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Estimation and variable selection in generalized
partially nonlinear models with nonignorable

missing responses

NIANSHENG TANG* AND LIN TANG

Based on the local kernel estimation method and propen-
sity score adjustment method, we develop a penalized like-
lihood approach to simultaneously select covariates and ex-
planatory variables in the considered parametric respondent
model, and estimate parameters and nonparametric func-
tions in generalized partially nonlinear models with nonig-
norable missing responses. An EM algorithm is proposed to
evaluate the penalized likelihood estimations of parameters.
The ICq criterion is employed to select the optimal penalty
parameter. Under some regularity conditions, we show some
asymptotic properties of parameter estimators such as or-
acle property. It can be shown that the proposed local lin-
ear kernel estimator of the nonparametric component is an
estimator of a least favorable curve. The consistency of the
ICq-based selection procedure is obtained. Simulation stud-
ies are conducted, and a real data set is used to illustrate
the proposed methodologies.
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1. INTRODUCTION

Generalized nonlinear model (GNM) is a natural exten-
sion of generalized linear models and nonlinear regression
models, GNM provides an effective tool for modeling non-
normal data such as count data and nonlinear relationship
between mean of response variable and its associated factors.
Over the past three decades, many studies have been done
on GNMs. For example, Jorgensen [1] discussed asymptotic
properties of maximum likelihood estimators of parameters
in GNMs. Cordeiro and Paula [2] gave a general Bartlett ad-
justment formula for the expected likelihood ratio statistics
in GNMs. Cox and Ma [3] developed asymptotic confidence
bands for a linear combination of parameters in GNMs.
Lindsey et al. [4] used GNMs to fit pharmacokinetic data.
Kosmidis and Firth [5] presented a more general family of
bias-reducing adjusted scores for a class of GNMs. Recently,
Turner and Firth [6] developed an R package to make sta-
tistical inference on GNMs. However, it is recognized that
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incorporating a nonparametric function within parametric
regression models is important for accommodating a possi-
ble inhomogeneity with respect to some covariates of interest
and addressing the curse of dimensionality (e.g., see [7, §]).
Therefore, this paper considers a new model that is referred
to as a generalized partially nonlinear model (GPNM) by
introducing a nonparametric function into a GNM.

GPNMs retain the flexibility of nonparametric models
and the ease of interpretation of parametric models, and in-
clude a lot of semiparametric regression models such as par-
tially linear models [7, 9], generalized partially linear models
[10] and partially nonlinear models [8, 11, 12].

Missing data commonly occurs in many fields such as psy-
chological, educational, economical and biomedical studies
[13]. The potential reasons for missing data may include:
study drop out, subjects’ refusal to answer items on a ques-
tionnaire, or failing to attend a scheduled clinic visit. To
this end, many methods have been developed to analyze
semiparametric regression models with missing data. For
example, see [14, 15, 16, 17]. Their works are mainly fo-
cused on missing at random (MAR) assumption of missing
responses/covariates. However, in many applications, miss-
ing data is nonignorable in the sense that the reason for
missingness often depends on the missing values themselves
[13, 18]. Hence, this paper aims to develop an approach to
estimate parameters and unknown functions, and select im-
portant explanatory factors for predicting responses in GP-
NMs with nonignorable missing responses.

Variable selection is an important step in data analysis.
Many methods have been proposed to address variable se-
lection issue for parametric, nonparametric and semipara-
metric models. Traditional variable selection methods in-
clude: the stepwise regression and best subset selection as-
sociated with the Akaike information criterion (AIC) [19],
Bayesian information criterion (BIC) [20] and Deviance in-
formation criterion (DIC) [21]. They often suffer from insta-
bility and computationally intensive burden [22] when the
number of covariates is large. To address the issue, various
penalization-based methods have been developed to simul-
taneously estimate parameters and select important covari-
ates over the past years. For example, see the least absolute
shrinkage and selection operator (LASSO) [23], smoothly
clipped absolute deviation (SCAD) [24], adaptive LASSO
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(ALASSO) [25], least squares approximation [26], and the
folded concave penalty method [27]. These methods have re-
ceived a lot of attention in recent years. For example, see [28]
for semiparametric models; [29] for partially linear measure-
ment error models; [30] and [31] for semiparametric varying-
coefficient models; [32] for semiparametric mixed models;
[33, 34] for regression models with missing data and Cox
regression models with covariates MAR; [35] for partially
linear single-index models with longitudinal data. However,
to the best of our knowledge, there is not work done on auto-
matically and simultaneously selecting variables in GPNMs
with nonignorable missing responses.

Motivated by [24] and [25], we here develop an approach
to simultaneously estimate parameters and nonparametric
functions, and select covariates in a GPNM as well as a
respondent model. Our proposed method incorporates the
idea of the least-favorable curve [36, 37], local kernel estima-
tion method [38], and propensity score adjustment method
for nonignorable nonresponse [39]. The ICq criterion [40] is
adopted to select the optimal penalty parameter. We also
study asymptotic properties of parameter estimators and
nonparametric function estimators, and the consistency of
the ICg-based selection procedure under some regularity
conditions. The proposed method has the following merits.
First, it allows us to simultaneously maximize the penalized
likelihood function and estimate the penalty parameters us-
ing the local linear approximation algorithm. Second, com-
pared with the profile approach, the linear approximation
approach is computationally less intensive.

The rest of this paper is organized as follows. In Section 2,
we propose an estimation procedure for parameter and non-
parametric function in GPNMs with nonignorable missing
responses. Asymptotic properties of the resulting estimators
are studied in Section 2. Section 3 develops an EM algorithm
to implement the maximum penalized likelihood (MPL) es-
timation and select penalty parameters via the ICq criterion
[40]. Also, asymptotic properties of the resulting MPL esti-
mators are investigated in Section 3. Simulation studies are
used to evaluate the finite sample performance of the pro-
posed estimators, and an example is illustrated in Section
4. Some discussions are given in Section 5. Technical details
are presented in the Appendix.

2. MODEL AND ESTIMATION METHOD
2.1 Model and notation

Consider a data set {(y;, x;,t;) : i = 1,...,n} with ob-
servations measured on n independent subjects, where y; is
response variable, ®; = (z;1,...,2:5)" (p < n)isapx1
vector of covariates, and t; is the time measured for the
ith subject. Let y = (y1,-.-,9n)", € = (x1,...,2,)" and
T = (t1,...,t,)". It is assumed that given x; and t;, y; fol-
lows a one-parameter exponential family, whose probability
density function is
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yi0; — b(6;)
¢

where 6; is the canonical parameter, b(-) and c(-,-) are
known continuously differentiable functions, and ¢ is a scale
parameter which is known or to be estimated. For simplicity,
it is assumed that ¢ is known throughout this paper. Model
(1) includes normal distribution, Poisson distribution and
Gamma distribution as its special cases. Following McCul-
lagh and Nelder [41], we assume that the systematic part of
the model satisfies

(2) ni=Gui) = f(zi,8) +gti), i=1,...,n,

where p; is the conditional mean of y; (ie., pu; =
E(yi|xi,t;)), G(-) is a known strictly monotone differen-
tiable link function, f(x;,3) is a known continuously dif-
ferentiable nonlinear function in 3, 8 = (B1,...,5)" is a
set of unknown parameters of interest defined in a com-
pact set B C RP and associated with covariates x;, and g(-)
is a twice continuously differentiable smooth function on
some finite interval, for example, [0, 1]. The model defined
in Equations (1) and (2) is referred to as a GPNM.
Suppose that x;’s and ¢;’s are fully observed, while y;’s
are subject to missingness. Let § = (d1,...,0,)", where §; =
1 if y; is observed and §; = 0 if y; is missing. It is assumed
that §; and ¢; are independent for any ¢ # j, and d; de-

(1) p(yilzi, ti; 0, ¢) = exp { + e(yi, ¢)} ,

pends on y;, z; and t; such that m; = 7w (y;, zi,t;) 2 Pr(d; =
1lyi, 24, t;). Here, z; is a subset of x;, i.e., &; = (2],v])"
in which wv; is regarded as a vector of instrument variables.
Thus, the missing mechanism defined above is nonignorable
[13], and the respondent model is identifiable. Following [18],
we consider the following missingness data mechanism

p(8ly, z, T 0) =ITi— p(dilys, zi, tis )
=TI (1 =)o,

where z = {z1,...,2,}. Generally, m; = 7(y;, 2, ti; ) can
be specified by the following logistic regression model

(4)

where logit(a) = log{a/(1 — a)}, and @ = (0, @7, 91 9,)"
isamx1 (m <p+3) vector of unknown parameters.

For notational simplicity, let y, be a vector of the ob-
served response variables, y,, be a vector of missing com-
ponents of y (i.e., ¥y = {Y,,Ym ) De = {y, 2,8, T} be the
complete data set, D, = {y,,x,d, T} be the observed data
set, and v = {8, ¢} be the unknown parameter set of in-
terest. Then, the complete data likelihood for D, is given
by

(3)

logit(m;) = @o + @2z + ©iti + Pyyi,

p(Delv) p(Yi, 0ilxi, ti; )

K}

Il
s T=

p(yilzi, ti; B, )p(0ilys, zis ti; ).
=1



2.2 Estimations of parameters and
nonparametric functions

Denote £(8, g5(1)) = S0y £:(8, ga(t:)) = S0, {(wibs
b(0:))/¢ + c(yi, )} in which n; = G(u) = f(=i,B) +
gs(ti), where gs(t) = g(B,t). Let L;p(B,9s5(t:)) =
0L;(B,9s(t;))/0B be the first-order partial derivative of the
log-likelihood function for the ith subject with respect to 3.
Let L;4,(8,95(ti)) = 0Li(8,9s(t:))/0gs be the first-order
partial derivative of the log-likelihood function for the ith
subject with respect to gg. Their corresponding second or-
der partial derivatives are denoted by L; s5(-), Li gg,(-) and
Li gs95(+), respectively.

