COMPUTATIONAL DEVELOPMENT AND  Therefore,
MATLABE CODE
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The detailed MCMC sampling process kg = Bire

Step 1: Sampling the auxiliary variable A;;, and 7k, giv-
en the response Y and €. The full conditional distribution e > 1
can be written as follows1: ke

= bijq
(1)
(2)

Aijk | Y, € ~ Uniform (0, pi;x) ,
Nijk | Yy € ~ Uniform (0, 1;;

if yijn =1,
k) if yigr = 0.

r#q,r=1
log <”k> + b, — Z AkrOijr
Nijk rtqr=1

and in the same way, when y;;, = 1, V4, j, k, the inequalities
0 < Aiji < piji, Bijq < 0 are established, or when ;. = 0,

we have 0 < 031 < Yijk, bijq < 0. Therefore,

Step 2: Sampling the difficulty parameter by ; suppose that

the prior of the difficulty parameters is by, ~ N (uy,07). 1 Aijk Q
According to Equation (1), given item k, Vi, j when y;;5 = 1, ~ ®ka < 0ijq log 1— Aijx + by — Z arrijr | ,and
we have 0 < Ajjr < pijk, and the following inequalities are L r7er=1
established: (6)
Q A\, < 1 oe (L isk b ZQ: 0
1 . a S (0] — aprbiir
Z akqbijq — br > log —Z4E ) or equivalently ke 0ijq & Nijk F ki
< 1— An I rq =1
Q . e Let
(3) b < Zakqaz‘jq —log (1_;) . '
q=1 ijk =1{(2,7) lyiji = 1, XNije < piji,0ijq >0},
F =104 9) [yije = 0,nij6 < VYiji,bijq <0},
In the same way, when y;;; = 0, we have 0 < 1,51 < Yk, Akq {( j) |Yijh , ij <1/)Jk . jq O}
and the inequalities are established: kg = {('L’]) yijk =1, Aijke < Pigk, 0ijq <O},
Grg = {(i,9) [Yije = 0,mijk < Yij,0ijq >0}
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ij

q=1

(4)

) or equivalently

()
Nijk

Q
b, > Zakqaijq —log

q=1
Therefore, given the response variable Y, the auxiliary vari- where
able A, and 7 the parameters €2, the full conditional distri- a}/;,q — max

bution can be written as:

(5) bk Y, A 1,9 ~ N (u,00) I (b <bx <bY),

where
max
- (ivj)Equeijq
b = max Aot log< Y )
(4,5)€EEx g avia Nijk ’ a,[c]q = min
b = min Zak — log ( Aijh ) min
(,4) €Dy avia 1 — Agjk (i,4)EVrq Uijq

Step 3: Sampling kg, which is an element of vector min
ay, ap = (g1, - ,arq) .- The prior of ap, is assumed to
follow a normal distribution with mean p,, and variance
qu. Given item k, when y;;, = 1, V4,7, k, the inequalities
0 < Aijk < Dijk, 0ijq > 0 are established, and when y;;;, = 0,
the inequalities 0 < n;;, < VYijk, 0ijq < 0 are established.

max ——
(6,5) €A q Bijq

(i,4)EGrq Uijq

When given the response variable Y, the auxiliary variable
A, 1 and other parameters €2; (all of the parameters except
akq), the full conditional distribution is represented by

(7) Qkq |Y7 )‘7777 Ql ~ N (Maq702q) I (aﬁq < QUkq < a/ﬁ{;) ;
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Step 4: Sampling 6;;,, which is an element of the ability
vector 65, 0;; =
2 (individual level) random regression model can be con-

(0ij1,- - ,GijQ)'. As we known, a level-
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sidered the prior of the latent ability, and the latent a-
bilities have relationships between dimensions. Therefore,
the conditional independent prior will be considered. Spe-

! ! /
cific derivations are as follows: let 3; = (ﬁj1,~-- ,,BJ»Q) ,

where 3; is a @Q(h+1)-by-1 column vector, 3
(Bojgs** »Bnja)» @ = 1,-+- ’Q', Xij = (L2, 5 Thij)
and g = (X ;8,1 , X;8;¢) ; we can adjust the order of
the concerned dimensional ability 0;;4 to the first position
of the column vector, and the corresponding mean p and

