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Testing the mean in multivariate
set-indexed Gaussian white noise

WAYAN SOMAYASA* AND HERDI BUDIMAN

We propose an asymptotic test method for checking the
validity of a multivariate spatial regression that utilizes the
distribution model of set-indexed Gaussian white noise. The
random set function is obtained as the limit of the partial
sums of the vector of observations sampled according to a
continuous probability measure (design). It is shown under
relatively mild condition that the test which is defined as
the integral with respect to the partial sums of the observa-
tion converges to an optimal test constructed based on the
Cameron-Martin density of the multivariate shifted Gaus-
sian white noise. The optimality of the design under which
the experiment was performed is also investigated. We also
study the application of the established test procedure to a
multivariate real data obtained from a mining industry.
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1. INTRODUCTION

Modelling spatial data using multivariate regression anal-
ysis is extensively applied in earth and environmental sci-
ences. Checking the appropriateness of an assumed regres-
sion model is important in the practice before using the
model for prediction and uncertainty quantification. It can
be conducted by investigating either the vector of the resid-
uals directly, see e.g. Arnold [2], Seber and Lee [24], Chris-
tensen [13] and Johnson and Wichern [16], or the empirical
processes of the residuals as proposed in Stute [30], Stute
and et al. [30] and Stute [32].

The purpose of the present paper is to study the appli-
cation of p-dimensional set-indexed Gaussian white noise in
model check or lack of fit (LOF) test for the mean vec-
tor in multivariate spatial regression defined on high di-
mensional experimental region. In contrast to the classical
methods of model diagnostic addressed in the textbooks
on regression listed above, in the present paper we define
a test statistics which is expressed as an integral with re-
spect to p-dimensional set-indexed partial sums (Cumula-
tive Sums=CUSUM) processes of the observations instead
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regression using

of the residuals, see Section 2. Our new approach will be
shown to be more applicable in the practice.

The application of the set-indexed Gaussian white noise
in statistical modelling of spatial data has been pioneered
by MacNeill [20, 21] who firstly investigated the limit pro-
cess of the sequence of least squares residuals partial sums
processes of univariate polynomial regression. These famous
approaches are generalized to the context of univariate spa-
tial regression by MacNeill and Jandhyala [22], and Xie and
MacNeill [37] who obtained the limit process as a functional
of the set-indexed Brownian sheet. Bischoff and Somayasa
[12] and Somayasa and et al. [26] derived the limit process
in the spatial case by applying the geometric method pro-
posed in Bischoff [7, 8]. These results can be used to estab-
lish asymptotic test of Kolmogorov-Smirnov and Cramér-
von Mises type for model check and boundary detection
problems. Recently, Wellner [35] established a likelihood ra-
tio test based on the Cameron-Martin density formula of
set-indexed Gaussian white noise derived in Lifshits [19].

The study has been extended to model-check for multi-
variate spatial regression with correlated responses by So-
mayasa and et al. [27, 28, 29] by considering the multidimen-
sional partial sums process of the vector of least squares
residuals. This technique is however restricted in the ap-
plication since the limits of the Kolmogorov-Smirnov and
Cramér-von Mises functionals of the processes are mathe-
matically not tractable. Simulation must be developed for
approximating the quantiles of the test statistics. In the
present paper we show our test procedure not only distribu-
tion free but also asymptotically optimal in some sense.

Furthermore, to our knowledge the limit of the sequence
of the partial sums processes of the residuals studied in the
literatures mentioned above were obtained under an equidis-
tance experimental design or a so-called regular lattice only.
It is well known that regular lattice coincides asymptoti-
cally with Lebesgue measure, cf. [20, 21, 22, 37, 12]. Con-
versely, given a probability measure on a line, Bischoff [7]
and Bischoff and Miller [10, 11] proposed a design technique
based on that measure such that the sequence of the corre-
sponding designs with finite sample converges in some sense
to such a probability measure. This sampling strategy can be
adopted in the practice in case the practitioners can not or
will not sample equidistantly. Practical example of this prob-
lem is frequently encountered in mining industry in that the
Engineers for economic, technical, ecological or geographi-
cal reasons avoid to sample equidistantly. In this work we
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propose sampling strategy by determining the design points
in the spatial perspective based on a continuous probability
measure defined on the experimental region by incorporat-
ing the technique proposed in [7, 10, 11]. However, we won-
der whether such a design results in optimal decision in the
comparison with regular lattice.

The organization of the rest paper is as follows. Section
2 formulates the model and the hypothesis under study. In
Section 3 we investigate the limiting distribution of the test
statistic when the hypotheses are true. In Section 4 we derive
the Neyman-Pearson test and try to investigate the optimal
property of the test. In Section 5 we investigate the optimal-
ity of a design of experiment by studying the limit power
function of the associated test. The finite sample behavior
of the test is studied by simulation in Section 6. Application
of the proposed method to a real data is discussed in Section
7. At the end of this work we present conclusion and remark
for future work. Proofs are postponed to the Appendices.

2. THE MODEL, DESIGN STRATEGY AND
THE HYPOTHESES

To explain the problem in more detail let us consider a
p-variate nonparametric spatial regression

(2.1) Y(x)=gx)+£&(x), xeD:= X?Zl[aj7bj] C RY,

where Y := (Y;)?_, is the vector of random observations,
g := (g:)?_; : D — RP is the true-unknown regression func-
tion defined on D and & := (g;)?_, is unobserved vector
of random errors defined on a common probability space
(Q, F,P), say, with E(£(x)) =0 € R? and Cov(£(x)) = X,
for every x € D, where 3 is assumed in this paper to be un-
known and positive definite. For fixed ny > 1,...,ng > 1,

let Y be observed over an experimental design

= {tnljl“'nd.jd = (tn1j1 1
1<k<d}cCD,

— T, .
‘:H;nl"'nd tndjd) . 1§jk§nkﬁ)

for a given probability measure p on (D, B(D)), where the
points tn, j,..nyju € Eping--n, are determined by generaliz-
ing the method due to [7, 10, 11] as follows. First we con-
struct a partition {¢p,1,%n,2, -, tnyn, } O0 [a1,b1] based on
the equation

Fu(tnljlab25-~-7bd) :jl/nla 1 S jl S ni,

where F), is the distribution function of p defined on D
which is assumed in this paper to be continuous, increasing
on D and factorized as

Fu(tita, -+ ta) = Ti_) Fru(ty),

where Fy, is continuous and increasing on [a, b], for k =
1,...,d. Next for a fixed j; we partition the interval [as, ba]
by solving the equation

F

w(tnijis tnojas 03, - ba) = jijz/(ning), 1 < jo < no.
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The obtained points {tn,1,tn,2, - - - tnyn, } Which constitutes
a partition on [as, bo] that correspond with a fixed ¢,,;, €
[a1,b1] are uniquely determined. Similarly, for fixed j; and
Jo, with 1 < j3 < njp and 1 < j5 < ny we move forward
to develop the corresponding partition {tn,1,tns2 - - -, tngns
on [ag, bs] by solving

F#(tnljl ) tnzjz ) tnsjsv ba 45 - bd)
= jijejs/(ningns), 1 < jz < ns.

