STATISTICS AND ITS INTERFACE Volume 9 (2016) 223-232

Likelihood ratio tests in the Rasch model for item
response data when the number of persons and

items goes to infinity

TING YAN*T, ZHAOHAI L1 , YUANZHANG LI, AND HONG QIN

When the number of persons and items goes to infinity
simultaneously, the maximum likelihood estimator in the
Rasch model for dichotomous item response data has been
shown to be consistency and asymptotic normality. How-
ever, the limiting distributions of the likelihood ratio tests
in the past thirty years are still unknown. In this paper, we
establish the Wilks type of results for the likelihood ratio
tests under some simple and composite null hypotheses. Our
proof crucially depends on the approximated inverse of the
Fisher information matrix with small approximation errors.
Simulation studies are provided to illustrate the asymptotic
results.
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1. INTRODUCTION

Assume that there are r persons and t items engaged in
dichotomous item response experiments. Rasch (1960) sug-
gested that the probability of the correct response between
person ¢ and item j is specified by:

eai —Vj

(1)

P(i correctly answers j) = )

1+ eV
where a; measures the ability of person i and v; measures
the difficulty of item j.

The Rasch model plays an important role in the de-
velopment of item response theory and has been exten-
sively studied (e.g. Fischer (1974, 1978); Hambleton, et al.
(1978); Rasch (1960, 1961, 1966); Andersen (1973); Lau-
ritzen (2003)). The book by Bond and Fox (2007) contains
the detailed theoretical and applied studies on this model.
A more recent overview is given by Wright and Mok (2004).
Fischer (1974, pages 261-263; 1981) derived the necessary
and sufficient condition for the existence and uniqueness of
the maximum likelihood estimate (MLE). Haberman (1977)
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independently discovered this condition by using the gen-
eral exponential family theory developed by Berk (1972) and
Barndorff-Nielsen (1978).

In the Rasch model, the total number of parameters is
equal to the sum of the numbers of the persons and items.
Ghosh (1995) proved that if r or ¢ is fixed, then the MLE
is not consistent. Therefore, an interesting asymptotic back-
ground is the case that r and ¢ go to infinity simultaneously.
In this asymptotic framework, Haberman (1977) proved that
the MLE is uniformly consistent and asymptotically normal
by assuming that {a; :i=1,...,r} and {v; : j =1,...,t}
are bounded by a constant. However, there is little known
about the asymptotic behaviors of the likelihood ratio tests
(LRTSs) in the past thirty years.

In this paper, we will prove that the LRTs are asymp-
totically normal independent of nuisance parameters under
some simple and composite null hypotheses when r — oo
and t — oo in the sense that

A—p

NGT: — N(0,1),
where A is the likelihood ratio and p is the degree of free-
dom, which is called the Wilks type of results (a notation
coined by Fan, Zhang and Zhang (2001)). For the simple
null, p equals to r + ¢t — 1 (i.e., the total number of free
parameters). For the composite null testing the homogene-
ity of a set of parameters with size m, p = m and the re-
maining r + ¢t — m parameters are nuisance. Two technical
steps are important for deriving the asymptotical distribu-
tion. First, the Fisher information matrix is approximated
by a simple matrix with small approximation errors. Second,
the uniformly upper bound of the errors between the MLEs
and their true values is established by using the Erdos-Galli
graph condition. The results can be used to test whether the
parameters of a set with a large dimension are equal.

The remainder of this paper is organized as follows. The
main results are given in Section 2. Numerical studies are
presented in Section 3. We make some discussion in Section
4. The proofs of the theorems are relegated to Section 5.

b — 00,

2. MAIN RESULTS

As noted by Fischer (1981), the Rasch model can be con-
sidered as the Bradley-Terry model for incomplete paired
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comparisons. In what follows, we will discuss the Rasch
model under this framework. Persons and items are treated
as subjects engaged in paired comparisons. Persons 1,...,r
will be labeled as subjects 1,...,r and items 1, ..., ¢ as sub-
jects r + 1,...,7 + t. Therefore, there are the total r + ¢
subjects. Let n;; be an indictor for pair (4, 7). If there is a
response between ¢ and j, denote n;; = 1; otherwise, define
ny; = 0. Thus, nj; =1fori=1,...,mj=r+1,...,r+t
and 0 for other ¢,7. Let a;; be an indictor whether i wins
j. If subject @ correctly answers subject j, we say “subject
i beats subject j” and denote a;; = 1, aj; = 0; If subject
1 gives the wrong response to subject j, we say “subject 7
loses to subject ;7 and denote a;; = 0, aj; = 1; If ng; = 0,
denote a;; = a;; = 0. The item response outcomes can be
summarized by a matrix A = (a;;)i j=1,... r+¢-