It is assumed that the nonparametric component g(-) is
an infinite-dimensional nuisance parameter and ¢; € [0, 1].
Motivated by Severini and Wong [36] and Murphy and van
der Vaart [37], we define a curve 3 — ¢(3,t), which satisfies
g(B*,t) = g*(t), where 8% and g*(¢) are the true values of 3
and g(t), respectively. Let SM(3) = {g(B,t) : g(-,-) is twice
smooth continuous on B x [0,1]} be a submodel. Clearly,
gs(t) = g(B,t) € SM(B). Similar to Fan et al. [38] and using
the propensity score adjusted (PSA) method of Riddles [39],
for any fixed 3, the local kernel estimator gg = gg(t) of gs(t)

and its first derivative g = 0gp(t)/0t can be obtained by
solving the following equatlon

=3y

where gs(t;) = gs + gy (ti — ), Kn() = K(-/h)/h in
which K() is a kernel function, h is a bandwidth. For the
above specified missingness data mechanism, 7; is usually
unknown and can be estimated via some proper method.
Let ¢ be a consistent estimator of ¢. Then, replacing 7; for
#; = mi(@) in Equation (5), we can obtain gg and Q[gl) by
solving the following equation

I

Based on the local kernel estimator gz of gz(t), the max-
imum likelihood estimator (MLE) 4 of 4 can be obtained
by maximizing the following log-likelihood function

t; — 1t

(5) ,gﬁ(ﬁagﬁ(ti))(lv h

)"

3\H
>1‘<>)

ti —t

(6) Ligs (B, 95(t:) (1, ——)"

:I»—‘
>1>|oq

n

Z{(s Ing(yzv(s |wzatz77)

=1
+(1 — 6;) log [ p(yi, 6i|xs, tis y)dy:}.

L(v)=

Generally, it is rather difficult to maximize the above
objective function with respect to v due to an intractable
integral involved. To address the issue, we can adopt the
expectation-maximization (EM) algorithm [42] to evaluate
the MLE of . Following [42], the EM algorithm is composed
of two steps: one is the expectation step (E-step) and the
other is the maximization step (M-step). Given the value

~(%) of 4 at the s-th iteration, the E-step is to evaluate the
following Q-function:

7) Q(vIv?)

where

—~

= Q1(B™) + Qa(plv™),

Q1B = é[fgi log p(yil|xi, ti; B)
+(1 = 0;) Ey, . {log p(yi|xs, ti; 8)}]

in which E,,|. represents the conditional expectation taken
with respect to the posterior probability density function
p(ysl i, ti, 65,7 of y; given (z;,t;,8;,~v*)), and

Qa2(ply™) = X (8 log p(dilyi, 2, ti; )

1
+(1 = 0:) By, {log p(dilyi, zis ti; o) }-

<.

Clearly, it is not easy to evaluate the @Q-function due
to the intractable integrals involved. Following Ibrahim,
Chen and Lipsitz [43], we can approximate the Q-function
via the Markov chain Monte Carlo algorithm. That is,
when y; is missing, we first generate M observations
{yfs’l) c 1= 1,...,M} from p(y;|x;, t;,6;;7)) via the
Metropolis-Hastings (MH) algorithm for ¢ = 1,...,n,
and then Q:(B|y*)) and Q2(p|y'®)) can be approximated

by
M n (s,0) 0 — b(6; s
o) ~ 5y 33 {0 ),
=1 1i=1
M
Ol ) ~ MZ ~ log(1 +exp(e))}

Z (5 SO(S'J)
(s,0)

e (D) _

respectively, where ¢ in which w;

(1,27, t;, yZ(S l)) and y(s D) = y; when y; is observed. The de-
tails for 1mp1ement1ng MH algorithm are given in Appendix.
The M-step involves maximizing Q1 (8]v®)) and Q2 (¢|vy*))
with respect to 3 and ¢, respectively. There are not ana-
lytic solutions to the following equations: Q; (B|y(*))/08 =
0 and 0Q.(p|v®))/0¢ = 0. To this end, the Fisher’s
scoring algorithm can be employed to obtain their solu-
tions.

The above introduced EM algorithm can be implemented
by the following steps.
O QO of 5,
where 'y( ) is taken to be an estimate of ~ obtained from
the completely observed data set. And set s = 0.

Step 0. Select an initial value ,7(0) = (g

Step 1. Given 4 'y ) and t, §pco and gé()) are evaluated by

solving the following equation:

n

_ 1 ~(s) .. t; —1
)£i793<s> B a%(s)(ti))(laT

)"

3

=1
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where g5, (i) = Gz + f]él()s) (t; — 1) and 7" = m(p).

~ (s+1
Step 2. Given g5 = g5 (t), 5( e and ¢V are com-

puted by solving the following equations

Qi MEZX: D ) {Ga)b(0:)) 1 f:(8) = 0,

=1 =1
(s7l)
exp(pw; ") ()
Q)= ;33 o bote? -0
Ml 1i=1 1+ exp(pT” “’(31))

respectlvely, via the Fisher’s scoring algorlthm where
Hi = b(@) = db(0;)/db;, G(Nl) = dG(Nz)/dMZa (92) =
Qb(ez)/de'?a fl(lg) - af(wla )/867 and N = G(,“%) =
f(®i,B) + 950 ().

Step 3. Repeat steps 1 and 2 until the convergence of the
EM algorithm. The algorithm is monitored by the following
. . (s+1) (s) .
stopping rule: if maxje (1 prmyly; = | < co, We claim
the convergence of the EM algorithm; otherwise, we repeat
steps 1 and 2, where ; is the jth component of v and ¢y is

some user-given sufficiently small constant.
2.3 Asymptotic properties

In this subsection, we investigate the consistency of the
local kernel estimators of gg(t) and its derivative as well as
asymptotic properties of the MLE of ~. To this end, we first
consider the semiparametric efficiency and least-favorable
curve when there is not missing data. Following Severini
and Wong [36], any curve gg = g(8,t) € SM(8) is said to
be a least favorable curve if

E{FL08.99) 550 L(B.95)}

< E{ L(B,915) 55w £ (5,916)}

holds for any other smooth curve gi13 € SM(3) with g5~ =
gp+, where 37 is the true value of 8. The left term in Equa-
tion (8) is referred to as the semiparametric information
bound. Under Assumption A given in the Appendix, we have

®)

B=p*

Lemma 2.1. A function g(8,t) € SM(B) is a least favorable
curve if and only if

895* _ Et[ﬁﬁgﬁ (/3*7gﬁ*)]

B E; [‘CQBQB (ﬂ*vgﬁ* )]’

where EtH = EHT :nt]’ 'Cﬁgﬁ (ﬁvgﬂ) = Z?zl Ei.ﬂg/; (/ngﬁ)
and Eg[fg[:f (/8795) = Zi:l ‘Ci,gﬁgﬁ (ﬁ?gﬁ)

Theorem 2.1. Under Assumption A given in the Appendiz,

the estimators gg(t) and @l(;)
tion (6) satisfy

(i) gs(t) =5 g(B,1), 357 (t) % 2g(B,1);

(ii) 8911(75) a5y dg(B,t) 9gp(t) a-s. 9g(B,t)
98 ' OBOBT 9R08T

(t) obtained by solving equa-
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Corollary 2.1. Suppose that the conditions given in The-
orem 2.1 hold. Thus, the proposed estimator §a(t) of gg is
an estimator of the least favorable curve when there is not
missing data.

Theorem 2.2. Under Assumption A given in the Appendiz,
the asymptotic expansion of ga(t) is given by
— 95(t) =" ra(K)g? (8, 1)
1 d; -
“rReEm 2w Knlti - DL
+op{h* +

95(t)
1,98 (ﬂv 9p (tZ))

which leads to

(nh)/2{ga(t) — ga(t) — L ko (K)g>
5 N0, pofr ()9 (1)),

JEE®)dt, ¢ (B,t) = 9gs(t)/08,
t)dt, ¥(t) and fr(t) are defined in the Ap-

'(8,1)}

where ke(K) =

po(t) = [ K*(
pendzx

From Theorem 2.2, we can define the bias of local kernel
estimator of nonparametric function: bias(gg) = E{g(8,t)—
9B, 1)} = Ery(K)g?(B,t) + 0,{h?}, which shows that
the bias of local kernel estimator depends on the bandwidth
and kernel function. Particularly, if we replace Assumption
A(5) by nh?/logn — oo and nh® — 0, that is, if under-
smoothing is used, thus the bias term hZrq(K)g® (8,t)/2
vanishes asymptotically [44] and (nh)'/2{gs(t) — gs(t)} 2,
N0, o f5 (B0 (1)).

The bandwidth A should be appropriately selected to ob-
tain an efficient estimator gg of gs(t). The commonly used
data-driven methods include cross-validation (CV) and gen-
eralized cross-validation (GCV). However, these methods
are not easily implemented in the presence of missing data.
From Theorem 2.2, it is easily seen that the optimal rate
is n=1/% we here adopt a simple bandwidth h = ¢67n"1/?,
where ¢ is constant and &7 is the standard deviation of the
fixed design time points in 7.

Theorem 2.3. Under Assumptions A(1) and B(1)-B(4)
given in the Appendiz, we have
(3 = 4) 5 N0, A(y) !

B(v)AR)™,

where v* is the true value of v, A(v*) and B(~y

in Assumption B(4).

*) are defined

3. VARIABLE SELECTION

3.1 EM algorithm for maximizing the
penalized likelihood

In this subsection, we simultaneously consider variable
selection and parameter estimation problem based on some



proper penalized likelihood function. To this end, we con-
sider the following penalized log-likelihood function

= 2{5'10&7(911, il tisy)

i=1

+( logfp yza6 ‘:I:“ zz’)’)dyz}
%, (1850 -1 8 bl

PL(v|X)

where A = (Ag1,...,28p: A1, -5 Aom) ", Ag,; is the
penalty parameter corresponding to the jth coefficient 3,
in B for j =1,...,p, while A, ; represents the penalty pa-
rameter corresponding to the kth coefficient ¢j in ¢ for
k = 1,...,m, and py,,(-) and py,,(-) are user-specified
penalty functions, which are nonnegative, nondecreasing
and differentiable on the interval (0, 00) [24, 25]. Generally,
one can take the penalty function to be the LASSO penalty,
SCAD penalty [24, 25] and MC penalty [45]. It is rather
difficult to simultaneously select variables and estimate pa-
rameters based on the above penalized log-likelihood func-
tion PL(4|A) due to an intractable integral involved. In this
case, a Monte Carlo EM algorithm is employed to evalu-
ate the maximum penalized likelihood estimation (MPLE)
(denoted as 4, ) of . Following the idea of EM algorithm,
given the value v(*) of ~ at the sth iteration, the E-step is
to evaluate the following penalized Q-function

ONGT)
=Q(yIv®) —n Z Prg; (1B5]) —n Z P, (o)
—Ql(/@h’ (=) + Q2(<P|’Y(S )

—n Z Prg,; (16i]) —n Z P, (lxl)

=Q1,,\(5|’Y( )+ Q27/\(<P|’7(s))a

9)

where

Q1(BIA) =n Y pa,, (185])

j=1

QABIY) =
and

Q2 (7)) = Qa(p|y™

—HZPAM %))

in which Q;(8]7*)) and Q2(¢|y®)) are defined in Equa-
tion (7).

