Supplementary material to “Likelihood ratio tests in the
Rasch model for item response data when the number of
persons and items goes to infinity”

Ting Yan* Zhaohai Lif Yuanzhang Li' Hong Qin®

This is a supplementary material that contains the proofs of Propositions 1-3 in Yan et, al.
(2015).

1 Proof of Proposition 1

Proposition 1. If M,; = o(p,/1og prt) and A/ pre — ¢ as T and t go to infinity, where c is
a constant hereafter, then P(Condition A holds) — 1.

Proof. Denote the probability that Condition A fails by P,;. Note that M,; > 1 and
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Consider a particular partition of €2; into two nonempty subsets F; and F5,_; and {2, into
two nonempty subsets F3; and Fy,_;, where the second subscript ¢ denotes the number of
subjects in Fj,;, k = 1,...,4. The probability that a = 1 for all £ € Fy;,l € F;,; and
ap =0 for all k € Fy,_;,l € Fy,—; is bounded above by (%)[ijJ“(’"_i)(t_j)VM”. Note that when
1<i<[r/2,1<j<[t/2lor[r/2]+1<i<r[t/2]+1<j<t,

ij + (r=a)(t—j) = [it = j) + j(r — )]
= (r—d)(t—2j) —i(t—2j) = (r — 2i)(t — 2j) > 0.
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It follows that
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Consequently, when M,; = o(p,:/log py¢) and A\.i/pe — ¢, the above term goes to zero as

Prt —> OQ.
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2 Proof of Proposition 2

Proposition 2. Let S = (8;j)i j=2.. r+¢ be the matriz with

5@' 1

Sij =
(%7 V11

where 6, is the Kroneck delta function. The upper bound of the approzimation error using S
to approximate the inverse of V' takes:

M4
||V‘1—S|!§O(p”) as pre — 00, (1)

2
rt

where ||A]| = max; ; |a;;| for a general matriz.

Proof. For convenience, we introduce a nonnegative array {dw}:j; defined in terms of V' as
follows:
. . r+t
dij = —V4j for i 7é ] and d“ = Zj:Q Vij = —Ui1-

Moreover, let

1 Mrt
dy ;= maxd;; < —, dy = min dis > ————.
i T4 (1.)e(g)diy >0y 7 = (14 Myy)?

Then we have
dij > 0, dij = dj;, vy = —di; for 4,5 =2,...,r+t;1# j,
r+t

d*ni szz:Zdzk Zd**n“ 222,,T—|—t
k=1

Note that V™' — S = (V71 = S)(I —VS)+ S(I —VS), where I is the indentity matrix
with dimension (r+¢—1) x (r+t—1). Letting X = —VSandY =SX and Z =V 1 -5,
we have the recursion

Z=7X+Y. (2)
Thus, the objective of the proof is to show
M,
12]] < 0(p—2:)-
Direct calculations give that
dij di;
rij = (1=0y5)5: — o
= (1—6ij)dij i] dii 11_ dij (3)
Yij = V33 Vjj V3 V11 V11

According the definitions of d, and d,,, we have

d;; d dy; d
OS ] S 2*2’ and0§ 1 S 2*2,
ViV T di Py V11 AP



so that for all different i, j, k,
lyij| < a and |y —yir| < a,

where a = 2d, /(d2,p%).
By (2) and (3), we have

rtt Ao Doa,
zijzz,zik( 6k])—7—Zzlk +vij, 4,J=2,...,r+1. (4)
k=2 Vi k= U1

Since the index ¢ plays no essential role in (4), we fix i. Let a and (3 be such that z, =

max 2y and z;z = min  z;. Without loss of generality, assume z;, > |2z;5|. Otherwise,
2<k<r-+t 2<k<r+t

we may reverse the signs of z;;’s and proceed analogously. First, we show z;3 < 0. By taking
the summation for j = 2,...,r 4+t after multiplying v;; to both sides of (4), it yields,

r4+t r+t r+t r+t r+t dkk'U
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n Z v (L= 0% )dij  di djj
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It follows that
r+t
dr, di;
sy Y11 Viil11
so that
r—+t
_ Z di i _
Zig > sz U o 0.
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There are four cases to for a and S to be considered.
Casel: o, 0 € Oy = {1,...,7}. Since ZTH d’m = 1 and dg, = 0 when k € Qq, by (4) and
(5), we have

