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This is a supplementary material that contains the proofs of Propositions 1–3 in Yan et, al.
(2015).

1 Proof of Proposition 1

Proposition 1. If Mrt = o(ρrt/ log ρrt) and λrt/ρrt → c as r and t go to infinity, where c is
a constant hereafter, then P (Condition A holds) → 1.

Proof. Denote the probability that Condition A fails by Prt. Note that Mrt ≥ 1 and

max
i,j=0,··· ,t

pij = max
i,j=0,··· ,t

1

1 + uj/ui

≤ 1

1 + 1/Mrt

≤ (
1

2
)1/Mrt .

Consider a particular partition of Ω1 into two nonempty subsets F1,i and F2,r−i and Ω2 into
two nonempty subsets F3,j and F4,t−j, where the second subscript i denotes the number of
subjects in Fk,i, k = 1, . . . , 4. The probability that akl = 1 for all k ∈ F1,i, l ∈ F3,j and
akl = 0 for all k ∈ F2,r−i, l ∈ F4,t−j is bounded above by (1

2
)[ij+(r−i)(t−j)]/Mrt . Note that when

1 ≤ i ≤ [r/2], 1 ≤ j ≤ [t/2] or [r/2] + 1 ≤ i ≤ r, [t/2] + 1 ≤ j ≤ t,

ij + (r − i)(t− j)− [i(t− j) + j(r − i)]

= (r − i)(t− 2j)− i(t− 2j) = (r − 2i)(t− 2j) > 0.
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It follows that

Prt ≤
r∑

i=1

∑
F1,i⊂{1,··· ,r}

t∑
j=1

∑
F3,j⊂{1,··· ,t}

(
1

2
)[ij+(r−i)(t−j)]/Mrt

= (

[r/2]∑
i=1

[t/2]∑
j=1

+
r∑

i=[r/2]+1

t∑
j=[t/2]+1

+

[r/2]∑
i=1

t∑
j=[t/2]+1

+
r∑

i=[r/2]+1

[t/2]+1∑
j=1

)

(
r

i

)(
t

j

)
(
1

2
)[ij+(r−i)(t−j)]/Mrt

≤
[r/2]∑
i=1

[t/2]∑
j=1

(
r

i

)(
t

j

)
(
1

2
)[i(t−j)+j(r−i)]/Mrt

+

r∑
i=[r/2]+1

t∑
j=[t/2]+1

(
r

i

)(
t

j

)
(
1

2
)[i(t−j)+j(r−i)]/Mrt

+

[r/2]∑
i=1

t∑
j=[t/2]+1

(
r

i

)(
t

j

)
(
1

2
)[ij+(r−i)(t−j)]/Mrt

+
r∑

i=[r/2]+1

[t/2]+1∑
j=1

(
r

i

)(
t

j

)
(
1

2
)[ij+(r−i)(t−j)]/Mrt

≤
[r/2]∑
i=1

[t/2]∑
j=1

(
r

i

)(
t

j

)
(
1

2
)[it/2+jr/2]/Mrt

+

r∑
i=[r/2]+1

t∑
j=[t/2]+1

(
r

i

)(
t

j

)
(
1

2
)[r(t−j)/2+t(r−i)/2]/Mrt

+

[r/2]∑
i=1

t∑
j=[t/2]+1

(
r

i

)(
t

j

)
(
1

2
)[it/2+r(t−j)/2]/Mrt

+

r∑
i=[r/2]+1

[t/2]+1∑
j=1

(
r

i

)(
t

j

)
(
1

2
)[rj/2+(r−i)t/2]/Mrt

≤ 4[(1 + (
1

2
)r/(2Mrt))t − 1)(1 + (

1

2
)t/(2Mrt))r − 1)].

Consequently, when Mrt = o(ρrt/ log ρrt) and λrt/ρrt → c, the above term goes to zero as
ρrt → ∞.
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2 Proof of Proposition 2

Proposition 2. Let S = (sij)i,j=2,...,r+t be the matrix with

sij =
δij
vii

+
1

v11

where δij is the Kroneck delta function. The upper bound of the approximation error using S
to approximate the inverse of V takes:

||V −1 − S|| ≤ O(
M4

rt

ρ2rt
) as ρrt → ∞, (1)

where ||A|| = maxi,j |aij| for a general matrix.