The M-step is to maximize Qx(v|y(*)), which is a rather
difficult task because Qx(v|y(*)) is a non-differentiable and
nonconcave function of «. Following Fan and Li [24], this
issue can be addressed by maximizing the second-order
Taylor expansions of Q1 x(B7'®) and Q2 (p|7y®)) at B
and @) respectively. Thus, the problem of maximizing
Q1A (BI¥®) and Q2 5 (p|7®)) with respect to 3 and ¢ re-
duces to an optimization problem of the penalized weighted

least squares regression, which can be implemented via
some appropriate optimization algorithm such as the lo-
cal quadratic approximation algorithm [24], local linear ap-
proximation algorithm [46] and best convex minorization-
maximization algorithm [47].

Let gUtY) = argmaxz Q1 (8, 7)) and @CtD =
argmawag,\(go\’y(s)). Note that v**1 is evaluated by max-
imizing the second-order Taylor expansions of Q1 x(B|y(*))
and Qo (¢|7)), respectively, but it is not the maximizer
of Qx(y|7*)) with respect to . To this end, a hybrid algo-
rithm combining the local linear approximation algorithm of
Zou and Li [46] and the expectation conditional maximiza-
tion algorithm [48] is developed to find 4(**!) such that
Qx(YC VY B)) > Qa (v |4(). Tterating the above proce-
dure until the convergence of the hybrid algorithm yields
the desirable maximum penalized likelihood estimation 4,
of ~.

3.2 Penalty parameter selection

To ensure that the resultant estimator 4, of v has the
well-known oracle property, it is necessary to appropri-
ately select the penalty parameter A. The commonly used
criterion for selecting the penalty parameter includes the
generalized cross-validation (GCV) and Bayesian informa-
tion criterion (BIC), which are the data-driven methods.
These criteria are not easily implemented in the presence
of missing data because the observed data likelihood func-
tion involves an intractable integral. In addition, the GCV
method may lead to a significant overfitting even in lin-
ear models [14]. Hence, we here adopt the ICq criterion
[40] to select the penalty parameter A. Following [40], the
optimal penalty parameter v can be obtained by minimiz-
ing
(10) ICq(A) = —2Q(¥x|7) + cn(¥2),
where 4 is the MLE of « introduced in Section 2, and ¢, ()
is a function of the data and the fitted model. Different
selection of ¢, (7) leads to different criterion. For example,
when ¢, () = 2d,,, where d,, is the total number of unknown
parameters, the above defined ICq criterion reduces to the
AIC; when ¢, (y) = d,log(n), the ICq criterion becomes the
BIC. For a given A, it is easy to implement ICq(A) because
the @-function is a direct byproduct of the above introduced
hybrid algorithm output.

3.3 Theoretical properties

In this subsection, we establish asymptotic properties of
the penalized likelihood estimators and the consistency of
the penalty parameter selection procedure based on the ICq
criterion.

Let Sg = {j : B; # 0} be the index set of nonzero com-
ponents of the true value 8" of 8, and S, = {k : 1, # 0} be
the index set of nonzero components of the true value ¢* of
. Denote the cardinalities of Sg and S, as p; = [Sg| and
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q1 = |S,|, respectively, which are usually unknown. Then,
Sr = SglUS, is the index set of the true model. With-
out loss of generality, we assume 3 = (8, 8(2))", where
ﬁ(l) and ﬁ@) correspond to the nonzero and zero compo-
nents of B with the dimensions being p; and ps = p — p1,
respectively, which indicates that 3* has the following de-

composition B* = (,BZHT),OT)T. The corresponding decom-
AT

position of B)\ can be written as @,\ = (B(T1)A75(2)>\)T.
Similarly, we assume that ¢ has the following decomposi-
tion: ¢ = (cp(T1)7ga(T2))T, where (1) and ¢y 'correspon'd
to the nonzero and zero components of ¢ with the di-
mensions being ¢; and go = m — q1, respectively, which
shows that ¢* has the following form ¢* = (cpz‘f),OT)T, and
the corresponding decomposition of ¢, can be written as
@x = (@()r P2)x)"- Let ¥ = (B(1), ¢(;))", and its corre-
sponding penalized likelihood estimator and true value are
e 5T A * * *
denoted as 95 = (B(1)x, P(1)a)" and 9* = (B(1), ¢(}))", re-
spectively.

Theorem 3.1. Under Assumptions A(1) and B given in
the Appendiz, we have

(i) (Consistency) 4, —v* = Op(n=/2) as n — oo;
(ii) (Sparsity) Pr(Ba)s = 0, Pz = 0) = 1;
(iii) (Asymptotic normality) n'/?{9y — 9* + (A(9") +
J®))'h(w*)} B N(0,Z(9)), where A(9"),
J(9%), h(9") and 3(9") are defined in the Appendiz.

Theorem 3.1 indicates that (i) 4, is a root-n consistent
estimator of « if the penalty parameter vector A is appro-
priately selected; (ii) 4, possesses the sparsity property, i.e.,
,3(2))\ = 0 and @5, = 0 with probability tending to 1 as
n — oo; (iii) (B(Tl)/\, @(1)»)" is asymptotically distributed as
the normal distribution.

To investigate whether the ICq(A) criterion can consis-
tently select the correct model, we define the candidate
model as Sy = {j : fxj # 0}U{k : ¢ax # 0} based on
the MPLE 4, of + for a given XA € RP*™. Thus, Sy might
be either an underfitted model or an overfitted model or a
correctly specified model, which correspond to the follow-
ing three disjoint regions: R, = {A € RPT™ : S\ 2 Si},
Ro = {X € RPt™ : S D 8 and S\, # S;} and
Re = {\ € RPt™ : S, = 8¢}, respectively. We can al-
ways choose a reference penalty parameter sequence {\, €
RPT™MLo0  satisfying the conditions given in Theorem 3.1
so that Sy, = Sr a.s. [33]. Following Ibrahim, Zhu and
Tang [40], we can use dICq (A2, A1) = ICqo(A2) —ICq(A1) =
2Q(Yx, 1) — 2Q(12,17) + cn(Fa,) — cn(Fa,) to select the
better model in terms of the following criterion: under the
assumption Sy, D Sy,, if dAICg(A2, A1) > 0, we select the
penalty parameter A;, otherwise A, is selected.

Define dg(An,A2) = E{Q(vS, 1)} — E{Q(5,, 7))}
and 6.(A2, A1) = cu(Fy,) — cn(¥y,) in which ~%
argsuP*y;fyﬁéo,jesE{Q('Yh’*)}-
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Theorem 3.2. Suppose that Sx, is a subset of Sx,. Un-
der Assumptions A(1) and B in the Appendiz, we have the
following results.

(i) If for all Sy » &i, liminf,0g(X,0)/n > 0 and
9c(X,0) = op(n), thus dICqo(A,0) > 0 in probability
for all Sy b Sr;

(i) 1 F{Q5, B} — FLQME, 1)} = Op(n?) and
Q(Ya17) — E{Q(vs, 1)} Op(n'?) for r =
1,2, thus dICqg(Az, A1) in  probability as
n=Y26. (X2, A1) = 00;

(i) If Q(Yx,17) = Q(¥x,1%) = Op(1), thus dICq (A2, A1) >
0 in probability as 6,(Aa, A1) 2 co.

> 0

Theorem 3.2(i) indicates that ICq(A) selects all the sig-
nificant covariates with probability 1 for any Sy 2 S;.
Generally, the widely used criterion such as the BIC cri-
terion é,(v) = dim(vy)log(n) and AIC criterion é,(vy) =
2dim(y) satisfy the condition 6.(X,0) = o,(n). The condi-
tion liminf, dg (A, 0)/n > 0 is used to elucidate the effect of
the underfitted model [49] and to ensure that the ICq cri-
terion can select a better model with large E{Q(v5|v*)}.

By Theorem 3.2(ii) and (iii), if A; and Ay have the same
average n~ ' E[Q(v%, |v*)], then the ICq criterion selects the
optimal model Sy, when d.(A2, A1) increases to co at a cer-
tain rate. For example, when Sy, C S,, since the BIC crite-
rion d.(Ag, A1) = {dim(’ys&) - dim(*/SM )Hog(n) increases
to oo at a rate log(n), Sy, is thus selected. However, the AIC
criterion 6.(Az, A1) = 2{dim(¥g, ) — dim(%s, )} does not
satisfy the above mentioned conciition, then the model se-
lected by the AIC criterion tends to be an overfitted model.
Thus, we extend the results given in Garcia, Ibrahim and
Zhu [33, 34] and Ibrahim et al. [50] to our considered GP-
NMs with nonignorable missing responses.

4. NUMERICAL EXAMPLES

In this section, simulation studies were conducted to in-
vestigate the finite sample performance of the above pro-
posed methodologies, and an example from the AIDS Clin-
ical Trials Group was used to illustrate the preceding pro-
posed methodologies.

4.1 Simulation studies

In the first simulation study, for ¢ = 1,...,n, covari-
ates x;;’s were independently generated from the standard
normal distribution N(0,1) for j = 1,...,8, ¢;’s were inde-

pendently simulated from the uniform distribution U(0, 1),
y;’s were independently drawn from the normal distribu-
tion N(u;,0?) with pu; = exp(zfB) + g(t;) and o2 = 1,
where g(t) = cos(3nt) and x; = (x;1,...,2s)". Clearly, the
above generated data set was from a GPNM. Here, the true
value of B was set to be 8* = (0.5,0.5,0,0,0.5,0,0,0)7,
which indicated that there were three non-zero coeflicients
and five zero coefficients in (3. To create missing data,



Figure 1. True curve of g(t) against its estimated curve for
n =75 (top left panel), 100 (top right panel) and 200
(bottom panel) in the first simulation study.

we considered the following missingness data mechanism:
logit(m;) = wo + P1%i3 + @22ia + @3y;, and took the true
value of ¢ = (o, p1, 2, p3)" to be p* = (1.2,0,0,0.5),
which implied that there were two zero coefficients and two
non-zero coefficients in ¢, where m; = Pr(d; = 1|y, 2;) in
which 4; is the missing indicator for y;, and z; = (23, 2;4)".
Here, we considered three different numbers of observations
(e.g., n =75, 100 and 200). The average missing proportion
was about 15.7%.