The similar manner is applied for the remaining intervals
[ak, bg], for k =4,5,...,d. In general we construct the parti-
tion {tn,1,tn,2s - - tngny b ON [ag, D] that corresponds with
the point (1,51, - - s tng_1js_1)s for kK =4,5,....d, by solving
the equation

Hk lju

,b
W) = Hﬁ:mu

F;L(tn1j17 e 7tnkjk7bk+17 e
By this sampling method Z,.,,...n, is not necessarily an
equidistance experimental design or a regular lattice. If p
is the uniform probability measures on D with the distribu-

tion function

1

sta) = anzl(tj -
where |D| is the volume of D, then we get the equidis-
tance experimental design with the experimental condi-
tion (tnyj1, .-, tnaja), where o = ap + (by — ax) 2, for
k=1,...,d

Let P,,..n, be a discrete probability measure on B(D)
associated with =, ..., defined by

Fﬂ(tl,... aj)7 (tl,...7td)€D7

P ny, (B)

Z Z tnyjp--nadd B)a B e B(D)7

'Hdn
k=1 521 =1

where 6tn1j1___ndjd is the one point measure in the point

(tnijis-- - s tngj,) which is frequently called Dirac measure
in the literatures, defined on B(D) as
) _ I (tnljl""7tnd.jd) €EB
5tn1j1»-.ndjd (B) - { 0 : (tn1j1a . ’tndjd) g B

We notice that P,,...,, can also be written as

PTL] Ng (B)

1
Hg1kz

J1=1

S

Jja=1

Hk 1]k/Hk 11k))s

B e B(D),

where 1p is the indicator function of B. Let F},,...,, be the
associated distribution function of P,,...,,. Then by this
sampling strategy we get the property that F,,..,, con-
verges uniformly to F, as ny,...,ng simultaneously large.
That is



||Fm~-nd - Fu”oo

= sup  |Fupomg(te, . sta)| =0,

(t1,...,ta)ED

Jta) — Fu(ta, ...

which by the Portmanteau theorem (cf. Billingsley [6],
pp. 18-19) immediately implies P,,...,, converges in Dis-
tribution to . We note that all limits obtained in this work
are for nq,...,ng simultaneously go to infinity, otherwise it
will be stated in some way. Such a sampling scheme will be
of our consideration throughout the work. The probability
measure y according to which Z,,.,,,...n, is constructed will
be called a design, cf. [7, 10, 11]. A design p is called optimal
for testing LOF if it maximizes the power of the test. In this
paper we shall investigate the optimality property of a given
design p with the associated continuous and nondecreasing
probability distribution F}, in term of the limit power func-
tion of the proposed test. Under our assumption p is abso-
lutely continuous with respect to the Lebesque measure \¢
on D.

Let V be a finite dimensional spaces defined by V :=
[Wi,. .., Way Wet1, - -, W), and let W = [wq, ..., w,y] be a
subset of V, where wy,...,wq, Wgt1, ..., Wy are known re-
gression functions which are assumed to be linearly indepen-
dent as functions in Ls(D, ), with ¢ < m, thereby Lo(D, p)
is the space of squared integrable functions on D with re-
spect to . The product of p copies of Lo(D, pt) is denoted by
LY(D, p), that is LY(D,u) := x¥_  Ly(D, ). The common
framework of LOF test for the mean of Y falls into the prob-
lem of testing the hypothesis that g € WP while observing
g € VP (cf. [2, 13]), where WP and V? are the product of
p copies of W and V| respectively. Suppose that g can be
decomposed as g = g1 + g2 with g1 := (g1;)?_; € W? and
g2 = (g2:)?_, € VPN (WP)Y. Then the problem of testing
Hy : g € WP while observing g € VP can be handled by
testing that of
(2.2)

Hy : g2 = 0 against Hy : go = 1, for somef; € Vpﬂ(Wp)C.

Upon observing Model 2.1 over Z,.p,...n, We get an ar-
ray of independent p-dimensional vector of observations
Y(Eﬂml.,,n.d) = (Y(tnjionaia))jio %=1 that satisfies
the regression model

(2'3) Y(EM§”1"'nd) = g(EM;nl'"nd) + E(Euml'”ﬂd)?

where g(EM;nl""ﬂd) = (g<tn1j1"'ndjd))?11;‘1‘77’-”:?]'(1:1 is an ar-

ray of independent and identically distributed p-dimensional
random errors such that (s.t.)

E(S(tn1j1~~ndjd)) =0 and Oov(g(tmjr“ndjd)) =3,

for 1 < j; <ny,...,1 < jg < ng. For convenience we write
Y(tnljl"'ndjd)7 g(tnljl"'ndjd) and 5(tﬂ1j1-~~ndjd) throughout
this paper simply as Y, ..., 8j,...5, and &;, ...;,,, respectively.
In contrast to the classical method studied in [2, 24, 13, 16]
where the inference procedure was derived under normal

distribution of &;,...;,, in this work we aim to establish an

asymptotic procedure for which the normality assumption
can be ignored.
A reasonable statistic for testing (2.2) is defined by

j(Y(Euml nd))

= A(271/2f1)Td271/28n1 AT (Y(EIM”M “'”d))?

(2.4)

where for every B € B(D),

Snyng (Y (Epsny-ng))(B)

ni ndg
Z T Z 1B (t),-ja) Yjiojas

Jji=1 Jja=1

1
T Vg

is the p-dimensional partial sums process of the vector of
observations indexed by B(D). This is actually the vectorial
version of the univariate partial sums process defined e.g.
in [1, 23, 17, 37]. It is well understood that the integral in
(2.4) is defined as [ u"dv :=>""_| [ u; dv;, for every u :=
(u;)?_; and v := (v;)Y_, provided the integrals are in some
sense well defined. By the definition it can be immediately
seen that the value of J(Y(E,:n,...n,)) Will be large when
the observations appear as realization of the model with
go # 0. This is because of the appearance of a positive term
which is asymptotically rational to || X ~1f; ||2L5(D)M) when the
sample support Hi. In other word the larger the distance of
the model from Hj the greater the value of 7 (Y (Z,.n,--ny))-
Therefore it is reasonable to reject Hy for large value of
J(Y(Eﬂvnlnd))

We notice that for each w € §, the set func-
tion Sy, ., (Y (ZEun,my))(w) constitutes a signed mea-
sure on B(D). Hence the integrals involved in the statis-
tic J(Y(Eu;n.-ny)) can be interpreted path-wise as the in-
tegral of a function in Lo(D, ) with respect to a signed
measure. The reader is referred to [14], pp. 121-153 for the
notion of the integral with respect to signed measure.

Remark 2.1. The problem of testing Hy : g € WP is
equivalent with that of testing Hy : ﬁg € WP for all
ng > 1. On the other hand, the convergence component-

wise of 2_1/28n1...nd(ﬁg(Emm...nd)) to B/ 20, () €
CP(Ap), where @g(A) := [, gdpu, is useful for analyzing the
limiting power function of the test. Hence without altering
the test problem we observe the localized version of (2.3)
defined by

(2.5)

1
loc (= - _
YU B unyonag) = ——=8(Eunng) T E(Cpny-ng)-
nl"'nd
Therefore rather than wusing the test statistics
JY(Eun,-mg)), we consider its localized version

J(Y'°ZE,0,my)) given by
j(Yloc(Emnl"'nd))
::/ f;271/2d271/2sn1'“nd(YlOC(EM;nl'“nd))
D
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in defining a non randomized test for the hypothesis (2.2)
as

Npsny-ng (Yloc(Eu;nlmnd))
— { 1 ) j(YlOC(EMml'“nd
0;

otherwise
where k satisfies Ep, (Mun.-n,) = @, for a pre-determined
a € (0,1). Power function plays important role for evaluat-
ing the performance of a test.

) =k

b

3. LIMITING DISTRIBUTIONS

In this section we derive the limit of the statistic
J(Y'(Z,.,...n,)) by applying the multivariate invariance
principle presented in Theorem A.2 in the Appendix. With-
out loss of generality we assume {w1, ..., Wy, Wgt1,- -, Wi }
are orthogonal as functions in Lo(D, ), so that W L
(VAWSY) and WP L (VP N (WP)Y) as well.

The following theorem gives the asymptotic test of size «
for testing the more general hypotheses

(31) H()ZgQEfO VS. H1 Zggth

for some fo, f; € VP N (WP, with £, # f;.

Theorem 3.1. Let g = g1 + g2, with g1 € WP and gs €
VPN (WP)C. Suppose that fori=1,....p, gi; and go; are
continuous with respect to (w.r.t.) the usual Fuclidean dis-
tance and have bounded variation on D in the sense of Hardy
(see Definition F.4 in the Appendiz). Then an asymptotic
test of size a for testing (3.1) will reject Hy, if and only if

T (Y (i ng) = 7ML — ) |[S7V2 (8 — £) | P
+ (S — f), B7Y26) P,

where ® is the cumulative distribution function of the
standard normal distribution.