Proof. For convenience, we introduce a nonnegative array {dij}r+t
i,j=2 defined in terms of V as

follows:
dij = −vij for i ̸= j and dii =

∑r+t
j=2 vij = −vi1.

Moreover, let

d∗ := max
i,j

dij ≤
1

4
, d∗∗ := min

(i,j)∈{(i,j):dij>0}
dij ≥

Mrt

(1 +Mrt)2
.

Then we have

dij ≥ 0, dij = dji, vij = −dij for i, j = 2, . . . , r + t; i ̸= j,

d∗ni ≥ vii =
r+t∑
k=1

dik ≥ d∗∗ni, i = 2, . . . , r + t.

Note that V −1 − S = (V −1 − S)(I − V S) + S(I − V S), where I is the indentity matrix
with dimension (r+ t−1)× (r+ t−1). Letting X = I−V S and Y = SX and Z = V −1−S,
we have the recursion

Z = ZX + Y. (2)

Thus, the objective of the proof is to show

||Z|| ≤ O(
M4

rt

ρ2rt
).

Direct calculations give that

xij = (1− δij)
dij
vjj

− dii
v11

yij =
(1−δij)dij

viivjj
− dii

viiv11
− dij

vjjv11
.

(3)

According the definitions of d∗ and d∗∗, we have

0 ≤ dij
viivjj

≤ d∗
d2∗∗ρ

2
rt

, and 0 ≤ dii
viiv11

≤ d∗
d2∗∗ρ

2
rt

,
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so that for all different i, j, k,

|yij| ≤ a and |yij − yik| ≤ a,

where a = 2d∗/(d
2
∗∗ρ

2
rt).

By (2) and (3), we have

zij =
r+t∑
k=2

zik(1− δkj)
dkj
vjj

−
r+t∑
k=2

zik
dkk
v11

+ yij, i, j = 2, . . . , r + t. (4)

Since the index i plays no essential role in (4), we fix i. Let α and β be such that ziα =
max

2≤k≤r+t
zik and ziβ = min

2≤k≤r+t
zik. Without loss of generality, assume ziα ≥ |ziβ|. Otherwise,

we may reverse the signs of zik’s and proceed analogously. First, we show ziβ ≤ 0. By taking
the summation for j = 2, . . . , r + t after multiplying vjj to both sides of (4), it yields,

r+t∑
j=2

vjjzij =
r+t∑
k=2

r+t∑
j=2

zik(1− δkj)dkj −
r+t∑
k=2

r+t∑
j=2

zik
dkkvjj
v11

+

r+t∑
j=2

vjj(
(1− δij)dij

viivjj
− dii

viiv11
− djj

vjjv11
).

It follows that
r+t∑
k=2

zik
dkk
v11

= − dii
viiv11

, (5)

so that

ziβ ≤
r+t∑
k=2

zik
dkk
v11

= − dii
viiv11

≤ 0.

There are four cases to for α and β to be considered.
Case I: α, β ∈ Ω1 = {1, . . . , r}. Since

∑r+t
k=1

dkα
vαα

= 1 and dkα = 0 when k ∈ Ω1, by (4) and
(5), we have∑

k∈Ω2

[ziα − zik(1− δkα)]
dkα
vαα

=
dii

viiv11
+ yiα =

(1− δij)dij
viivjj

− dij
vjjv11

≤ a. (6)

It follows

a ≥
∑
k∈Ω2

[ziα − zik]
d∗∗
td∗

. (7)

Similar to (7), we have

a ≥
∑
k∈Ω2

[zik − ziβ]
d∗∗
td∗

. (8)
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Combining (7) and (8), it yields

ziα − ziβ ≤ 2ad∗
d∗∗

=
4d2∗

d3∗∗ρ
2
rt

≤ O(
M3

rt

ρ2rt
). (9)

Case II: α, β ∈ Ω2. Similar to the proof of Case I, we also have the inequality (9).