For each of 100 data sets generated above, we used the
above introduced EM algorithm together with the MH al-
gorithm to evaluate estimates of unknown parameters in 3
and nonparametric function g(t). To approximate @ func-
tion in implementing the E-step of EM algorithm, we gen-
erated 1000 observations (i.e., M = 1000) from the condi-
tional distribution p(y;|x;,t;, d;; B, ) of missing y; via the
MH algorithm. For the MH algorithm, we took a normal
proposal distribution with ag = 16, giving an average ac-
ceptance rate 0.303. To estimate nonparametric function, we
took the kernel function to be K (u) = (2m)~/2exp(—u?/2)
and set the bandwidth h to be ¢67n~1/?, where ¢ was taken
to be 0.2, and 61 was the standard deviation of observations
{tizi=1,...,n}.

Figure 1 plotted the true value of g(t) against its esti-
mated value for n = 75, 100 and 200. Examination of Figure
1 showed that the above proposed nonparametric estimation
procedure was efficient in the sense that the estimated value
of g(t) fitted its true value well. Parameter estimations were
presented in Table 1, where ‘Bias’ was the absolute differ-
ence between the true value and the mean of the estimates
based on 100 replications. ‘RMS’ was the root mean square
between the estimates based on 100 replications and its true
value, and ‘SD’ was the standard deviation of the estimates
based on 100 replications. Inspection of Table 1 showed that

Table 1. Performance of MLEs of parameters in the first
simulation study

n=7175 n = 100 n = 200
Par. Bias RMS SD Bias RMS SD Bias RMS SD
£1 0.011 0.131 0.130 0.004 0.070 0.070 0.001 0.038 0.038
B2 0.005 0.118 0.118 0.009 0.072 0.072 0.005 0.042 0.041
B3 0.006 0.110 0.110 0.004 0.077 0.077 0.003 0.040 0.040
B4 0.011 0.104 0.103 0.007 0.080 0.079 0.003 0.050 0.050
Bs 0.007 0.088 0.088 0.014 0.069 0.068 0.004 0.043 0.043
Be 0.002 0.103 0.103 0.009 0.080 0.080 0.002 0.044 0.044
Bz 0.003 0.111 0.111 0.009 0.086 0.085 0.005 0.047 0.047
Bs 0.015 0.106 0.106 0.008 0.072 0.071 0.002 0.043 0.043
wo 0.168 0.459 0.427 0.153 0.409 0.379 0.092 0.211 0.190
@1 0.006 0.353 0.353 0.001 0.351 0.351 0.026 0.213 0.211
@2 0.036 0.380 0.378 0.017 0.371 0.378 0.001 0.225 0.225
w3 0.010 0.372 0.371 0.035 0.343 0.341 0.054 0.165 0.156

(i) MLEs of 8 and ¢ were reasonably accurate in the sense
that almost all the Bias values of parameters were less than
0.1, and the RMS values of parameters were quite close to
their corresponding SD values; (ii) increasing sample size
improved the accuracy of parameter estimation as expected.

Also, for each of 100 data sets generated above, the above
introduced EM algorithm and variable selection procedure
together with (i) the SCAD penalty function (denoted as
EM-SCAD method) and (ii) the ALASSO penalty func-
tion (denoted as EM-ALASSO method) were used to eval-
uate the MPL estimates of parameters in 3 and ¢ and
select important covariates. Following Fan and Li [24], we
took the SCAD penalty of the form: px(|y]) = AM(JA] <

A) + B p(jy) > 0 for 7] > 0, where pa(y]) =
dpx(v)/dvy, I(-) was an indicator function, fi = max{f,0}
and a was taken to be 3.7. For the EM-SCAD method,
we set Ag; = Ao1 for 7 = 1,...,8 and A, = Aoz for
k = 1,...,4. Following Zou [25], the ALASSO penalty
functions were taken to be px, ;(|5;]) = Xo1|B;1/16;]" and
pA%k_(|<pk|) = Xo2|¢rl/|&k|T, where §; and ¢ were MLEs
of B; and ¢y, respectively, and 7 > 0 was set to be 1. To
evaluate ICq, the BIC criterion ¢, (v) = dim(vy)log(n) was
here used. Table 2 presented the average number of zero
coefficients correctly identified to be zero (i.e., the column
labeled ‘Correct’ in Table 2) and the average number of
nonzero coefficients incorrectly detected to be zero (i.e., the
column labeled ‘Incorrect’ in Table 2). For comparison, Ta-
ble 2 also depicted the performance of the oracle estimators
of parameters.

To investigate the finite sample performance of the
proposed MPL estimators, we calculated model error
ME(B,) = (8, —8")"E(zz")(8,—3") for each of 100 MPL
estimates 3 - oince there was not a closed form of model er-
ror for ¢,, we approximated model error of ¢, via Monte
Carlo samples. To compare the performance of the proposed
MPL estimator and MLE, we calculated the relative model
error of MPL estimator to MLE for parameter vector « via
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Table 2. Simulation results for variable selection in the first simulation study

B, with NMAR(Complete Case) @
MRME # of 0 coeff. MRME  # of 0 coeff.
n  Meth. (%) C 1C (%) C IC
75 MS 08.78(89.60)  4.49(4.55) 0.13(0.09) 79.16 1.80 0.05
MA  41.99(37.71) 4.82(4.93) 0.08(0.04) 78.03 1.66 0.21
MO  23.23(22.65) 5.00(5.00) 0.00(0.00) 57.22  2.00 0.00
100 MS 93.20(96.22)  4.46(4.46) 0.01(0.00) 75.10 1.73  0.03
MA  42.38(36.59) 4.90(4.92) 0.01(0.00) 83.10 1.76  0.18
MO  16.43(16.15) 5.00(5.00) 0.00(0.00) 64.53  2.00 0.00
200 MS 85.52(85.31) 4.81(4.81) 0.00(0.00) 91.69 1.85  0.00
MA  27.35(29.32) 4.93(4.97) 0.00(0.00)  80.15  1.80  0.03
MO  23.29(23.76) 5.00(5.00) 0.00(0.00) 68.36  2.00 0.00

Note: ‘MS’ denotes the SCAD method, ‘M A’ represents the ALASSO method, ‘MO’ represents the Oracle method.
‘C’ represents the average number of zero coefficients correctly identified to be zero for 100 replications,
‘IC’ denotes the average number of nonzero coefficients incorrectly detected to be zero for 100 replications.

RME=ME(%,)/ME(%). The median of the relative model
errors (MRME) for 100 simulated datasets for the SCAD
and ALASSO penalty functions were given in Table 2.

Examination of Table 2 showed that (i) the proposed
MPL estimator performed better than the MLE regardless
of sample sizes and the adopted penalty functions because
all the MRME values were less than 1; (ii) for B \» the MPL
estimators obtained under the complete case assumption
performed as good as those obtained under nonignorable
missing assumption, the EM-ALASSO method behaved bet-
ter than the EM-SCAD method regardless of the nonignor-
able missing or complete case assumptions, and the former
significantly reduced model error regardless of sample sizes;
(iii) for ¢y, the SCAD method performed as similar as the
ALASSO when sample size is 75 and 100; while the SCAD
method outperformed the ALASSO method when sample
size is 200; (iv) the performance of the ALASSO method
was expected to be as good as that of the oracle estimator
as sample size n increases (e.g., n = 200).

In the second simulation study, 100 data sets {y;
i = 1,...,n} were generated from the Poisson distri-
bution Poisson(y;) with the conditional mean satisfying
log(p;) = exp(x}B) + g(t;), where x; = (2;1,...,25)" and
g(t) = cos(4nt). For j =1,...,8, covariates z,;’s were inde-
pendently generated from the standard normal distribution
N(0,1). For ¢ = 1,...,n, t;’s were independently simulated
from the uniform distribution U(0, 1). The missingness data
mechanism was logit(m;) = o +@12i3+Paia+PaTis +Payi,
where m;, = Pr(d; = 1ly;, z;) in which z; = (zi3, Tia, i5)" .
The true values of 8 and ¢ = (¢o, Y1, P2, v3,Ps)" were
taken to be B* (0.5,0.5,0,0,0.5,0,0,0)" and ¢*
(1,0.7,0,0,0.3)", respectively, which indicated that there
were five zero coefficients in 3" and two zero coefficients
in ¢*. We considered n = 150, 200 and 300. The average
missing proportion was about 13.94%.

Similarly, for each of the above generated 100 data sets,
the above proposed EM algorithm and variable selection

8 N. Tang and L. Tang

Table 3. Performance of MLEs of parameters in the second
simulation study

n = 150
RMS
0.015 0.014
0.021 0.017
0.017 0.017
0.018 0.018
0.017 0.014
0.017 0.017
0.018 0.017
0.018 0.018
0.496 0.495
0.356 0.353
0.337 0.336
0.344 0.344
0.169 0.166

n = 200
RMS
0.015
0.015
0.013
0.014
0.014
0.015
0.015
0.011
0.355
0.286
0.259
0.258
0.127

n = 300
RMS
0.014
0.013
0.012
0.013
0.013
0.011
0.011
0.011
0.303
0.233
0.185
0.223
0.084

SD SD
0.012
0.012
0.013
0.013
0.011
0.015
0.014
0.010
0.340
0.274
0.256
0.254
0.127

Bias
0.010
0.010
0.002
0.003
0.009
0.004
0.005
0.002
0.027
0.007
0.007
0.012
0.010

SD
0.010
0.009
0.011
0.013
0.010
0.010
0.010
0.011
0.302
0.233
0.185
0.223
0.084

Bias
0.009
0.009
0.003
0.002
0.009
0.001
0.003
0.004
0.103
0.082
0.038
0.049
0.009

Bias
0.007
0.012
0.002
0.002
0.010
0.002
0.003
0.002
0.023
0.040
0.012
0.008
0.031

Par.
B1
B2
Bs
Ba
Bs
Bs
Bz
Bs

procedure were used to evaluate the MLEs and MPL es-
timates of parameters in 8 and ¢, and select the important
covariates. The settings given in the first simulation study
were used except for 0’5 = 82 in the proposal distribution
for generating missing values of y;’s, which leaded to the
average acceptance rate 0.257, and ¢ = 0.15 in setting the
bandwidth.

