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Analysis of longitudinal data under nonignorable
nonmonotone nonresponse
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∗
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We consider identification and estimation in a longitudi-
nal study with nonignorable nonmonotone nonresponse in
responses. To handle the identifiability issue, we use a base-
line covariates named as nonresponse instrument that can
be excluded from the nonresponse propensity conditional on
other observed covariates and the variables subject to non-
response. The generalized method of moments is applied
to estimate the parameters in the nonresponse propensity.
Marginal response means and the parameters defined via
regression models between responses and baseline covari-
ates can be estimated by inverse probability weighting us-
ing the estimated propensity. Alternatively, we derive an
augmented inverse probability weighting estimator and ap-
ply the importance sampling technique for its computation.
Consistency and asymptotic normality of the proposed es-
timators are established under possibly misspecified mod-
els. Simulations are performed to evaluate the finite sample
performance of the estimators. Also, a real data example is
presented to demonstrate the proposed methodology.
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1. INTRODUCTION

In survey sampling, social science, epidemiology studies
and many other statistical problems, data are often collected
from every sampled subject at multiple time points, which
are referred to as longitudinal data. Missing data are often
encountered in longitudinal studies, due to drop-out, mist-
imed measurements, subjects being too sick to visit the clinic
(Ibrahim and Molenberghs, 2009). Missingness is ignorable
or at random if the missing data mechanism/propensity de-
pends on observed data only (Little and Rubin, 2002), and
is monotone if a datum is missing at time t implies that
all data at time s > t are missing. When missing data are
ignorable and/or monotone, Laird (1988) and Little (1995)
present some well-established methods. In practice, however,
missing data are often nonignorable and nonmonotone, i.e.,
the propensity depends on missing values and subjects move
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in and out of the study as time progresses, which presents
great challenges for statistical analysis. Although some ef-
fort has been devoted to handle nonignorable nonmonotone
nonresponse (see, e.g., Troxel et al., 1998; Vansteelandt et
al., 2007; Xu et al., 2008; Shao et al., 2012), there is no gen-
eral well-established method and the research on this topic
is far from complete. The major issue is that the propensity
is not identifiable due to nonignorable nonresponse and is
very complicated due to nonmonotone nonresponse (Robins
and Ritov, 1997; Scharfstein et al., 1999). Assumptions must
be imposed to propensity in order to derive useful results,
but these assumptions are difficult or impossible to verify.

Vansteelandt et al. (2007) proposed a class of occasion-
specific tilted models for nonresponse propensity, but they
assumed that the part in propensity causing nonignorable
nonresponse is known to avoid the identifiability issue. A
sensitivity analysis was proposed to deal with the situation
where one does not know that information, but sensitivity
analysis is ad hoc and has limited application scope.

Different from the sensitivity analysis in Vansteelandt
et al. (2007), we propose to estimate the unknown nonig-
norable nonresponse propensity by imposing a parametric
model on the propensity that does not involve a baseline
covariate used to identify the parameters in the propensity
model. Using a covariate not involved in the propensity to
deal with the identifiability issue has been studied in Wang
et al. (2014) and Shao and Wang (2016) and such a co-
variate is called nonresponse instrument. Details are given
in Section 2, where we apply the generalized method of mo-
ments (GMM, Hansen, 1982) to estimate the propensity and
establish the consistency and asymptotic normality of the
estimators.

Our second achievement is to derive three consistent and
asymptotically normal estimators of marginal means of the
responses or parameters in a regression between the re-
sponses and baseline covariates in the longitudinal study.
The main technique we use is the inverse probability weight-
ing (IPW, Robins et al., 1994). Alternatively, we construct
augmented IPW (AIPW) estimators by making use of an
identity relating the conditional density for nonrespondents
and the quantities that are functions of observed data. The
AIPW estimators are model-assisted estimators in the sense
that they are efficient when the working model used to form
augmented data is correct, but they are still consistent and
asymptotically normal when the working model is misspec-
ified. Details are given in Sections 3 and 4.
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In addition, we consider in Section 5 an algorithm for the
computation of the AIPW estimators using the importance
sampling technique.

Simulation studies and a data example for illustration are
presented in Section 6. Section 7 concludes with a discussion.
Technical details are given in the Appendix.

2. IDENTIFICATION AND ESTIMATION OF
PROPENSITY

Consider a longitudinal study with a unit having time-
dependent response Yt and covariate vector Vt at time
t = 0, 1, ..., T . At the baseline t = 0, S0 = (Y0, V0) together
with an additional time-independent covariate vector X are
observed. When t ≥ 1, Yt may be missing although Vt is ob-
served. Let δt be the response indicator that equals 1 if Yt is
observed and equals 0 otherwise. We consider nonmonotone
nonresponse so that δt = 0 does not imply that δt+1 = 0.
For the nonresponse propensity, we assume that X can be
decomposed as X = (U,Z), where U is continuous but Z
can be any kind, such that for t = 1, ..., T ,

Pr(δt = 1|δ−t, Y, V,X)

= Pr(δt = 1|S0, δ1S1, ..., δt−1St−1, St, U)(1)

= πt(
−⇀
S t−1, St, α

0
t ),

where δ−t = (δ1, ..., δt−1, δt+1, ..., δT ), Y = (Y0, Y1, ..., YT ),

V = (V0, V1, ..., VT ),
−⇀
S t−1 = (U, S0, δ1S1, ..., δt−1St−1) is

the observed history of Sj , j < t, including the baseline co-
variate U , πt is a known function, and α0

t is an unknown pa-
rameter vector. The first equation in assumption (1) means
that the nonresponse of components of St does not depend
on future values but depends on St so that nonresponse is

nonignorable; given St,
−⇀
S t−1, and the baseline covariate U ,

the baseline covariate Z can be excluded from the nonre-
sponse propensity, which is used to create more estimation
equations for estimating the propensity and ensures that the
propensity is identifiable. Such a Z is referred to as a non-
response instrument (Wang et al., 2014). The second equa-
tion in assumption (1) imposes a parametric model on the
propensity.

To estimate the propensity, we consider an independent
and identically distributed sample of n units. For each i =

1, ..., n, values of U , Z, St, δt, and
−⇀
S t previously described

are denoted by Ui, Zi, Sit, δit, and
−⇀
S it, respectively.

First, we consider a continuous r-dimensional Z. Define
estimating functions

(2) gt(Y, V,X, δ, αt) =
−⇀
ξ t

{ δt

πt(
−⇀
S t−1, St, αt)

− 1
}
,

where δ = (δ1, ..., δT ) and
−⇀
ξ t is a known vector-valued func-

tion of Z and
−⇀
S t−1 with dimension K ≥ the dimension of

αt. Throughout the paper we denote En(Y) = n−1
∑n

i=1 Yi

for any random element Y. If α0
t is the true parameter value,

Gt(α
0
t ) = E{gt(Y, V,X, δ, α0

t )} = 0. Then, when K = the di-
mension of αt, we estimate α0

t by solving the sample equa-
tions En{gt(Y, V,X, δ, αt)} = 0. When K > the dimension
of αt, the estimating equations are over-identified and we ap-
ply the generalized method of moments (GMM) approach
as follows. Let Gnt(αt) = En{gt(Y, V,X, δ, αt)},

α̃t = argmin
αt

Gnt(αt)
�Gnt(αt)

be the first-step GMM estimator, where a� is the transpose
of a. Let Ŵnt = En{gt(Y, V,X, δ, α̃t)gt(Y, V,X, δ, α̃t)

�} and
the second-step GMM estimator of α0

t is

(3) α̂t = argmin
αt

Gnt(αt)
�Ŵ−1

nt Gnt(αt).

Note that (2) is for αt at time t only, although data at t =
0, 1, ..., t are used. We may construct estimating equations
for (α�

1 , ..., α
�
t )

�, but the dimension of (α�
1 , ..., α

�
t )

� may
be too large to numerically handle.

Consider in general Z = (Zc, Zd), where Zc is a con-
tinuous r-dimensional covariate vector and Zd is a discrete
covariate taking values 1, ..., J . Then, the GMM estima-
tion of the propensity is based on estimating equations:
E{gt(Y, V,X, δ, α0

t )} = 0, where gt(Y, V,X, δ, αt) is defined

the same as that in (2) with
−⇀
ξ t being a function of ζ, Zc,

and
−⇀
S t−1, ζ is the J-dimensional vector whose lth compo-

nent is I(Zd = l), and I(·) is the indicator function.

Throughout this paper, expectations (i.e., notation E)
are taken in respect to the true distribution. For nota-
tional simplicity, let gt(αt) = gt(Y, V,X, δ, αt) and πt(αt) =

πt(
−⇀
S t−1, St, αt) for t = 1, ..., T . For any matrix A, let

‖A‖ =
√

trace(A�A) and A⊗2 = AA�. Let
L→ denote con-

vergence in distribution and C denote a generic positive
constant which may vary depending on the context. The
following theorem presents some asymptotic properties of
the GMM estimator α̂t for every t. A sketch of the proof is
in the Appendix.

Theorem 2.1. Assume the following regularity conditions
hold:

C1. (a) The parameter space for αt, A, is a compact set
and α∗

t ∈ A is the unique solution to Gt(αt) = 0; (b)
supαt

‖Gt(αt)‖ < ∞; (c) uniformly for all αt ∈ A, the

matric Γt(αt) = −E{−⇀ξ tπt(α
0
t )[πt(αt)

−1 − 1]Ξ(αt)
�}

is of full rank, where and Ξ(αt) = ∂logit{πt(αt)}/∂αt

with logit(u) = log{u/(1 − u)}; (d) The matrix
Wt(αt) = E{gt(αt)

⊗2} is positive definite.
C2. (a) The propensity model πt(αt) is twice differentiable

with respect to αt; (b) πt(α
0
t ) ≥ C > 0 for all i =

1, ..., n, and t = 1, ..., T ; (c) ∂πt(αt)/∂αt is uniformly
bounded.
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Then, as n → ∞,

n1/2(α̂t − α∗
t )

L→ N(0,Σ∗
t ),

where Σ∗
t = {Γ∗�

t W ∗−1
t Γ∗

t }−1 with Γ∗
t = Γt(α

∗
t ) and W ∗

t =
Wt(α

∗
t ).

In Theorem 2.1, large sample properties of the two-step
GMM estimator α̂t are established for the case where the
propensity model (1) may be misspecified so that α∗

t may
not be the same as α0

t . In the presence of misspecifica-
tion, the proposed GMM procedure consistently estimates
α∗
t minimizing the population version of the empirical GMM

discrepancy. If the propensity model (1) is correctly speci-
fied, then α̂t is consistent for the true parameter vector α0

t ,
which is summarized in the following corollary.

Corollary 2.1. Assume that the regularity conditions C1
and C2 given in Theorem 2.1 hold, and the propensity model
(1) is correctly specified. Then, as n → ∞,

n1/2(α̂t − α0
t )

L→ N(0,Σt),

where Σt = {Γ�
t W

−1
t Γt}−1 with Γt = Γt(α

0
t ) and Wt =

Wt(α
0
t ).

3. ESTIMATION OF RESPONSE MEANS

Once a consistent estimator α̂t of α0
t is obtained, we

can make inference on the marginal distribution of Yt or
the conditional distribution of Yt given X. In this section
we consider the estimation of response means μ0

t = E(Yt),
t = 1, ..., T . For a fixed t, μ0

t can be estimated by inverse
probability weighting (IPW), i.e.,

μ̂ipw1
t = En

{ δtYt

πt(α̂t)

}
,(4)

μ̂ipw2
t = En

{ δtYt

πt(α̂t)

}/
En

{ δt
πt(α̂t)

}
,

where πt(α̂t) = πt(
−⇀
S t−1, St, α̂t). Since estimators μ̂ipw1

t and

μ̂ipw2
t are constructed based on complete observations only,

their estimation efficiency might be improved by imputa-
tion. To proceed, we first consider an artificial situation
where

(5) m0t(
−⇀
S t−1) = E[Yt|

−⇀
S t−1, δt = 0], t = 1, ..., T,

are observed statistics. An augmented inverse probability
weighting (AIPW) estimator is

(6) μ̂aipw
t = En

{ δtYt

πt(α̂t)
− δt − πt(α̂t)

πt(α̂t)
m0t(

−⇀
S t−1)

}
.