Case III: α ∈ Ω1, β ∈ Ω2. Let β1 ∈ Ω1 be such that ziβ1 = mink∈Ω1 zik. Since
∑r+t

k=2
dkβ
vββ

= 1

and dkβ = 0 when k ∈ Ω2, by (4) and (5), we have∑
k∈Ω1

[zik − ziβ]
dkβ
vββ

=
dii

viiv11
+ yiα =

(1− δij)dij
viivjj

− dij
vjjv11

≤ a. (10)

Thus, we have
d∗∗(ziβ1 − ziβ)

d∗
≤ a.

Similar to (7), we have ∑
k∈Ω2

[zik − ziβ)]
d∗∗
d∗t

≤ a+ (ziβ1 − ziβ)
d∗
d∗∗

. (11)

Combining (7) and (11), it yields

d∗∗(ziα − ziβ)

d∗
≤ 2a+ (ziβ1 − ziβ)

d∗
d∗∗

.

Consequently, we have

zi,α − zi,β ≤ 2ad∗
d∗∗

+
ad2∗
d2∗∗

=
4d2∗

d3∗∗ρ
2
rt

+
2d3∗

d4∗∗ρ
2
rt

≤ O(
M4

rt

ρ2rt
). (12)

Case IV: α ∈ Ω2, β ∈ Ω1. Similar to the proof of Case III, we have also have (12). This
completes the proof.

3 Proof of Proposition 3

Proposition 3. Let ∆ui = (ûi/ui)− 1. If Mrt = o(log ρrt) and λrt/ρrt → c as r and t go to
infinity, then with probability approaching 1,

max
i=1,...,r+t

|∆ui| ≤ max
i,j=1,...,r+t

|∆ui −∆uj| ≤
θrt

1− θrt
→ 0, (13)

where

θrt =

[
2(1 +Mrt)

2

Mrt

+
ec

∗Mrt(1 +Mrt)
4

4M2
rt

]√
λrt log λrt

ρ2rt
, (14)

and c∗ is a constant.
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Proposition 3 is a direct conclusion from the following four lemmas. The proof of Lemma
4 is very close to the Erdős-Galli graph condition.

Lemma 1. If Mrt = o(ρrt/ log ρrt) and λrt/ρrt → c as r and t go to infinity, with probability
approaching 1, then

max
i=1,...,r

|ai − E(ai)| = max
i=1,...,r

|
∑

j(
nij ûi

ûi+ûj
− nijui

ui+uj
)| ≤

√
t log t

max
i=r+1,...,r+t

|ai − E(ai)| = max
i=r+1,...,r+t

|
∑

j(
nij ûi

ûi+ûj
− nijui

ui+uj
)| ≤

√
r log r.

(15)

Proof. For i = 1, . . . , r, ai =
∑r+t

j=r+1 aij is a sum of t independent Bernoulli random variables.
Therefore by Hoeffding’s (?)inequality,

P (|ai − E(ai)| > x) ≤ 2e−2x2/t.

Taking x =
√
t log t, it yields

P (|ai − E(ai)| >
√

t log t) ≤ 2e−2 log t =
2

t2
.

Therefore, we have

P ( max
i=1,...,r

|ai − E(ai)| >
√

t log t) ≤ 2r

t2
.

Similarly,

P ( max
i=r+1,...,r+t

|ai − E(ai)| >
√

r log r) ≤ 2t

r2
.

Therefore,

P (F1

∩
F2) ≥ 1− P (F c

1 )− P (F c
2 ) ≥ 1− 2r

t2
− 2t

r2
,

where
F1 = { max

i=1,...,r
|ai − E(ai)| ≤

√
t log t}, F2 = { max

i=r+1,...,r+t
|ai − E(ai)| ≤

√
r log r}. (16)

Thus, by Proposition 1, if Mrt = o(ρrt/ log ρrt) and λrt/ρrt → c, then the MLE satisfies the
inequality (15) with probability approaching 1 as ρrt → ∞. This completes the proof.