Figure 2 plotted the true curve of g(t) against its esti-
mated curve for 100 replications. From Figure 2, we ob-
served that the estimated value of g(¢) fitted its true value
well. The MLEs of parameters were presented in Table 3.
Examination of Table 3 indicated that (i) MLEs of 8 and
(¢ were reasonably accurate in the sense that their corre-
sponding Bias values were less than 0.1, and RMS values
were quite close to their corresponding SD values for 3 and
; (ii) increasing sample size improved the accuracy of pa-
rameter estimation as expected.

Table 4 presented the median of the relative model er-



Table 4. Simulation results for variable selection in the second simulation study

B, with NMAR(Complete Case) N
MRME # of 0 coeft. MRME  # of 0 coeft.
n  Meth (%) C IC (%) C IC
150 MS _ 83.5(80.8) 4.06(4.03) 0.03(0.03) 982  1.10 0.1
MA  69.2(55.0)  4.80(4.78) 0.01(0.00)  93.3 155  0.20
MO 22.4(22.2)  5.00(5.00) 0.00(0.00) 652  2.00 0.0
200 MS  94.0(98.7)  4.15(4.14) 0.01(0.01) 113.6  1.49  0.03
MA  83.2(51.0)  4.94(4.84) 0.00(0.00) 99.9  1.80 0.08
MO 28.5(30.6) 5.00(5.00)  0.00(0.00) 66.8 2.00 0.00
300 MS  100.0(100.0) 3.65(3.70) 0.00(0.00) 124.0 1.30 0.0l
MA  81.2(92.3)  4.66(4.71) 0.00(0.00) 1068 176  0.04
MO 39.7(41.4) 5.00(5.00)  0.00(0.00) 74.3 2.00 0.00

Note: ‘MS’ denotes the SCAD method, ‘MA’ represents the ALASSO method, ‘MO’ represents the Oracle method.
‘C’ represents the average number of zero coefficients correctly identified to be zero for 100 replications,
‘IC’ denotes the average number of nonzero coefficients incorrectly detected to be zero for 100 replications.

Figure 2. True curve of g(t) against its estimated curve for
n = 150 (top left panel), 200 (top right panel) and 300
(bottom panel) in the second simulation study.

rors (MRME) for 100 replications, and the average num-
bers of zero coefficients correctly identified to be zero and
nonzero coefficients incorrectly detected to be zero. Exami-
nation of Table 4 showed that (i) for 3,, the MPL estimates
under nonignorable missing assumption outperformed those
under the complete case assumption, the EM-ALASSO es-
timates performed better than the MLEs regardless of sam-
ple sizes, the complete case assumptions, and the adopted
penalty functions because all the MRME values were less
than 1; the EM-ALASSO estimates outperformed the MLEs
for n = 150 and 200, while the EM-SCAD estimates per-
formed the same good as the MLEs for n = 300; (ii) for
@, the MPL estimate performed better than the MLE
for n = 150 regardless of the adopted penalty functions,
the EM-ALASSO estimate performed the same good as
the MLE for n = 200, the MLE outperformed the EM-

Figure 3. True curve of g(t) against its estimated curve for
n = 100 (left panel), and 150 (right panel) in the third
simulation study.

SCAD estimate for n = 200, the MLE outperformed the
MPL estimate regardless of the adopted penalty functions
for n = 300; (iii) for both 3, and ¢,, the ALASSO method
behaved better than the SCAD procedure regardless of sam-
ple sizes.

To investigate the effect of missing proportion, we con-
ducted the third simulation study. In this simulation study,
100 data sets {(y:, s, ti,0;) : @ = 1,...,n} were gener-
ated as in the second simulation study except for g(t) =
COS(37Tt), and loglt(m) = ®o + $1T43 + Y244 + @3Yi, where
T Pr(6; = 1lyi,z;) and z; = (2;3,7i4)". The true
values of B and ¢ = (po,¥1, 92, p3)" were taken to be
8" = (0.5,0.5,0,0,0.5,0,0,0)T and ¢* = (—1.2,0,0,0.5)7,
respectively. Here, we considered n = 100 and n = 150. The
average missing proportion was about 36.7%. We calculated
the MLEs of parameters via EM algorithm with the same
settings as in the first simulation study except for o2 = 6,
giving an average acceptance rate of 0.313, and ¢ = 0.3 in
selecting the bandwidth. Figure 3 plotted the true curve of
g(t) against its estimated curve for 100 replications. Exami-
nation of Figure 3 indicated that the estimated curve of g(t)
fitted its true curve well. The MLEs of 3 and ¢ were given
in Table 5. Comparing Table 3 and Table 5, we obtained the
same observations, which showed that there was not effect
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Table 5. Performance of MLEs of parameters in the third
simulation study

n = 100 n = 150

Par. Bias RMS SD Bias RMS SD

b1 0.008 0.029 0.027 0.009 0.023 0.021
Bo 0.008 0.026 0.025 0.010 0.019 0.016
B3 0.001 0.030 0.030 0.003 0.020 0.020
Ba 0.001 0.028 0.028 0.004 0.018 0.018
Bs 0.007 0.027 0.025 0.011 0.024 0.021
Be 0.005 0.022 0.022 0.002 0.020 0.020
B7 0.007 0.026 0.025 0.002 0.015 0.015
Bs 0.004 0.026 0.026 0.002 0.017 0.016
) 0.130 0.614 0.600 0.046 0.400 0.398
1 0.006 0.312 0.312 0.002 0.269 0.269
P2 0.003 0.315 0.315 0.000 0.228 0.228
3 0.048 0.228 0.222 0.006 0.142 0.142

of missing proportions on the performance of the MLEs of
parameters.

Table 6 presented the results of variable selection corre-
sponding to Table 4. Examination of Table 6 showed that
(i) for By, the MPL estimators performed better than the
MLEs regardless of sample sizes and the adopted penalty
functions because all the MRME values were less than 1;
(ii) for ¢y, the EM-ALASSO estimators outperformed the
MLEs regardless of sample sizes, but the EM-SCAD esti-
mation procedure performed as good as the MLE method
for n = 100, and the MLE method outperformed the EM-
SCAD estimation procedure for n = 150; (iii) for 3, and
@5, the ALASSO method performed better than the SCAD
method. The above results indicated that the proposed esti-
mation method and variable selection procedure can be used
to the situation where the nonignorable missing proportion
was relatively high.

4.2 A real data

In this subsection, a data set from AIDS Clinical Tri-
als Group Protocol (ACTG175) [51] was used to illus-
trate the proposed methodologies. In this clinical trail,

2139 HIV-infected patients were randomized into four
groups to receive monotherapy (ZDV) or combined ther-
apy (ADV-+didanosine, ZDV+zalcitabine, and didanosine).
The data set has been analyzed by Ding and Wang [52]
when comparing the treatment effect of monotherapy and
combined therapy for male patients. Inspired by Ding and
Wang [52], we only used the data set from the monother-
apy treatment for 100 female patients to illustrate the pro-
posed parameter estimation procedure and covariate selec-
tion method. To wit, our main objective is to simultaneously
estimate parameters in the considered model and select im-
portant factors leading to missingness of responses and im-
portant explanatory factors having significant effects on the
CD4 cell count at 96+5 weeks, whose decrease means the po-
tential to develop the acquired immunodeficiency syndrome
(AIDS). To this end, similar to Ding and Wang [52], we took
the CD4 cell count at 96+5 weeks (CD496, y) to be response
variable, regarded age as the time (i.e, variable t) measured,
and took the following five characteristics: weight (x;), CD4
cell counts at baseline (CD40, z3), CD4 cell counts at 20+5
weeks (CD420, z3), CD8 cell counts at baseline (CD80, x4)
and CDS8 cell counts at 20 + 5 weeks (CD820, z5) as five
covariates. Due to some reasons, response variable y was
subject to missingness, while five covariates were completely
observed. The missing proportion of responses was 42%.
To use the proposed method to select covariates and miss-
ing data mechanism, we considered the following GPNM:
yi ~ 1G(pi, ¢) with log(u;) = exp(xB) + g(t:) in which
x; = (1,241, Ti2, i3, Tia, v35)" and B = (Bo,P1,---,85)",
and the following missingness data mechanism: logit(m;) =
Yo + P1%ia + 25 + piti + pyYi, where m; = Pr(§; =
yiy 2z, t;) and z; = (244, 25)". IG(aq, a2) represents the
inverse Gamma distribution with parameters oy and «s.
Based on the aforementioned specifications, we used the
above proposed EM algorithm to evaluate the MPL esti-
mates of unknown parameters 3 and ¢ = (o, @7, @1, ¢y) ",
where ¢, = (¢1,92)". Similar to simulation studies, we
took the kernel function to be K (u) = (27)~1/2 exp(—u?/2)
and set the bandwidth h to be c¢é7n /%, where ¢ = 0.6

Table 6. Simulation results for variable selection in the third simulation study

B, with NMAR(Complete Case) N
MRME # of 0 coeff. MRME  # of 0 coeft.
n  Meth (%) C IC (%) C IC
100 MS  532(32.9) 3.08(428) 0.00(0.02) 998 1.61 0.13
MA  57.7(90.8) 4.87(4.87) 0.00(0.03) 825 181 0.14
MO 13.7(14.9)  5.00(5.00)  0.00(0.00) 80.9 2.00 0.00
150 MS 71.7(88.2) 4.04(4.11) 0.00(0.01) 111.7 1.74  0.04
MA  69.7(71.8) 4.88(4.88) 0.01(0.01) 914  1.89 0.05
MO  24.9(29.3) 5.00(5.00) 0.00(0.00) 86.7 2.00 0.00