Remark 3.2. In the case of the hypothesis Hy : go = 0
against Hy : go = fi, both statistics J(Y'"°(ZEun,.ny))
and J (Y (Ein,..n,)) converge under Hy to the same distri-

bution model, that is N(0, (|\2_1/2f1||£p))2). Suppose that
tE is the value of the statistic J(Y (Z,:n,.-n,)) com-

Bping - ng
puted on a given sample, then the p-value of the test for
such simple hypothesis is calculated by using the equation

tZ
p—value=1— & | ——mnd |
<|2_1/2f1||f}’)

The asymptotic power function of the test is presented in
the following corollary.

Corollary 3.3. Let U, ..., : VPN (WP)C — (0,1) be the
power function of M., ...n, ot level o defined by

iy g (F)
= P{w € 0 (Y (Spinrn) (@) > Klga = £},
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for £ € VPN (WP)C, where k := & 1(1 — a)||ZV2(f; —
f0)||,(f') + (f; — £, Eilf()),(f'). Then under the assumption of
Theorem 3.1, U ., .., (f) converges point wise to

U, (f) =1~ <I><¢>—1(1 — )

(BT ), BT - fo>>ff’>>_
=128 — )57

Remark 3.4. Let Y(,,..n,), and X(,,..n,) be the
(n1---ng) x p-dimensional matrix of observations and the

(ny - -ng) X m-dimensional design matrix defined by
Y(nl nd) = (U@C(Yl (Eu;nr--nd))a cee aveC(YP(EH;nl'“nd)))
X("r"nd) = (Uec(wl(E#;nlmnd))a s 7vec(wm(5u;n1'“nd)))a

where vec denotes the well-known vec operator defined as
follows. Let M : (mi,---,m;,---,m,) be a ¢ x p di-
mensional matrix whose j-th column is m; € R?. Then
vec(M) == (mj,--- ,rn;'—,n- ,m;_)T € RPY, A consistent
estimator of ¥ is given by the p x p-dimensional matrix

Y, ng, Where

1

. T
T ny- - ndY(nlmnd)prC(X(nl.

Enlmnd ..nd))J‘Y(nl"'nd%
cf. Arnold [3]. Thereby PTC(X(n,...n,y)~ 15 the orthogonal pro-
jector onto the orthogonal complement of the column space

of X(n1~--nd)'

Remark 3.5. It is important to note that computational
difficulties appear in the practice for testing using our es-
tablished test procedure, because the test statistic was ex-
pressed as the integral with respect to signed measure in-
duced by S, ..ny (Y (Eung--n,)) indexed by large family of
subsets A which includes all open, closed as well as convex
subsets of D. Fortunately as noted in [1, 23] the one dimen-
sional invariance principle holds true for the much smaller
family of subsets of D, that is 79 := {H}izl[aj,tj] ay <
t; < b, 5= 1,...,d}. By the similar argument, Theo-
rem D.1 can also be shown to hold true under the family
Z¢. By this reason, the implementation of the test in the
application is conducted by using a computer program that
considers the family Z¢. This family belongs to the so-called
Vapnik-Cervonenkis Classes (VCC), which in general satis-
fies the prerequisites needed in the multivariate invariance
principle. Further, by taking into account the family Z¢ as
the index in the calculation of the test statistic, the ran-
dom function Sy, ..., (Y (Epuin, - ng)) 19, [a5, 5]) is written
by Sniong (Y (Eungmg))(t1, ..., ta) for brevity. It can be
shown that the last can be regarded as a random continuous
function on D with respect to the usual Euclidean distance
leading us to the conclusion that the integral of any function
of bounded variation with respect to Sy, ...ng (Y (Epmny-ng))
coincides path-wise with the Riemann-Stieltjes integral in
the sense of Stroock [25], pp. 7-16.



The steps how to conduct asymptotic LOF test for the
mean of multivariate spatial regression model in the prac-
tice according to our method is summarized in the following
algorithm:

1. Determine the design p under which the experimental
design is constructed;

2. Construct the experimental conditions according to F),

following the sampling strategy introduced in Section 2;

Compute the test statistic J (Y (Zn,-nq));

4. Compute the p-value of the test by using the formula
given in Remark 3.2;

5. Draw decision whether or not to reject Hy.

@

4. NEYMAN-PEARSON TEST

Our purpose in this section is to establish an optimal
test and to use the optimality criterion defined in Bischoff
and Miller [10] in order to show that the test 1.p,...n, is
asymptotically optimal.

Under the condition of Theorem 3.1 the sequence of the
partial sums processes {Z 728, ., (YU Z 10 ny)) (A)
A€ Ag}, mp > 1,...,nq > 1 converges to a signal plus
noise model given by

V={Z"20,(A) +Z,(A): A€ Ao},
with g Pg, T+ Pg, as the deterministic signal and
the set-indexed Gaussian white noise Z, as the random
noise. We called ) asymptotic model that corresponds to
{27128,y (Y (B iny g ) ) (A) A € Ap}. Hypothesis
of the form
(4.1)

Hy : g, = ¢g, against Hy : pg, = @5,

c
for some g, o, € VL, N (W)

is said the asymptotic hypothesis that corresponds to
Hypothesis 3.1, where VI and WE are the product
of p copies of V, and W, respectively, with V, :=
[Puwrs - Puwps s Py, | a0d W, = [0y, ... o, ]. Further-
more, the problem of testing (4.1) when observing ) is called
the asymptotic version of that of testing (3.1) when observ-
ing {271/28"1”'7% (Y (Bpnyma))(A) + A€ Ao}

Our concern is to establish Neyman-Pearson test proce-
dure for (4.1) when the model Y is observed. For that we
need the reproducing kernel Hilbert space (RKHS) of the

components Z,,, denoted by H ), given by
"

Hym = {h: h(A) = / £du, L€ Ly(D,p), A€ Ao}.
o A
The space H ;) which is furnished with the inner product
and norm defined by
<€13 €2>u

<h17h2>Hz(i) = :/ lladp, £y, 8s € La(D, 1)
p D

Hh”Hz,(j)

el =/ [ 1Pdn. €€ La(Dp)

is decisive for our result, see also [26]. We get the re-
sult immediately by applying either Theorem 4.1 in [19]
or Definition 1 in [5] the RKHS of Z,, which is given by
'Hz“ szl'HZu). It becomes clear that Vg as well as Wf;

are subsets of Hz,. Analogously, inner product and norm
on Hz, are defined respectively by

D P
<9011790V>Hz“ Z<@viv<pu1->7{z(i) = Z<Uiaui>u
i=1 ® i=1
D
loulfin, = DIl = Znuzn = ().
1=

Definition 4.1. Let ¢o(Y) and %1()) be the density func-
tions of )V when the samples are considered under Hy and
Hj, respectively. A non randomized Neyman-Pearson test
for 4.1 when the asymptotic model Y = 2’1/290g1+g2 +7Z,
is observed is a function n, : C?(Ag) — {0, 1} defined by

%o (V)
) =4 1w =k
0; otherwise

where k is a constant that satisfies Eg,(1,) = «, for a pre-
determined o € (0,1).

Since the Neyman-Pearson test by Theorem 3.2.1 in [18]
leads us to an optimal test, Definition 4.1 suggest that in
order to obtain an optimal test procedure for (4.1) we need
to derive the density formulas of the process ) under Hy as
well as under Hi. Definition 4.2 below defines some impor-
tant notations.

Definition 4.2. For any h :
tribution of h + Z, on (C?(A ) (CP(AO))) is denoted by
Pp, defined as Ph (B) := Py, (B — h), for every Borel set
B:=xY_ B; € B(C”(Ao)). The function h is called a shift.
If h € Hz,, then h is called an admissible shift, cf. [19],
pp. 34.

= (hi)!_, € CP(Ao) the dis-

The following theorem presents a most powerful test of
size « for testing (4.1). The rejection region is derived based
on the Cameron-Martin density of the shifted measure Pé‘u
with respect to Pz, , see Theorem D.1 in the appendix. As a
comparison study, Wellner [35] applied the Cameron-Martin
formula for signal plus Gaussian white noise on the space
C([—c¢, c]) with control measure the Lebesque measure and
the signal a monotone function on [—c¢,¢] in establishing
likelihood ratio test for testing the signal. The cameron-
Martin formula for the Slepian processes on C([0,1]) has
been investigated in [9].