Lemma 2. If Mrt = o(log ρrt), then there exist c1 = (Mrt + c∗1)/(1 + Mrt + c∗1) and c2 =
1/(1 +Mrt + c∗2) such that as r and t go to infinity, with probability approaching 1,

c2ni ≤ ai ≤ c1ni, i = 1, . . . , r + t, (17)

where c∗1 (0 < c∗1 < 1) and c∗2 are constants and for any nonempty B ⊆ {1, . . . , r + t},

∑
j∈Bc min{aj,

∑
i∈B nij}+

∑
i,j∈B nij −

∑
i∈B ai

≥ 1
1+Mrt

min{
∑

i,j∈Bc nij,
∑

i∈B,j∈Bc nij} − t
√
t log t− r

√
r log r.

(18)
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Proof. The following calculations are based on the event F1

∩
F2, where F1 and F2 defined

in (16).
Since

tMrt

1 +Mrt

≥ E(ai) =
r+t∑

j=r+1

ui/uj

ui/uj + 1
≥ t

1 +Mrt

, i = 1, . . . , r,

for i = 1, . . . , r, we have

ai ≤ E(ai) +
√
t log t ≤ t[ Mrt

1+Mrt
+
√

log t
t
]

ai ≥ E(ai)−
√
t log t ≥ t( 1

1+Mrt
−

√
log t
t
).

If Mrt = o(log ρrt), then there exist constants c∗1a and c∗2a (0 < c∗2a, c
∗
1a < 1) such that when t

is large enough,
t(Mrt + c∗1a)

1 +Mrt + c∗1a
≥ ai ≥

t

1 +Mrt + c∗2a
, i = 1, . . . , r.

Similarly, we have that for i = r + 1, . . . , r + t,

r(Mrt + c∗1b)

1 +Mrt + c∗1b
≥ ai ≥

r

1 +Mrt + c∗2b
by noting

rMrt

1 +Mrt

≥ E(ai) =
r∑

j=1

ui/uj

ui/uj + 1
≥ r

1 +Mrt

, i = r + 1, . . . , r + t.

Thus, when t is sufficiently large, we can choose

c1 =
Mrt + c∗1

1 +Mrt + c∗1
, c2 =

1

1 +Mrt + c∗2
,

where c∗1 = max{c∗1a, c∗1b} and c∗2 = max{c∗2a, c∗2b}. This shows (17).
For any nonempty B ⊆ Ω1

∪
Ω2 = {1, . . . , r + t}, define

g(a1, . . . , at, B) =
∑
j∈Bc

min{aj,
∑
i∈B

nij}+
1

2

∑
i,j∈B

nij −
∑
i∈B

ai.

We have

|g(a1, · · · , at, B)− g(E(a1), . . . , E(at), B)|
= |

∑
j∈Bc

min{aj ,
∑
i∈B

nij} −
∑
j∈Bc

min{E(aj),
∑
i∈B

nij}+
∑
i∈B

E(ai)−
∑
i∈B

ai|

≤
∑
j∈Bc

|(min{aj ,
∑
i∈B

nij} −min{E(aj),
∑
i∈B

nij})|+
∑
i∈B

|E(ai)− ai|

≤
r∑

i=1

|ai − E(ai)|+
r+t∑

k=r+1

|ai − E(ai)|

≤ r max
i=1,...,r

|ai − E(ai)|+ t max
k=r+1,...,r+t

|ai − E(ai)|

≤ r
√

r log r + t
√
t log t. (19)
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Since pij + pji = 1,

g(E(a1), . . . , E(at), B)

=
∑
j∈Bc

min{E(aj),
∑
i∈B

nij}+
1

2

∑
i,j∈B

nij −
∑
i∈B

E(ai)

= [
1

2

∑
i,j∈B

nij −
∑
i,j∈B

nijpij] + [
∑
j∈Bc

(min{E(aj),
∑
i∈B

nij} −
∑
i∈B

pij)]

=
∑
j∈Bc

[min{E(aj)−
∑
i∈B

pij,
∑
i∈B

ni,j −
∑
i∈B

pij}]

=
∑
j∈Bc

[min{
∑
i∈Bc

ni,jpij,
∑
i∈B

ni,j(1− pij)}]

≥ 1

1 +Mrt

min{
∑

i,j∈Bc

nij,
∑
j∈Bc

∑
i∈B

nij}. (20)

Combining (19) and (20) yields (18). By Lemma 1, if Mrt = o(log ρrt) and λrt/ρrt → c, then
P (F1

∩
F2) → 1 as ρrt goes to infinity. This completes the proof of the lemma.