Let B = (B1,...,Brse) " = (a1,...,qp,v1,...,04) " be
the vector of the merits parameters for subjects 1,...,7+1¢
and u = (u1,...,ur4¢) ", where u; = €. Since the prob-
ability (1) doesn’t change by adding a constant to 3, we
set f1 = 0(uy = 1) for parameter identification. When it is
convenient, we interchangeably use the notation 3; and w;.
The log-likelihood for the Rasch model can be represented
as

B, = > [Biaij + Bjaji — nijlog(efi + e)]
1<i<j<rit
r+t
= Y Biai— X mylog(ef +ef).
=1 1<i<j<r+t
where a; = Z;ii a;; and B, = (Ba,...,Br++)". Notice that

the vector (as,...,a,4+¢) is a sufficient statistic. The likeli-

hood equations are

T e LR

3 a; = # Y 2,...,T+t.
() ’ j:Zleﬂi_i_eﬁJ ZU7+UJ
where 8, = (BQ’ . ,3,.+t)T is the MLE of 3,, B =1 =0,
G; =ePiand 4 =u; = 1. Let V = (vij)i,j=2,....r+¢t denote
the covariance matrix of a;,7 = 2,...,r + t, where

Vij = (a2 ij=1,...,r+ti#].
Note that the dimension of V' is (r+t—1) x (r+t—1). For

notational convenience, we suppress the subscript » +¢ — 1.
V is also the Fisher information matrix of the parameters
Bi,i=2,...,r +t. Moreover, some notations are defined in
the following:

M, = 1<2}%}f~+t wi/uj, Ape =max{r,t}, pr = min{r,t},

n; = Z;Jrinm, 1=1{1,...,r},

In order to guarantee the existence and uniqueness of the
MLE for (2), the following condition is necessary and suffi-
cient due to Haberman (1977) and Fischer (1981).

Qo ={r+1,...,r+t}.
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Condition A. All cases of outcome matrices A = (a;;) are
included except for those in which there exist sets I'y, I's,
I's and T’y satisfying:

1. F1UF2 = Ql and FgUF4 = QQ with Flﬂrg = @ and
Fgﬂr4=®;

2.7y #0and '3 #0, or 'y # (0 and T'y # 0;
3.a;j=0foralli eI’y and j € I's;

4. a;j=1foralli €'y and j € I'y.

The second condition in the above Condition A includes
three cases, in which the MLE does not exist: (1) I'; =
0,T3 = Qs (T'y = 0,Ty = 0). In this case, it says that
all the persons have not given correct responses to all the
items. (2) FQ = Ql,I‘4 = QQ (Pl = (Z),Fg = @) In this
case, it says that all the persons have given correct responses
to all the items. (3) I’y # 0,y # 0,T3 # 0,Ty # 0. In
this case, it says that for some partition of the items into
two nonempty subsets I'y, I'; and of the persons into two
nonempty subsets I's, I'y, all the persons in I'; have not
given correct responses to all the items in I's and all the
persons in I'y have given correct responses to all the items in
T'4. If all the persons have large merits and all the items have
relatively small merits (corresponding a large M), then all
the persons most probably correctly answer all the items
such that case (1) occurs. There are similar discussions for
the other two cases. On the other hand, the probability that
Condition A fails depends on the size of r and ¢. Therefore,
controlling the increasing rate of M, is necessary in order
to guarantee Condition A. To establish the Wilks type of
results for the Rasch model when ¢ and r go to infinity
simultaneously, we need the following three propositions.

Proposition 1. If M,; = o(prt/logpr) and Ai/pre — ¢
as r and t go to infinity, where c is a constant, then
P(Condition A holds) — 1.

Proposition 2. Let S = (si;)i j=2,.. r+t be the matriz with
0s 1
Sij = Y + —
Vi4 V11

where 0;; is the Kroneck delta function. The upper bound of
the approzimation error using S to approximate the inverse
of V takes:

4

(4) V-S| < 0<Aj7

t
5-) as prt — 00,

Tt
where ||A|| = max; j |a;;| for a general matriz.