Z [Zia sz(l — 5ka)]vk = + Yia = ( J> J J S a. (6)

kSl oo ViV11 ViVj4 Vj5U11

It follows

Similar to (7), we have



Combining (7) and (8), it yields
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<O(=4). (9)
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Case II: o, f € Q. Similar to the proof of Case I, we also have the inequality (9).
Case IIl: o € Oy, B € Q. Let 51 € ) be such that 2,3, = mingeq, 2. Since ZTH dep

k‘=2 ’U/gﬁ
and dg = 0 when k € Qy, by (4) and (5), we have
S -z B = iy, U0y g (10)
ket Usp ViiV11 Vi3 Vj4 Vj5V11
Thus, we have
d** 161~ 1
w <a
Similar to (7), we have
d** d*
> e — Zig)l 75 S at (zip — zig) (11)
ke * *ok
Combining (7) and (11), it yields
d** (1Y) d*
% < 2a+ (zig — zig)d**.
Consequently, we have
2ad,  ad? 4d? 2d3 M2
Z@@ — Zi, S — + * = * * S O( Tt). (12)

Case IV: a € Qy, 5 € Q4. Similar to the proof of Case III, we have also have (12). This

completes the proof.

3 Proof of Proposition 3

]

Proposition 3. Let Au; = (t;/u;) — 1. If My = o(log pre) and \pi/pre — ¢ asr and t go to

mfinity, then with probability approaching 1,

max, |Aul| < max |AuZ A < 9 — 0, (13)
1=1,..., T+ J 7777 - Urt
where
2(1+ M)? e« Mre(1 4 M,y)* At log A
Hrt - 2 2 ) (14>
M, AMZ Prt

and c* is a constant.



Proposition 3 is a direct conclusion from the following four lemmas. The proof of Lemma
4 is very close to the Erdos-Galli graph condition.

Lemma 1. If M, = o(p,i/10g pry) and A/ pre — ¢ as T and t go to infinity, with probability
approaching 1, then

max |a; — B(a;)] = max |3 (24l _ Mty < /flogt
i=1,...,7 i=1,...,r J ity ul—Hfﬂ (15>
’L:T-I‘rqia..}.(,r—&-t ‘az E(al)‘ i:'r‘—ri-r%ia..).(,’r‘-i-t ’ Z] (ui+uj e ) S VT 10g r
Proof. Fori=1,...,r, a; = Zgii 1 @ij is a sum of ¢ independent Bernoulli random variables.
Therefore by Hoeffding’s (7)inequality,
P(la; — E(a;)] > z) < 2e72%°/¢,
Taking x = y/tlogt, it yields
_ 2
P(la; — E(a;)] > \/tlogt) < 2e72108" = 7
Therefore, we have
2
P(max |a; - E(a;)| > /tlogt) < t—;”
Similarly,
2t
_ . < =
P(z‘:r%?.)fwtmz E(a;)| > y/rlogr) < ol
Therefore,
. . 2r 2t
PR F) 21— P(F) — P(E) 21— 20— o,
where
= {‘_nllax la; — E(a;)] < +/tlogt}, Fp = {‘_ Jrrrllax +t|ai — E(a;)| < +/rlogr}. (16)

Thus, by Proposition 1, if M,; = o(p,¢/log p,¢) and A\./p — ¢, then the MLE satisfies the
inequality (15) with probability approaching 1 as p,; — oo. This completes the proof. O

Lemma 2. If M,; = o(log p,t), then there exist ¢y = (M + &) /(1 + My + ) and ¢ =
1/(1 4+ M,y + ¢3) such that as r and t go to infinity, with probability approaching 1,

con <a; <eng, i=1,...,r+t, (17)

where ¢; (0 < ¢ < 1) and ¢ are constants and for any nonempty B C {1,...,r +t},

ZjEBC min{a;, > ;cpnijt + Zz‘,jeB Nij = D iep G a8)

> H;MN min{}7, . pe Mij, Y iep jene i} — t/Elogt —ry/rlogr.



Proof. The following calculations are based on the event Fi () F,, where F; and F» defined

in (16).
Since »
tM,, < w; [, t .
> E(a;) = J _ > , t=1,...,7
]-+M7‘t_ ( ) jzr;_lui/uj_l—l_l_'_Mrt
fori=1,...,r, we have

a; SE(GZ)‘F\/thgtSt[%&;ﬁ—i_ 10%]
ai > B(a) — v/iTogl > t(rrh — /22,

If M,; = o(log py¢), then there exist constants cf, and c3, (0 < ¢b,,¢j, < 1) such that when ¢

is large enough,
t(Mrt + CTQ) > t

T 22
1+Mrt+CTa 1—|—MTt—0—C§a
Similarly, we have that fort =r+1,...,r + ¢,
M *
(M + cjp) Sa > r
1+Mrt+c>{b 1—|—Mrt+C§b