Lemma 3. If (15), (17) and (18) hold, then

ûmax/ûmin ≤ ec
∗M4

rt , (21)

where ûmax = maxi=1,...,r+t ûi and ûmin = mini=1,...,r+t ûi.

Proof. Let E be the event that c2ni ≤ ai ≤ c1ni for all i, where c1, c2 are defined in Lemma 2
and F be the event that for any nonempty B ⊆ {1, · · · , r+ t}, the inequality (18) holds and
G be the event that Condition A holds. By Lemmas 1 and 2 and Proposition 1, we know
that if Mrt = o(log ρrt) and λrt/ρrt → c, then

P (E
∩

F
∩

G) → 1 as ρrt → ∞.

The following calculations are based on the event E
∩
F
∩
G. The argument repeatedly uses

the monotonicity of ex+y/(1 + ex+y) in x for each y.
First, we assume that β̂min := mink β̂k = 0. Let i1, i2 ∈ Ω1 such that β̂i1 = maxi∈Ω1 β̂i,

β̂i2 = mini∈Ω1 β̂i and j1, j2 ∈ Ω2 such that β̂j1 = maxj∈Ω2 β̂j, β̂j2 = minj∈Ω2 β̂j. There are four
cases to be considered.

Case I: β̂i1 ≥ β̂j1 ≥ β̂j2 ≥ β̂i2 = 0. If β̂i1 = 0, then there is nothing to prove. Without loss

of generality, assume that β̂i1 > 0. Let

m1 = |{j : β̂j ≥ β̂i1/5}
∩

Ω2|.

By (17), we have

c2n1 ≤ a1 =
∑
j∈Ω2

1

1 + eβ̂j−β̂1

<
m1

1 + eβ̂i1
/5−β̂1

+ n1 −m1 = n1 −
m1e

β̂i1
/5−β̂1

1 + eβ̂i1
/5−β̂1

,
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such that

c2n1 −
n1

1 + eβ̂i1
/5−β̂1

< (n1 −m1)
eβ̂i1

/5−β̂1

1 + eβ̂i1
/5−β̂1

.

Thus, if (β̂i1/5)− β̂1 = β̂i1/5 (β̂1 = 0) is so large (we assume that this is true), then

n1 −m1 >
c2(1 + eβ̂i1

/5)n1

eβ̂i1
/5

− n1

eβ̂i1
/5

= c2n1 −
n1(1− c2)

eβ̂i1
/5

>
n1

1 +Mrt + c31
,

where c31 is a constant. Thus, we have |A1| ≥ n1

1+Mrt+c31
, where

A1 := {j : β̂j < β̂i1/5}
∩

Ω2.

Let
mi1 = |{j : β̂j < β̂j1/2}

∩
Ω2|.

By (17), we have

c1ni1 ≥ ai1 =
∑
j∈Ω2

eβ̂i1

eβ̂i1 + eβ̂j

>
mi1e

β̂i1

eβ̂i1 + eβ̂j1
/2

+
ni1 −mi1

2

=
(mi1 − ni1)e

β̂i1

eβ̂i1 + eβ̂j1
/2

+
ni1 −mi1

2
+

ni1e
β̂i1

eβ̂i1 + eβ̂j1
/2
,

such that

(ni1 −mi1)[
eβ̂i1

eβ̂i1 + eβ̂j1
/2

− 1

2
] > ni1 [

eβ̂i1

eβ̂i1 + eβ̂j1
/2

− c1].