Theorem 4.3. A most powerful test of size « for the hy-
potheses Hy : pg, = g, against Hy : g, = g, for some
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5,05 € VEN (W’;)C with pf, Z ¢y, will reject Hy if and
only if

/D (f1 = £) TS24y > &71(1— a) B V2(f — )|
+<E_1/2(f1 — f()), 2_1/2f0>2p).

Furthermore, the corresponding power function of this test
s given by

T, (o) = 1—<1><<1>-1<1—a>

(BT — £o), BTVA(E — £o))yF)
=172 (8 — )]

Jor every pr € VL N (Wg)c, where ® is the cumulative
distribution function of the standard normal distribution.

Corollary 4.4. The asymptotic test based on the statistics
T (Y'Z 1y ny)) defined in Theorem 3.1 is an asymptot-
ically optimal test of size «.

Proof. Since the sequence 1,5, ...n,, converges in distribution
to n, for the situation under Hy as well as H;, where the
Ny is an optimal test based on the statistic [, =V2(f —
fy) TdY, then by the optimality criterion defined in [10],
Ny --ng 15 an asymptotically optimal test based on the
statistic J (Y2 iy ng))- O

5. THE EXISTENCE OF AN
ASYMPTOTICALLY OPTIMAL DESIGN

There are many criteria in defining optimal design of ex-
periment for model check or testing LOF in regression, see
e.g. [10, 11]. In this paper we define optimality criterion
based on the power function of the test.

Definition 5.1. Let p; and ps be two designs that corre-
spond to Z,,:n,...ny a0d Zy,in,...n,. The design p; is said to
be asymptotically more optimal than po for testing (2.2) or
equivalently (4.1), if and only if ¥, (f) < ¥, (f) for every
f € VPN (WP)Y. Further, let G be the set of designs u s.t.
F,, is continuous and nondecreasing on D. A design uo € G
is called an asymptotically optimal design for testing (2.2),
if and only if it holds

sup ¥, (f) = ¥, (f), Vf € VP N (WP)C.
neg

We notice that in this paper the space G is furnished with
the uniform topology induced by the metric dg, defined by
dg(p1, p2) = | Fpuy — Fpus [l oo-

Remark 5.2. Since @ is nondecreasing on R, a design p; is
asymptotically more optimal than uo for testing Hyg : go =0
against H, : go = f1, for f; € VP N (WP)C if and only if

(=12, 2—1/2f>(17)
H2
=124 )
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(p)

<271/2f1,271/2f>
< M vf e VPN (WP)C,

PREAIR

Let {Wip, ..., Weu, Wigt1)ps Wmp } be the Gram-Schmidt or-
thogonal versions of the original basis of V when the sam-
pling is conducted under the designs u, for arbitrary fixed
@ € G. Since f; and f are arbitrary in VP N (WP)¢,
there exist vectors of constants a := (al,...,ap)—r7b =
(b1,...,by)" € RP, such that f; := a(wigs1), + -+ + Wp)
and f := b(w(g41), + - - + Wmy). Then, it holds

(=12, 2—1/2f>(1’)
i
151728 |7

Aab 2 2
= Vvl o+ lwmall?

where Agp, := a' X 'b and A,, := a' X~ 'a. Thus by the
orthogonality of the basis of V? N (WP)¢, the design p, is
asymptotically more optimal than pus, if and only if

V0 2, 4+ [ |2,

< Vs By + -+ w12,

Hence by the preceding result, a design po is an asymp-
totically optimal design for testing LOF if and only if
W (o) = sup,,cg We(u) for arbitrary fixed f € VPN(W?),
where

Aab
Welo) = 22 Mgl + - el
aa

This means that the problem of finding an optimal design
of testing LOF is now shifted to that of finding a design
1 € G that maximizes the sum of the square norm of the
basis of VP N (WP) in Ly(u, D). The set G is compact un-
der the uniform topology, because G can be easily shown to
be closed and bounded under such a topology. Furthermore,
since integration with respect to p involved in the compu-
tation of norm || - [|2 is continuous function on G, then as a
composition of two continuous functions, Wk(-) is therefore
continuous on G, for every f € VP N (WP)C. By a standard
result in analysis there exists an asymptotically optimal de-
sign for testing (2.2).

Theorem 5.3. Among the elements of G with the same
sample size ny X - - - X ng, reqular lattice is the asymptotically
optimal design for testing LOF in multivariate regression.

5.1 Example 1

Suppose we observe the following multivariate regression
model

Y;(t; S) = ﬂ0i+61it+ﬁ2is+gi(ta S)a (t7 S) S [1a 2]27 1= 1) 27 37 4a

with E(£) = 0 and the invertible covariance matrix ¥ de-
fined as



9 3 —6 12
3 26 -7 -—11
3= -6 -7 9 7

12 —-11 7 65

Suppose we are given two probability measures jo and the
Lebesgue measure A? for constructing the experimental de-
sign according to the design scheme introduced in Section
2, where F, (t,s) :==2(1 —1/t)2(1 — 1/s), for (t,s) € D :=
[1,2]?. We determined the design points of Z,,,., xn, for
fixed n; > 1 and ny > 1 by the formula

2TL1 4”1“2(tn1j1 - ]')

tnyj, (Aning — jij2) — 4ning’

tn1j1 = and tn2j2 =

2’/7,1 - jl
for 1 < j; < m and 1 < jo < ny. The design points
of Ex2.p,xn, 18 clearly given by the regular lattice with
thjy = 14 31_11 and ty,5, = 1+ rJTz We are interested in
computing and comparing the asymptotic power functions
when we are testing Hy : g = (¢\"), € W* := [w;]4, while
we are observing g € V* := [wy, wq, w3]?, with w1 (t,s) = 1,
wy(t,s) = t and ws(t,s) = s, for (¢,s) € D. The Gram-
Schmidt orthogonal version of these basis functions when
considered as functions in Ly (D, yg) and Lo (D, \?) are given
by Vﬁo = [ﬁ)mwﬁzguo,ﬁ)gm} and V;{z = [1D1A2,1Z}2A2,@3)\2],
respectively, where for (¢,s) € D,

Wiy, (t,8) =1, Way,(t,s) =t —1Ind, ws,(t,s) =s—1n4

Wixz(t,8) =1, Wap2(t,8) =t —3/2, wWsy2(t,s) =s—3/2.

First we consider the design po in testing the hypothesis
Hy : go = 0 against an alternative H; : gy = f1,,, for a
vector fi,, € Vi N (W3 )9 defined by
fllm (tv 5)
= (18,11,13,73) T (Way, (¢, 8) + Way, (¢, 8)) (t,8) € D,
where g- satisfies the decomposition g = g P g, with g; €
Wi and g € V, N (Wﬁo)c. The intention is to compute

the limit of W, .n,n, (f) when it is evaluated at f = pfy,,,
for p € R. After conducting a little computation we get

Wr(po)
- p\/(l& 11,13,73)2-1(18, 11,13, 73)T

X M2 12, + 13 12,

= 19.364921/0.078188 + 0.078188 p = 7.657738p.

Hence, by Corollary 3.3 we obtain the limiting power
function of the test of size a based on the statistic
j(YZOC(Euo;m xny)) as

\Ilﬂo (p) = \I]lto (pfllto)
=1-®(@ (1 —-a)—"7.657738p), for p € R.

Next we test the similar hypothesis Hy : go = 0 against an
alternative Hy : go = fj,2, for a vector fiy2 € V§,N (W‘iz)c
defined by

fl)\Z (t, 8)
= (18,11,13,73) T (Wap2 (¢, 5) + Wax2 (1, 9)) (£, 5) € D,

where gy is obtained from the orthogonal decomposition
g = g1 ® g, with gt € W}, and g» € V3, N (W‘){z)c.
By applying the analogous computation steps as before, the
power function Wyz2.,, ,,, (f) when it is evaluated at f = pf 2
converges point wise to

q’)\Q ()\) = \I/)\z (pfl)\Q)
=1-®(@ (1 —a)— 7.905694p), for p € R.