Note: ‘MS’ denotes the SCAD method, ‘MA’ represents the ALASSO method, ‘MO’ represents the Oracle method.
‘C’ represents the average number of zero coefficients correctly identified to be zero for 100 replications,
‘IC’ denotes the average number of nonzero coefficients incorrectly detected to be zero for 100 replications.
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Table 7. Estimates (Est) and standard deviations (SD) in the ACTG175 data

SCAD ALASSO MLE
Model Cov. Est SD Est SD Est SD
Const. 1.52 0.66 1.62 0.59 5.568 1.79
Weight  0.00 0.00 0.00 0.11 -2.67 1.28
CD40 0.10 0.11 0.00 0.05 -0.43 0.46
GPNM CD420 -0.52 0.32 -0.41 0.25 -1.51 0.45
CD80 0.00 0.04 0.00 0.00 0.24 0.10
CD&820  0.00 0.05 0.00 0.01 -0.27 0.13
Const. 0.09 0.55 0.07 1.32 0.34 1.57
Missing CD80  0.08 0.10 0.07 0.12 0.07 0.14
Mechanism  CD&20 0.00 0.09 0.00 0.10 -0.02 0.12
AGE 0.00 1.38 0.00 2.96 0.45 3.59
CD496 -0.12 0.06 -0.10 0.07 -0.15  0.07

Figure 4. MT value against iteration for B \ (left panel) and
& (right panel) with the ALASSO penalty in the ACTG175
data. A small constant co = 10~° was used to monitor the
convergence of the algorithm.

and 67 was the standard deviation of ¢;’s. In the MH al-
gorithm, we set o2 = 20? leading to an average accep-
tance rate 0.379. In the E-step of EM algorithm, we sam-
pled 1000 observations (i.e., M = 1000) from the condi-
tional distribution p(y;|x;,t;,d:; 8, ) after 200 burn-in it-
erations. To monitor the convergence of the proposed EM
algorithm, we computed the value of statistic: MTEH) =
maxje{l’,‘.’p+m}|fyj(-s+l) —fy](.s)| for s =0,1,.... To save space,
we only presented index plot of MTEH for the ALASSO
procedure in Figure 4. Inspection of Figure 4 showed that
the proposed EM algorithm converges after about 400 it-
erations for 3, and 15 iterations for ¢, in terms of the
convergence criterion given in Section 2.2. Hence, we took
the iteration value of 3 at the 400th iteration to be its MPL
estimate and set the iteration value of ¢ at the 15th it-
eration to be its MPL estimate. Parameter estimates were
presented in Table 7, where the standard deviation (SD) was
calculated via the bootstrapping resampling method for 100
replications.

Examination of Table 7 indicated that (i) the SCAD
method has the same performance as the ALASSO method
because they identified CD420 as the most negatively sig-
nificant predictor that was not detected by the ML method,
and weight as no significant predictor that was detected by

Estimation and variable selection in GPNMs with nonignorable missing responses

Table 8. Estimates (Est) and standard deviations (SD) in the
ACTG175 data with responses missing at random (MAR) and
not missing at random (NMAR)

MAR NMAR
Model Covariate Est SD Est SD
Constant 4.22  0.96 5.58 1.79
Weight -1.82 0.67 -2.67 1.28
CD40 -0.35 0.26 -0.43 0.46
GPNM CD420 -0.98 0.24 -1.51 0.45
CD80 0.09 0.05 0.24 0.10
CD820 -0.07 0.07 -0.27 0.13
Constant -0.69 1.19 0.34 1.57
Missing CD80 0.08 0.10 0.07 0.14
Mechanism CD820 -0.04 0.10 -0.02 0.12
AGE 1.79 2.79 0.45 3.59
CD496 — — -0.15 0.07

the ML method, which implied that the penalized meth-
ods performed better than the ML method; (ii) the SCAD
and ALASSO methods detected CD496 as the significant
covariate, which implied that the missing data mechanism
was nonignorable, while the MLL method detected the miss-
ing data mechanism as ignorable. Also, we presented results
corresponding to NMAR and MAR assumptions in Table 8,
which indicated that parameter estimates were sensitive to
missing data mechanism. Figure 5 depicted the estimated
curve of nonparametric function g(t). From Figure 5, we
observed that CD496 changed as age increased.

5. CONCLUDING REMARKS

This paper first discusses the estimation problem of pa-
rameters and nonparametric function in a GPNM with non-
ignorable missing responses by combining the local kernel es-
timation method and propensity score adjustment method
for nonignorable nonresponse. An EM algorithm is devel-
oped to evaluate the MLEs of parameters and nonpara-
metric function by combining the EM algorithm and the
Metropolis-Hastings algorithm within the Gibbs sampler.
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Figure 5. The estimated curve of g(t) in the ACTG175 data.

Under some regularity conditions, we obtain the consistency
and asymptotic normality of the proposed MLEs for param-
eters and nonparametric function. Simulation studies are
conducted to investigate the finite sample performance of
the proposed estimation procedure and MLEs. Empirical re-
sults evidence that the proposed estimation method behaves
well in terms of Bias, RMS and SD.

Next, this paper considers the problem of simultaneously
estimating parameters and nonparametric functions and se-
lecting important covariates in a GPNM with nonignorable
missing responses. Although variable selection procedure in
the presence of missing responses/covariates has been in-
vestigated, to the best of our knowledge, there are not the-
ories and methods developed to simultaneously select im-
portant explanatory variables in GPNMs and missingness
data mechanism models. To this end, we propose a double
penalized likelihood approach by imposing two nonconcave
shrinkage penalties on nonlinear coefficients in a GPNM and
linear coefficient in a nonignorable missingness data mech-
anism model to achieve model sparsity based on the SCAD
and ALASSO penalty functions. We present a computation-
ally feasible algorithm for simultaneously optimizing the pe-
nalized likelihood function and estimating the penalty pa-
rameters. Particularly, we present an ICq criterion to se-
lect the penalty parameters. Under some regularity condi-
tions, we show that the proposed variable selection proce-
dure based on ICg consistently selects the significant covari-
ates in a GPNM or a nonignorable missingness data mech-
anism model. Simulation studies show that the proposed
maximum penalized likelihood method performs better than
the maximum likelihood method in terms of the median of
relative model errors, the average numbers of zero coeffi-
cients correctly identified to be zero and nonzero coefficients
incorrectly detected to be zero.

Although this paper only considers the situation where
responses are subject to missingness, the proposed maxi-
mum penalized likelihood method can be easily extended to
the case that responses and covariates are subject to miss-
ingness.
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It is also interesting to consider robust estimate proce-
dure in a GPNM with nonignorable missing data when the
missingness data mechanism model is misspecified or the
link function in a GPNM is misspecified.

APPENDIX

A.1 Sampling missing data via MH
algorithm

It can be shown that the conditional distribution
p(yilzi, ti, 6i; B, ) is proportional to
(11)

p(yilzi, ti, 0i: B, @) X p(yil i, tis B)p(0ilyi, zi, tis @)

o exp{LEE) 1 o(y,, ¢)
+0ip"w; — log(1 + exp(p”w;))}

where w; = (1, 27, t;, y;)".
To simulate observations from the conditional dis-

tribution  p(y;|®;, ti, 85 8,¢), we denote ¢é(0,¢) =
%c(yi, @)/ Oy?|y—0 and

1 oPleot izt o) o 50.9)

Yo {1+ exp(po+ lzi + oiti) )2 Y ’

Then, the MH algorithm for sampling observations from (11)
(s)

at the (s + 1)th iteration with a current value y; ’ is imple-

mented as follows.
and independently sample s from the uniform distribution
U(Oa 1);

Step 1. Sample a new candidate y; from N(y(s),azQy),

Step 2. if
& < min {1, p(y(l)‘xwtza(sﬂﬂa‘)o) } ,
p(y; |, ti, 048, )
we let yESH) = y;, otherwise let ygsﬂ) = ygs). The variance

O'Z is chosen such that the average acceptance rate is about
0.25 or more [53].

A.2 Assumptions and proofs

To obtain asymptotic properties of the proposed estima-
tors, we require the following assumptions.

Assumption A. Regularity conditions:

(1) The true value v* of - is unique, it lies in the interior
of parameter space, and the true function g*(¢) of g(t)
is twice smooth in the interval [0, 1].

(2) f(x;,B) and ¢(B,t;) are thrice continuously differen-
tiable with respect to 3 € B.

(3) Integration and differentiation with respect to gg =
g(B,t) can be interchanged in E{L,,(8,9s)}

(4) The kernel function K(u) is symmetry and continu-
ously differentiable in the interval [—1,1], and satis-



fies f_ll uK(u)du = 0 and Lipschitz condition, i.e.,
|K(u1) — K(u2)| < aplur — uz|* with ap > 0 and
O0<a; <1.

As n — oo, the bandwidth satisfies h — 0, nh/log(n) —
00, h > {log(n)/n}*=2/* with a > 2. Define fr(t) as the
probability density of {¢;}, which is bounded, positive
and continuous.

Let I(t) = E{Ly,(8,9(B.1))Ly,(B,9(8,1))} be the local
Fisher information matrix, then I'(¢) is bounded and
continuous and infye7min{ fr(¢),1(¢)} > 0.

For any one in {(y;,z;t;) : ¢ = 1,...,n},
(072 /0B 0g3)L(B, gp) exists for 0 < 7,5 <4, r4s5 < 4
and E{sup,@supgﬁ|(3T+s/aﬁragg)£<ﬂ,gﬂ>|2} < o0.
There exists a neighborhood A(8*, g*(¢)) satisfying

k

0
sup 7‘6(/6395)’

< X0
(B.gs)EN(B+ 9% (1)) O

max sup
k=12 teT

a,t

for a € (2, 00], where || - ||a,¢ is the L*-norm conditioned
on T = t. Furthermore,

33
sup E; sup Fﬁ(ﬁagﬁ)‘ < 00,
teT (B,gs)EN (B*,9* (1)) 093

where E(-) = E(-|T =1).

Let ¢ be the maximum likelihood estimator of . The
respondent probability 7(w, ) is positive on the sup-
port (Y, Z,T) and is thrice continuously differentiable
in ¢ and

Aogr(w, ) | _ Plogm(w, @) | _

where w = (1,,, Z,7,Y)".

