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Asymptotic extraction of common signal

subspaces from perturbed signals

VLADIMIR NEKRUTKIN®* AND IRINA VASILINETC

Signal subspaces extracted by Singular Value Decompo-
sition of signal matrices are used in many methods of sig-
nal processing. General approach to asymptotic proximity
of unperturbed and perturbed signal subspaces is discussed
in Nekrutkin 2010, SII, v. 3, 297-319. These theoretical
results are illustrated by several examples related to one-
dimensional signals and the corresponding Hankel matrices.

In this paper we apply this approach to the multidimen-
sional signals and block-Hankel matrices. More precisely, we
suppose that each coordinate of a multidimensional signal
produces the same signal subspace. For such signals, we sug-
gest the solution for asymptotic extraction of this subspace
from the perturbed multidimensional signal series.

A similar procedure is already used in atmosphere sci-
ences to incorporate both spatial and temporal correlations
in multidimensional data.
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1. INTRODUCTION

The general scheme of the signal-subspace approach,
studied in [1], can be explained as follows. Consider
a one-dimensional or multidimensional “signal” Fy =
(o, ...,2zn—1). This series is linearly transformed into Lx K
“signal matrix” H. We suppose that the signal F and the

transformation Fny +— H are such that d def rank H <
min(L, K). Then the linear space Up spanned by the
columns of matrix H contains important information about
the series Fy. Uy is further referred to as signal subspace.

Assume that we observe the perturbed series Fy () =
Fy+0EN, where Ex = (eq,...,en_1) is a “noise” series and
0 stands for a formal perturbation parameter. Thus, instead
of the “signal matrix” H we work with the perturbed matrix
H(5) = H + §E, where the “noise matrix” E is constructed
from the series Ex in the same manner as H is built from
the series F .

Consider the Singular Value Decomposition (briefly,
SVD) of H(¢). If ¢ is small, then continuity considerations
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show that the linear space Ug () spanned by the left singu-
lar vectors for the d largest singular values of this SVD can
serve as an approximation of U(J)-.

Though general results on the proximity of U and Uz (6)
are already proved in [1, sect. 2], all examples in [1] are ded-
icated to one-dimensional signals Fy and Hankel matrices
H, H(J).

These examples were of the same structure. We con-
sider an infinite one-dimensional real-valued signal series
F = (x0,%1,...,%n,...) which is governed by a minimal
linear recurrent formula of order d. Then finite segments
Fy = (xo,21,...,2n—1) of the series F are transformed
into signal L x K Hankel matrices

Zo Mo TK-1
X1 T2 TK
(1.1) H=Hy = ,
Trp—1 TL TN-1

where N — oo, L depends on N and K = N — L + 1.
All signal matrices have the same rank d in assumption
that L and K are sufficiently big. Linear d-dimensional
spaces, spanned by columns of matrices H stand for Uy =
Uz (N).

The similar procedure is accomplished for the perturbed
series F(§) = F + 0E where E stands for some noise series.
The result of this transformation is perturbed Hankel ma-
trix H(§) and the linear space Uz (d). The proximity of Ug
and Ug () is studied with the help of the corresponding pro-
jection operators Pg- and P3-(d) using classical perturbation
results [2].

In this paper we consider multidimensional signals with
equal signal subspaces for all coordinate series. Each coordi-
nate signal is perturbed by some additive error series. Then
the resulting multidimensional series is transformed into the
corresponding block-Hankel matrix. Singular Value Decom-
position gives us approximate basis of the common signal
subspace.

As in [1], the precision of approximation is measured in
terms of the sine of the largest principal angle between the
perturbed and unperturbed signal subspaces.

Note that similar computational procedure is widely used
in atmospheric science to incorporate both the spatial and
the temporal correlation in data (see the original paper [4]
and the review [5] for details).
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Just as in the paper [1], we consider our results as a step
to the theoretical foundation of some subspace-based meth-
ods, such as MSSA in the style of [6] or different methods
for the the parameter estimation of multidimensional sig-
nals (see, for example, [7], where some of these methods are
briefly described).