The second term on the right-hand side of (6) is used for

a possible efficiency improvement over μ̂ipw1
t . In real appli-

cations, however, m0t(
−⇀
S t−1) in (5) is unknown and has to

be estimated. Under assumption (1), after some algebraic
manipulations, we obtain that

Pr(St ∈ B|−⇀S t−1, δt = 0)

Pr(St ∈ B|−⇀S t−1, δt = 1)

=
Pr(δt = 0|St ∈ B,

−⇀
S t−1)/Pr(δt = 1|St ∈ B,

−⇀
S t−1)

Pr(δt = 0|−⇀S t−1)/Pr(δt = 1|−⇀S t−1)
,(7)

for each t and any Borel set B, and

E{δtOt(
−⇀
S t−1, St, α

0
t )|

−⇀
S t−1} = Pr(δt = 0|−⇀S t−1),

where Ot(
−⇀
S t−1, St, α

0
t ) = {πt(

−⇀
S t−1, St, α

0
t )}−1 − 1 denotes

the conditional odds of nonresponse. These results imply
that

f(St|
−⇀
S t−1, δt = 0)

=
f(St|

−⇀
S t−1, δt = 1)Ot(

−⇀
S t−1, St, α

0
t )

E{Ot(
−⇀
S t−1, St, α0

t )|
−⇀
S t−1, δt = 1}

,(8)

where f(A|B) denotes the conditional density of A given
B. It follows from (8) that the joint conditional density

f(St|
−⇀
S t−1) is identifiable under assumption (1). Moreover,

(8) relates the joint conditional density f(St|
−⇀
S t−1, δt = 0)

for nonrespondents to the quantities calculated based on ob-
served data. As a result,

m0t(
−⇀
S t−1) =

∫
Ytf(St|

−⇀
S t−1, δt = 0)dSt

=

∫
YtOt(

−⇀
S t−1, St, α

0
t )f(St|

−⇀
S t−1, δt = 1)dSt∫

Ot(
−⇀
S t−1, St, α0

t )f(St|
−⇀
S t−1, δt = 1)dSt

.

Thus, in order to estimate m0t(
−⇀
S t−1), it suffices to estimate

f(St|
−⇀
S t−1, δt = 1), since πt(α

0
t ) and hence Ot(

−⇀
S t−1, St, α

0
t )

has already been estimated (Section 2). The estimation of

f(St|
−⇀
S t−1, δt = 1) can be done using observed data.

Because the estimation of m0t(
−⇀
S t−1) is for the purpose

of improving efficiency, and because the AIPW estimator
μ̂aipw
t in (6) is a model-assisted estimator in the sense that as

long as the propensity estimator πt(α̂t) is consistent, μ̂
aipw
t

is consistent regardless of whether m0t(
−⇀
S t−1) is consistent

or not, we propose to apply a parametric method, i.e., we

consider a working parametric model f(St|
−⇀
S t−1, δt = 1) =

ft(St|
−⇀
S t−1, γ

0
t ), where ft is a known function and γ0

t is an
unknown st-dimensional parameter, and estimate γ0

t by the
maximum likelihood estimator γ̂t based on observed data,
which is a solution of

(9) En

{
δt∂ log ft(St|

−⇀
S t−1, γt)/∂γt

}
= 0.

Then, m0t(
−⇀
S t−1) can be estimated as

m̂0t(α̂t, γ̂t)

=

∫
YtOt(

−⇀
S t−1, St, α̂t)ft(St|

−⇀
S t−1, γ̂t)dSt∫

Ot(
−⇀
S t−1, St, α̂t)ft(St|

−⇀
S t−1, γ̂t)dSt

.(10)
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Our proposed AIPW estimator μ̂aipw
t is given by equation

(6) with m0t(
−⇀
S t−1) replaced by its estimator m̂0t(α̂t, γ̂t).

The following proposition presents some asymptotic
properties of γ̂t defined by (9) for the case where the working

model ft(St|
−⇀
S t−1, γ

0
t ) may be misspecified.

Proposition 3.1. Assume the following regularity condi-
tions:

C3. (a) The parameter space for γ0
t , Υt, is a compact set;

(b) E{log f(St|
−⇀
S t−1, δt = 1)} exists, t = 1, ..., T ;

(c) the Kullback-Leibler Information Criterion defined

as E
{
log

[
f(St|

−⇀
S t−1, δt = 1)/ft(St|

−⇀
S t−1, γt)

]}
has a

unique minimum at γ∗
t ∈ Υt.

C4. (a) The assumed parametric model ft(St|
−⇀
S t−1, γt)

satisfies the regularity conditions of maximum likeli-
hood estimation of misspecified models, see conditions
A1–A6 in White (1982); (b) uniformly for all γt ∈ Υt,

the matrix At(γt) = E{∂2 log ft(St|
−⇀
S t−1, γt)/∂γt∂γ

�
t }

is of full rank; (c) the matrix Bt(γ
∗
t ) =

E{[∂ log ft(St|
−⇀
S t−1, γ

∗
t )/∂γt]

⊗2} is nonsingular.

Then, as n → ∞,

n1/2(γ̂t − γ∗
t )

L→ N(0, ω−1
t C(γ∗

t )),

where C(γt) = At(γt)
−1Bt(γt)At(γt)

−1 and ωt = Pr(δt = 1).

Let Δ1t = E{Yt[1 − πt(α
0
t )]Ξ(α

0
t )}, Δ2t = E{(Yt −

μ0
t )[1 − πt(α

0
t )]Ξ(α

0
t )}, ηt(α

0
t ) = [δt − πt(α

0
t )]Ξ(α

0
t ),

Λt = (Γ�
t W

−1
t Γt)

−1Γ�
t W

−1
t , Φt = Cov[δtπt(α

0
t )

−1{Yt −
m0t(α

0
t , γ

∗
t )}, ηt(α0

t )],

Ht(αt, γt) =
δtYt

πt(αt)
− δt − πt(αt)

πt(αt)
m0t(αt, γt),(11)

where m0t(αt, γt) is given by (10) with α̂t and γ̂t replaced
by αt and γt, respectively. The following theorem presents
some asymptotic properties of the proposed IPW estimators
μ̂ipw1
t and μ̂ipw2

t and AIPW estimator μ̂aipw
t . A sketch of the

proof is given in the Appendix.

Theorem 3.1. Assume that the regularity conditions C1
and C2 given in Theorem 2.1 hold, and the propensity model
(1) is correct. As n → ∞,
(i) for κ = 1, 2,

n1/2(μ̂ipwκ
t − μ0

t )
L→ N(0, Vκt),

where V1t = Var{δtYtπt(α
0
t )

−1 + Δ�
1tΛtgt(α

0
t )} and V2t =

Var{δtπt(α
0
t )

−1(Yt − μ0
t ) + Δ�

2tΛtgt(α
0
t )};

(ii)

n1/2(μ̂aipw
t − μ0

t )
L→ N(0, V3t),

where V3t = Var{Ht(α
0
t , γ

∗
t ) + Φ�

t Λtgt(α
0
t )}.

The second part of Theorem 3.1 shows that the proposed
AIPW estimator μ̂aipw

t is consistent and asymptotically nor-

mal even if model ft(St|
−⇀
S t−1, γ

0
t ) is misspecified. This is

important in our problem because it is difficult to impose

an exactly correct model for f(St|
−⇀
S t−1, δt = 1) due to the

fact that data are longitudinal with nonignorable nonmono-
tone nonresponse. Furthermore, the result indicates that
the asymptotic distribution of μ̂aipw

t does not depend on
the efficiency of γ̂t. Simulation results in Section 6 show
that μ̂aipw

t improves the IPW estimators when the model

ft(St|
−⇀
S t−1, γ

0
t ) is nearly but not exactly correct.

4. ESTIMATION OF REGRESSION MODELS

We now consider the estimation of a parameter vector β0

defined via T regression models between Yt and the baseline
covariate vector X:

(12) E(Yt|X) = Gt(X;β0), t = 1, ..., T,

where Gt(X;β0) is a known continuously differentiable func-
tion and β0 is an unknown p-dimensional parameter vector.
Without missing data, suppose that β0 is estimated by solv-
ing E{Dt(X,β0)[Yt − Gt(X;β0)]} = 0, where Dt(X,β) is a
vector function with the same dimension as β0. We assume
that the nonresponse propensity model is of the same form
as in (1), even though the regression models (12) are de-
fined without involving time-dependent variables Vt. Here
Vt can be treated as additional auxiliary variables. With the
nonresponse and propensity assumption (1), the estimating
equation becomes

E
{δtDt(X,β0)[Yt − Gt(X;β0)]

πt(α0
t )

}
= 0.

Thus, with α0
t estimated by α̂t in Section 2, a consistent

IPW estimator β̂ipw of β0 can be obtained by solving

(13) ÛI(β, α̂t) =

T∑
t=1

En

{δtDt(X,β)[Yt − Gt(X;β)]

πt(α̂t)

}
= 0.

The following theorem presents large sample properties of
the IPW estimator β̂ipw for the case that either the propen-
sity model (1) or the marginal regression model (12) is
misspecified. A sketched proof is in the Appendix. Define
Dt(β) = ∂Dt(X,β)/∂β�,

UI(β, αt) =E{
T∑

t=1

δtπt(αt)
−1Dt(X,β)[Yt − Gt(X;β)]},

J1(β, αt) =E
{ T∑

t=1

π(α0
t )π(αt)

−1Dt(X,β)[Yt − Gt(X;β)]
}
,

J2(β, αt) =E
{ T∑

t=1

π(α0
t )π(αt)

−1Dt(X,β)Dt(X,β)�
}
,

J3(β, αt) =E
{ T∑

t=1

πt(α
0
t )[πt(αt)

−1 − 1]Dt(X,β)

× [Yt − Gt(X;β)]Ξ(αt)
�}

.
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Theorem 4.1. Assume the regularity conditions in Theo-
rem 2.1 and the following regularity condition holds:

C5. (a) The parameter space for β0, B, is a com-
pact set and β∗

I ∈ B is the unique solution to
UI(β, α

∗
t ) = 0; (b) supβ∈B ‖Gt(X;β)‖ < ∞; (c) uni-

formly for all αt ∈ A and β ∈ B, the matri-
ces J2(β, αt) and J1(β, αt) − J2(β, αt) are of full

rank; (d) V ∗
I = Var{

∑T
t=1 δt[πt(α

∗
t )

−1Dt(X,β∗
I )[Yt −

Gt(X;β∗
I )] + J ∗

3 Λ
∗
t gt(α

∗
t )]} is nonsingular, where Λ∗

t =
[Γ∗�

t W ∗−1
t Γt]

∗−1Γ∗�
t W ∗−1

t , J ∗
1 = J1(β

∗
I , α

∗
t ), J ∗

2 =
J2(β

∗
I , α

∗
t ), and J ∗

3 = J3(β
∗
I , α

∗
t ).

Then, as n → ∞,

n1/2(β̂ipw − β∗
I )

L→ N(0,Σ∗
I ),

where Σ∗
I = (J ∗

1 − J ∗
2 )

−1V ∗
I (J ∗

1 − J ∗
2 )

−1.

It follows from Theorem 4.1 that the proposed IPW es-
timator is a consistent and asymptotically normal estima-
tor of the pseudo-true value β∗

I , which is the solution to the
population version of the empirical IPW discrepancy. If both
the propensity model and the marginal regression model are
correctly specified, we have the following corollary.