Jja

X, are also adjusted. Therefore, 0;; = (0jq,0;5(—q)) p* =

(XIB (2)>/ o qu Y12
Wl B1- ) > e = Yo1 a2

independent prior is as follows:

(8)

where

>. The conditional
p (eijq ‘BZj(fq%ﬂja Ee) ~ Nq (ngaU(?) )

ng =Xi;jBj, + Z1222_21 <0ij(—Q) -

2 2 —1
Jq = O'eq — 212222 221.

u?)) , and

The full conditional distribution of ;;, can be written as:

(9)

2 L U
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Q
1 Ay
— |log <7k> tbe— Y arbije| o,
ha L= A rqr=1
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where Fijq = {/{ \yijk =0,0< Nijk < Q/Jijk } .
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Step 5: Sampling 3; = (,Bﬂ, e
gression coefficient 3; is a Q (h + 1)-by-1 column vector. Let
, Xij), where X7, is a Q-by-Q (h + 1)
matrix, and 6;; = (6,1, ,GUQ)/. Given 0, X, v and T,
the full conditional posterior distribution of 3, is given by

, /
,,8]»@) , the random re-

(10)
p (/6] |9ij326773T) X Hp (023 ’ﬂj726)p(ﬂj "77T) )
i=1

B;10:5,Xe, v, T ~ N (Varﬁj (Zgjlﬁj + Tfle'y) ,Vargj)

-1

where Varg, = (Eﬁfl + T 1 . As is known, the level-2
j

likelihood function of 3; follows a normal distribution with
mean

> X;3.0,,
=1

n;
B; = <Z XZ‘EGXZ>
i=1

and variance

n;

—1
X5, = (ZXZ'EEXZ) ,
i=1

and the random regression coefficients 3; can be induced by
a normal prior with mean w;~ and covariance T' on level
3. The group level covariate matrix w; consists of w; =
(1,wj1,- -+ ,wjs), that is, w; = diag (w;,--- , w;), where w;
isa Q(h+1)-by-Q(s+ 1) (h+ 1) matrix. The fixed effect
¥, is a 1-by-(s + 1) x (h + 1) matrix, v, = (Yoo ** > Vhsq)»
v = (717 e ,'yQ)I. The level-3 covariance structure can be
represented by a @ (h + 1)-by-Q (h + 1) matrix, that is, T' =
diag (T'1,--- ,Tq). /

Step 6: Sampling ~v, v = ('yl, e ,'yQ) , the matrix v is
the matrix of regression coefficients of regression of 3; on
w;. The full conditional posterior distribution of is given by

J

p(y18,T)x [[p(B; 7. T)p(vIo),

j=1

(11)

Therefore, the full conditional posterior distribution follows
normal distribution with mean

—1
J J
rp—1 I p—1
E w; T w; E w; T3,
j=1 j=1

and variance
-1

J

1 —1
E ij w;
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Step 7: Sampling the residual variance-covariance struc-
ture 3. (a @ x @ matrix), a prior for 3. is an Inverse-
Wishart(vg, ¥¢) distribution. The full conditional posterior
distribution of X, is given by

(12) p(Ze10,8) xp(0|8,%.)p(Xo)-

J nj ’

Let M = Z Z (OZ] 7Xijﬁj) (gij 7X1J,BJ) and N =
j=1i=1

ny + -+ -+ ny; thus,

3. 10,8 ~ Inverse-Wishart (vg + N, M + %) .



Step 8: Sampling T = diag(T1,---,Tq). Tq (¢ =
1,---,Q) is a covariance matrix of different dimensional a-
bilities of level 3. First, T'; is drawn. A prior for is an Inverse-
Wishart(vy, X,) distribution. The full conditional posterior
distribution of T'; is given by

p (Tq ‘Bilﬁ’yg) xXPp ('qu ‘7q’ Tq>p(Tq) .
Let Hy = Zj:l (Bjq = wjvg) (Bjq — wivg) ; thus,

T, |,8jq, v, ~ Inverse-Wishart (v, + J, Hy + %) .