2. MAXIMAL AND MINIMAL POSITIVE
EIGENVALUES

In the same way as for one-dimensional series, the asymp-
totic behavior of positive eigenvalues of large matrices play
the essential role in the whole consideration. In this section
we present several general results on this problem as well as
examples related to block-Hankel matrices. The examples
are used in Section 3 devoted to main results of the paper.

2.1 General statements

Let us start with two simple assertions formulated as lem-
mas for convenience of references.

Consider a matrix G : R¥ — RZ and denote d = rank G.
Suppose that

d
G=> PQL

k=1

(2.1)

with some P, € RY and Q; € RX, where the vectors
Py, ..., P; (and the vectors Q1,...,Qq4) are linearly inde-
pendent. Let || Z]| stand for the Euclidean norm of the vector
Z. Denote Xl = Pz/HPz”a Yz = Ql/HQl”7

(2.2) X=[X1:...: Xq], Y=[V1:...:7Yy],
U=[P:...:Pj,and V=[Q; : ...: Qq]. Also, set
Pyl 0 ... 0
0 [Bf ... 0
P = : : . : 3
0 0 | Pl
1@ 0 ... 0
0 IQa ... O
My =| . . .|
0 0 1Qall

and IIpg = Ilp Ilg. Lastly, denote

(2.3) C=X"XIIpo Y YIIpg

and C' =UTUVTV.

Lemma 2.1. Let A be a positive eigenvalue of the matriz
GGT, and let X correspond to an eigenvector Z. Then

1. X is the eigenvalue of the matrix C and A corresponds to
the (non-null) eigenvector X1 Z.

2. X is the eigenvalue of the matrix C' and \ corresponds
to the (non-null) eigenvector UT Z.
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Proof. 1. Note that G = XHPQYT and GGTZ =
Xllpqg YTYHPQ XTZ = AZ. Therefore,

MXTZ =XT"GG"Z = (XTX1I,,Y'YIL,,)X"Z = CX' Z.

Since GGTZ # 0, then XTZ # 0.
2. In view of the equality G = UVT, GGTZ = UVTVUTZ
and

\NUTZ =UTGG"Z = (UTuV'V)U'Z=C'U"Z
Since GGTZ # 0, then UTZ #£ 0. O

Corollary 2.1. The set of positive eigenvalues of the Lx L
matrizc GGT coincides with the spectrum of the d x d ma-
trices C and C'.

Now consider a sequence of d x d matrices C,, such that
all eigenvalues of matrices C,, are positive for any n and
denote by ,\SJQX and /\(n)

min Maximal and minimal eigenvalues
of the matrix C,,.

Lemma 2.2. 1. Assume that a,, — +o0c and C,,/a, — M;.
If the matriz My is not nilpotent, then Afl?gx/an — 0, >0,
where 01 is the maximal eigenvalue of the matriz M.

2. Assume that b, — +oco and b,C. 1 — My. If the matriz

M, is not nilpotent, then A [bn — 1/65 > 0, where 05 is

min

the mazimal eigenvalue of the matriz Ms.

Proof. 1. The continuity considerations show that all eigen-
values of the matrix M are real and non-negative. Since M
is not nilpotent, then some of them are positive. Now the as-
sertion follows from the fact that XTC, X/a,, — XTM; X
uniformly on the set {X € R? such that || X| = 1}.

2. The second assertion is proved in the same manner taking
in consideration that Af:l)n is the maximal eigenvalue of the
matrix C, 1. O

The next proposition is the particular case of Lemma 2.2
for matrices discussed in Lemma 2.1.