Corollary 4.1. Assume the conditions in Theorem 4.1 and
that both (1) and (12) are correct. Then, as n → ∞,

n1/2(β̂ipw − β0)
L→ N(0,ΣI),

where VI = Var{
∑T

t=1[δtπt(α
0
t )

−1Dt(X,β0)[Yt − Gt(X;β0)]
+ J3Λtgt(α

0
t )]}, J2 = J2(β

0, α0
t ), J3 = J3(β

0, α0
t ), ΣI =

J−1
2 VIJ−1

2 .

To improve the efficiency and obtain a model-assisted es-
timator of β0, we follow the idea in Section 3 and construct
an AIPW estimator β̂aipw of β0 by solving the following
augmented estimating equations:

ÛA(β, α̂t, γ̂t)

=

T∑
t=1

En{Dt(X,β)[Ht(α̂t, γ̂t)− Gt(X;β)]} = 0.(14)

Define

UA(β, αt, γt) =E
{ T∑

t=1

Dt(X,β)[Ht(αt, γt)− Gt(X;β)]
}
,

I1(β, αt, γt) =E
{ T∑

t=1

Dt(X,β∗
I )[Ht(αt, γt)− Gt(X;β)]

}
,

I2(β, αt, γt) =E
{ T∑

t=1

πt(α
0
t )[πt(αt)

−1 − 1]Dt(X,β)

× {Yt −m0t(αt, γt)}Ξ(αt)
�

}
,

I3(β, αt, γt) =E
{ T∑

t=1

Dt(X,β)[1− δtπt(αt)
−1]

× ∂m0t(αt, γt)

∂α�
t

}
,

I4(β, αt, γt) =E
{ T∑

t=1

Dt(X,β)[1− δtπt(αt)
−1]

× ∂m0t(αt, γt)

∂γ�
t

}
.

We now establish the asymptotic normality of the proposed
AIPW estimator β̂aipw. The proof of the following theorem
is in the Appendix.

Theorem 4.2. Assume the regularity conditions in Theo-
rem 2.1 and the following regularity condition:

C6. (a) β∗
A ∈ B is the unique solution to UA(β, α

∗
t , γ

∗
t ) = 0;

(b) uniformly for all αt ∈ A, β ∈ B and γt ∈ Υt,
the matrix I1(β, αt, γt) − J2(β, αt) is of full rank;

(c) the matrix V ∗
A = Var{

∑T
t=1[ϕ

∗
1t + ϕ∗

2t + ϕ∗
3t]}

is nonsingular, where ϕ∗
1t = Dt(X,β∗

A)[Ht(α
∗
t , γ

∗
t ) −

Gt(X;β∗
A)], ϕ∗

2t = (I∗
2 − I∗

3 )Λ
∗
t gt(α

∗
t ), ϕ∗

3t =

−I∗
4{ω0At(γ

∗
t )}−1δt∂ log ft(St|

−⇀
S t−1, γ

∗
t )/∂γt, I∗

1 =
I1(β∗

A, α
∗
t , γ

∗
t ), I∗

2 = I2(β∗
A, α

∗
t , γ

∗
t ), J ∗

2 = J2(β
∗
A, α

0
t ),

I∗
3 = I3(β∗

A, α
∗
t , γ

∗
t ), and I∗

4 = I4(β∗
A, α

∗
t , γ

∗
t ).

Then, as n → ∞,

n1/2(β̂aipw − β∗
A)

L→ N(0,Σ∗
A),

where Σ∗
A = (I∗

1 − J ∗
2 )

−1V ∗
A (I∗

1 − J ∗
2 )

−1.

In Theorem 4.2, large sample properties of the AIPW es-
timator β̂aipw are established for the case where models may
be misspecified. The pseudo-true value β∗

A is the solution to
the population version of the empirical AIPW discrepancy.
If models are correctly specified, we have the following corol-
lary.

Corollary 4.2. Assume that the regularity conditions in
Theorem 4.2 hold, and all the models used are correctly spec-
ified. Then, as n → ∞,

n1/2(β̂aipw − β0)
L→ N(0,ΣA),

where ΣA = J−1
2 VAJ−1

2 , VA = Var{
∑T

t=1[ϕ1t+ϕ2t]}, ϕ1t =
Dt(X,β0)[Ht(α

0
t , γ

0
t ) − Gt(X;β0)], ϕ2t = I2Λtgt(α

0
t ), I2 =

I2(β0, α0
t , γ

0
t ).

In conclusion, as long as the propensity model (1) and
the regression model (12) are correct, the AIPW estimator

β̂aipw is consistent. It can improve the IPW estimator if the
working model is nearly correct.

5. COMPUTATION

It is easy to apply some numerical optimization methods
to compute the proposed two-step GMM estimator α̂t of α

0
t .
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Once α̂t is obtained, the computation of the proposed IPW
estimators μ̂ipw1

t , μ̂ipw2
t and β̂ipw is not a difficult task. For

the AIPW estimators μ̂aipw
t and β̂aipw, we need compute the

conditional expectation m0t(α̂t, γ̂t) in (10), which involves
intractable integration and can be computationally challeng-
ing. Here, we focus on the calculation of β̂aipw, whereas the
discussion for μ̂aipw

t is similar.
Following Riddles et al. (2016), we employ the idea of

importance sampling to approximate m̂0t(α̂t, γ̂t) for subject
i by

m̂0t(α̂t, γ̂t) =
∑

j:δjt=1

Wijt(α̂t, γ̂t)Yjt,(15)

where

Wijt(αt, γt)

=
Ot(

−⇀
S i(t−1), Sjt, α̂t)fijt(γ̂t)/f̂t(Sjt)∑

k:δkt=1

Ot(
−⇀
S i(t−1), Sjt, α̂t)fikt(γ̂t)/f̂t(Skt)

,(16)

fijt(γ̂t) = ft(Sjt|
−⇀
S i(t−1), γ̂t), f̂t(Sjt) = n−1

1t

∑
i:δit=1 fijt(γ̂t)

is a consistent estimator of the marginal density ft(St) =
f(St|δt = 1) using the respondents evaluated at Yt = Yjt and
Vt = Vjt, and n1t =

∑n
i=1 δit. Therefore, the computation

of β̂aipw has the following four steps:

(i) Applying a numerical optimization method to compute
the two-step GMM estimator α̂t by numerically min-
imizing the criterion function given in (3) defined in
Section 2.

(ii) Specify a working parametric model ft(St|
−⇀
S t−1, γt)

for the conditional density f(St|
−⇀
S t−1, δt = 1). Using

the completely observed data, obtain γ̂t by maximizing∏
δit=1 ft(Sit|

−⇀
S i(t−1), γt) over γt.

(iii) Plugging α̂t and γ̂t in (16) to compute the weight
Wijt(α̂t, γ̂t) and then construct the augmented data

Ĥit(α̂t, γ̂t)

=
δtYit

πit(α̂t)
− δt − πit(α̂t)

πit(α̂t)

∑
j:δjt=1

Wijt(α̂t, γ̂t)Yjt,

for i = 1, ..., n and t = 1, ..., T . Here πit(α̂t) =

π(
−⇀
S i(t−1), Sit, α̂t).

(iv) Compute β̂aipw by solving the augmented equation

T∑
t=1

En{Dt(X,β)[Ĥt(α̂t, γ̂t)− Gt(X;β)]} = 0.

In Step (iii) introduced above, the conditional expecta-
tion m̂0t(α̂t, γ̂t) is estimated based on the weighted empir-
ical distribution, and the weights Wijt(α̂t, γ̂t) in (16) can
be viewed as the fractional weights assigned to the imputed
values. Such a computational technique is very attractive

because it does not introduce additional variability due to
Monte Carlo approximation. See Kim (2011) for detailed
discussion on parametric fractional imputation for missing
data analysis. Our empirical studies in Section 6 suggest
that the results based on approximation (15) are less sensi-
tive to the choice of the parametric model for the conditional
distribution for respondents.

6. SIMULATION STUDIES AND DATA
ANALYSIS

In this section, we conduct two simulation studies and a
real data analysis to examine the finite-sample performances
of the proposed estimators of unconditional response means,
μt, t = 1, ..., T , and regression parameter β. In simulations,
we obtain the simulated absolute bias (AB) and standard
deviation (SD) of estimators of μt and β, the standard error
(SE) obtained by the bootstrap with replication size 100,
and the coverage probability (CP) of the confidence intervals
at the nominal level 95% based on asymptotic normality
and bootstrap SE. All results are based on 1,000 simulation
replications and the sample sizes n = 200 and 500.

6.1 Simulation 1: response means

We consider the case where there is no time-dependent
covariate V (St = Yt) and X = Z (U = 0). For t = 1, ..., 4,
we consider that Yit’s, i = 1, ..., n, are independently gen-
erated from one linear regression model and one nonlinear
regression model described as follows:

A1. Yi1 = 1 + Yi0 + Zi + εi1, Yi2 = Zi + Yi0 + Yi1 + εi2,
Yi3 = Zi + Yi0 + Yi2 + εi3, Yi4 = Zi + Yi0 + Yi3 + εi4;

A2. Yi1 = Yi0+Z2
i +εi1, Yi2 = 1+2Yi0+Z2

i +Zi exp(−Y 2
i1)+

εi2, Yi3 = 2+3Yi0 +Z2
i +2Yi1 exp(−Y 2

i2/2)+ εi3, Yi4 =
3 + 4Yi0 + Z2

i + 4Yi2 exp(−Y 2
i3/4) + εi4,

where Yi0 ∼ N(0, 1), Zi ∼ N(1, 2), εi1, εi2, εi3, and εi4 are
independently generated from N(0, 1), and Yi0, Zi and εit’s
are independent. We also consider a multivariate standard
normal vector Zi = (Zi1, Zi2, Zi3)

� and replace Zi in A1 by
(Zi1 + Zi2 + Zi3)/3.

We generate δit independently from the Bernoulli distri-
bution with πt under assumption (1), and we consider four
choices of πt:

M1. πt = {1+ exp[α0t +α1tY0 + I(t > 1)(α2tδt−1Yt−1)]}−1;
M2. πt = {1 + exp{α0t + α1tY0 + I(t > 1)(α2tδt−1Yt−1) +

α3tYt]}−1;
M3. πt = {1 + exp{α0t + α1tY0 + I(t > 1)(α2tδt−1Y

2
t−1) +

α3tYt]}−1;
M4. πt = 1−Φ{α0t+α1tY0+I(t > 1)(α2tδt−1Yt−1)+α3tYt};
where α1t = −0.6, α2t = −0.3, α3t = 0.1 in scenarios A1,
α1t = −0.6, α2t = 0.1, α3t = −0.1 in scenarios A2, and
α01 = −1, α02 = −0.6, α03 = −0.4, α04 = −0.2, Φ(·) is
the standard normal distribution function. While M1 is an
ignorable missing data case, i.e., the propensity does not de-
pend on Yt, M2–M4 represent three different nonignorable
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missing data cases. For t = 1, ..., 4, the unconditional means
μt are 2, 3, 4, 5 in scenarios A1, and 3, 4.07, 5.08, 6.48 in
scenario A2; for A1, the unconditional missing percentages
for four time points are about 28.3%, 29.4%, 30.5%, 30.1%
in scenario M1, 32.1%, 34.5%, 37.3%, 37.7% in scenario M2,
32.1%, 26.9%, 22.6%, 18.7% in scenario M3; 23.9%, 27.5%,
31.2%, 33.0% in scenario M4; for A2, the unconditional miss-
ing percentages for four time points are about 28.3%, 41.4%,
46.0%, 52.1% in scenario M1, 24.1%, 33.9%, 36.9%, 39.8%
in scenario M2, 24.1%, 50.3%, 45.6%, 60.7% in scenario M3,
15.5%, 27.8%, 32.3%, 36.3% in scenario M4.

We study the performance of the following five estimators
of μt: the proposed estimators μ̂ipw1

t and μ̂ipw2
t defined in (4)

and μ̂aipw
t defined in (6); μ̂cc

t =
∑n

i=1 δitYit/
∑n

i=1 δit, the
sample mean of the observed Yit’s; and Ȳt =

∑n
i=1 Yit/n,

the sample mean when there is no missing data, which is
used as a standard.