=1,...,m.

by noting
M, u;/u; .
> E(a;) = J s, 1=r+1,...,7r+t.
1+Mrt_ ( ) jzlui/uj—|—1_1+Mrt
Thus, when ¢ is sufficiently large, we can choose
Mrt + CI 1
AO=T7T27 T x T T T T
1+ My +c; 14+ M, +c

where ¢ = max{c},, ¢;,} and ¢; = max{c;,, 5 }. This shows (17).
For any nonempty B C Q[ JQe = {1,...,7 4+ t}, define

. 1
glay,...,a;, B) = Z min{a;, an} + 3 Z nij — Zai.
jeBe ieB i,jeB ieB
We have
|g(al7 T aataB) - g(E(a1)7 . 'aE(at)aB)|

= | min{a;, Y ng}— > min{E(a;),> nit+ Y Ela) =Y ai

jeBe i€B jEBe i€B i€B i€B
< > lmin{ay, Y ny} —min{E(ay), Y ny )+ Y [Ela;) - ail
jEBe i€B i€B i€B
T r+t
< > lai— E(a)|+ Y lai — E(ai)]
i=1 k=r+1
< r max |a; — E(a;)|+t max |a; — E(a;)]
i=1,...,r k=r+1,....,r+t
< ry/rlogr+t\/tlogt. (19)



Since Dij +pﬂ = ].,
g(E(al)v s >E(at)7 B)

= Z min{ E(a;), ang} + % Z Nij — ZE(ai)

jeBe i€B i,j€B i€B

= Y 3 mpa] + [ (min{B(a,), Y nd — 3w

1,j€EB 1,j€EB jeB® i€B 1€B

= Zmln{E a;) sz]7zn2j me}

jeB° i€EB 1€EB i€EB

= Z mln{z n”pwznu — pij)}

jGBc i€ B¢ i€B

> . +Mt min{ Z Nij, Z an} (20)

i,j€EB° jeBc i€B

Combining (19) and (20) yields (18). By Lemma 1, if M,; = o(log p,+) and A.+/p,+ — ¢, then
P(Fi (N F,) — 1 as p, goes to infinity. This completes the proof of the lemma. O

Lemma 3. If (15), (17) and (18) hold, then
ﬁmax/amin S eC*Mﬁta (21>

where Umax = MaX;=1,__pit U; ANd Uppin = MiNj—y oy Uj.
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Proof. Let E be the event that con; < a; < ¢in; for all i, where ¢y, ¢y are defined in Lemma 2
and F' be the event that for any nonempty B C {1,--- ,r+t}, the inequality (18) holds and
G be the event that Condition A holds. By Lemmas 1 and 2 and Proposition 1, we know
that if M,; = o(log p.¢) and A\.;/pye — ¢, then

P(E(F(G) =1 as py — oc.

The following calculations are based on the event E () F'(|G. The argument repeatedly uses
the monotonicity of e**¥/(1 4 e**¥) in x for each y.

First, we assume that ﬂmm = ming Bk = 0. Let i1,15 € Ql such that le = maX;cq, ﬁz,
ﬂm = min;eq, BZ and ji, jo € {29 such that 5]1 = max;cq, ﬁj, 6]2 = minjcq, 5; There are four
cases to be considered.

Case I: Bl-l > le > sz > Bb =0. If Bh = 0, then there is nothing to prove. Without loss
of generality, assume that Bh > (. Let

my = |{j: B; > Bi 5} )l
By (17), we have
m163i1/5*31

cony < a Z L < du} +n m n
on] = ap = P p P 1—M1=N1 — ———F% 5>
5EQs 1 + eﬁjfﬁl 1 + eﬁil/f)*ﬁl 1 + eﬁil/sfﬁl




such that R R
ny eBiy /5=P1

Cony —————— < (np—m
2 L b ssh (1 =)

1+ 6Bi1 /5-p1°
Thus, if (8, /5) — B1 = B, /5 (B1 = 0) is so large (we assume that this is true), then

c 1+63i1/5n n ni(l —c
ny—m; > 2( = )1— Al :anl—u
eBi /5 eBi /5 eBiy /5
ny
1+Mrt+C31,

where c31 is a constant. Thus, we have |A;| > where

ni
14+Mpt+c31’?
Al = {] . B] < 311/5}ﬂ92

Let R R
mi, = {5 By < By /2h () -
By (17), we have

B; B;
eri m;, e~ n;, — MmM;
iy, = Gy = 5 R a— - -
_ o (may — et my —my ny, e
6/31‘1 + Gle /2 2 @Bh + 631'1 /2’
such that X .
e — ) N
" " eﬁil + eﬁjl/z 2 . efBi1 -+ eﬁj1/2 '