Note that β̂i1 ≥ β̂j1 . Thus, if β̂i1 is large enough (assume that this is true), then

ni1 −mi1 > ni1

eβ̂i1 − c1(e
β̂i1 + eβ̂j1

/2)

eβ̂i1 − 1
2
(eβ̂i1 + eβ̂j1

/2)
= ni1

1− c1(1 + eβ̂j1
/2−β̂i1 )

1− 1
2
(1 + eβ̂j1

/2−β̂i1 )

≥ 2ni1

1 +Mrt + c32
,

where c32 is a constant. Thus, we have |A2| ≥
2ni1

1+Mrt+c32
, where

A2 = {j : β̂j ≥ β̂j1/2}
∩

Ω2.

Choose a point j3 ∈ A2. Let

mj3 = |{i : β̂i ≥ β̂i1/4}
∩

Ω1|.
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By (17), we have

c2nj3 ≤ aj3 =
∑
i∈Ω1

1

1 + eβ̂i−β̂j3

<
mj3

1 + eβ̂i1
/4−β̂j3

+ nj3 −mj3

<
mj3

1 + eβ̂i1
/4−β̂j1

/5
+ nj3 −mj3 = nj3 −

mj3e
β̂i1

/20

1 + eβ̂i1
/20

,

such that

c2nj3 −
nj3

1 + eβ̂i1
/20

<
(nj3 −mj3)e

β̂i1
/20

1 + eβ̂i1
/20

.

Thus, if β̂i1 is large enough (we assume that this is true), then

nj3 −mj3 >
c2(1 + eβ̂i1

/20)nj3

eβ̂i1
/20

− nj3

eβ̂i1
/20

= c2nj3 −
nj3(1− c2)

eβ̂i1
/20

>
nj3

1 +Mrt + c33
,

where c33 is a constant. Thus, we have |A3| ≥
nj3

1+Mrt+c33
, where

A3 = {i : β̂i < β̂i1/4}
∩

Ω1.

Let h = β̂
1/2
i1

= β̂
1/2
max and for each integer k between 0 and (h/8) − 1 (assume that

(h/8)− 1 > 1, otherwise there is nothing to prove), define

Dk = {j : (β̂i1/4) + kh ≤ β̂i < (β̂i1/4) + (k + 1)h}.

Note that
∑

k |Dk| ≤ r + t. Thus, exists such a k such that |Dk| ≤ (r + t)/(h/8 − 1). Fix
such k and let

B = {j : β̂j ≥ (β̂i1/4) + (k + 1)h}. (22)

Therefore we have A1 ⊂ Bc, A2 ⊂ B and A3 ⊂ Bc such that

∑
k∈B,l∈Bc nkl ≥

∑
i∈A2,j∈A1

nij ≥ 2n1n2

(1+Mrt+c31)(1+Mrt+c32)
,∑

k∈Bc,l∈Bc nkl ≥
∑

i∈A2,j∈A3
nij ≥

2n1nj3

(1+Mrt+c32)(1+Mrt+c33)
.

(23)

Observe that

1
2

∑
i,j∈B nij −

∑
i,j∈B nij p̂ij = 0,

where p̂ij = eβ̂i/(eβ̂i + eβ̂j). Consider any j /∈ B. There are only two cases for j /∈ B:

Case A: β̂j ≤ β̂i1/4 + kh. For each l ∈ B, we have

β̂l − β̂j ≥ β̂i1/4 + (k + 1)h− (β̂i1/4 + kh) = h.

10



Therefore,

min{aj ,
∑
i∈B

nij} −
∑
i∈B

nij p̂ij ≤
∑
i∈B

nij −
∑
i∈B

nij p̂ij =
∑
i∈B

nij(
1

1 + eβ̂j−β̂i

)

≤
∑

i∈B nij

1 + eh
.

Case B: j ∈ Dk. Thus

min{aj,
∑
i∈B

nij} −
∑
i∈B

nij p̂ij ≤
∑
i∈B

nij −
∑
i∈B

nij p̂ij ≤
∑
i∈B

nij.