For the choice of πt in assumption (1), we do not assume
that we know exactly the form of the propensity. Instead,
we use the working propensity model

πt(αt) = {1 + exp[α0t + α1tY0

+ I(t > 1)(α2tδt−1Yt−1) + γtYt]}−1,(17)

for all scenarios M1–M4. Under M1 and M2, the working
model (17) is correct. Under M3 and M4, however, the work-
ing model (17) is misspecified so that we can see the ro-

bustness of the proposed estimators μ̂ipw1
t , μ̂ipw2

t and μ̂aipw
t

against propensity model misspecification.

Furthermore, we use the working model ft(Yt|
−⇀
S t−1, γt) ∼

N(
−⇀
S �

t−1γ
(1)
t , γ

(2)
t ), with unknown parameter vector γ�

t =

((γ
(1)
t )�, γ

(2)
t ). Note that this working model is always in-

correct.
Simulation results are presented in Tables 1-3, for model

A1, model A1 with multivariate Z, and model A2, respec-
tively. A few conclusions can be drawn from the simulation
results.

(i) Bias. The proposed estimators, μ̂ipw1
t , μ̂ipw2

t and μ̂aipw
t ,

have negligible biases in most of the cases. Among these
three estimators, μ̂aipw

t perform better than μ̂ipw1
t and

μ̂ipw2
t . On the other hand, μ̂cc

t is biased.
(ii) Standard deviation. μ̂aipw

t performs better than μ̂ipw1
t

and μ̂ipw2
t and the improvement is substantial when t =

4. The SDs of μ̂ipw1
t and μ̂ipw2

t are comparable, smaller
than the SD of μ̂cc, and become smaller when the mean
response rate or the sample size is larger.

(iii) Standard error. The bootstrap variance estimator
works well under all cases.

(iv) Coverage probability. When the working model (17)

is correct, the coverage probabilities based on μ̂ipw1
t ,

μ̂ipw2
t and μ̂aipw

t are all close to the nominal level 0.95,
and are quite comparable with the method based on
Ȳt assuming no missing data. The main price paid for
missing data is the increased standard deviation so

Table 1. Absolute bias (AB), standard deviation (SD),
standard error (SE) and coverage probability (CP) values for

simulation 1 with model A1

Method
n = 200 n = 500

t = 1 t = 2 t = 3 t = 4 t = 1 t = 2 t = 3 t = 4

scenario M1

μ̂ipw1
t AB 0.018 0.017 0.024 0.009 0.003 0.001 0.010 0.001

SD 0.153 0.279 0.402 0.525 0.098 0.182 0.264 0.365
SE 0.157 0.290 0.414 0.539 0.101 0.181 0.261 0.351
CP 0.936 0.945 0.942 0.923 0.954 0.948 0.939 0.948

μ̂ipw2
t AB 0.006 0.004 0.030 0.129 0.001 0.007 0.011 0.036

SD 0.152 0.279 0.406 0.552 0.098 0.182 0.266 0.382
SE 0.156 0.295 0.436 0.578 0.101 0.182 0.266 0.388
CP 0.937 0.948 0.953 0.946 0.956 0.951 0.938 0.958

μ̂aipw
t AB 0.004 0.004 0.012 0.016 0.002 0.006 0.009 0.013

SD 0.151 0.276 0.401 0.522 0.098 0.181 0.263 0.350
SE 0.154 0.281 0.403 0.534 0.100 0.178 0.256 0.339
CP 0.935 0.940 0.943 0.939 0.950 0.948 0.952 0.953

Ȳt AB 0.001 0.002 0.001 0.010 0.001 0.004 0.005 0.007
SD 0.139 0.261 0.384 0.507 0.092 0.173 0.256 0.338
SE 0.140 0.262 0.383 0.500 0.089 0.166 0.243 0.320
CP 0.937 0.934 0.935 0.925 0.945 0.944 0.947 0.947

μ̂cc
t AB 0.151 0.664 1.341 2.194 0.158 0.672 1.349 2.219

SD 0.164 0.300 0.433 0.536 0.106 0.194 0.284 0.361
SE 0.164 0.301 0.433 0.545 0.103 0.187 0.269 0.339
CP 0.832 0.416 0.142 0.025 0.148 0.003 0 0

scenario M2

μ̂ipw1
t AB 0.021 0.037 0.087 0.150 0.007 0.019 0.040 0.111

SD 0.161 0.304 0.445 0.607 0.101 0.177 0.261 0.377
SE 0.165 0.303 0.451 0.612 0.100 0.181 0.276 0.393
CP 0.955 0.955 0.949 0.924 0.949 0.940 0.946 0.949

μ̂ipw2
t AB 0.008 0.012 0.022 0.003 0.002 0.010 0.020 0.053

SD 0.160 0.300 0.436 0.622 0.100 0.176 0.258 0.367
SE 0.161 0.297 0.448 0.646 0.098 0.179 0.268 0.386
CP 0.948 0.954 0.948 0.946 0.948 0.941 0.951 0.951

μ̂aipw
t AB 0.002 0.001 0.001 0.001 0.001 0.005 0.001 0.014

SD 0.158 0.295 0.421 0.564 0.099 0.176 0.251 0.339
SE 0.158 0.284 0.416 0.569 0.098 0.176 0.257 0.340
CP 0.953 0.943 0.940 0.926 0.949 0.940 0.940 0.943

Ȳt AB 0.001 0.007 0.016 0.020 0.001 0.002 0.003 0.006
SD 0.147 0.271 0.397 0.516 0.091 0.167 0.242 0.318
SE 0.141 0.263 0.384 0.497 0.089 0.166 0.243 0.320
CP 0.940 0.943 0.940 0.917 0.942 0.943 0.943 0.940

μ̂cc
t AB 0.062 0.373 0.808 1.582 0.060 0.364 0.816 1.540

SD 0.178 0.334 0.493 0.646 0.108 0.207 0.302 0.395
SE 0.170 0.323 0.481 0.608 0.108 0.204 0.303 0.393
CP 0.936 0.785 0.585 0.299 0.896 0.557 0.274 0.026

that the confidence intervals are longer due to non-
ignorable nonmonotone missing. When the working
model (17) is incorrect, coverage probabilities based
on proposed methods are still acceptable in most
cases. The confidence interval based on μ̂cc

t does not
perform well in most of cases, because of the bias
in μ̂cc

t .
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Table 1. Continued

Method
n = 200 n = 500

t = 1 t = 2 t = 3 t = 4 t = 1 t = 2 t = 3 t = 4

scenario M3

μ̂ipw1
t AB 0.029 0.047 0.076 0.110 0.008 0.017 0.040 0.036

SD 0.156 0.280 0.410 0.534 0.101 0.179 0.266 0.354
SE 0.164 0.286 0.409 0.538 0.099 0.177 0.264 0.352
CP 0.941 0.927 0.921 0.905 0.949 0.943 0.932 0.936

μ̂ipw2
t AB 0.017 0.003 0.044 0.093 0.003 0.008 0.043 0.101

SD 0.155 0.283 0.420 0.547 0.101 0.178 0.265 0.353
SE 0.159 0.292 0.428 0.545 0.098 0.177 0.269 0.357
CP 0.940 0.929 0.937 0.882 0.954 0.947 0.940 0.935

μ̂aipw
t AB 0.012 0.018 0.021 0.040 0.002 0.002 0.005 0.008

SD 0.154 0.277 0.396 0.518 0.100 0.176 0.252 0.335
SE 0.156 0.285 0.425 0.526 0.097 0.177 0.269 0.341
CP 0.937 0.929 0.929 0.904 0.947 0.949 0.956 0.953

Ȳt AB 0.006 0.018 0.026 0.040 0.001 0.002 0.001 0.004
SD 0.140 0.260 0.382 0.504 0.091 0.171 0.247 0.326
SE 0.139 0.259 0.374 0.490 0.089 0.165 0.242 0.313
CP 0.928 0.923 0.909 0.891 0.941 0.944 0.938 0.918

μ̂cc
t AB 0.052 0.376 0.541 0.575 0.057 0.395 0.573 0.605

SD 0.163 0.311 0.448 0.577 0.108 0.196 0.285 0.368
SE 0.169 0.310 0.441 0.563 0.107 0.197 0.284 0.361
CP 0.928 0.740 0.714 0.776 0.911 0.483 0.483 0.595

scenario M4

μ̂ipw1
t AB 0.019 0.041 0.119 0.130 0.007 0.022 0.070 0.117

SD 0.153 0.297 0.461 0.547 0.095 0.179 0.286 0.471
SE 0.161 0.308 0.462 0.564 0.098 0.189 0.304 0.470
CP 0.954 0.954 0.929 0.881 0.947 0.949 0.952 0.936

μ̂ipw2
t AB 0.005 0.012 0.017 0.145 0.002 0.010 0.030 0.027

SD 0.152 0.291 0.458 0.558 0.095 0.175 0.272 0.498
SE 0.157 0.307 0.482 0.573 0.096 0.185 0.297 0.520
CP 0.948 0.959 0.943 0.890 0.953 0.947 0.956 0.936

μ̂aipw
t AB 0.002 0.006 0.047 0.070 0.001 0.006 0.030 0.053

SD 0.151 0.280 0.442 0.534 0.095 0.172 0.257 0.411
SE 0.158 0.296 0.443 0.550 0.097 0.181 0.276 0.421
CP 0.952 0.950 0.932 0.904 0.954 0.944 0.953 0.933

Ȳt AB 0.001 0.001 0.002 0.001 0.001 0.001 0.001 0.002
SD 0.137 0.259 0.382 0.510 0.087 0.164 0.244 0.324
SE 0.140 0.261 0.374 0.470 0.089 0.166 0.243 0.313
CP 0.944 0.949 0.926 0.870 0.942 0.947 0.937 0.915

μ̂cc
t AB 0.070 0.466 1.021 1.763 0.077 0.478 1.033 1.797

SD 0.158 0.305 0.467 0.568 0.100 0.192 0.010 0.375
SE 0.160 0.300 0.434 0.547 0.102 0.192 0.284 0.366
CP 0.923 0.666 0.368 0.160 0.878 0.312 0.060 0.004

6.2 Simulation 2: marginal regression

We consider that

Yit = β1t+ β2Yi0 + β3(tZi) + εit, t = 1, 2, 3, 4,

where Yi0 ∼ N(1, 1), Zi ∼ N(1, 1), εit’s are indepen-
dently generated from N(0, 1), Zi, Yi0 and εit’s are inde-
pendent. The true parameter vector β = (β1, β3, β3)

� =
(0.1, 0.1, 0.1)�.