It is seen that Wy2(p) is slightly larger than ¥, (p) for all
p. This means that the design A? is asymptotically more op-
timal than that of pg suggesting us to choose the regular
lattice as the design instead of that obtained using the dis-
tribution function of pg in order to get asymptotically more
optimal test.

5.2 Example 2

In the second example we investigate the behavior of the
designs 19 and A\? defined above for testing the hypothesis
Hy : g € W* against H; : g € V* when we observe the
multivariate model

5

Yi(t,s) =Y Briwk(t,s) +ei(t,s), i =1,2,3,4,
k=1

with E(£) = 0 and the covariance matrix given as in
the preceding example, where W := [wy,ws,w3] and
V = [wy,ws, w3, wy, ws] built by the regression functions
wi(t,s) = 1, wa(t,s) = t, ws(t,s) = s, wy(t,s) = t2,
and ws(t,s) = s2, for (¢,5) € [1,2]? which are clearly lin-
early independent as functions in Lo(D, ug) as well as in
L2(D, \?). In other word we want to test whether or not a
first-order polynomial is adequate for representing the model
under the test procedure based on J(Y'(Z 0.0, xn,)) and
j(Yloc(Ev;annz)). The orthogonal representation of g;
in La(D, o) and Lo(D, \?) is respectively given by g; =
22:1 BriWhpu, (t,s) and g; = 22:1 BriWpaz(t,s), for i =
1,2, 3,4, where

) , Wapy(t,8) =t —1n(4), W3y, (t,s) = s —In(4),

) =t% — K1t + Ko, Ws,, (t,5) = s* — K15+ K»
,8) = Loz (t,s) =t — 3/2, w32 (¢, 8) =s—3/2,

) =12 —t/4 — 4T/24, W52 (t,5) = 82 — 5/4 — 47/24,
where K7 := 3 — 2In(4) and Ky := [3 — 21In(4)]In(4) — 2.
If we consider pg as the design, the limiting power function
of J(Y'°(Z,0:n1xn,)) for testing Hy : g2 = 0 against Hj :

g2 = fi,,, where fi,,, 1= (W4, + Ws,,)1 € VIN (WHC,
when it is evaluated at f = 0f;,,, is given by
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W (£) = Wy (0F1)
=1-® (@ "(1—a)—3.022116 6), 6 € R,

where 1 := (1,1,1,1)T € R*. Analogously, under the design
A2 we get the limiting power function of the test based on
J(YZOC(E,\S;,HXM)) for testing Hy : g2 = 0 against Hy :
go = fl)\Q, where fl)\Q = (64)\2 + ’1,175)\2)1 S V4 N (W4)C,
when it is evaluated at f = 6f;,2 is given by

\I/)\2 (f) = \I’/\2 (eflxz)
=1-® (@ '(1—a)—6.41156 ), 6 € R.

By these results it can be stated that A\? is asymptotically
more optimal than .

6. SIMULATION STUDY

In this section we simulate the finite-sample performance
of the test for the hypotheses studied in Example 1 and Ex-
ample 2 of Section 5. In the simulation we build the graphs
of the power functions of the tests for various sample-sizes,
where the observations are sampled using the experimental
designs o and A\? defined on the experimental region D.
In each case the vector of random errors is generated inde-
pendently from the centered 4-variate normal distribution
with the covariance matrix 3 defined in the example. We
will demonstrate for the case of d = 2 that independent
to the choice of the design strategies and the level «, the
power functions W, xn,(f) converges to ¥, (f) for every
f € VAN (WH as the sample sizes get large.

For computational reason we consider the class {[1,¢] x
[1, 5] 1 < t,s < 2} of [1,2]? as the index sets.
Hence Sy, xn, (Y (Eumixns))([1,8] x [1,5]) is written by
S xns (Y (Euin, xny))(t, s) for brevity where the last can be
regarded as a random continuous function on [1,2]? with
respect to the usual Euclidean norm. This leads us to the
conclusion that the integral of any function of bounded vari-
ation with respect to Sy, xn, (Y (Euin, xn,)) coincides path-
wise with the Riemann-Stieltjes integral, cf. Stroock [25],
pp. 7-16. By considering the partition on [1,2]? built up by
the design points of Z,,.,, xn, We get by the definition of the
Riemann-Stieltjes integral

j(Y(E‘#ﬂh Xn2 ))

(R)
= /[1 . ffz—l/zdz—l/zsmmz (Y(Zum1xns))

ni no
~ Z Z fl—r (t'mjl ’ t”sz )EilAJ‘hjZ Snl X1 (Y(Eu;m X2 ))

J1=1j2=1
1
AVALANLD)

where for any function u :
1 S j2 S na,

ni no
Z Z fl—r (tn1j1 ) tn2j2)2_1Y(tn1j1 ) tn2j2>7

J1=1j2=1

[1,2]2 - R* 1 < j; < np and

Ajhjzu = u(tn1j1atn2j2) - u(tn1j1_17 tnzjz)
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- u(tn1j17tn2j2—1) + u(tnljl—la tn2j2—1)~

Here the notation [ () stands for the integration in the sense
of Riemann-Stieltjes.

6.1 Simulation 1

In the first simulation we consider the situation described
in Example 1 of Section 5. Using the design py we generate
the observations independently from the model

Y1 1
.| 1 1
}/3 n v/ 1ng 1
Y4 1
18 €1

11 (tnljl —Ind + lngjs — In 4) + €2

13 \/N1MNo €3 ’
73 E4

+p

likewise when the design is A2, the observations are gener-
ated independently from the model

Y; 1

Y, . 1 1

Y?, a A/M1M2 1

Yy 1
18 €1

+p 11 (tnljl - 3/2 +tn,j, — 3/2) + €2 ’

13 NS €3
73 €4

where in both cases £ are generated independently from
the distribution Ny4(0,3). It is clear that the observations
are from Hj if and only if p = 0, otherwise they are from
H;. In the case p = 0 the power must attain the pre-
signed level of significance a. The simulation results for
a = 0.05 under the designs uo and \? are exhibited in in
Figure 1 and Figure 2, respectively. Figure 1 compares be-
tween W, ., xn, (pf1) (dashed line) generated for the sample
size (i) 40 x 40, (ii) 50 x 50, (i) 60 x 60 and (iv) 70 x 70,
respectively and ¥, (pf1) (smooth line). Figure 2 presents
W2, xn, (pf1) scattered by dashed lines based on the sam-
ple sizes (i) 60x60 and (4) 70x 70 and those of W2 (pf;) rep-
resented by smooth lines. The simulation results show that
for testing constant model, the power functions ¥, .n, xn, (f)
gives a good approximation to ¥, (f), whereas W y2.,,, xp, (f)
approximate very well its limiting power function W2 (f)
achieving the level of significance o = 0.05 when p is set
equal to 0.

6.2 Simulation 2

In the second simulation we consider the test exhibited
in Example 2 of Section 5. The observations are generated
from the models
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Figure 3. The graphs of W, ., xn,(0f1) (dashed lines) and U, (0f1) (smooth lines) for o = 0.10. The sample sizes are
(7) 50 x 50, and (ii) 60 x 60. The graphs are generated under 1000 runs using R.

Y1 1 1
Y _ 1 (1 + tn1j1 + tn2j2 - 21n4) +6 1
Ys 1 N 1
Y, 1 1
(tgzljl + t?LQjQ - K (tnljl + tnzjz) + 2K2)
V11n2
€1
+[°2],
€3
€4

when g is chosen as the design, whereas under the regular
lattice we generate the observations using the following one

Yy 1 1
Ys 1 (1 + tnljl + tnzjz - 3) 1
= + 0
Y3 1 A/ Ning 1
Y, 1 1
(t%ujd + tigjg - (tn1j1 + tnzjz)/4 - 47/12)
\/T1N2
€1
+ 2],
€3
€4

In both cases we generate the vector of random errors inde-
pendently from the centered 4-dimensional normal distribu-
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tion with the covariance matrix 3. The simulation results
are exhibited in Figure 3 and Figure 4, respectively. It can be
seen from both figures that the distance between the curves
representing the empirical power functions of the tests and
their limits are still large although the sample sizes are large
enough. This means that for testing polynomial model of
higher degree, the method based on the partial sums of the
vector of observations fails to give a satisfactory approxima-
tion result.