Proposition 3. Let Au; = (4;/u;) — 1. If My = o(log prt)
and At /prt = ¢ as v and t go to infinity, then with proba-
bility approaching 1,

(5)

max |Au1|< max
=1, 4 ij=1,.

t|Auz Al < — 0,

- ert



where
(6)
b 2(1 + M,+)? N e Mri(1 4 MTt)T [ Ari 1og A
rt = M, AMZ, 22, )

and c* is a constant.

The proofs of Propositions 1-3 are given in the supple-
mentary materials (http://www.intlpress.com/SII/p/2016/
9-2/SI1-9-2-YAN-supplement.pdf). Proposition 1 asserts
that the MLE exists with probability approaching one as
r — oo and t — oo. This is a necessary condition for any
desired asymptotic properties of the MLE. To derive the
asymptotic distribution of the log-likelihood ratio test, one
may apply the Taylor’s expansion to £ (,3*) at the point of the
true parameter 3,. The first-order item is (a— E(a)) ™ (8, —
B3.) and the second-order item is %(ﬁ* — ﬁ*)TV(B* -B.),
where a = (ag,...,a,1¢)". It naturally requires establish-
ing the relationship between B* and a. Specifically, an ap-
proximate explicit expression of B* that depends on a, is
required. To this end, one needs to obtain the inverse of V.
Since the inverse of V' doesn’t have a close form, we use a
simple matrix to approximate it. This is done in Proposi-
tion 2, which provides a high accurate approximate errors.
When M, is a constant, the upper bound of the errors in
(4) is in the magnitude of p,,? uniformly. Similar situations
appears in Simons and Yao (1999) and Yan and Xu (2013)
who used a simple matrix to approximate the inverse of the
Fisher information matrix to prove the asymptotic normal-
ity of the MLE. Proposition 3 gives an upper bound of the
errors between the MLE and its true value. In contrast with
Haberman’s (1977) result of consistency, we don’t assume
that M,; is a constant here. A technical step in the proof
of Proposition 3 uses the Erdds-Galli graph condition. The
item response result can be represented by a directed bipar-
tite graph, in which a correct answer indicates an edge from
person to item and a wrong answer indicates an opposite
direction. This technical skill is motivated by Chatterjee,
Diaconis and Sly (2011) who proved the consistency in the
B-model for undirected random graphs with the diverging
number of nodes.

Now, we present the Wilks type of results for a simple
null and a composite null in the following.

Theorem 1. For a fized B, if M,; = o(log prt), Ari/prt — ¢
and

T B By p3t/2
7 A .
@) i]z'::1 ‘661 + P [=o (log prt)3/2 ’

~

then the log-likelihood ratio test £(3,) — £(B,) is asymptoti-
cally normally distributed in the sense that

206(B.) ~ UBI — (r+t=1) 1

®) 2(r+t—1)

0,1).

Theorem 2. Assume that m/p.y > 7 > 0, where T is a
positive constant. Under the null Hy : By = -+ = B, if
M, = o(log prt), Mt/prt — ¢ and (7) holds, then the log-

~

likelihood ratio test £(3,) —E(,@f) is asymptotically normally
distributed in the sense that
- ~H

©) 2(m —1)

where ,C:}'*H = (B, ..
Hy and B = 0.

7Bfl+t) is the MLE of B3, under the null

The condition M,; = o(log p,+) is to control the increas-
ing rate of M,;, and it is necessary in order to guarantee
the existence of the MLE with high probability. The second
condition A.;/prt — ¢ requires that the number of persons
compares with that of items. Condition (7) is technical, due
to the control of the remainder in the Taylor expansion of the
log-likelihood function. It essentially requires that a large set
of parameters do not differ too much.

Remark 1. We only consider a special index subset, i.e.,
i €{2,...,m} for the complex null in Theorem 2. Since the
index labels are not essential, we may change the order of
index labels for persons and items. Therefore, if we change
the null Hy : By = -+ = By, to Hy: B;,1 € S are equal for
a subset S C {1,...,r+t} with size m — 1, Theorem 2 still
holds.

3. NUMERICAL RESULTS

In this section, we demonstrate the theoretical results via
numerical studies.

