=0;

Rb(i,:)=b0;

b1=M*b0;

prostar=exp(D-b1)./(1+exp(D-b1));

Sample theta:

for i0=1:Ndim

muability(:,i0)=sum(beta1(:,:,i0).*x,2);

end

sigmaability=sigma0;

for i0=1:Ndim

indic0=indic~=i0;

z3(:,:,i0)=(1./a1(:,:,i0)).*(log(lambda0./(1-lambda0))

+b1 sum(a1(:,:,indic0).*theta1(:,:,indic0),3));

z4(:,:,i0)=(1./a1(:,:,i0)).*(log((1-psi0)./psi0)

+b1-sum(a1(:,:,indic0).*theta1(:,:,indic0),3));

thetaleft=max(z3(:,:,i0),[],2);

thetaright=min(z4(:,:,i0),[],2);

s1=sigma0(indic==i0,indic==i0);

s2=sigma0(indic~=i0,indic==i0);

s3=sigma0(indic~=i0,indic~=i0);

s4=s1-s2’*s3^(-1)*s2;

u3=unifrnd(0,1,m,1);

y3=normcdf(thetaleft,muability(:,i0),s4)

+(normcdf(thetaright,muability(:,i0),s4)

-normcdf(thetaleft,muability(:,i0),s4)).*u3;

y3(y3>0.9999)=0.9999;

y3(y3<0.0001)=0.0001;

theta0=norminv(y3,muability(:,i0),s4);

theta0(theta0>=4)=4;

theta0(theta0<=-4)=-4;

theta0(:,i0)=theta0;

Rtheta(:,i0,i)=theta0(:,i0);

theta1(:,:,i0)=theta0(:,i0)*N;

end

D=sum(a1.*theta1,3);

prostar=exp(D-b1)./(1+exp(D-b1));

Sample a:

for i0=1:Ndim

indic0=indic~=i0;

z5=(1./theta1(:,:,i0)).*(log(lambda0./(1-lambda0))

+b1-sum(a1(:,:,indic0).*theta1(:,:,indic0),3));

z6=(1./theta1(:,:,i0)).*(log((1-psi0)./psi0)

+b1-sum(a1(:,:,indic0).*theta1(:,:,indic0),3));

indic21=theta1(:,:,i0)>0;

F1=z5.*indic21;

F1(F1==0)=NaN;

aleft1=max(F1);

indic22=theta1(:,:,i0)<0;

F2=z6.*indic22;

F2(F2==0)=NaN;

aleft2=max(F2);

aleft=max(aleft1,aleft2);

F3=z5.*indic22;

F3(F3==0)=NaN;

aright1=min(F3);

F4=z6.*indic21;

F4(F4==0)=NaN;

aright2=min(F4);

aright=min(aright1,aright2);

u2=unifrnd(0,1,1,n);

y2=normcdf(aleft,0,1)

+(normcdf(aright,0,1)-normcdf(aleft,0,1)).*u2;

y2(y2>0.9999)=0.9999;

y2(y2<0.0001)=0.0001;

a0(i0,:)=norminv(y2,0,1);

a0(1:Ndim,1:Ndim)=eye(Ndim);

Ra(i0,:,i)=a0(i0,:);

a1(:,:,i0)=M*a0(i0,:);

end

D=sum(a1.*theta1,3);

prostar=exp(D-b1)./(1+exp(D-b1));
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