7. APPLICATION

Our intention in this section is to demonstrate the appli-
cation of the proposed method in real data in which we in-
vestigate the mining data as studied in Tahir [33]. The sam-
ple was obtained by drilling bores over the exploration re-
gion of the company positioned according to a 7 x 14 dimen-
sional lattice with 7 equidistance rows running west to east
and 14 equidistance column running south to north, see also
Somayasa and et al. [27, 28, 29]. Figure 4 exhibits the pairs
plot among the percentages of Ni, CaO, Co, the logarithm
of the percentages of SiOy (LogSiO2), MgO (LogMgO), and
Fe (LogFe) measured simultaneously. The plot indicates the
existence of positive as well as negative correlations among
the measured variables. For example LogMgO and LogSiOs,
LogFe and Co, CaO and LogMgO, CaO and LogSiOs seem
positively correlated. Further, the plot also shows negative
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Figure 5. The pairs plot of the percentages of Ni, CaO, Co, SiOy, MgO, and Fe observed over an 7 x 14 lattice points

showing the correlations among the

correlation between LogFe and LogSiOs, LogFe and Log-
MgO, CO and LogMgO, and CO and LogSiOs. By this rea-
son a multivariate analysis must be conducted in the statis-
tical modelling taking into account the unknown covariance
matrix of the vector of the variables. Furthermore based on
the individual scatter plot of each variable presented in [27],
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variables. Source of data: Tahir [33].

we can give a conjecture that polynomials of lower order
is appropriate to approximate the population model. More
precisely let Y := (Y},Y5,Y3,Yy, Y5, Ys) T be the vector of
observations representing the observed percentages of CaO,
LogSiOs, LogMgO, Co, Ni, and LogFe, respectively. It seems
that the common model for describing the functional rela-
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tionship between the vector of observations and the position
of the observations on the earth is a multivariate first-order
model. By defining a suitable transformation we can assume
that the experiment was conducted on the experimental re-
gion given by the unit rectangle [0, 1] x [0, 1] and the experi-
mental design Z 2.7, 14 corresponds to the Lebesgue measure
A? defined on B([0,1] x [0,1]). The point where the obser-
vation was started is regarded as the origin (0,0) which is
laid on the south-west corner, whereas the point where the
observation was ended is regarded as the point (1,1) which
is put on the north-east corner. Consequently, for 1 < ¢ <7
and 1 < k < 14, the observation Yy that stands for the
measurement on the point (¢/7,%k/14) in the unit rectangle
is actually the ¢! observation on the west to east and the
kth observation on the south to north direction.

We test the hypothesis Hy that the true model is
first-order model while observing second-order model. The
critical region of this test is determined by computing
J (Y (Ex2,7x14)) using the following approximation formula:

RN

(=1 k=1

T (Y (Exz;7x14) ZGXGYUC

This formula is actually the value of the component-wise
Riemann-Stieltjes sum of f; with respect S7.14(Zx2,7x14)
over the partition given by Z)2.714. When all outliers are
ignored we get for the mining data the value of the statistic
test as J(Y(Ex2.7x14)) = 275.43467, when under H; we
assume the function

fi(t,s) == [V5(6t> — 6t + 1) +
+v5(6s% —6s+1)]1 e VPN

(4ts — 2t — 25 +1)/3
(W)€,

where 1 := (1,1,1,1,1,1)T € RS, giving |SY2f |y =
106.84680 and p-value 0.497%. This means that Hy will
never be rejected for all level of significance a less than
0.497%. However, from the practical view-point this value
is too small for Hy being rejected. Therefore, we conclude
that first-order model is simultaneously appropriate for de-
scribing the model.

8. CONCLUSION

We have developed an asymptotic method for testing lack
of fit of the mean vector in multivariate spatial regression by
considering the multidimensional set-indexed partial sums of
the vector of observations. The experimental design is con-
structed by incorporating a sampling technique according to
a probability measure having a continuous-increasing distri-
bution function. The limit process is given by a type of mul-
tidimensional signal plus noise model with the multivariate
set-indexed Gaussian white noise as the signal. Observing
the limit process we can formulate an optimum test by uti-
lizing the Cameron-Martin density formula of the limit pro-
cess. The optimality of the test depends also on the choice of
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the design. In this paper we have shown that regular lattice
is an asymptotically optimal design. In the future we will es-
tablish likelihood ratio test for more general hypothesis then
that studied in this paper. The application of the method to
the mining data shows that multivariate first-order model is
plausible for « less then 0.497%.
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APPENDIX A. MULTIVARIATE
INVARIANCE PRINCIPLE

Definition A.1. Let (D, B(D), ) be a probability space on
the d-dimensional closed rectangle D := x9_,[a;, b;] C RY,
with a; < b;, where B(D) is Borel o-algebra over D. Let Ay

be the family of subsets in B(D) which has finite measure

under u. A centered Gaussian process Z,, := {(Z,(f) (A)r_, -

A € Ap} is called a p-dimensional set-indexed Gaussian
white noise with the control measure p, if and only if

u(A1),Z,(A2)) = p

where I, is the p x p dimensional identity matrix. Let Pz, be
the probablhty distributions of Z, on (CP(Ao), B(C? (.Ao)))
and let P 76 be the marginal distribution of Z, on
(C(Ao),B(C (.Ao))), for i = 1,...,p. Then by the definition
it is clear that Z,, has mutually independent components in
the sense

CO’U(Z (Al N AQ)IP7 VA1, Ay € Ay

Py, (x{_,Cy) =I_, P, <Z>(C) V xi_y Ci € CP(Ao).

We notice that when the control measure p is the Lebesgue
measure on B(D), we obtain the well known p-dimensional
set-indexed Brwonian sheet, see e.g. [27, 28]. If the index
is the family {x lag,t;]: ajgtjgbj,jzl,...,d} of
subsets in B(D), then we get a Gaussian random field which
is commonly called the multi parameter p-dimensional Br-
wonian motion.

Theorem A.2. Let E(E,n . my) = {&j1jy 1 < 51 <
ny,...,1 < jg < ng} be an arrays of independent and
identically distributed p-dimensional random wvectors with
E(&1..1) = 0 and Cov(&;...1) = X, where X is assumed to
be positive definite. Let Z, = (Z,(f))le be the set-indexed
Gaussian white noise with the control measure p defined on
the measurable space (D,B(D)). Then

_ — D
by 1/28n1..‘nd(S(ZM;nl---nd)) — ZN'



Proof. (1) By the well-known multivariate Lindeberg-Feller
central limit theorem (cf. [34], p. 20) we show that for
any Borel subset By,..., By, in B(D) and the constants
a1, ...,0an, the general linear combination

NERANIE

ak2_1/2sn1-~~nd (E(Epny-na))(Bk)

ni

1/22 Z
1Bk g1 Jd J1 “Jd

Jji=1 Ja=1

Qg —F——

W

k

Il
-

converges in distribution to Z;n:k a2, (By) which can be
easily shown to follow a p-variate normal distribution having
zero mean and the covariance matrix

Cov (Z akZH(Bk)> = ZZakam By, N By)I,.

k=1 k=1 ¢=1

It suffices to show the covariance of F,,,...,, converges to
that of >/"  axZ,(By), and it satisfies Lindeberg condi-
tion. Since E(F,,...,,) = 0 and &;,...;, are independent and
identically distributed, we have

Cov(Fp,..n,)
= Zzakaf Z Z 1BkﬂBz 1+ Jd)I
k=1¢=1 di=1 ja=1
= Z Z akaan(Bk n Bg)Ip — Z Z akag,u(Bk N Bg)Ip
k=1/¢=1 k=1/¢=1

where the last is the covariance of ;" | a;Z,,(By). Next we
show Lindeberg condition. For € > 0, let

2
n1 ng m —-1/2 L L
L Z 2 :akz 1p, (tjl"'Jd)gjl"'Jd
‘C(s)_i : E Ny ---Ng
J1 Ja=1 k=1

1
=~ /lBk(t“ Gg)5

Ty g

J1--dd

e )

Let M := maxi<g<m |ag|, then by the property of the Eu-
clidean norm, we get the following inequality

2
< M2H271/2‘9j1'“]’d‘|2 )

Em: ak271/213k (tjl“‘jd)gjl“'jd

ny---ng

ni-Nn
=1 1 d

Also

m arS Y21 (tj,.. )
Zk:l k\Y51-34)C51-da > c

R implies

(=128, 5.l > SR Therefor we get

2
2 —-1/2
E(E) S M*E (HE gllH 1{”2_1/251~-~1”>E\/W}>

which by the bounded convergence theorem (cf. Corollary
2.3.13 in [4]), the right-hand side converges to zero.