3.1 Simulation studies

We conduct simulations to evaluate Theorems 1 and 2.
Theorem 1 is evaluated by using the quantile-quantile (QQ)
plots while Theorem 2 is done by investigating the power
of the statistic (9). The parameters were set to be u; =
(M —1)i/r]+1fori=1,...,r;u; = [(My—1)(i—7)/t]+1
fori=r+1,...,r +t. If the MLE doesn’t exist, we define
the LRTs to be zero. In practical applications, the number
of persons is usually larger than that of items. Therefore,
we only consider the results in the case r > t. We consid-
ered three cases for M,; = 1,t1/2,t and a combination for
(r,t) = (50,30), and did 10,000 repetitions for each sim-
ulation. In the simulation results, Condition A failed with
probability 0.053 when M,.; = ¢ and 0 for other M,.;. The QQ
plots of the empirical distribution for the statistic (8) against
the standard normal distribution are shown in Figure 1. Al-
though the results for only a single combination of (r,t) are
given here, we also tried other values and found that the
phenomena are similar. Figure 1 shows that the empirical
quantiles of the statistic (8) are very close to the quantiles
of the standardized normal distribution when M,; = 1, /2,
On the other hand, when M,; = ¢, Condition A failed with

LRTs in the Rasch model 225


http://www.intlpress.com/SII/p/2016/9-2/SII-9-2-YAN-supplement.pdf
http://www.intlpress.com/SII/p/2016/9-2/SII-9-2-YAN-supplement.pdf

Mn:t1/2

Sample Quantiles
Sample Quantiles

Sample Quantiles

-2 0o 1 2 -2
Theoretical Quantiles

Theoretical Quantiles

0o 1 2 -2 0o 1 2
Theoretical Quantiles

Figure 1. The QQ plots of the test (8) (r = 50,t = 30). The real lines are the reference line y = x.

Table 1. Powers of the test (9)

(r,t)  (mi,m2) n=0 n=03 n=06 n=09 n=12
(50, 30) (15,0) 0.055 0.153 0.384 0.607  0.750
(25,0) 0.0563 0.217  0.541 0.810  0.920
(0,15) 0.047 0.229  0.587 0.8455 0.933
(0,25) 0.054 0.326 0.809 0.969 0.994
(100, 40)  (15,0) 0.054 0.185 0.539  0.754  0.869
(25,0) 0.048 0.270 0.688  0.907  0.979

(0,15) 0.049 0.472 0.930  0.998 1

(0,25) 0.050 0.671 0993 1 1

frequency 0.053. These simulation results indicate that it is
necessary to control the increasing rate of M,; in order to
guarantee Condition A. However, it also implies that the
condition on M,; in Theorem 1 is strict and could be loos-
ened.

Next, we simulated powers of the test statistic (9). We
considered the null Hy : w1 = -+ = Uy, = 1, Upq1 = -+ =
Uritm, = 1 and the alternative Hy : u; = (inM,¢/mq) + 1,
i=1,...,my, u; = [(E—r)nMpe/ma]+ 1,0 =r+1,...,r+t,
where 1 controls the strength of the deviation from the null
hypothesis. The other redundant parameters were set to be
w; = My — 1)i/rfori=my+1,...,r u; = My — 1)(i —
r)/t for i = mo + 1,...,7 + ¢. In this simulation, we let
M,; = 3. The simulated powers were put in Table 1, in which
Condition A held with 100% frequencies. The simulated type
I errors look very good. The powers become bigger as m;y
or ms increases when r and ¢ are fixed. When n > 0.6, the
simulated powers are very high for m; > 25 or my > 25,
which exceed 80% in many cases.

3.2 A data example

We use the data set for Bond’s Logical Operations
Test as an illustrated example, which is available from the
web http://www.personality-project.org/r/html/blot.html.
This data set was collected by Trevor G. Bond and is used
as an example of Rasch modeling by Bond and Fox (2007,
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Table 2. The fitted parameters of 35 items for BLOT data

Item u Item u Item u Item u

6 0.013 12 0.026 22 0.053 5 0.057
27 0.062 20 0.067 1 0.072 2 0.077
14 0.077 7 0.082 33 0.093 29 0.098
34 0.104 16 0.116 35 0.116 10 0.129
18 0.150 4 0.158 9 0.190 11 0.190
31 0.190 24 0.199 23 0.226 17 0.236
19 0.256 25 0.267 3 0.339 26 0.352
8 0.380 15 0.441 13 0.441 30 0.475
32 0.512 28 0.851 21 1.747

p. 56). It contains 150 persons and 35 items. In this data set,
r =150, t = 35 and t/r = 0.23. In order to guarantee Con-
dition A, individuals 23, 27 and 46 were deleted before the
analysis, who gave the correct responses for all the items.
The fitted parameters of the 35 items are given in Table 2.