Conditions A(1) and A(2) are commonly used in many
literatures such as Chen [54]. Condition A(3) holds for ex-
ponential family nonlinear models, generalized linear mod-
els and nonlinear regression models. Assumptions A(4) and
A(5) are quite common in nonparametric regression mod-
els, and assumption A(4) is the standard condition of the
kernel function and assumption A(5) is needed to ensure
the strong consistency of local kernel estimator of nonpara-
metric function. Assumption A(6) ensures that the nonpara-
metric function can be reasonably estimated. Assumptions
A(7) and A(8) are the moment requirements imposed on the
log-likelihood function, and are extensions of conditions re-
quired in deriving theories of maximum likelihood estimator
in parametric models. Assumption A(9) is needed to ensure
the consistency of local kernel estimator of nonparametric
function when nonignorable missing data exist.

The observed data log-likelihood is given by I(y) =
i lity) = X {dlogp(yi, dilxis ti,y) + (1 —
;) log [ p(ys, 0i|xs, ti,y)dy;}. According to White [55],
even though the model is misspecified, MLE 4 of ~

converges to its pseudo true value v*. It is assumed that
v, = argsup, E{l(v)}. Then, without loss of generality,
we assume that E{d,l;(7)}|,=,x = 0 holds for Vn and Vi.
We define v5 = argsup.. o, jesE{Q(7[7*)}, where the
expectation E{-} is taken with respect to the probability
density of the observed random variables. To derive asymp-
totic properties for variable selection procedure, we require
the following assumptions.

Assumption B. Conditions for variable selection proce-
dure:

(1) ¥ P ~* where 4 is the MLE of ~.

(2) For i = 1,...,n, the likelihood function I;(vy) is thrice
continuously differentiable with respect to < on pa-
rameter space of «. Furthermore, there exist functions
Bi(D,;) for i = 1,...,n such that l;(v), |9;{;(v)|* and
|0;0K0i1;(7y)| are dominated by B, (D, ;) for all j, k,l =
1,...,p+m, where D, ; is the subset of D,, correspond-
ing to the ith subject. The same smoothness condition
holds for E{logp(ym.i|Do.i;¥)|Do,i; ¥}, where ypm.i = yi
if 9; = 1.

For any € > 0, there exists a finite constant K such that
sup,> ' Y E{Bi(Doi) 1g,(p,.)>k} < € holds.
There are positive definite matrices A(y*) and B(y*)
such that

. 1 - 2 *x\ *
nlggo—ﬁzavli(v ) =AM,

i=1

Jim = 0,170 ()" = B(y"):
=1

Denote a, = max(maxj:h__’p{p’)\ﬁyj(|B]’-*|) B; #
0}, maxe—1,..m{Py, ,(I0k]) = @i # 0}), and b, =
max(maszl,n_m{pgfm(|ﬁ;|) 2 Br # 0}, maxg=1,..m
{p’)f%k(\gom) @) # 0}). It is assumed that

(i) max(maxj—1, p{Ag; : B; # 0}, maxp=1,...m{

Aokt i 7 03) = 0p(1);
(ii) a, = Op(n=1/?);
(iii) by, = 0p(1).

(6) Denote d,, = min(minj=; _,{A\s; : B = 0},
ming=1,_._m{Ask : @5 = 0}). It is assumed that

Gfor any j € {4 : B = o

limn_w?%\géliminfg_)mp’)\m () > 0 holds in
probability;

(ii) for any k € {k : ¢; = 0},

limnﬁoo)\;}k liminfeﬁ(hpf\Wc () > 0 holds in
probability;

(iit) n'/2d, & cc.

Proof of Lemma 2.1. According to [36], inequality (8) is
equivalent to
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{ L(B,958) 597 L (ﬁ,gﬁ)}‘ﬂ_ﬁ*

—infB { &L(8,915) g £ (ﬂ,gm)}‘

B=p*

for any other smooth curve g15 = g(18,¢) € SM(3), which

indicates that —L, (8", gs-)0gp~/0B is the projection of

L(8",gs-) onto the span {L,, (3", 95-)0015/05 : g1 €
M(B)}. Then, we have

E{(ﬁ,@(ﬁ*vgﬁ )+ Ly, (B, gp-) 222 ‘3*)5%@*79&*)83}36}
—0

)

that is,

918

0
5 { 50,8 00922

. dgp= Og
+ Lysgs (B 98 )57 g lﬁ}_07

op op*

thre Lﬁgﬁ (ﬁv gﬁ) = Z?:l Eiﬂyﬂ (ﬁv gﬁ) and Lgﬁgﬁ (/3’ gﬁ) =
Zi:l ﬁi,g/agg (B, 95)-

Thus, we obtain

E{‘Cﬁgﬁ (ﬁ*,gg*) T = t} 35T

+E{£gﬁgﬁ (8", 95°) t} Dgse Dgis

Q
Q
™

=

for any continuous smooth curve g5 on B x [0, 1], the above
equation yields

3g6* _ E {[,5_% (ﬂ*,gg*) T = t}
B E {Egﬁga (B, 9p)|T = t}’
which shows that Lemma 2.1 holds. O

Proof of Corollary 2.1. According to equation (6), the esti-

mators gg and ngl)

1~ 6
—E — K (t;
n < Yy
=1
~(1)

where gs(t;) = gs+3 ’ (ti—t). By taking a partial derivative
with respect to 3 on both sides of the above equation and
taking the first element of the resulting vector, we have

satisfy

)L0s (8,95 (1)) (1, “

) =0,

w2 R Kt =0 {Lipg, (87, 8- (1))
 Ligags (B' 3 (1)) %5} = 0.
Therefore,
1 5 .
= h_zK R . . .
895* _ nl; e h(tl t)‘cl,ﬁgﬂ (ﬂ » 9B (tz))
a n ) %~ °
o 230 L Kn(ti — t)Ligug, (B"s g5+ (12))

i=1

According to condition A(9), we obtain ||&; — m|| =
O,(n='/2) = 0,(1), and
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LS LK (ti — t)Lipg, (B, o+ (t:))

—t)L i,89p (8%, gp~(t:)) + 0p(1)

E L9, (8" 45)| T = 1] fo(t) + 0,(1)
(50, (87, 95)] Fo(6) + 0p(0),

where fr(t) is the probability density function of series {¢;}
defined in condition A(5), E¢[-] = E[-|T = t]. The last equal-
ity is obtained by using the iterated expectation.

Similarly, we have

=

— 1)L g595(B": g5+ (t:))
9a+) ] Fr(t) + op(1).

From Theorem 2.1, for any 8 € B, () 2% (B, t) holds.
Then, from the above equations (12) and (13), we have

(13)

tq 3|H

e
e

gﬁgﬁ

1y b X R L, (B0 (1)
= E[Lp4,(B", 95-)] fr(t) + 0p(1),

(15) % é %Kh(tz‘ - t)‘ci,g;sgﬁ (ﬁ*vgﬁ* (tz))
= L [‘CQBQE (5*’95*)]f71'(t) + 0p(1).

In addition, by condition A(5), fr(t) is positive, bounded
and continuous, we have

35}5* _ Et[[:ﬂg/s (5*,95*)]
86 E: [‘C!]ﬁgﬁ (ﬂ*v gp* )]
Thus, Corollary 2.1 holds. O

Proof of Theorem 2.1. For any B € B, g(8,t;)) = gs(t:)
can be approximated by a linear function within the neigh-

borhood of ¢ via the Taylor’s expansion: gg(t;) ~ gg(t) +

gél)(t) (t; — t). Then, the local linear estimators gz and gél)

of gg and gg) can be obtained by solving the following equa-

tion:
)t -0 ,“,jt)T 0.

Y .
not Z ;ﬁiigﬁ (B, s
i=1 """

Since ¢ is the MLE of ¢ and m; = m;(¢) is a continuous
function of ¢, ||7; — m;|| = Op(n~'/2) holds. By the iterated

expectation, we have
t T
> } - 07

where gg(t;) = g3 +gé )(tl-ft). Under conditions A(1)-A(8),
similar to the argument of Lemma 4.1 given in Zhao [56],

{ Z ﬁlgﬁ (B, gp(ti)) Kn(ti — t) (1 ti,;



we obtain where H: = (1, (t — )/1)", A= (3 — g3, 35~ )"
Let & = 6; Kp(t; — t)/7;. Then, according to assumption

n

NS L0 (B, s (1)) Knlti — ) (252)

sup A(9), we have
i=1
~0 ({%} +h2> (a..) ( . 1y LN Ologm(wi, @)
n ’ 17) Va(@—9)=T"(p)—=) —F5 = +o(1),
) Vil L o
for j = 0 and 1. Hence, it follows from Theorem 2.2 of Zhao
[56] that the local estimators (gg, gg”) exist and satisfy where w; = (1,2],t;,;)". Taking the first-order Taylor’s

expansion of ;(¢) yields

suplga(t) — 5,0 = 0 ({244 1 42) (as) o,

(18) (@) = mi(p) + (

)" (@ = @) +0p(1).

suplg! 0 a5, = 0 ({244 142 (us) "
tp 9 a9\ nh o Under condition A(9) and Equations (17) and (18), we ob-
tain
which imply that gs(t) — g(8,t) (a.s.) and §5"(t) —
dg(B,t)/0t (a.s.). 1 Xn: i(ti—t)
For any fixed ¢, we denote ne h
13- 5 ti—t _ 1\~ 7 ti—t
"5 = 2w Enlt = )5 =5 X (i — )55
— 1 % . Dt NVK (4 — i=1 i=1

U,(,@,ao) n ; ﬁ_iaao‘cl(/@aaO"’g[j (tz t)) h(tz t)’ +0p(1)
_ 1y 9 (Oms) n—1/2 gyt
= 5 V Kyt —t

where 9,, = 0/0ay. Since ggl)(t) — 0g(B,t)/0t and gg is the " 1; i v )}l )

local estimator of gg, it follows from conditions A(2)-A(3) +o0,(1

that = V(e)h X B (G Kl = )5+ 0p(n™'1?)