(2) We show that {Sy,...n, (E(Euin,-.na))(B) : B € B(D)}
is tight. The suitable definition of the modulus of continuity
of Sy iona (E(Euny-ny)) is

W(Sn, g (€ (Euiny-na))i0) = sup I'(A, B),
{A,BeA: d,(A,B)<d}
where F<A’ B) = HSTH ‘Mg 5(“# ny: d))(A) -

Sniong (EE g my))(B)|| for any A, B € B( ) whose
it" component is given by

Snr"nd (El(Ep,nlnd))(B)
_ Z?llé.l.;i(fjd:1 1B(tj1"‘jd)€ivj1"'jd

Nny-+-Ng ’

1=1,...,p.
By the definition it clearly holds
‘Nd (g(EM;’ﬂl

<3 w(sa,

i=1

w(Shn, . na)); )

na));0)

Mg El “/JJH

Hence, to establish the tightness of
{Va(Snyng(EEumymy))(B) + B € B(D)} it suffices
to show the component {S,, ..., (€i(Eun,.my))(B) : B €
B(D)} is tight, for ¢ = 1,...,p. The uniform central limit
theorem investigated in [1] and [23] established the proof

since convergence in distribution implies tightness. O

APPENDIX B. PROOF OF THEOREM 3.1

By the definition of Y'¢(Z,,.,,...n,) and by the linearity
of the integral on the space CP(Ayp), if Hy is true we have

TV (E i)
_ /D(f1 Cg) TS V24s S,
1

(mgl(EH§nl'”nd))

+/D(f1 —fy) T =V24m2S, .,
1

——f(Epn,on

( nL g 0( i d))

+/D(f1 7fO)Tzil/zdzil/QSny”nd(E(E’u§n1"‘"d))'

Since g1; and fp; are continuous and of bounded variation on
D, for i = 1,...,p, it holds Snl...nd(\/ﬁgl(Emm...nd))
and Snl...nd(ﬁfl(Emnl...nd)) converge respectively to
the set functions ¢g, and ¢ . The multivariate in-
variance principle (Theorem A.2) gives the result that
2128, i (E(E iy ny)) converges in distribution to Z,,.
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Hence, by applying the well-known continuous mapping the-
orem (cf. Theorem 27 in [6]), J(Y'°(Z,ns--n,)) converges
in distribution to

/(f1 —fy) "2
D
+ /D (f — o) =~

+/ (f, — fo) 27124z,
D

=0+ (Z7V3(f, — £y), =~

+/D(f1—f0)T

We notice that all integrals involved should be interpreted
path wise as integral with respect to signed measure. The
first term in the right hand side of the last equality fol-
lows from the fact that £71/2p, and £71/2pg are abso-
lutely continuous with the L5(D, u)-densities £~1/2g; and
> ~1/2f,, respectively and X7V2(f; — f5) L X~1/2g;. Fur-
thermore, since

/D(fl —f)"

then by applying the well known Lindeberg-Levy central
limit theorem we get

1/2d2_1/290g1

1/2d2_1/2gpf

1/2f0>£p)

»-1247,,.

124z, ~ N (0, (1526 ) |)?)

TV iy ng)) = (572 — Fo), 576 P

I=-12(F, — £) |7

2, N(0,1).
Hence, by setting the constant k for

k=071 (1—a)||S72(f — fo)||
+(ZTR(f — £), B2 o) (P

we obtain an asymptotically size « test asserted in the the-
orem establishing the proof of the theorem.

APPENDIX C. PROOF OF COROLLARY 3.3
If go = f for any f € VP N (WP)Y, then we have

1
ny---ng
1

+ mf(aﬂ;ﬂl“'"d) + 5(Eli;n1~'~nd)~

YZOC(EN§n1”'nd) = gl(Emn1~~-nd)

By applying the similar argument as in the proof of Theorem
3.1, J(Y'(Z,1ny..n,)) converges in distribution to

/D(fl —fo) '3

= (Z7V3(f — fo), 27 2E) () +/ (B7YV2(f, — £))TdZ,.
D

1/2d271/2@f0+/(fl_fO)TE*1/2dZM
D
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Let k* be a constant defined
k= (Y2 (f1—fo), = 71/26) (P

BEECESIR , then by the
central limit theorem, we get

by k* =
Lindeberg-Levy

W (f)
= lm_ PlueQ: T (Y (Bpinymy) (W) > kg = £}
N1, ,Ng—7>00
= lim P{ ! @
momaee LIS () — fo)ll,f

X [T (Y Epingona) = (72 (01— £0), 37

(720 — £). 372 - f))P
|28 = )l

=1-% (@‘1(1—a)—
We are done.

APPENDIX D. MULTIVARIATE
CAMERON-MARTIN
DENSITY

Theorem D.1. The shifted probability distribution P;“ 18
absolutely continuous with respect to Pz on CP(Ap), if and
onlyifh € Hyg,. Ifh € Hz, withh(A) := [, {du forAe A
and £ := (&)?,1 e LY(D, ,u) then

Py 1
aPy, (x) = exp {/D (T dx — §||h||3_LZu } ,
x:= (21,...,2,) € CP(Ap)

where [, 0Tdx :=Y""_| [, tidx; is interpreted path wise as
the integral with respect to signed measure. See [19], pp. 13-
15 for the definition of integral involving signed measure.

Proof. The proof of the theorem is mainly based on the
univariate case presented in Theorem 5.1 of [19] and the
stochastically independence between the components of Z,,.
To the first assertion, suppose h € Hz,. Then by the defini-
tion of Hz,, it holds h; € HZ<-> foralli=1,...,p, which im-

plies P" 70 is absolutely continuous w.r.t. P« on C(Ap) (c.f.
m

Theorem 5.1 of [19]). There exists a v; € La(C(Ap), P G )

s.t. Ph() fB vi dP 260 for B; C C(Ap). Hence, by

Deﬁnltlon 4.1 and the independence of Z,(L we have
P%lu (Xf:1 B'L)

= Pz (szlBi — h) = PZM(Xf

(Bi — hy))
=1 th(B )= / (If_y7i) dPya -+ dPyq.
B " "

Conversely, let P%‘” be absolutely continuous w.r.t. Pz,.

Since we can write Pgﬁ) (B;) foralli=1,...,p, as
P (Bi) = PJ,(C(Ao) x -+ x C(Ag) x B;
x C(Ag) x -+ x C(Ap)),



for h = (0,...,0,h;,0,...,0)", it can be concluded that
P;’fi) is absolutely continuous w.r.t. P ¢, foralli =1,...,p.
A m

Hence by Theorem 5.1 of [19] h; € H ¢y, for alli =1,...,p,

establishing the first statement. To proof the second one we
move further by recalling Definition 4.2 and the indepen-
dence of Z,(f) that

Pz (x}_,By)

hi
= Hp PZm(B )

1
i R T v
_Hi:l /B1 exp{/D&, qu, 2|h7||7-[z‘(;)} dPfo)
1
= [ oo [ T ax g, } ars,
B D

completing the proof of the theorem. O

APPENDIX E. PROOF OF THEOREM 4.3

Since 2_1/2<pg = (Qx-1/24, then by directly applying The-
orem D.1, under Hy and H; we respectively have the follow-
ing density formulas

Yo(Y) = exp { /D(g1 + )T =2ay

1 e
- §||2 1/2()0(g1+f0)||'21~£z“}

and

Y1 (V) = exp { /D(gl +£)"=7 20y

| —
- §||Z 1/290(g1+f1)||$-tz“}'