Consider a sequence of L, x K,, matrices G = G,, with
fixed d = rank G. As in Lemma 2.1 we use representa-
tions G = 22:1 P.QF with some Py € RL and Q € RE,
where the vectors Py, ..., P; (and the vectors Q1,...,Qq)
are linearly independent. (Vectors P, and @Qj depend on
n, still we ignore this dependence in our notation.) Let
o; stand for ||P;||||Q,]|. It is convenient to assume that
012022 ...204-1 2 04g.

Define matrices X = X, Y = Y™ IIp = ng)7 Ilg =
Hgl), Ilpg = Hg%, and C = C,, as earlier. Note that for
any n, matrices C,, have the fixed size d x d.

Lastly, denote by Apax and Apin maximal and minimal
positive eigenvalues of the matrix GGT.

Proposition 2.1. Assume that XTX — A and Y'Y — B,
where both A and B are invertible.
1. Assume that o1 — 0o and /01 — ¢; for any j. Set



A = 0 C'Q 0
0 0 Cq

and
(2.4) M; = AAnmaxBAnax.

If the matriz My is not nilpotent, then /\max/af — 6, >0,
where 01 is the maximal eigenvalue of the matriz M.
2. Assume that oq — 00 and 04/0; — ¢} for any j. Set

g 0 0
A 0 o 0
0 0 1
and
(2.5) M; = ApinB ' Anin AL

If the matriz My is not nilpotent, then )\min/afl —1/62 >0,
where 05 is the maximal eigenvalue of the matriz Ms.

Proof. 1. By Corollary 2.1, the set of positive eigenvalues of
the matrix GGT coincides with the spectrum of the d x d
matrix C = X"XIIpo YT YIpg.

Since XX — A, Y'Y — B and

g1 0 0
1 1 0 o2 ... O
_HPQ:_ . . . —>Amaxa
01 01 : :

0 0 Od

then C/o? — M;. Therefore the result follows from the first
assertion of Lemma 2.2.

2. Note that matrices XTX and Y'Y are strictly positive
definite and hence invertible. This means that

C! =15 (YTY) L (XTX) T

Since matrices A and B are of full rank and

/oo 0 ... O
1 0 1/0’2 0
oallpg =04 : . . = Amin
0 0 1/04

then 03 C~! — M,. The second assertion of Lemma 2.2
finishes the proof. O

Corollary 2.2. The following remark helps to verify the
conditions of Proposition 2.1. Assume that XTX — A
and Y'Y — B, where both A and B are invertible. Let
A = oy}, AT = {ai}o, B = {bi}i, and

B!l= {@j}gj:l. Since A and B are strictly positive defi-
nite, the diagonal elements of these matrices are positive.
1. If all diagonal elements of the matriz Anax are positive,
then det My # 0 and /\min/af tends to the minimal eigen-
value of the matriz My .

2. If all but the first diagonal elements of the matriz Apax
are equal to zero, then the matriz Cq is not nilpotent and
Amax/01 = a11b11.

3. If all but the last diagonal elements of the matriz Amin
are equal to zero, then the matriz Co is not nilpotent and

Amin/0d = 1/(vad Bad)-

Proof. The first statement of the corollary immediately fol-
lows from the first assertion of Proposition 2.1. The two
remaining statements are similar. Let us demonstrate the
first of them. Describe matrices A and B by their columns:

A= [Alz...:Ad], B= [Blz...:Bd}.
Then
Ci = AAL.xBALx = [Al 0. O] [Bl :0 : O} =
[Cle:...:O]
with C; = (allbu, cee Qg1 bu)T. The latter matrix is not
nilpotent and its maximal eigenvalue equals ay1b11.- O

2.2 Examples: eigenvalues of some
block-Hankel matrices

Consider the two-dimensional series of length N with

components xs) and xg), 0 <n < N —1. For a certain
L e {2,...,N}, let GO be the “trajectory” (Hankel) ma-
trix

OIEROREN()

T S5
(26) Go=| T o K
O N

of the series .Z'gf) and put G = [G) : GP)]. Lastly, let Apax
and Apin stand for the maximum and minimum positive
eigenvalues of the matrix GGT.