Table 2. Absolute bias (AB), standard deviation (SD),
standard error (SE) and coverage probability (CP) values for

simulation 1 with model A1 and multivariate Z

Method
n = 200 n = 500

t = 1 t = 2 t = 3 t = 4 t = 1 t = 2 t = 3 t = 4

scenario M1

μ̂ipw1
t AB 0.042 0.064 0.094 0.112 0.023 0.031 0.048 0.065

SD 0.148 0.223 0.302 0.379 0.095 0.139 0.196 0.240
SE 0.164 0.244 0.321 0.400 0.100 0.145 0.195 0.246
CP 0.947 0.948 0.935 0.939 0.943 0.953 0.941 0.943

μ̂ipw2
t AB 0.013 0.008 0.001 0.009 0.003 0.004 0.001 0.001

SD 0.147 0.223 0.307 0.385 0.094 0.139 0.196 0.243
SE 0.163 0.243 0.326 0.415 0.098 0.143 0.194 0.246
CP 0.959 0.961 0.953 0.962 0.948 0.952 0.939 0.953

μ̂aipw
t AB 0.008 0.010 0.013 0.021 0.001 0.004 0.005 0.007

SD 0.147 0.226 0.300 0.375 0.094 0.138 0.195 0.239
SE 0.155 0.229 0.305 0.384 0.095 0.139 0.188 0.238
CP 0.953 0.954 0.947 0.954 0.944 0.952 0.939 0.943

Ȳt AB 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001
SD 0.108 0.189 0.273 0.352 0.069 0.122 0.175 0.227
SE 0.108 0.190 0.271 0.352 0.068 0.120 0.172 0.224
CP 0.945 0.947 0.945 0.948 0.942 0.947 0.947 0.946

μ̂cc
t AB 0.031 0.071 0.307 0.654 0.033 0.078 0.311 0.652

SD 0.130 0.228 0.331 0.414 0.085 0.148 0.216 0.280
SE 0.130 0.227 0.324 0.425 0.082 0.143 0.206 0.270
CP 0.935 0.928 0.829 0.669 0.917 0.901 0.674 0.340

scenario M2

μ̂ipw1
t AB 0.041 0.067 0.090 0.128 0.018 0.024 0.044 0.067

SD 0.151 0.244 0.321 0.409 0.094 0.149 0.193 0.251
SE 0.165 0.260 0.344 0.431 0.103 0.157 0.209 0.268
CP 0.954 0.945 0.946 0.929 0.962 0.962 0.954 0.951

μ̂ipw2
t AB 0.004 0.010 0.022 0.036 0.003 0.009 0.007 0.008

SD 0.155 0.243 0.321 0.429 0.095 0.148 0.194 0.257
SE 0.169 0.271 0.368 0.480 0.102 0.158 0.213 0.277
CP 0.965 0.960 0.962 0.955 0.965 0.962 0.962 0.956

μ̂aipw
t AB 0.012 0.018 0.030 0.048 0.001 0.001 0.007 0.010

SD 0.156 0.237 0.337 0.398 0.096 0.146 0.192 0.244
SE 0.161 0.247 0.328 0.410 0.100 0.151 0.200 0.253
CP 0.956 0.955 0.943 0.936 0.962 0.956 0.953 0.949

Ȳt AB 0.001 0.001 0.002 0.004 0.005 0.005 0.007 0.008
SD 0.109 0.191 0.271 0.356 0.067 0.120 0.171 0.221
SE 0.107 0.189 0.269 0.349 0.068 0.121 0.173 0.225
CP 0.945 0.938 0.939 0.930 0.950 0.946 0.948 0.952

μ̂cc
t AB 0.111 0.386 0.755 1.273 0.115 0.394 0.752 1.271

SD 0.129 0.232 0.334 0.432 0.081 0.148 0.213 0.266
SE 0.130 0.229 0.333 0.422 0.082 0.147 0.214 0.270
CP 0.864 0.607 0.373 0.170 0.721 0.239 0.062 0.001

We generate δi from the Bernoulli distribution with four
choices of πt, i.e., M1–M4, defined in Section 5.1. We con-
sider that α01 = −0.8, α02 = −0.6, α03 = −0.4, α04 = −0.2,
α1t = −0.5, α2t = 0.2, α3t = −0.5 and the unconditional
missing percentages for four time points are about 22.6%,
25.4%, 31.5%, 36.2% in scenario M1, 21.6%, 24.9%, 28.0%,
31.3% in scenario M2, 17.9%, 22.7%, 25.4%, 28.5% in sce-
nario M3; 11.8%, 15.7%, 19.5%, 23.7% in scenario M4.
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Table 2. Continued

Method
n = 200 n = 500

t = 1 t = 2 t = 3 t = 4 t = 1 t = 2 t = 3 t = 4

scenario M3

μ̂ipw1
t AB 0.020 0.024 0.066 0.121 0.003 0.007 0.033 0.064

SD 0.168 0.234 0.310 0.397 0.096 0.142 0.200 0.257
SE 0.170 0.242 0.316 0.393 0.099 0.144 0.200 0.264
CP 0.953 0.953 0.937 0.911 0.955 0.949 0.937 0.952

μ̂ipw2
t AB 0.001 0.011 0.007 0.016 0.006 0.006 0.008 0.006

SD 0.167 0.235 0.314 0.409 0.096 0.143 0.201 0.254
SE 0.170 0.246 0.332 0.422 0.099 0.145 0.201 0.270
CP 0.950 0.957 0.952 0.936 0.952 0.944 0.939 0.957

μ̂aipw
t AB 0.003 0.003 0.021 0.054 0.004 0.003 0.001 0.011

SD 0.169 0.237 0.310 0.400 0.096 0.142 0.198 0.246
SE 0.168 0.243 0.322 0.406 0.099 0.144 0.200 0.263
CP 0.950 0.953 0.946 0.919 0.955 0.952 0.945 0.961

Ȳt AB 0.002 0.002 0.004 0.008 0.001 0.001 0.001 0.001
SD 0.111 0.193 0.277 0.356 0.069 0.122 0.175 0.226
SE 0.107 0.189 0.270 0.347 0.068 0.120 0.172 0.224
CP 0.932 0.936 0.939 0.922 0.940 0.942 0.953 0.948

μ̂cc
t AB 0.109 0.445 0.721 0.871 0.111 0.451 0.724 0.879

SD 0.131 0.224 0.311 0.399 0.082 0.143 0.198 0.253
SE 0.129 0.221 0.307 0.386 0.082 0.140 0.197 0.250
CP 0.854 0.466 0.355 0.400 0.723 0.119 0.046 0.067

scenario M4

μ̂ipw1
t AB 0.014 0.024 0.059 0.106 0.006 0.006 0.044 0.079

SD 0.151 0.226 0.302 0.389 0.087 0.144 0.204 0.269
SE 0.155 0.233 0.309 0.380 0.095 0.146 0.208 0.269
CP 0.958 0.939 0.922 0.906 0.962 0.951 0.952 0.930

μ̂ipw2
t AB 0.008 0.016 0.026 0.054 0.003 0.007 -0.01 0.005

SD 0.151 0.231 0.313 0.405 0.086 0.145 0.203 0.266
SE 0.155 0.242 0.335 0.419 0.094 0.148 0.214 0.288
CP 0.959 0.944 0.949 0.920 0.961 0.951 0.960 0.953

μ̂aipw
t AB 0.001 0.006 0.025 0.053 0.001 0.004 0.007 0.028

SD 0.152 0.234 0.307 0.397 0.087 0.143 0.195 0.259
SE 0.157 0.240 0.323 0.403 0.095 0.150 0.212 0.273
CP 0.960 0.943 0.938 0.915 0.964 0.959 0.964 0.944

Ȳt AB 0.003 0.001 0.001 0.004 0.001 0.002 0.002 0.002
SD 0.109 0.191 0.273 0.355 0.068 0.122 0.174 0.224
SE 0.107 0.188 0.267 0.342 0.068 0.121 0.172 0.221
CP 0.943 0.933 0.924 0.898 0.949 0.946 0.941 0.935

μ̂cc
t AB 0.133 0.453 0.707 0.873 0.135 0.450 0.705 0.879

SD 0.123 0.211 0.301 0.392 0.077 0.134 0.189 0.242
SE 0.121 0.207 0.292 0.374 0.077 0.133 0.189 0.241
CP 0.790 0.419 0.341 0.374 0.585 0.083 0.040 0.058

We use the same working propensity model and

ft(Yt|
−⇀
S t−1, γt) as in Section 5.1, and study the perfor-

mance of the following four estimators of β: the proposed
estimators β̂ipw and β̂aipw defined in (13) and (14), re-

spectively; the least square estimator β̂ when there is no
missing data, which is defined as the root of the follow-
ing equations

∑T
t=1 En

{
Dt(X,β)[Yt − Gt(X;β)]

}
= 0; the

least square estimator β̂cc only using the observed data,
which is defined as the root of the following equations∑T

t=1 En

{
δtDt(X,β)[Yt − Gt(X;β)]

}
= 0.

Table 3. Absolute bias (AB), standard deviation (SD),
standard error (SE) and coverage probability (CP) values for

simulation 1 with model A2

Method
n = 200 n = 500

t = 1 t = 2 t = 3 t = 4 t = 1 t = 2 t = 3 t = 4

scenario M1

μ̂ipw1
t AB 0.022 0.059 0.131 0.292 0.012 0.026 0.053 0.122

SD 0.305 0.343 0.421 0.638 0.198 0.216 0.250 0.344
SE 0.307 0.386 0.469 0.734 0.192 0.225 0.262 0.404
CP 0.933 0.954 0.948 0.940 0.935 0.947 0.947 0.959

μ̂ipw2
t AB 0.005 0.034 0.074 0.171 0.006 0.016 0.030 0.077

SD 0.306 0.334 0.405 0.679 0.199 0.215 0.247 0.373
SE 0.307 0.366 0.448 0.706 0.192 0.219 0.254 0.382
CP 0.934 0.947 0.949 0.951 0.936 0.944 0.945 0.959

μ̂aipw
t AB 0.010 0.034 0.055 0.128 0.007 0.012 0.028 0.060

SD 0.311 0.337 0.429 0.636 0.200 0.222 0.268 0.329
SE 0.308 0.350 0.428 0.644 0.193 0.217 0.261 0.356
CP 0.930 0.944 0.941 0.945 0.933 0.943 0.939 0.946

Ȳt AB 0.005 0.006 0.008 0.002 0.001 0.001 0.003 0.007
SD 0.300 0.319 0.371 0.420 0.196 0.207 0.237 0.272
SE 0.297 0.317 0.366 0.419 0.189 0.202 0.233 0.266
CP 0.932 0.942 0.939 0.931 0.941 0.934 0.943 0.933

μ̂cc
t AB 0.161 0.039 0.360 0.487 0.152 0.062 0.330 0.452

SD 0.357 0.362 0.476 0.577 0.230 0.246 0.312 0.363
SE 0.348 0.369 0.474 0.559 0.222 0.235 0.301 0.358
CP 0.934 0.937 0.882 0.850 0.899 0.917 0.792 0.752

scenario M2

μ̂ipw1
t AB 0.014 0.017 0.065 0.137 0.002 0.002 0.017 0.049

SD 0.307 0.337 0.412 0.542 0.193 0.206 0.243 0.327
SE 0.303 0.333 0.429 0.564 0.190 0.207 0.249 0.328
CP 0.937 0.935 0.951 0.946 0.942 0.952 0.949 0.952

μ̂ipw2
t AB 0.001 0.006 0.015 0.043 0.005 0.007 0.001 0.019

SD 0.309 0.341 0.411 0.549 0.193 0.206 0.245 0.332
SE 0.305 0.339 0.432 0.574 0.191 0.208 0.248 0.333
CP 0.938 0.943 0.956 0.954 0.942 0.953 0.947 0.955

μ̂aipw
t AB 0.008 0.001 0.015 0.026 0.001 0.005 0.006 0.008

SD 0.309 0.338 0.413 0.506 0.193 0.207 0.248 0.306
SE 0.304 0.332 0.404 0.511 0.191 0.208 0.246 0.311
CP 0.934 0.936 0.944 0.947 0.942 0.952 0.941 0.948

Ȳt AB 0.005 0.001 0.005 0.002 0.004 0.006 0.013 0.006
SD 0.303 0.329 0.381 0.445 0.190 0.201 0.231 0.273
SE 0.298 0.318 0.367 0.424 0.187 0.201 0.230 0.265
CP 0.932 0.923 0.936 0.933 0.942 0.953 0.947 0.937

μ̂cc
t AB 0.555 0.807 0.877 1.389 0.563 0.796 0.889 1.381

SD 0.356 0.402 0.464 0.518 0.223 0.243 0.276 0.305
SE 0.352 0.383 0.441 0.497 0.222 0.243 0.280 0.313
CP 0.686 0.454 0.495 0.214 0.267 0.088 0.104 0.007

Simulation results are presented in Table 4. It can be seen

that the proposed estimators β̂ipw and β̂aipw have negligible

biases in all cases, but the biases of β̂cc for β1 and β2 are

large in M2–M4. In terms of coverage probabilities, the two

strong competitors are β̂ipw and β̂aipw, and the CPs of β̂cc

for β1 and β2 do not perform well in M2–M4, especially

when n = 500.
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Table 3. Continued