By further recalling the assumption that g, is or-
thogonal to ¢, and ¢ in Hz,, we get the equations

1= 20 480 3, = 1B %00 13, + 1157 20n 13,

and ”E_l/g(p(glJrfl)”’Qqu = “2_1/29031”%-[2” +

HE‘”Q%II%Z . Hence the ratio between o(Y) and
I

¥1(Y) can be further simplified and we obtain the
expression

Yo(Y)
Y1 (V)

ZGXP{/(fo—ﬁ)TE_l/QdJ}
D

1 _ _
+5 (127 on By, — 120 B, ) -

Neyman-Pearson theorem (cf. Theorem 3.2.1 in [18]) guar-
antees that 7, will become a most powerful test of size
€ (0,1), if there exists a constant k that satisfies

Yo(Y(w))
P1(Y(w))

—fy) L 2Y2gy in LY(D, 1), when

However, since £~ 1/2(f;

Hj is true, the integral involved in the formula of the ratio
between 1()) and 11 () can be written as

/(fo—fl)Tzrl/?dy:/(fo—fl)T
D D

+/ (fo — £1) "2 2dpg 12, +/ (fo — £1)'27V24dZ,
D D

Eil/Qd@E—l/Zgl

=— /D(f1 —fo) T =724z, — (ZTVR(f — £y), B2 )P
This leads us to get
P{wo(y)

<k|Hyp =
B <o)
= P{/ (2_1/2(f1 — f()))—r dy > /<&|H()} =
D
& IP’{/ (Z7V2(f, — £))TdZ, > n*} =a,
D
where k and k* are constants defined respectively as

1
5| = e

1

1
=5 =

k:=—1In(k) + 5

Hz, Hz,

K=k — (ST (F - fy), B2 ) ),

Moreover, since

[ @20 )Tz~ N (0.2 28 - 1)),
D

then we must set the lower bound presented above for the
(1 — a)-th quantile of the standard normal distribution. In
other word we have the equation

K — (272 (f) — ), 271/2f0>5tp)

=o1(1-a)
=128 — £o)]|
4 _1/2 (p)
s r=0"1(1 a)Hz (£, — £o)
1

+(ZTVR(f — £), B2 ) (P

We notice that the original constant « could be computed
if desired, but it is not necessary in order to perform the
tests. The power function of the Neyman-Pearson test of
size « evaluated at @f is defined as

Tuter) = P{ [ (5720 - 0) a0 > ] s = e |

If the true model is Y = 2’1/2g0g1 + X120 + Z,, then

we get
Tu(or) = pl &2 %)) dZ,
! =128 — £)]| P
J R (BT —£), B 1/2f>£f’)}.
- =128 — )|
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By substituting x« we obtain the expression stated in the
theorem.

APPENDIX F. FUNCTION OF BOUNDED
VARIATION ON D

Definition F.1. Let f : D := x¢_,[ax,bx] — R be a real
valued function with d variables. For ag, b, let AZ’; f be a
real-value function defined on D, given by

Abkf —f(xl, . ,l'k,17bk,$k+1,...,l’d)
— fz1,. . g1, Ak, Tt 1y -+, XTd),
for k = 1,...,d. Furthermore, for a := (ak)gzl,b =

(bi)¢_, € D, AP f is defined on D recursively starting from
the last components of a and b. More precisely,

ARF = AR (- (A (A f)) ).

ad—1
Let {j1,---,ja} be a permutation of {1,2,...,d}, then it
holds
ARf = AG (- (AL (AZ ) )
= AN (- (A (AG ) -+ -)-

This means that the operation of APf does not de-
pend on the order. By this reason we write APf by
Agll -.'AZZ llAbd f ignoring the brackets. The reader is re-
ferred to [36] and [15], pp. 44—45.

Definition F.2. (Yeh [36]) Let Ty = {[zky, Tk, [Tk,
Thy)s oo [Thar, 10 They, |} e a collection of My rectangles
on the closed interval [ag,bg] with ap = 2, < zp, <

o S Ty, = bis for k = 1,...,d. The Cartesian product
K:= xgle‘k which consists of ngle closed rectangles is
called a non-overlapping finite exact cover of D. The family
of all non-overlapping finite exact cover of D is denoted by

J(K).

Definition F.3. (Yeh [36]) For 1 < w; < My, with
k=1,...,d, let Jy, .., be the element of I defined by
Ty wy = x(,i [Tk, 12Tk, ]- Let ¥ 1 D — R be a real
valued function on D. Operator Ag, acting on a func-
tion 9 is defined by

1wy

xT
) .Amjwd .

wg—1

xry i)
AV A Vo

"”1 wg —1

The variation of 1 over the finite exact cover K is defined

by
vl

Accordingly, the total variation of ¢ over D is defined by

V(; D) == sup v(¥;K).
KeJ(K)

’LU1:1 wdzl
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Furthermore, the function ) is said to have bounded varia-
tion in the sense of Vitaly on D if there exists a real number
M > 0s.t. V(y; D) < M for some real number M > 0. The
class of such functions is denoted by BVV (I%).

Definition F.4. (Yeh [36]) Let (x1)¢_, be a variable in D.
For a fixed k, let D* be a k-dimensional closed rectangle con-
structed in the following way. We choose d — k components
of the variable (z1)?_,. For each choice from all possible ele-
ments of the set C’ZL > We set each x; with a; or b; and let the
remaining k variables to satisfy a; < x; < b;. Then for each
k we get 297%|C4_, | k-dimensional closed rectangles D*.
For convention we denote the collection of all 2¢=%|C4_, | of
closed rectangles D* by B and the j-th element of B* will
be denoted by Df A function 7 is said to have bounded
variation in the sense of Hardy on D, if and only if for
each k = 1,...,d and j = ., 297k1Cd |, there exists
a real number Mjy > 0 8. V(1hpe(): DF) < My, where for
k=1,...,dand j =1,...,297%Cd_,|, wD;:(') is a function
with k variables obtained from the function ¢ (x1,z2 ..., xq)
by setting the d — & selected variables with a; or b;, whereas
the remaining k variables lies in the interval [ag,bg]. The
class of such functions will be denoted by BV (D).

APPENDIX G. PROOF OF THEOREM 5.3

Suppose we consider a p-variate model Y;(x) =
Z;nzl ,Bijwj(x) + gi(X), for x € D C Rd, 1 = 1,...7]),
where {wi, ..., wg, Wg41),. ., wn} forms a basis of V
which can be considered as functions in Lo(D,\%) as
well as in Lo(D,u) for arbitrary fixed p € §G. Let
{Wina, .. Wyray .o, Wpaa} and {Wip, ..., Wap, -, Wiy}
be the Gram-Schmidt orthogonal versions of the original
bases when the sampling is conducted under the designs
A and pu, respectively. It can be easily shown there ex-
ist constants cigy, . .., Cmk, Which depend on p, s.t. wy, =
doiy CikpWina, for k= 1,...,m. Let /. be the density of
p w.r.t. to A% Note that by the assumption there exists
Fypi, such that f, () = I¢_ F} (t) > 0 and it holds
[ fullae < | £ulloo| D] =: C. Then by the definition of || - ||,,
and Holder’s inequality, we get

Hw(q+1)lt”;24 t+-t ||ﬁjmuH;2¢

- /D (@, 1y fu)AN 4+ /D (@2, f,) AN

< (12, ayllne + -+ 18205 ) 1l
m
< Z (llejg+1yuce(q+1)pWinaWera|[xa + - -
Ji =1

+ ||ijucému{[’j>\d Wepd|[xa)C

<3

j=11=1

(M2 [ @3 Dpxa o +



+ M? || 5Wexa[ ) C

m m
< M?*(m —q)C ZZH@‘,\ME@MHM )

j=1¢=1

where M := sup,cg maxi<j<m; g+1<k<m |cjkp|- The con-
stant M is well-defined, since for 5 = 1,...,m and k =
g+1,...,m, cjp, is a continuous function of u on G w.r.t.

the uniform topology. The upper bound on the right-hand
side of the last inequality is calculated using the integral
w.r.t. A% only, therefore the Lebsesque measure A% is the de-
sign such that sup,,cg We(p) = We(A\9), finishing the proof.
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