Note that Bh > le. Thus, if Bl-l is large enough (assume that this is true), then

eéil — Cl (eléll + 6/371/2) ]_ — Cl(]- + 66j1/27'éi1)
M T 2 e ] 1 B, /2—B;
efin — S (e 4 efnl?) 1 — 5(1+4 e/ Fu)
27’%1
1+ My +cso’
where ¢35 is a constant. Thus, we have |Ay| > H]\in—zirm, where

Ay ={j: B > le/Q}ﬂQz
Choose a point j3 € A,. Let

Mj; = |{Z : Bz > Bi1/4}m91‘-



By (17), we have

s
Conj, < aj, = ~ — +Nj, —m;
3 3 'LEZQ:l 1 + 651 :8]3 1 + eﬂi1/4_5j3 3 3
) oBiy /20
m]3 m]se !
- —— N, — My, =Ny, — ——————
14 ePu/a=By/s 2 BT L B /20
such that R
Comi, — N (njs - mj3)e/8i1/20
J3 1 + eﬁil/QO 1 + 6,31'1/20
Thus, if Bil is large enough (we assume that this is true), then
(14" /)y ny, nj, (1 —c)
Njs — Mg > — — — = CoNyjy, — ——————
Njs
1+ M+ cs3’
where ¢33 is a constant. Thus, we have |Az| > m where

Agz{lﬁz <Bu/4}ﬂ91

Let h = 51/ ? = jBM2 and for each integer k between 0 and (h/8) — 1 (assume that
(h/8) — 1 > 1, otherwise there is nothing to prove), define

Dy =1{5: (8 /4) + kh < B < (B /4) + (k + 1)h}.

Note that ), |Di| < +t. Thus, exists such a k such that |Dy| < (r+1t)/(h/8 —1). Fix
such k and let

B={j: 8> (B/4) + (k+1)h}. (22)
Therefore we have A; C B¢, Ay, C B and A3 C B¢ such that

o 2nino
ZkGBJGBC Mg = ZiGA%jEAl nij 2 (1+Mpetesr)(14+Mri+cs2)?

(23)
2n1n]-3
ZkEBC,ZGBC Mg = Zi€A2J€A3 nij 2 (14+Myi+cz2)(1+Mrt+c33)

Observe that
1 A
3 2ijen s = DoijepMighiy = 0,

where p;; = ebi / (eﬁi + eféﬂ'). Consider any j ¢ B. There are only two cases for j ¢ B:
Case A: B; < f3;,/4+ kh. For each | € B, we have

Bi—B; > i JA+ (k+ 1)h— (B, /4 + kh) = h.

10



Therefore,

. X R 1
min{a;, Z nij} — Z NijPij < Znij - Z NijPij = Z i 3.4,
i€B icB ieB icB ieB L+ ePimh
Liep Mij
- 1+eh

Case B: j € Dy. Thus
min{a;, Z nij} — Z nijPij < Z Nij — Z nijPij < an
i€B i€B i€B i€B i€B

Combining the above two cases, it yields

Z min{a;, an} + % Z Nij — Zai

jeEB*® 1€EB i,JEB i€B

1 . . .
=[5 > mi = Y npy) + 1D (minag, Y gt =D nipg)]

1,jJEB i,jEB jeBe i€B i€B

= ) (min{a;, Yy g} =Y nyby)

jEB® i€B i€B

Zz’EB jeBe Tij
< S D

1€B jEDy

ZiGB,jEBC g |B|(T + t)

= T e h/s—1°

By (18), we have

>icB,jeBe Nij + | Bt
1+€h 51/2

. max 24
> mind X nig, 30 ng}—ty/ilogl —ry/rlogr. (24)

i,jEBC i€B,jEBC

Since D icp iepe My < rt and |B| <r+1, by (23), we have

rt 4 ﬁg?i > min{ (

2nina 2nang, }
1+ Myri4c31)(1+Mri+c32)? (1+Mri+c32)(1+Mri+c33)

—ty/tlogt — ry/rlogr.