Combining the above two cases, it yields∑
j∈Bc

min{aj,
∑
i∈B

nij}+
1

2

∑
i,j∈B

nij −
∑
i∈B

ai

= [
1

2

∑
i,j∈B

nij −
∑
i,j∈B

nij p̂ij] + [
∑
j∈Bc

(min{aj,
∑
i∈B

nij} −
∑
i∈B

nij p̂ij)]

=
∑
j∈Bc

(min{aj,
∑
i∈B

nij} −
∑
i∈B

nij p̂ij)

≤
∑

i∈B,j∈Bc nij

1 + eh
+
∑
i∈B

∑
j∈Dk

nij

≤
∑

i∈B,j∈Bc nij

1 + eh
+

|B|(r + t)

h/8− 1
.

By (18), we have ∑
i∈B,j∈Bc nij

1+eh
+ |B|t

β̂
1/2
max

≥ 1
1+Mrt

min{
∑

i,j∈Bc

nij,
∑

i∈B,j∈Bc

nij} − t
√
t log t− r

√
r log r.

(24)

Since
∑

i∈B,j∈Bc nij ≤ rt and |B| < r + t, by (23), we have

rt
1+eh

+ (r+t)2

h/8−1
≥ min{ 2n1n2

(1+Mrt+c31)(1+Mrt+c32)
,

2n1nj3

(1+Mrt+c32)(1+Mrt+c33)
}

−t
√
t log t− r

√
r log r.

Note that eβ̂
1/2
max ≫ β̂

1/2
max if β̂max is sufficiently large. Thus if Mrt = o(log ρrt), then when r

and t are sufficient large, we have

(λrt/ρrt)
2

h
≥ c34

M2
rt

,

where c34 is constant. By note that h = β̂
1/2
max, consequently, we have

ûmax = eβ̂max ≤ ec
∗M4

rt ,

11



where c∗ is a constant.
On the other hand, if β̂min ̸= 0, reparametrize β̃i = β̂i−β̂min. Repeat the above arguments,

we have eβ̃max ≤ ec
∗M4

rt , where β̃max = maxi β̃i. Therefore, ûmax/ûmin = eβ̂max−β̂min ≤ ec
∗M4

rt .
For other cases: Case II. βj1 ≥ βi1 ≥ βi2 ≥ βj2 ; Case III. βi1 ≥ βi2 ≥ βj1 ≥ βj2 ; Case IV.

βj1 ≥ βj2 ≥ βi1 ≥ βi2 , the arguments are similar and we omit their proofs.

Lemma 4. If (15) and (21) hold, then

max
i=1,...,r+t

|∆ui| ≤ max
i,j=1,...,r+t

|∆ui −∆uj| =
θrt

1− θrt
, (25)

where θrt is defined in Proposition 3.

Proof. Let k1 and k2 be two indices such that α̂∗ := ûk1/uk1 = max
1≤k≤r+t

ûk/uk and α̂∗∗ :=

ûk2/uk2 = min
1≤k≤r+t

ûk/uk. There are four cases to consider for k1 and k2.

Case I: k1, k2 ∈ Ω1. A direct calculation gives

ûk1

ûk1 + ûl

− uk1

uk1 + ul

=
ûk1/uk1 − ûl/ul

(
ûk1

uk1
+ ûl

ul

ul

uk1
)(1 +

uk1

ul
)
≥ ûk1/uk1 − ûl/ul

α̂∗(1 +
ul

uk1
)(1 +

uk1

ul
)

≥ (α̂∗ − ûl/ul)Mrt

α̂∗(1 +Mrt)2
. (26)

Therefore, we have (nk1,l = 0, l = 1, · · · , r;nk1,l = 1, l = r + 1, · · · , r + t)

ak1 − E(ak1) =
r+t∑
l=1

nij(
ûk1

ûk1 + ûl

− uk1

uk1 + ul

) ≥
r+t∑

l=r+1

(α̂∗ − ûl/ul)Mrt

α̂∗(1 +Mrt)2
. (27)

Similarly, we have

E(ak2)− ak2 ≥
r+t∑

l=r+1

(ûl/ul − α̂∗∗)Mrt

α̂∗(1 +Mrt)2
. (28)

Combining the above two inequality, it yields

2
√

t log t ≥ 2 max
k=1,··· ,r

|ak − E(ak)| ≥ ak1 − E(ak1) + E(ak2)− ak2 ≥ t(α̂∗ − α̂∗∗)Mrt

α̂∗(1 +Mrt)2
.