Lemma 2.3. 1. Consider the two-dimensional series with
components

r1
2.7) «(V :Z Oy, €OS(2TwWmn),

m=1

72
@ = Z B cos(2mvn),
=)

where W, v € (0,1/2), aum, Br # 0, w; # w; and v; # v;
fori#£j.
Then there exist Apax > Amin > 0 such that
)\max/LK — Amaxa )\min/LK — Amin

as N — oo and min(L, K) — oo.
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2. Consider two polynomial series

p1 D2
(28) Igvl) = Zanja zg) = Z ﬂmnm
j=0 m=0

with Yp,, Bp, # 0 and p1 > pa. If LIN — « € (0,1) then
there exist Omax > Omin > 0 such that
N_2p1_2)\max — emax; N_2p1_2)\min — gmin-

3. Consider exponential signals with components

p p
1 2
xg) = g aay, x;) = g Beay,
(=1 =1

where a1 > ... > ap > 1, a4, i # 0. Then Amax/a2N and
)\min/af,N tend to positive constants as min(L, K) — oo.

(2.9)

Proof. The demonstrations of all assertions are similar. To
avoid elementary but laborious calculations we present only
the general line of the proof.

First of all, we express the matrix G in the form (2.1) with
the appropriate vectors P, and Q. Note that the rank d of
this matrix does not depend on the length N of the series
under consideration provided that NV is sufficiently big.

Note that d = 2 card (N7 UN3) with N7 = {wq,...,wp, }
and Ny = {v1,...,v,,} for the series (2.7), d = p; + 1 for
the series (2.8) and d = p for the series (2.9).

Then we apply the first assertion of Lemma 2.1 with
Corollary 2.1 and therefore reduce our eigenvalue problem
from the L x L matrix GG™ to the d x d matrix (2.3). To
find the asymptotic behavior of maximal and minimal eigen-
values of the matrix (2.3) as N — oo, we use Lemma 2.2
and Proposition 2.1 with its Corollary 2.2.

More precisely, it can be checked that matrices xxT
and YY7T (see (2.2) for their definition) tend to invert-
ible matrices A and B as N — oo. Moreover, matrices
(2.4) and (2.5) are not nilpotent. Thus we can use Propo-
sition 2.1. By this proposition, Amax ~ max; | P;| |Q;| and
Auin ~ min, || By Q| as N — oc. O

Lemma 2.4. Let

o (D) o ®
(210) 6511) = Z bj €j+n7 6%2) = Z cj €j+n7
j=—o00 J=—00
where esf) are i.i.d. random variables, defined on the same

probability space (2, §,P). Assume that Eeg) =0, ]D)egf) =1,
and ]E|e$f)\3 < 0.

Additionally, it is supposed that 3=, |bj] < 00, 35,03 =1,
> lejl < oo, and 37, =1

If max(L, K) — oo, then there exist Q' € F with P(Qq) =
1 and a constant C such that for any w € Q

: |Gl
1 <cC.
msup yooy = ¢
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Proof. Tt can be easily seen that the maximal singular value

of the matrix (G™) : 0) is equal to the maximal singular

value of GV, Analogously, (0 : G@)|| = [|G®@|.
Applying [3, th. 1] we see that almost surely

: IGD]]
limsup 4> L < ¢
imsup e < G

for i = 1,2 and certain constants C1, Cs.
Since G = (G : 0) + (0 : G?) then

. Gl . GW+[G®
hmjsup% < hmj\?up% <C=C)+Cy
with probability 1. O

Remark 2.1. It is worth mentioning that the random se-
{ (1) (2)
quences 1 €, } and {en

independent.

Remark 2.2. Though both lemmas 2.3 and 2.4 are formu-
lated for two-dimensional series, the analogous results hold
for m-dimensional series with m > 2.