9 . i=1
_mu(ﬁ,g(/@ﬂf)) =-V( 1Lom\TT=t|T — -1/2
. =—VI(P)E (7 (55)" 7T =t} fr(t) + op(n™"/%)
= 55u(B,3(8,1)) + 5o-u(B,3(8,1)) 553(B,1)- _ e } '

_Op(n )7

Hence, we have 0¢(8,t)/08 = ﬁ;gﬂgﬁﬁ n.Bgs, Where N

Logsgs = N1 6:Ligus (B, 35 + gél)(tz — t))Ku(t; — Where V(p) = I Hp)L 21 Ologm(wj, ¢)/0p. The fourth

J
t)/7; and Ly g, = n b >0 6:Lipg, (8,98 + gél)(ti — equality is obtained by using the law of iterated expecta-
t))Kp(t; — t)/7;. Similar to the proof of Corollary 2.1 of tion and the definition of kernel function.
Claeskens and Van Keilegom [57], we have Similarly, we have

sup |Lrgsgs — E(Lgegs|T = 1) fr(t)]

3=
M:

g’ﬁi,gﬁgﬁ (/37 gp (tl))

_ log(n) 2 ot
=0 <{ nh } th > = % Z %Kh(ti - t)ﬁi,gagﬁ (/3796(751'))
Sl;p |£n,ﬁga - E([:Bgﬁ |7 = t)f’lr(t)| 7_1L zj: i 5, K (L )Ei,gﬂgs (ﬂ,gg(ti)) + op(l)
o {los) ) = B {52y, (BasO)IT = 1} ol
= O ( h ™ 9p gﬂ T
{ nh } V( {% Do T‘C!]Bgﬁ‘T_ t} fT( ) ( 71/2)
Combining the above equations yields 9¢(8,t)/983 =w(t) fr(t) — ( )@ (t) fr(t) + 0p(n=1/2)
0g(B,t)/05. Following the similar argument, we can obtain =(t) fr(t) + op(n=1/2),
2G5(t)/0BOBT == 9%g(B,t)/0BOB. O
” ’ where @(t) = E{L,0,(BgsONT = 1}, &(1) —

Proof‘of Theorem 2.2. Under Assumptions A(4) and A(5), E{(0m)09)" Ly g, /7|T = t}, %(t) = w(t) — V(p)a(t), w(t)
following the argument of Theorem 1 of Carroll et al. [58], 4 &(t) are obtained by using the iterated expectation.

the first-order Taylor’s expansion of Equation (6) yields Then, it follows from Equation (16) and the proof of Theo-
& rem 1 of Carroll et al. [58] that
0=n Z: K (i — 1) Lig, (B, 9(t:)) H,
16 T W(0) fr(t) (35— 95)
U ot & 2Kt~ 1)Lag,0, (8. 95 () HHTA Ca
Jrop(l)_ ~n ;f 1,98 (B,95(ti))
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OB L 3 65 L0, (B.95(1)
+ 0p{h? + (nh)~1/2}

= 1 3 6L, (B.9p (1) — 5 928, Ousa( K1) (1)
+ 0p{h? + (nh)‘l/z},

which leads to asymptotic expansion of §g(t). Combining the
above equations yields the asymptotic bias of nonparametric
estimator. O

Proof of Theorem 2.3. Under Assumptions A(1) and B(1)-
B(4), it follows from White [55] that

~1/23° .1,(v") 2 N(0,B),
(19) n ;w(v) (0,B)

VY =) 3 N0,AT'BAT),
where A and B are evaluated at ~*. O

Proof of Theorem 3.1. Let u = (u7,ul, u3)" be a (p+m) x
1 vector corresponding to parameter vector <, where u; is
a p1 X 1 subvector corresponding to nonzero components
in 3%, uy is a ¢; x 1 subvector corresponding to nonzero
components in ¢*, and us is a (p+m—p; —q1) X 1 subvector
corresponding to zero components in 8% and ¢*. To show
that 4, is a v/n-consistent estimator of 4*, it is sufficient to
show that for an enough large C, as n — oo, we have

p ( sup {zm — 3 a, (Busl)
luf=c j=1
1 8 b lpud | - i)
k=1
132 s, (85D + 1 3 o (I < o) S,
P2 -

which shows that there exists a local maximizer 4, of

PL(~|A) in the ball {y = v* +n~'/2u : ||u| < C} such

tha‘t ||’3/)\ - ’7*” = Op(n_l/Q), Where &u = 'Y* + n_l/Qu’

Buj = B +n""?u; and Gur = @} +n""/?upyp. The second-
order Taylor’s expansion of PL(+y|\) yields

p - m
UYw) =1 22 Pas, (Buil) =1 32 pa, . ([Puk])
j=1 k=1
p m
=1y +n lex,;,jﬂﬁ;‘l) + nkZlmw,k(I%tI)
j: =
5 P1 ~ q1 _
<Uyu) —n leAg,j(\ﬁujD - nkzlp@,k(\%k\)
j= =
P1 g1
—1(v")+n lexﬂ,j(lﬁ;-‘l) + nkzlpxw,k(lw;tl)
j= =

_ n*1/2uT8Wl(’y*) — %uT{*la%(’)’*)}

n- v

—nl/? i{pgﬁ,gm;osgnw;)uj}
P2
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Q0 —nt 30k, (leisen(epu)

P1
—3 3 (04, 18 Dy
J:

— 4 S0, et + 0,01
<nV2u70,1(v*) — %uTA('y*)u

+ (p1n)' P an ui || + (@1n)'an |[us|

— glballwn]® = 31bnluzl* + 0p(1)
< n7V2uT0,l(v*) — JuTA(Y)u

+ (p1n) P an ur || + (@n)'ay uz]| + 0y (1).

The first inequality in Equation (20) holds because of
pa(0) = 0 and py(-) > 0 for the SCAD and ALASSO
penalty functions. The second inequality in Equation (20)
is obtained from Equation (19) and the second-order Tay-
lor’s expansion of the penalty function. Condition B(4) and

Pl < (o 2004 u?)!/? yields the third inequality in
Equation (20). Equation (19) and Assumptions B(2)-B(5)
indicate n=1/2u9,1(v*) = O,(1). Note that u™A(vy*)u is
bounded below by Euin{A(v*)}||u|/?, where Epnin{A(y*)}
is the smallest eigenvalue of matrix A (v*). Thus, the second
term in the last inequality of Equation (20) dominates other
four terms, and the last inequality in Equation (20) is neg-
ative by selecting an enough large C. The above argument
shows that Theorem 3.1(i) holds.

Now, we prove Theorem 3.1(ii). From the above argu-
ment, we obtain that 4, is a /n-consistent estimator of
v and satisfies |5, — v*| = Op(n~1/2) and [ B =

2@l = Op(n™12) = 0,(1). Let pr, = 35_; pa,, (185])
and px, = Y/ _1 Pa, . (|ox]). Then, we have

0= nil/z{avl(;yk) - na’YﬁAB =3, — na’YﬁAw =3, }
(21) =n"120,0(v*) = n' 23, — ) {—2021(v")}
+o0p(1) = nl/za'yﬁA;s ly=4x — nl/Qaﬂa)\w ly=4x

= Op(l) - ”1/287@\5 |v=% - nl/zavﬁx\w |7=%~

The second equality is obtained from the Tay-
lor’s expansion, and the last equality holds because of

n120,10y) = nl2 (3, — ¥ =22y ) /n} = O,(1).
Note that for j = 1,...,p, we have —n'/295,px,|y=5, =
—sgn(B;)n' 2 X i {05504, (18;)}. Since 1Bl = 0p(D),
Assumption B(6i) implies that )\Eé}z&ﬁ,jﬂﬁjb > 0 holds
for 5 = 1,...,p. Then, —sgn(ﬁj)nl/zdn dominates
the second term of the last equality of (21). Simi-
larly, for & = 1,...,m, we have —nl/QB%ﬁ)\sOH:% =
—sgn(@e)n' Aok A LpA (19x])}. Again, since [ o)l =
0p(1), Assumption B(6ii) implies that /\;ip’)\%k(|¢k|) >0
holds for k = 1,...,m. Thus, the term —sgn(py)n'/%d,
dominates the third term of the last equality of (21). It



follows from Assumption B(6iii) that n'/2d, 5 oo, which comments that greatly improved the manuscript. This work
was supported by grants from the National Natural Science
Foundation of China (No. 11671349).

shows that Bj must be zero for j = p; +1,...,p and ¢y
must be zero for k = ¢; + 1,...,m, otherwise the absolute
values of the gradients of the second and third terms in the
last equality of (21) could be large so that the last equality
of (21) is not equal to zero.

Next, we prove Theorem 3.1(iii). From the above ar-
guments, it is easily seen that under Assumptions A(1)
and B(1 ) B(6) there is a consistent MPL estimator 4, =

A~ ~T ~T ~ ~
(5(1 Avﬁ @\ P(1x P of ¥ = (B), By 1) Pl2)"
satisfying 5(21 = P = 0. Let 8° = (B(1),0")",
" = (1), 0M)" (= By 2" Yy = Blry, (1)"
2 AT s * * * 7
YA By @)™ 7= (B YT, and I(y) =
0")). Let A() be an sub-matrix of A(v*)

l((ﬂr(Fl)JOT>SDP(F1i7
obtained by deleting the p1+1,...,pand p+q1+1,...,p+m

rows and columns of A(y*), and B(+y) is similarly defined.
Denote

hi(v) = s, (B Dsen(Bal). .
 (oiDsen(l),-

J1(v) =diag {pY, , (1B1]), .
P, (leal), - pX

vp/Ag,pl (18p, )sgn(|B8p, |)

T
P, (9 sen(lea )

541

2 (Bul)
(IeaD)} -

¥,4q1

h(v") = (hl(o’y*))? I(v") = ("1(3*) 8)
S(y) ={A() + I} BEAR) + I

Then, taking the second-order Taylor’s expansion of the
penalized likelihood at ~* yields

0= 875(:7,\) —nd,

|’Y:’%

3 pas, (183, )
Jj=1

_ Tla’y {kzlp/\q,,k(|tp>\k|)} \7:%

= 0,I(y*) = nh(v")
(3 =) {5 RIy) + Iy
= n~120,1(v*) — n'/?h(y*)
—n 725y =) {A(Y) + I(v)} + 0p(1),
which implies n'/2{%, —~v* + [A(y*) + I(v*)]"*h(y*)} 2

n=V2{A(y*) + I(v*)}10,1(~v*). Therefore, it follows from
Theorem 2.3 that Theorem 3.1(iii) holds. O

)} +o0p(1)

Proof of Theorem 3.2. 1t follows from Garcia, Ibrahim and
Zhu [33], Ibrahim et al. [50] and Garcia, Ibrahim and Zhu
[34] that Theorem 3.2 holds. O
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