Matlab code

Main Code:
Sample b:
D=sum(al.*thetal,3);
lambdaO=unifrnd(0,prostar);
psiO=unifrnd(0,1-prostar) ;
z1=D-log(lambda0./(1-lambda0)) ;
22=D-log((1-psi0)./psiO);
bleft=max(z2);
bright=min(z1) ;
ul=unifrnd(0,1,1,n);
y1l=normcdf (bleft,0,1)
+(normcdf (bright,0,1) -normcdf (bleft,0,1)) .*ul;
y1(y1>0.9999)=0.9999;
y1(y1<0.0001)=0.0001;
bO=norminv(y1,0,1);
b0(1:Ndim)=0;
Rb(i,:)=b0;
b1=M*b0;
prostar=exp(D-b1l)./(1+exp(D-bl));
Sample theta:
for i0=1:Ndim
muability(:,i0)=sum(betal(:,:,i0).%x,2);
end
sigmaability=sigmaO;
for i0=1:Ndim
indicO0=indic~=i0;
2z3(:,:,10)=(1./a1(:,:,i0)) .*(log(lambdal./(1-lambda0))
+b1 sum(al(:,:,indic0).*thetal(:,:,indic0),3));
z4(:,:,10)=(1./a1(:,:,i0)) .*(Llog((1-psi0) ./psi0)
+bl-sum(ai(:,:,indic0) .*thetal(:,:,indic0),3));
thetaleft=max(z3(:,:,i0),[]1,2);
thetaright=min(z4(:,:,i0),[],2);
sl=sigmal(indic==10,indic==i0);
s2=sigmal(indic”=i0,indic==10);
s3=sigmal(indic~=i0,indic”=i0);
s4=s1-s52’*s3" (-1)*s2;
u3=unifrnd(0,1,m,1);
y3=normcdf (thetaleft,muability(:,i0),s4)
+(normcdf (thetaright ,muability(:,i0),s4)
-normcdf (thetaleft,muability(:,10),s4)) .*u3;
¥3(y3>0.9999)=0.9999;
¥3(y3<0.0001)=0.0001;
thetaO=norminv(y3,muability(:,i0),s4);

thetaO(theta0>=4)=4;
thetal(thetaO<=-4)=-4;
thetaO(:,i0)=thetal;
Rtheta(:,i0,i)=theta0(:,i0);
thetal(:,:,i0)=theta0(:,1i0)*N;
end
D=sum(al.*thetal,3);
prostar=exp(D-b1)./(1+exp(D-b1));

Sample a:

for i0=1:Ndim
indicO=indic~=i0;

z5=(1./thetal(:,:,10)).*(log(lambda0./(1-1lambda0))

+bl-sum(al(:,:,indic0) .*thetal(:,:,indic0),3));
z6=(1./thetal(:,:,i0)).*(log((1-psi0)./psi0)
+bil-sum(al(:,:,indic0) .*thetal(:,:,indic0),3));
indic21=thetal(:,:,i0)>0;
F1=z5.*indic21;
F1(F1==0)=NaN;
aleftl=max(F1);
indic22=thetal(:,:,i0)<0;
F2=z6.*indic22;
F2(F2==0)=NaN;
aleft2=max(F2);
aleft=max(aleftl,aleft2);
F3=z5.*indic22;
F3(F3==0)=NaN;
arightl=min(F3);
F4=2z6.%indic21;
F4 (F4==0)=NaN;
aright2=min(F4) ;
aright=min(arightl,aright2);
u2=unifrnd(0,1,1,n);
y2=normcdf (aleft,0,1)
+(normcdf (aright,0,1) -normcdf (aleft,0,1)) .*u2;
y2(y2>0.9999)=0.9999;
y2(y2<0.0001)=0.0001;
a0(i0, :)=norminv(y2,0,1);
a0(1:Ndim,1:Ndim)=eye (Ndim) ;
Ra(i0,:,i)=a0(i0,:);
al(:,:,i0)=M*a0(i0,:);
end
D=sum(al.*thetal,3);
prostar=exp(D-b1)./(1+exp(D-b1));
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