Method
n = 200 n = 500

t = 1 t = 2 t = 3 t = 4 t = 1 t = 2 t = 3 t = 4

scenario M3

μ̂ipw1
t AB 0.015 0.020 0.068 0.148 0.003 0.015 0.064 0.232

SD 0.305 0.330 0.382 0.541 0.189 0.206 0.244 0.328
SE 0.300 0.325 0.385 0.552 0.192 0.208 0.246 0.325
CP 0.944 0.928 0.931 0.900 0.950 0.952 0.951 0.901

μ̂ipw2
t AB 0.002 0.003 0.010 0.024 0.003 0.005 0.049 0.206

SD 0.306 0.336 0.392 0.560 0.189 0.207 0.246 0.347
SE 0.303 0.334 0.414 0.556 0.193 0.211 0.254 0.363
CP 0.945 0.935 0.942 0.927 0.949 0.956 0.955 0.926

μ̂aipw
t AB 0.008 0.018 0.053 0.115 0.001 0.014 0.048 0.174

SD 0.306 0.331 0.382 0.501 0.190 0.207 0.244 0.312
SE 0.302 0.327 0.390 0.505 0.193 0.209 0.246 0.321
CP 0.946 0.934 0.934 0.912 0.949 0.950 0.945 0.928

Ȳt AB 0.002 0.002 0.004 0.006 0.001 0.003 0.002 0.006
SD 0.301 0.322 0.363 0.425 0.186 0.201 0.229 0.262
SE 0.296 0.316 0.358 0.408 0.190 0.203 0.232 0.265
CP 0.941 0.931 0.931 0.905 0.952 0.960 0.952 0.952

μ̂cc
t AB 0.557 0.856 1.178 1.366 0.565 0.862 1.178 1.368

SD 0.364 0.368 0.397 0.424 0.220 0.231 0.254 0.265
SE 0.349 0.356 0.389 0.404 0.225 0.229 0.252 0.264
CP 0.656 0.323 0.143 0.088 0.272 0.029 0 0.001

scenario M4

μ̂ipw1
t AB 0.022 0.013 0.083 0.088 0.012 0.007 0.035 0.058

SD 0.291 0.321 0.413 0.572 0.190 0.208 0.260 0.357
SE 0.299 0.318 0.441 0.582 0.191 0.207 0.269 0.363
CP 0.949 0.914 0.937 0.938 0.942 0.929 0.953 0.947

μ̂ipw2
t AB 0.005 0.011 0.026 0.017 0.006 0.001 0.020 0.033

SD 0.293 0.326 0.417 0.616 0.190 0.210 0.266 0.394
SE 0.305 0.331 0.455 0.600 0.193 0.211 0.276 0.381
CP 0.952 0.928 0.947 0.939 0.946 0.937 0.955 0.945

μ̂aipw
t AB 0.021 0.005 0.025 0.014 0.012 0.003 0.009 0.006

SD 0.292 0.322 0.398 0.521 0.190 0.208 0.257 0.321
SE 0.301 0.320 0.412 0.525 0.192 0.206 0.255 0.334
CP 0.950 0.923 0.936 0.950 0.945 0.929 0.947 0.955

Ȳt AB 0.016 0.015 0.016 0.014 0.009 0.006 0.005 0.012
SD 0.287 0.308 0.361 0.418 0.189 0.202 0.230 0.266
SE 0.294 0.305 0.362 0.416 0.187 0.197 0.229 0.265
CP 0.949 0.915 0.933 0.933 0.942 0.928 0.947 0.952

μ̂cc
t AB 0.462 0.830 1.093 1.750 0.468 0.837 1.107 1.755

SD 0.312 0.354 0.415 0.445 0.209 0.228 0.267 0.278
SE 0.324 0.345 0.414 0.445 0.206 0.222 0.262 0.286
CP 0.732 0.352 0.234 0.025 0.380 0.032 0.007 0

6.3 ACTG 193A data analysis

For illustration, we apply the proposed estimators to
a longitudinal data from the AIDS Clinical Trial Group
(ACTG) 193A (Henry et al., 1998), which was a study of
HIV-AIDS patients with advanced immune suppression. In
this study, patients were randomized to one of the four daily
regimens containing 600mg of zidovudine considered as four
treatments: (I) zidovudine alternating monthly with 400mg
didanosine, (II) zidovudine plus 2.25mg of zalcitabine, (III)

Table 4. Absolute bias (AB), standard deviation (SD),
standard error (SE) and coverage probability (CP) values for

simulation 2

Method
n = 200 n = 500

β1 β2 β3 β1 β2 β3

scenario M1

β̂ipw AB 0.004 0.001 0.003 0.002 0.001 0.002
SD 0.047 0.052 0.018 0.030 0.034 0.010
SE 0.047 0.052 0.018 0.032 0.035 0.011
CP 0.952 0.959 0.933 0.950 0.950 0.951

β̂aipw AB 0.004 0.001 0.003 0.002 0.001 0.002
SD 0.048 0.052 0.018 0.030 0.034 0.010
SE 0.046 0.052 0.019 0.031 0.034 0.011
CP 0.943 0.961 0.945 0.947 0.952 0.959

β̂ AB 0.001 0.000 0.000 0.000 0.000 0.001
SD 0.022 0.032 0.013 0.013 0.021 0.008
SE 0.021 0.033 0.013 0.013 0.021 0.008
CP 0.938 0.944 0.931 0.948 0.954 0.952

β̂cc AB 0.001 0.001 0.001 0.002 0.001 0.001
SD 0.029 0.041 0.017 0.018 0.026 0.010
SE 0.028 0.040 0.017 0.018 0.025 0.010
CP 0.947 0.945 0.911 0.943 0.954 0.933

scenario M2

β̂ipw AB 0.004 0.004 0.001 0.001 0.000 0.001
SD 0.045 0.049 0.017 0.027 0.032 0.011
SE 0.044 0.049 0.017 0.029 0.033 0.011
CP 0.938 0.942 0.944 0.952 0.958 0.955

β̂aipw AB 0.004 0.004 0.002 0.000 0.000 0.001
SD 0.046 0.048 0.017 0.027 0.033 0.010
SE 0.043 0.049 0.018 0.029 0.033 0.011
CP 0.930 0.939 0.949 0.950 0.959 0.961

β̂ AB 0.001 0.000 0.001 0.000 0.001 0.000
SD 0.021 0.033 0.013 0.014 0.021 0.008
SE 0.021 0.034 0.013 0.014 0.021 0.008
CP 0.937 0.935 0.933 0.956 0.946 0.946

β̂cc AB 0.033 0.015 0.002 0.032 0.013 0.001
SD 0.028 0.039 0.016 0.018 0.025 0.010
SE 0.027 0.039 0.016 0.017 0.025 0.010
CP 0.766 0.921 0.938 0.563 0.924 0.945

zidovudine plus 400mg of didanosine, and (IV) zidovudine
plus 400mg of didanosine plus 400mg of nevirapine.

For the HIV study, the CD4 cell count is of prime inter-
est which decreases as HIV progresses. The CD4 counts were
collected from 1,280 patients before the treatments were ap-
plied (baseline measurements) and we use their records in
the analysis. After the treatments were applied, the CD4
count was scheduled to be collected from each patient ev-
ery 8 weeks. We consider the first four follow-up times,
8, 16, 24, 32, as four time points t = 1, 2, 3, 4, and use the
CD4 counts in four time intervals, (4, 12], (12, 20], (20, 28],
(28, 36], as the study variable Yt for t = 1, 2, 3, 4, because
the realized follow-up time points might be a little different
from the scheduled time points. A few patients had more
than one measurement in one time interval, in which case
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Table 4. Continued

Method
n = 200 n = 500

β1 β2 β3 β1 β2 β3

scenario M3

β̂ipw AB 0.002 0.006 0.004 0.001 0.001 0.002
SD 0.043 0.047 0.016 0.028 0.029 0.010
SE 0.042 0.045 0.017 0.029 0.030 0.010
CP 0.954 0.943 0.943 0.958 0.964 0.947

β̂aipw AB 0.001 0.003 0.004 0.005 0.009 0.002
SD 0.046 0.050 0.016 0.028 0.032 0.010
SE 0.043 0.049 0.017 0.029 0.033 0.011
CP 0.946 0.948 0.954 0.955 0.951 0.951

β̂ AB 0.001 0.000 0.000 0.001 0.001 0.000
SD 0.022 0.034 0.013 0.014 0.021 0.008
SE 0.021 0.033 0.013 0.014 0.021 0.008
CP 0.951 0.946 0.948 0.948 0.949 0.939

β̂cc AB 0.030 0.018 0.001 0.029 0.018 0.001
SD 0.026 0.038 0.016 0.017 0.024 0.010
SE 0.026 0.037 0.016 0.017 0.023 0.010
CP 0.784 0.914 0.939 0.558 0.880 0.942

scenario M4

β̂ipw AB 0.013 0.010 0.002 0.004 0.002 0.001
SD 0.040 0.046 0.016 0.027 0.031 0.011
SE 0.040 0.046 0.016 0.029 0.031 0.010
CP 0.940 0.935 0.952 0.952 0.943 0.949

β̂aipw AB 0.012 0.010 0.002 0.003 0.001 0.002
SD 0.041 0.047 0.016 0.028 0.031 0.010
SE 0.040 0.046 0.017 0.028 0.031 0.010
CP 0.932 0.937 0.959 0.946 0.938 0.951

β̂ AB 0.000 0.001 0.000 0.000 0.000 0.000
SD 0.022 0.033 0.013 0.014 0.021 0.008
SE 0.021 0.033 0.013 0.013 0.021 0.008
CP 0.953 0.938 0.955 0.955 0.951 0.933

β̂cc AB 0.043 0.030 0.001 0.043 0.031 0.002
SD 0.026 0.038 0.015 0.017 0.024 0.010
SE 0.026 0.037 0.015 0.016 0.024 0.010
CP 0.614 0.861 0.949 0.239 0.714 0.931

we use the last record in that interval as Yt at time t.
To apply the proposed method, we use the baseline mea-

surement as the instrument Z. Because the baseline mea-
surements were taken before the treatments were applied,
it is reasonable to assume that the propensity at time t

does not depend on Z given
−⇀
S t−1 and Yt. We fit propen-

sity model (17) to the data set. The estimates and their
standard errors based on the bootstrap are reported in Ta-
ble 5.