} in (2.10) are not assumed to be

3. ON THE COMMON PART OF SEVERAL
SIGNAL SUBSPACES

For 1 <7 < m let us consider m real-valued series FI(VZ) =
(1:(()1), chz), . ,x%)_l) and the corresponding Hankel matrices
H; defined by the right-hand side of (2.6).

All series together are described by the block-Hankel ma-

trix H= (Hy :...: Hp,).
If each of series F ](\;) is governed by a certain (minimal)
LRF of order d; and if L = L(N) and K are big enough,
then the linear space Uz spanned by the columns of matrix
H has some fixed dimension d for any L and K.

Note that here Hankel matrices Hy, ..., H,, are put side
by side to form the matrix H and we use their columns
to define Uy. This corresponds to the general construction
described in [1]. The other possible way to build H is to
stack H; one on the top of the other. Then Ug must be
spanned by the rows of the matrix H.

We call Ug the signal subspace of the multidimensional
signal (FJ(VI), . 7F](\;”)). Of course, Uy is the smallest linear
space containing all signal subspaces U;- of one-dimensional
series F 1(\;).

In the same manner as it is described in the Introduc-
tion, each signal series F I(Vi) is perturbed with the help of
some “error” series E](\?, and the resulting perturbed series
FI(Vi) () = F](Vi) +5E§\? are transformed into the block-Hankel
matrix

H(0) = (H1(8) : ... : Hy,(6))
= (Hl +0E; : ...:Hm+(5Em) =H+ JE.

Taking d leading left singular vectors of the matrix H(J), we
obtain the perturbed signal subspace Ug (§) and our general



aim is to investigate the behavior of the main principal angle
|Pa(8) — Pyl between Ug (6) and U as N — oco.

Here we restrict ourselves to the case when all signal sub-
spaces U; coincide. This case can be interpreted as the prob-
lem of extracting the common part of signal subspaces of
the observed series FI(\;)(é). For the sake of brevity, we take
m = 2.

More precisely, we consider 3 kinds of two-dimensional
signals:

1) oscillating signals with components

T

xﬁf) = Z [3; cos (Qﬂwin),

i=1

) = Z a; cos (2mw;n),

=1

(3.1)

where w; € (0,1/2), w; # w; for @ # j, |oy| > 0 and |B;] > 0;
2) polynomial signals with components

P P

1 ! 2 !

e ="', 2 =" pin',
1=0 1=0

where p > 1 and f3p, o, # 0, and
3) exponential signals with components defined by (2.9),
where a1 > ... >a, > 1, a; #0, 3; #0.

Proposition 3.1. Consider the two-dimensional signal with
components defined by (3.1) and assume that min(L, K) —
o0 as N — oo.

1. Suppose that the

(3.2)

“error series” has components

Zc cos 27r1/ n)

1) *Zb cos 27r1/( n

=1

with I/i(l), 1(2) € (0, 1/2) and b; # 0, ¢; # 0.

If the sets {1/1-(1 ) ] } and {w;} are disjoint, then

Py (8) = Pyl = 16]0(1/ min(L, K))

for any § such that |6 < 8o = d¢(bs, iy vy, B;) and for any
N > Ny(9).

2. If the error components are defined by (2.10), then
[Pg(0) —Pg || = [6|]O(VNInN/VLK) for any § with prob-
ability 1.

Proof. 1. Let pimin, bmax e minimal and maximal positive
eigenvalues of the matrix HH” and set vp. = |EET|.