It follows
α̂∗ − α̂∗∗

α̂∗
≤ 2(1 +Mrt)

2

Mrt

√
t

log t
.

Case II: k1, k2 ∈ Ω2. Similar to the proof of Case I, we have

α̂∗ − α̂∗∗

α̂∗
≤ 2(1 +Mrt)

2

Mrt

√
r

log r
.
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Case III: k1 ∈ Ω1, k2 ∈ Ω2. Let k3 be an index such that ûk3/uk3 = mink∈Ω1 ûk/uk. Similar
to the proof of (27), we have

√
r log r ≥ E(ak2)− ak2 =

∑
l∈Ω1

(
uk2

uk2 + ul
− ûk2

ûk2 + ûl
) ≥

∑
l∈Ω1

(ûl/ul − α̂∗∗)Mrt

α̂∗(1 +Mrt)2

≥ t(ûk3/uk3 − α̂∗∗)Mrt

α̂∗(1 +Mrt)2
.

Therefore, we have
ûk3

uk3

− α̂∗∗ ≤
α̂∗(1 +Mrt)

2

tMrt

√
r log r.

Since √
t log t ≥ E(ak3)− ak3 =

∑
l∈Ω2

ûl/ul − α̂∗∗ + α̂∗∗ − ûk3/uk3

(
ûk1

uk1
+ ûl

ul

ul

uk1
)(1 +

uk1

ul
)

and ∑
l∈Ω2

ûk3/uk3 − α̂∗∗

(
ûk1

uk1
+ ûl

ul

ul

uk1
)(1 +

uk1

ul
)

≤
∑
l∈Ω2

ûk3/uk3 − α̂∗∗

α̂∗∗(1 +
ul

uk1
)(1 +

uk1

ul
)

≤ t(1 +Mrt)
2

Mrt

× (
ûk3

uk3

− α̂∗∗),

we have √
t log t+

α̂∗(1 +Mrt)
2
√
r log r

4Mrtα̂∗∗
≥

√
t log t+

∑
l∈Ω2

ûk3/uk3 − α̂∗∗

(
ûk1

uk1
+ ûl

ul

ul

uk1
)(1 +

uk1

ul
)

≥
∑
l∈Ω2

ûl/ul − α̂∗∗

(
ûk1

uk1
+ ûl

ul

ul

uk1
)(1 +

uk1

ul
)

≥
∑
l∈Ω2

(ûl/ul − α̂∗∗)Mrt

α̂∗(1 +Mrt)2
.

On the other hand, √
t log t ≥ ak1 − E(ak1) ≥

∑
l∈Ω2

(α̂∗ − ûl/ul)Mrt

α̂∗(1 +Mrt)2
.

Consequently,

(α̂∗ − α̂∗∗)

α̂∗
≤ 2(Mrt + 1)2

Mrt

√
log t

t
+

α̂∗(1 +Mrt)
4

4M2
rtα̂∗∗

√
r log r

t2
.

13



Case IV: k1 ∈ Ω2, k2 ∈ Ω1. Similar to the proof of Case III, we have

(α̂∗ − α̂∗∗)

α̂∗
≤ 2(Mrt + 1)2

Mrt

√
log r

r
+

α̂∗(1 +Mrt)
4

4M2
rtα̂∗∗

√
t log t

r2
.

In view of the above four cases, by Lemma 4, we have

(α̂∗ − α̂∗∗)

α̂∗
≤ 2(Mrt + 1)2

Mrt
×max{

√
log t

t
,

√
log r

r
}

+
ec∗Mrt(1 +Mrt)

4

4M2
rt

×max{
√

t log t

r2
,

√
r log r

t2
}

≤ [
2(Mrt + 1)2

Mrt
+

ec∗Mrt(1 +Mrt)
4

4M2
rt

]

√
λrt log λrt

ρ2rt
.

This completes the proof.
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