It can be seen that the number of CD4 counts of Treat-
ment I keeps decreasing rapidly compared with other treat-
ments, which indicates that Treatments II, III and IV have
good performance on the HIV-AIDS disease. Under Treat-
ments I, II and III, all three estimates, μ̂ipw1

t , μ̂ipw2
t and

μ̂aipw
t , and their standard errors are almost identical. How-

ever, these estimates are different from μ̂cc
t . Specifically, for

t = 1 under Treatments I and IV, μ̂cc
t may be too conser-

Table 5. Estimates (with standard errors in parentheses) for
the ACTG 193A data

Estimator t = 1 t = 2 t = 3 t = 4

Treatment I

μ̂ipw1
t 26.62 (2.51) 32.36 (1.91) 14.96 (2.45) 14.11 (1.26)

μ̂ipw2
t 26.63 (2.48) 32.23 (1.84) 16.68 (2.52) 15.06 (1.32)

μ̂aipw
t 26.59 (2.46) 32.42 (1.89) 17.26 (2.68) 14.80 (1.44)

μ̂cc
t 26.21 (1.59) 23.12 (1.69) 19.25 (1.27) 18.64 (1.15)

Missing (%) 30.6 26.8 47.3 39.1

Treatment II

μ̂ipw1
t 34.49 (3.59) 26.28 (3.68) 17.82 (1.71) 17.00 (1.40)

μ̂ipw2
t 34.48 (3.46) 26.94 (3.64) 18.01 (1.76) 17.47 (1.43)

μ̂aipw
t 34.58 (3.43) 26.73 (3.61) 18.42 (1.98) 17.49 (1.41)

μ̂cc
t 31.19 (2.18) 27.77 (1.71) 22.21 (1.64) 23.06 (1.68)

Missing (%) 31.5 23.2 44.3 43.6

Treatment III

μ̂ipw1
t 38.78 (5.04) 31.57 (4.21) 23.19 (3.19) 19.41 (1.93)

μ̂ipw2
t 38.92 (5.01) 31.58 (4.23) 23.10 (3.22) 20.13 (2.05)

μ̂aipw
t 39.78 (4.96) 31.58 (4.23) 23.81 (3.07) 19.53 (1.96)

μ̂cc
t 42.20 (3.65) 36.24 (2.68) 30.12 (2.89) 30.70 (2.79)

Missing (%) 32.0 22.5 46.5 41.5

Treatment IV

μ̂ipw1
t 48.03 (3.89) 42.06 (4.71) 30.56 (3.74) 31.97 (3.49)

μ̂ipw2
t 48.17 (4.05) 42.09 (4.94) 31.50 (3.63) 32.23 (3.48)

μ̂aipw
t 48.50 (4.00) 42.05 (4.70) 32.51 (4.23) 32.89 (3.77)

μ̂cc
t 42.86 (3.23) 48.80 (4.32) 38.77 (3.75) 40.59 (4.36)

Missing (%) 28.4 23.5 45.7 37.0

vative since it is smaller than μ̂ipw1
t , μ̂ipw2

t and μ̂aipw
t ; for

t = 3, 4 under Treatment I and t = 2, 3, 4 under Treatments
II, III and IV, μ̂cc

t may be too optimistic since it is larger
than μ̂ipw1

t , μ̂ipw2
t and μ̂aipw

t .

7. DISCUSSION

Handling longitudinal data with nonignorable nonmono-
tone nonresponse is a challenging problem, mainly due to
the issue of identifiability of the nonresponse propensity. As-
sumptions on propensity must be imposed to develop useful
methods but they cannot be verified due to nonignorable
nonresponse. We use a parametric propensity model and a
GMM approach making use of a nonresponse instrument to
identify unknown parameters in the propensity. Our asymp-
totic results for the proposed estimators are established un-
der situations where the propensity model can be misspeci-
fied. Alternatively, we construct a model-assisted AIPW es-
timator that depends on an estimator of a conditional mean
for nonrespondents under a working parametric model. Al-
though the working parametric model is often misspecified,
the AIPW estimator is still consistent and asymptotically
normal and has good empirical performance in our simula-
tion studies.
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A nonresponse instrument Z plays a crucial role in our
method, which is assumed to be given in this paper. In ap-
plications, baseline covariates are good candidates for in-
struments, as our empirical study of ACTG 193A indicated,
because baseline covariates were obtained before the treat-
ments were applied and it is reasonable to assume that the
propensity at time t does not depend on baseline measure-

ments given longitudinal observations
−⇀
S t−1 defined in (1)

and St. Nonresponse instrument selection in general is very
difficult and challenging, which is a topic of our future re-
search.

The result on IPW in Section 4 can be extended to the sit-
uation where Gt(X;β0) in (12) is replaced by Gt(X,Vt;β

0
t ).

In some problems Vt may have missing components, in
addition to missing Yt values. Although our method can be
applied by changing δt to the indicator of completely ob-
serving (Yt, Vt), it discards incomplete data and hence is
not efficient. To develop method producing efficient estima-
tors, however, is very challenging because the missingness
of (Yt, Vt) may have many patterns that are hard to model.
Further research is needed.
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APPENDIX

Proof of Theorem 2.1. Recall gt(αt) = gt(Y, V,X, δ, αt),
Gnt(αt) = En{gt(αt)} and Gt(αt) = E{gt(αt)}. By the
law of large number (LLN), it can be shown that Gnt(αt)−
Gt(αt) = op(1) for all αt ∈ A. Since both gt(αt) and Gnt(αt)
are continuous at each αt ∈ A,

sup
αt∈A

‖Gnt(αt)−Gt(αt)‖ = op(1).

This, coupled with GMM identification (i.e., Lemma 2.3
of Newey and McFadden, 1994), shows that α̃t = α∗

t +
op(1). By the LLN, it can be shown that Ŵnt = W ∗

t +
op(1). Let Qt(αt) = Gt(αt)

�W ∗−1
t Gt(αt) and Qn(αt) =

Gnt(αt)
�Ŵ−1

nt Gnt(αt). Based on Lemma 2.3 and Theorem
2.1 of Newey and McFadden (1994), to prove α̂t−α∗

t = op(1),
it is enough to show that supαt∈A |Qnt(αt)−Qt(αt)| = op(1).
This is true because by the triangle and Cauchy-Schwartz
inequalities,

sup
αt∈A

|Qnt(αt)−Qt(αt)|

≤ sup
αt∈A

∣∣∣{Gnt(αt)−Gt(αt)}�Ŵ−1
nt {Gnt(αt)−Gt(αt)}

∣∣∣
+ sup

αt∈A

∣∣∣Gt(αt)
�(Ŵ−1

nt +(Ŵ−1
nt )�){Gnt(αt)−Gt(αt)}

∣∣∣
+ sup

αt∈A

∣∣∣Gt(αt)
�(Ŵ−1

nt −W ∗−1
t )Gt(αt)

∣∣∣
≤ sup

αt∈A

∥∥Gnt(αt)−Gt(αt)}
∥∥2‖Ŵ−1

nt ‖

+ 2 sup
αt∈A

∥∥Gt(αt)
∥∥∥∥Gnt(αt)−Gt(αt)

∥∥‖Ŵ ∗−1
t ‖

+ sup
αt∈A

∥∥Gt(αt)
∥∥2‖Ŵ−1

nt −W ∗−1
t ‖ = op(1).

This proves α̂t = α∗
t + op(1).

Next, we derive the asymptotic normality of α̂t. With
probability approaching one, we have the first-order con-
dition 2Γnt(α̂t)Ŵ

−1
nt Gnt(α̂t) = 0, where Γnt(αt) =

∂Gnt(αt)/∂αt. Expanding Gnt(α̂t) around α∗
t , multiplying

through by n1/2, and solving gives

n1/2(α̂t − α∗
t )

= − [Γ�
nt(α̂t)Ŵ

−1
nt Γnt(ᾱt)]

−1Γ�
nt(α̂t)Ŵ

−1
nt n1/2Gnt(α

∗
t ),

where ᾱt is between α̂t and α∗
t . By simply calculation and

the LLN, for all αt ∈ A,

Γnt(αt)

= − En{
−⇀
ξ tδtπt(αt)

−1[1− πt(αt)]Ξ(αt)
�}

= − E{−⇀ξ tπt(α
0
t )[πt(αt)

−1 − 1]Ξ(αt)
�}+ op(1).

This, together with Ŵnt = W ∗
t + op(1) and α̂t = α∗

t + op(1),
implies that

[Γ�
nt(α̂t)Ŵ

−1
nt Γnt(ᾱt)]

−1Γ�
nt(α̂t)Ŵ

−1
nt

= [Γ∗�
t W ∗−1

t Γ∗
t ]

−1Γ∗�
t W ∗−1

t + op(1).

By the Slutzky theorem, we can show n1/2(α̂t − α∗
t )

L→
N(0, (Γ∗�

t W ∗−1
t Γ∗

t )
−1). This completes the proof.

Proof of Corollary 2.1. When the intermittent propensity
model is correctly specified, πt(α

∗
t ) = πt(α

0
t ), Ŵnt = Wt +

op(1) and α̂t = α0
t + op(1). Then the proof for the Corol-

lary 2.1 follows directly from these facts.

Proof of Theorem 3.1. We first derive the asymptotic prop-
erties of the proposed Horvitz-Thompson type estimators
μ̂ipw1
t and μ̂ipw2

t . By simply calculation and the LLN, we
can prove that ∂En[δtYt/πt(α

0
t )]/∂αt = −Δ1t + op(1),

where Δ1t = E{Yt[1 − πt(α
0
t )]Ξ(α

0
t )}. Similarly, we have

∂En[δtπt(α
0
t )

−1(Yt−μ0
t )]/∂αt = −Δ2t+op(1), where Δ2t =

E{(Yt − μ0
t )[1 − πt(α

0
t )]Ξ(α

0
t )}. From the proof of Theo-

rem 2.1, we have α̂t − α0
t = −ΛtGnt(α

0
t ), where Λt =

[Γ�
t W

−1
t Γt]

−1Γ�
t W

−1
t . Then, for μ̂ipw1

t , we have

μ̂ipw1
t − μ0

t
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= En[δtYt/πt(α̂t)]− μ0
t

= En[δtYt/πt(α
0
t )]− μ0

t −Δ�
1t(α̂t − α0

t ) + op(n
−1/2)

= En[δtYt/πt(α
0
t ) + Δ�

1tΛtgt(α
0
t )]− μ0

t + op(n
−1/2),

and for μ̂ipw2
t , we have

μ̂ipw2
t − μ0

t

= En[δtYt/πt(α̂t)]/En[δt/πt(α̂t)]− μ0
t

= {En[δt/πt(α̂t)]}−1
En[δtπt(α̂t)

−1(Yt − μ0
t )]

= En[δtπt(α
0
t )

−1(Yt − μ0
t )]−Δ�

2t(α̂t − α0
t ) + op(n

−1/2)

= En[δtπt(α
0
t )

−1(Yt − μ0
t ) + Δ�

2tΛtgt(α
0
t )] + op(n

−1/2).

Applying the central limit theorem (CLT), n1/2(μ̂ipwκ
t −

μ0
t )

L→ N(0, Vκt), where V1t = Var{δtYt/πt(α
0
t ) +

Δ�
1tΛtgt(α

0
t )} and V2t = Var{δtπt(α

0
t )

−1(Yt − μ0
t ) +

Δ�
2tΛtgt(α

0
t )}.

Next, we consider the asymptotic distribution of the
AIPW estimator μ̂aipw

t . Note that n−1
En(δt) = Pr(δt =

1) + op(1). Let ωt = Pr(δt = 1). Using the arguments of
White (1982, Theorem 3.1 and Theorem 3.2 ), we can show
that γ̂t − γ∗

t = op(1) and

γ̂t − γ∗
t

=− {ωtAt(γ
∗
t )}−1

En

{
δt∂ log ft(St|

−⇀
S t−1, γ

∗
t )/∂γt

}

+ op(n
−1/2).

We consider ∂En{Ht(α
0
t , γ

∗
t )}/∂αt, ∂En{Ht(α

0
t , γ

∗
t )}/∂γt.

By calculation, we obtain

∂En{Ht(α
0
t , γ

∗
t )}

∂αt

=− En[δtπt(α
0
t )

−2{Yt −m0t(α
0
t , γ

∗
t )}∂πt(α

0
t )/∂αt]

+ En[{1− δtπt(α
0
t )

−1}∂m0t(α
0
t , γ

∗
t )/∂αt]

= : Tn1 + Tn2.

Under propensity model (1), it is easy to show that Tn2 =
op(1). Note that

E
{ δt
πt(α0

t )
{1− πt(α

0
t )}{Yt −m0t(α

0
t , γ

∗
t )}Ξ(α0

t )
}

= E
{ δt
πt(α0

t )
{Yt −m0t(α

0
t , γ

∗
t )}{δt − πt(α

0
t )}Ξ(α0

t )
}

= E
{ δt
πt(α0

t )
{Yt −m0t(α

0
t , γ

∗
t )}ηt(α0

t )
}
=: Φt.

Note that we also have Φt = Cov[δtπt(α
0
t )

−1{Yt −
m0t(α

0
t , γ

∗
t )}, ηt(α0

t )]. Then, we have Tn1 = −Φt + op(1).
Applying the LLN and under nonresponse assumption (1),
it can be shown that ∂En{Ht(α

0
t , γ

∗
t )}/∂γt = op(1). There-

fore, for μ̂aipw
t , we have that

μ̂aipw
t − μ0

t

= En{Ht(α
0
t , γ

0
t )} − μ0

t +Φ�
t ΛtGnt(α

0
t ) + op(n

−1/2)

= En{Ht(α
0
t , γ

0
t ) + Φ�

t Λtgt(α
0
t )} − μ0

t + op(n
−1/2).