Denote
@1 _ | Vmax ’ @2 ,U/max7
Hmax Hmin
and A = 1/limsupy(©©1). Then A > 0 in view of the first
assertion of Lemma 2.3. Set

© = 0,09,

cos((L — 1)7rw1-))T,

sin((L — 1)mw;))"

CrLi = (1, cos(mw; )y ...,

Sri = (0,sin(7w;), ...,

If p is a positive eigenvalue of HH", then each eigenvector
U, ;, corresponding to this eigenvalue has the form

My
U, . — a(uﬂ
122V Li

2,7

CLi +b#])SLZ)7

where 1 < j < dg, d, is the multiplicity of u, and the
number of pairs (4, ) equals 2r.

We specify coefﬁments a(’“) b(‘“) by conditions that
|Uull =1 and U}, 5 Uy, g, =0 for different pairs (u1,j1),
(p2,j2). Then P, = Zj U Ulfj, where P, is the projec-
tion operator on the eigenspace corresponding to positive
eigenvalue y of the matrix HH™ .

It is easy to check that uniformly in L

U5 Upsy BB || = O(K)

for i = 1,2 and any pairs (p1,j1), (p2,j2)-
Since EET = E|ET + EoE], then uniformly in L

(33) U, U s, BEE | = O(K)
also for ¢ = 1,2 and any pairs (u1,71), (u2,J2).

Let So = > ,.0Pu/p be the pseudoinverse to HH".
Since all p have the order O(LK) as L, K — oo, then
[SoEE™ || = O(1/L) in view of (3.3).

Lastly, direct calculations show that |[HE"| = O(L).
Therefore, we can apply [1, Proposition 3.2]. By this propo-

sition,
1P 6) ~ P = 1510 (JHET s + 11 [S0EE"] )

for 6 < 09 = A/4. As it was already noticed, pimin has the
order LK as L, K — oo, and the first assertion is proved.

2. To prove the second assertion, we use both lemmas 2.3
and 2.4 as well as [1, Proposition 3.1]. This proposition af-
firms that under condition ©® — 0 as N — oo,

limsup O |P¢ (8) — Pi|| < 8C|4|
N

for any § and some constant C' > 0. In view of Lemma 2.3,

@2 = ,Udmax/,umin — Amax/Amin > O7 while (see Lemma 24)
01 = VVimax/tmax < /NInN/LK with probability 1.
Therefore, the second assertion is also proved. O

Proposition 3.2. Consider the two-dimensional signal with
components defined by (3.2) and assume that L/IN — « €
(0,1) as N — 0.

1. If the error series is determined by (2.7),
[PE(6) — P& = SIO(N~?) for any 6.

2. If the error components are defined by (2.10), then
[P (0) — Pg| = [5|O(VIn NN—P=1/2) with probability 1
for any §.

then

Proof. In view of the first assertion of Lemma 2.3, Vi /LK
tends to some positive constant. On the other hand, the
second assertion of the same Lemma 2.3 shows, that pyax <
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N27+2 and figin < N?+2. Therefore,

Pmax Hmax _ JTRKN"P~1 = N7 - ()

Hmax Hmin

@:

as N — oo. Applying [1, proposition 3.1], we see that

(3.4) limsup 0[Py (6) — Py || = O(|9])

N
and the proof is complete.

2. The second assertion is proved in the same manner
taking into account that vyax = O(vV N In N) almost surely
in view of Lemma 2.4. O

Proposition 3.3. Consider the two-dimensional exponen-
tial signal with components defined by (2.9) under the re-

striction T < a1/a} < 1. Assume that min(L, K) — oco.
1. If the error series is defined by (2.7), then

IPg(5) — Pyl = [5|O(VLE V)

for any 0 as N — oo.
2. If the error components are defined by (2.10), then

1P (6) — Pl = [5|O(NVIn N V)

with probability 1 for any J.

Proof. 1. In view of the third assertion of Lemma 2.3,
pmax < @2V and i < aI%N . The first assertion of the
same lemma tells that vy < LK. Thus © < VLK ™ and
(3.4) gives us the result.

2. The second assertion is proved in the same manner
taking into account that vyax = O(V N In N) almost surely

in view of Lemma 2.4. O
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