1+eh

Note that efmex > Bél/azx if Bmax is sufficiently large. Thus if M,, = o(log pr¢), then when r

and t are sufficient large, we have

(Art/prt)Z > C34
h T MY

where c34 is constant. By note that h = Bél/fx, consequently, we have

N 2) * 7 rd
Umax = eﬁmax <ef Mrt,

11



where ¢* is a constant.
On the other hand if Bmm ;é 0, reparametrize BZ BZ Bmm Repeat the above arguments
we have ePmax < @M where Bpax = max; 3;. Therefore, Umax / Umin = ePmax—PBmin < 00" My
For other cases: Case II. Bj, = Biy > Bi, > Bjy; Case IIL. B;, > B, > B, = Bj,; Case IV.
By > Bj, = Biy > DBiy, the arguments are similar and we omit their proofs.

O
Lemma 4. If (15) and (21) hold, then
Au| < A - Ay = (25)
_max U; max u; — Au;| = ,
i=1,...,r+t 3,5=1,. J 1-— Qrt
where 0, is defined in Proposition 3.
Proof. Let k; and ke be two indices such that &, := g, /up, = 1<n};13x U /up and G, =
r4t
Upy [Ugy = 1<III€1<HI tuk Jug. There are four cases to consider for k; and k.
r+
Case I: ki, ko € Q4. A direct calculation gives
Upy, Uk gy [y = Wfur gy gy — T/
gy + 0wy + (B g &w )(1+"ﬁ) T (1 )1+ )
ukl uy uk ug 1

G (1 + Mrt)2
Therefore, we have (ng,;, =0,l=1,--- ;ring = 1L,1l=r+1,--- ;r+1t)
r+t r4t N

* U Mr
a — E(ay,) Z”u : Up, Uk, ) > Z (Oi /uy) t (27)
k

T+ Ul B U, + W = Oé*(l =+ ]\J,nt)2

Similarly, we have

r+t
ul/ul - a**)Mrt
Blay,) —an 2 Z b, (1 + My,)?
* T

(28)

Combining the above two inequality, it yields

t(d* - d**)M'I‘t
d*(l + M'rt)2 '

tlogt > 2kn%ax la, — E(ar)| > ag, — E(ag,) + E(ag,) — ag, >
=L,-r

It follows
Ay — Olys < 2(1+4 MM)2 t

(/]\{* - Mrt logt

Case II: k1, ky € €y, Similar to the proof of Case I, we have

d* — d** < 2(1 + MT’t)2 T
a, M,, logr’

12




Case IIL: ky € Qq, ky € Qy. Let k3 be an index such that g, /ug, = mingeq, Uy /ug. Similar
to the proof of (27), we have

Uy, Uy, (g /wg — Gas) My
v/rlogr > Elag,) — ax, = z - =) > ~
S - ( kz) k2 ZGEQ:l(qu + Uky + ul) - lezf;l Oé*<1 + Mrt)2

t(ﬂkg,/ukg - a**)MTt
Gu(L + Myp)?

Therefore, we have

1 v (14 M,y)?
Uks Gy < %«/rlogr.

Uk3
Since
/ al/ul_d**"i_éé**_ak /uk
tlogt = E<ak3) T ks = Z Uy | oy wy u:1 :
and
$ Upey [ Uky — Qi - Gy [ Uky — Clas
= - i
S (T mayp ) S e )+ )
2 ~
< L+ My)” x (% — ),
Mrt uk‘g
we have

A* 1 Mr 2 1 U - A**
Togt 4 oL+ Mr)"virlogr tlogt + Y gy [ty = @

4M, 1Oy - (% + &i)(l + “kl)

lEQQ uk uy ukl

> Z Uy /Uy — Gty

Eot (B y(q g Uy

Uk Uy Uk uy

> Z(uz/uz Oz**)MTt‘

A 2
e CY*(l T MT‘t)

On the other hand,

Vilogt > ay, — E(ay,) Z G — /) M,

—y «(14+ M)

(G — Qi) < 2(M,; + 1) [logt N G, (1+ M)t [rlogr
Qs - M,, t 4M?a,, 2

13

Consequently,




Case IV: k1 € €y, ko € 1. Similar to the proof of Case III, we have

(G — Qa) < 2(M,; +1)* [logr L@ G, (1+ M)t [tlogt
Oy - M,, r 4AM? A, re -

In view of the above four cases, by Lemma 4, we have

(Gus ;*(i**) < Q(Mrt +1)2 x| log logr}
n C*M’“‘(1+Mrt {\/tlogt \/rlogr
e
[Q(Mrt +1)2 N e Mre (1 4 M) ] Art log )\rt
B My AMY, Pt

This completes the proof.
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