Applying the CLT, we have that n1/2(μ̂aipw
t − μ0

t )
L→

N(0, V3t), where V3t = Var{Ht(α
0
t , γ

0
t ) + Φ�

t Λtgt(α
0
t )}. The

proof of Theorem 3.1 is completed.

Proof of Theorem 4.1. We first prove β̂ipw p→ β∗
I . It is suf-

ficient to verify the conditions of theorem 5.9 of van der
Vaart (1998). According to Lemma 2.4 in Newey and Mc-
fadden (1994), together with the continuity of ÛI(β, α̂t) in
β, we can show that

sup
β∈B

‖ÛI(β, α̂t)− UI(β, α
∗
t )‖

p→ 0.

Next, we show infβ:‖β−β∗
I ‖≥ε ‖UI(β, α

∗
t )‖ > 0, for any ε > 0

and β ∈ R
d. This is true because

inf
β:‖β−β∗

I ‖≥ε
‖UI(β, α

∗
t )‖

= inf
β:‖β−β∗

I ‖≥ε
‖UI(β, α

∗
t )− UI(β

∗
I , α

∗
t )‖

≥ inf
β:‖β−β∗

I ‖≥ε
‖[J1(β̃, α

∗
t )− J2(β̃, α

∗
t )](β − β∗

I )‖,

which is strictly positive under Assumption C3. Here β̃ is
between β and β∗

I . Therefore, all underlying conditions of
Theorem 5.9 of Van der Vaart (1998) hold, and this proves

the consistency of β̂ipw.
Using simple algebraic manipulations,

∂ÛI(β
∗
I , α

∗
t )

∂β�

=

T∑
t=1

En

{ δt
π(α∗

t )
Dt(X,β∗

I )[Yt − Gt(X;β∗
I )]

}

−
T∑

t=1

En

{ δt
π(α∗

t )
Dt(X,β∗

I )Dt(X,β∗
I )

�
}

= E
{ T∑

t=1

π(α0
t )π(α

∗
t )

−1Dt(X,β∗
I )[Yt − Gt(X;β∗

I )]
}

− E
{ T∑

t=1

π(α0
t )π(α

∗
t )

−1Dt(X,β∗
I )Dt(X,β∗

I )
�

}
+ op(1)

= : J ∗
1 − J ∗

2 + op(1),

and

− ∂ÛI(β
∗
I , α

∗
t )

∂α�
t

= E
{ T∑

t=1

πt(α
0
t )[πt(α

∗
t )

−1 − 1]Dt(X,β∗
I )

× [Yt − Gt(X;β∗
I )]Ξ(α

∗
t )

�
}
+ op(1)
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= : J ∗
3 + op(1).

Now using Taylor expansion, ÛI(β̂
ipw, α̂t) = ÛI(β

∗
I , α

∗
t ) +

(J ∗
1 − J ∗

2 )(β̂
ipw − β∗

I ) − J ∗
3 (α̂t − α∗

t ) + op(n
−1/2), which

leads to

β̂ipw − β∗
I =− (J ∗

1 − J ∗
2 )

−1{ÛI(β
∗
I , α

∗
t )− J ∗

3 (α̂t − α∗
t )}

+ op(n
−1/2).

Let Λ∗
t = [Γ∗�

t W ∗−1
t Γt]

∗−1Γ∗�
t W ∗−1

t . From Theorem 2.1, we
have α̂t − α∗

t = −Λ∗
tGnt(α

∗
t ). Therefore, we obtain

β̂ipw − β∗
I

=− (J ∗
1 − J ∗

2 )
−1

T∑
t=1

En

{
δtπt(α

∗
t )

−1Dt(X,β∗
I )

× [Yt − Gt(X;β∗
I )] + J ∗

3 Λ
∗
t gt(α

∗
t )

}
+ op(n

−1/2).

Applying the CLT, we have that n1/2(β̂ipw − β∗
I )

L→
N(0,Σ∗

I ), where Σ∗
I = (J ∗

1 − J ∗
2 )

−1V ∗
I (J ∗

1 − J ∗
2 )

−1 with

V ∗
I = Var{

∑T
t=1 δtπt(α

∗
t )

−1Dt(X,β∗
I )[Yt − Gt(X;β∗

I )] +
J ∗
3 Λ

∗
t gt(α

∗
t )}.

Proof of Corollary 4.1. When the intermittent propensity
model and the marginal regression model are correctly spec-
ified, α̂t = α0

t + op(1), πt(α
∗
t ) = πt(α

0
t ), Gt(X;β∗

I ) =
Gt(X;β0), and

∂ÛI(β
0, α0

t )

∂β� =− E
{ T∑

t=1

Dt(X,β0)Dt(X,β0)�
}
+ op(1);

−∂ÛI(β
0, α0

t )

∂α�
t

=E
{ T∑

t=1

πt(α
0
t )[πt(α

0
t )

−1 − 1]Dt(X,β0)

× [Yt − Gt(X;β0)]Ξ(α0
t )

�
}
+ op(1).

Then the proof for the Corollary 4.1 follows directly from
these facts.

Proof of Theorem 4.2. By the LLN, together with the facts
α̂t = α∗

t + op(1) and γ̂t = γ∗
t + op(1), it can be shown that

ÛA(β, α̂t, γ̂t) = UA(β, α
∗
t , γ

∗
t ) + op(1) for all β ∈ B. Since

Gt(X;β) is continuous at each β ∈ B, we further have that

sup
β∈B

‖ÛA(β, α̂t, γ̂t)− UA(β, α
∗
t , γ

∗
t )‖

p→ 0.

Additionally,

inf
β:‖β−β∗

A‖≥ε
‖UA(β, α

∗
t , γ

∗
t )‖

= inf
β:‖β−β∗

I ‖≥ε
‖UA(β, α

∗
t , γ

∗
t )− UA(β

∗
A, α

∗
t , γ

∗
t )‖

≥ inf
β:‖β−β∗

I ‖≥ε
‖[I1(β̃, α∗

t , γ
∗
t )− J2(β̃, α

0
t )](β − β∗

A)‖,

which is strictly positive under Assumption C6. Here β̃ is
between β and β∗

A. Then, using the arguments of Van der

Vaart (1998, Theorem 5.9), we can show that β̂aipw p→ β∗
A.

Using simple algebraic manipulations and LLN,

∂ÛA(β
∗
A, α

∗
t , γ

∗
t )

∂β�

=

T∑
t=1

En

{
Dt(X,β∗

I )[Ht(α
∗
t , γ

∗
t )− Gt(X;β∗

I )]
}

−
T∑

t=1

En

{
Dt(X,β∗

I )Dt(X,β∗
I )

�
}

= E
{ T∑

t=1

Dt(X,β∗
I )[Ht(α

∗
t , γ

∗
t )− Gt(X;β∗

I )]
}

− E
{ T∑

t=1

Dt(X,β∗
I )Dt(X,β∗

I )
�

}
+ op(1)

= : I∗
1 − J ∗

2 + op(1),

∂ÛA(β
∗
A, α

∗
t , γ

∗
t )

∂α�
t

=−
T∑

t=1

En

{
Dt(X,β∗

A)δtπt(α
∗
t )

−2{Yt −m0t(α
∗
t , γ

∗
t )}

× ∂πt(α
∗
t )

∂α�
t

−Dt(X,β∗
A)[1− δtπt(α

∗
t )

−1]
∂m0t(α

∗
t , γ

∗
t )

∂α�
t

}

=− E
{ T∑

t=1

Dt(X,β∗
A)δtπt(α

∗
t )

−2{Yt −m0t(α
∗
t , γ

∗
t )}

× ∂πt(α
∗
t )

∂α�
t

−Dt(X,β∗
A)[1− δtπt(α

∗
t )

−1]
∂m0t(α

∗
t , γ

∗
t )

∂α�
t

}

+ op(1)

= : −I∗
2 + I∗

3 + op(1),

∂ÛA(β
∗
A, α

∗
t , γ

∗
t )

∂γ�

=

T∑
t=1

En

{
Dt(X,β∗

A)[1− δtπt(α
∗
t )

−1]
∂m0t(α

∗
t , γ

∗
t )

∂γ�

}

= E
{
Dt(X,β∗

A)[1− δtπt(α
∗
t )

−1]
∂m0t(α

∗
t , γ

∗
t )

∂γ�

}
+ op(1)

= : I∗
4 + op(1).

Applying Taylor expansion, together with asymptotic ex-
pansions for α̂t and γ̂t, we show that

ÛA(β̂
aipw, α̂t, γ̂t)

= ÛA(β
∗
A, α

∗
t , γ

∗
t ) + (I∗

1 − J ∗
2 )(β̂

aipw − β∗
A)

− (I∗
2 − I∗

3 )(α̂t − α∗
t ) + I∗

4 (γ̂t − γ∗
t ) + op(n

−1/2)

= ÛA(β
∗
A, α

∗
t , γ

∗
t ) + (I∗

1 − J ∗
2 )(β̂

aipw − β∗
A)

− I∗
4{ωtAt(γ

∗
t )}−1

En

{
δt∂ log ft(St|

−⇀
S t−1, γ

∗
t )/∂γt

}

+ (I∗
2 − I∗

3 )Λ
∗
tGnt(α

∗
t ) + op(n

−1/2)
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=
T∑

t=1

En{Ψt(β
∗
A, α

∗
t , γ

∗
t )}+ (I∗

1 − J ∗
2 )(β̂

aipw − β∗
A)

+ op(n
−1/2),

where Ψt(β
∗
A, α

∗
t , γ

∗
t ) = ϕ1t(β

∗
A, α

∗
t , γ

∗
t ) + ϕ2t(α

∗
t , γ

∗
t ) +

ϕ3t(α
∗
t , γ

∗
t ), ϕ1t(β

∗
A, α

∗
t , γ

∗
t ) = Dt(X,β∗

A)[Ht(α
∗
t , γ

∗
t ) −

Gt(X;β∗
A)], ϕ2t(α

∗
t , γ

∗
t ) = (I∗

2 − I∗
3 )Λ

∗
t gt(α

∗
t ), ϕ3t(α

∗
t , γ

∗
t ) =

−I∗
4{ωtAt(γ

∗
t )}−1δt∂ log ft(St|

−⇀
S t−1, γ

∗
t )/∂γt. Then,

β̂aipw − β∗
A

=− (I∗
1 − J ∗

2 )
−1

T∑
t=1

En{Ψt(β
∗
A, α

∗
t , γ

∗
t )}+ op(n

−1/2).

Applying the CLT, we have that n1/2(β̂aipw − β∗
A)

L→
N(0,Σ∗

A), where Σ∗
A = (I∗

1 − J ∗
2 )

−1V ∗
A (I∗

1 − J ∗
2 )

−1 with

V ∗
A = Var{

∑T
t=1 Ψt(β

∗
A, α

∗
t , γ

∗
t )}.

Proof of Corollary 4.2. When all the models used are cor-
rectly specified, α̂t = α0

t + op(1), γ̂t = γ0
t + op(1), and

∂ÛA(β
0, α0

t , γ
0
t )

∂β� =− E
{ T∑

t=1

Dt(X,β0)Dt(X,β0)�
}
+ op(1),

∂ÛA(β
0, α0

t , γ
0
t )

∂α�
t

=− E
{ T∑

t=1

πt(α
0
t )[πt(α

0
t )

−1 − 1]Dt(X,β0)

× {Yt −m0t(α
0
t , γ

0
t )}Ξ(α0

t )
�

}
+ op(1),

∂ÛA(β
0, α0

t , γ
0
t )

∂γ� = op(1).

Then the proof for the Corollary 4.2 follows directly from
the above facts.
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