It may be of interest to test whether there is significant
difference among 35 items. As given in Remark 1, we can use
Theorem 2 to perform hypothesis testing. Under this null,
the value of the test (9) is 23.25 and the corresponding p-
value is 1.46 x 10711, indicating a very significant difference.
To test the homogeneity for a subset of items, we use the null
that the merits of the 26 items 1, 2, 4, 5, 6, 7, 9, 10, 11, 12,
14,16, 17, 18, 19, 20, 22, 23, 24, 25, 27, 29, 31, 33, 34, 35, are
equal as an example, in which the number of persons giving
correct responses are not less than 100. Under this null, the
value of the test (9) is 8.66 and the corresponding p-value is
4.86 x 10718, indicating a very significant difference as well.
Next, we use the proposed test statistic to test whether the
parameters for a subset of persons are equal. We choose the
set containing the 38 persons 36, 44, 51, 52, 66, 68, 72, 75,
82, 83, 85, 86, 90, 91, 92, 94, 98, 99, 100, 101, 102, 103,
105, 106, 107, 108, 109, 111, 117, 120, 121, 124, 127, 131,
136, 142, 145, 149 as an example, who gave 20 ~ 25 correct
responses. Under this null, the value of the test (9) is —3.21
and the corresponding p-value is 1.32 x 1073, indicating a
significant difference as well.
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4. DISCUSSION

When the numbers of items and persons go to infinity
simultaneously, we have derived Wilks type of theorems for
the LRTs in the Rasch model. Theorems 1 and 2 can be used
to construct the confidence interval of parameters and test
the equality of a large number of parameters. For example,
an approximate 1 — o confidence interval of 3, is

{/6* : |[€(B*)—£(B*) - (T—’_t_]')]/\/ 2(T+t— 1)‘ < 21— /25

where z, is the a-quantile of the standard normal distribu-
tion. The condition on M,; in Theorems 1 and 2 requires
M.+ = o(log pyt). Moreover, another condition is imposed
on the pairwise differences of parameters in (7). Simulation
studies shed light that there are still good approximations
for the likelihood ratio tests in Theorems 1 and 2 even when
M,y = p},t/ 2 However, it should be noted that the asymp-
totic behavior of the LRTs depends not only on M,;, but
also on the configuration of all the parameters. It would be
of interest to see if the conditions in Theorems 1 and 2 can
be relaxed.

We only consider the dichotomous response data in this
paper. The polytomous response data may be encountered
in practice when the items are rating scales, for which suc-
cessively higher integer scores are coded to indicate increas-
ing levels of competence such as “Strongly Disagree” la-
belled as 0, “Disagree” as 1, “Agree” as 2 and “Strongly
Agree” as 3. Andrich (1978) proposed the polytomous Rasch
model to allow the multiple responses. Masters (1982) inde-
pendently discovered it with a different name called “par-
tial credit model”. This generalized model also assigns a
potential parameter to each subject and has more complex
probability structures than the dichotomous case. However,
there are still a lack of asymptotical theories for the polyto-
mous Rasch model. Anderson, Li and Vermunt (2007) pro-
vided some simulations that shed light on the MLEs that
are consistent when the number of persons and items are
large enough. Establishing asymptotical properties of the
MLEs as well as the Wilks type of results for the polyto-
mous Rasch models for high dimensional situations is still
an open question.

5. PROOFS OF THEOREMS

The following lemma plays an important role in the proof
of Theorem 1.
Lemma 1. (1) If M,y = o(pit/s) then S (ai—E(ai))? vy
is asymptotically normal with mean r +t and variance 2(r+

).

(2) If My = o(pl{®), then (a — E(a))TV"\(a — E(a) is
asymptotically normal with mean r+t and variance 2(r +t),
where a = (ag,...,0r41).
PT‘OOf. Let ’l~)ij = |’Uij|. If 4 7é j, then ’l~)ij = —Uj
nu;u;/(u; + u;)?. For convenience, denote

xij = aij — Eagj), j #1i, x4 =0,

and define ¢, = Qe =

max U;; < 1/4. If M, = o(prt/g) then Q,¢/qyt = o(t'/®).

4,551 7]

Since (a; — F(a;))%,i =1,--- ,r is a sequence of indepen-
dent random variables and (a; — E(a;))%,i =r+1,--- ,r+t
is also a sequence of independent random variables, in order
to prove Lemma 1 (1), it is sufficient to show:

If Q,¢/qre = o(t'/®), then the following hold:

(C1) >°7_,(a; — E(a;))?/vi; is asymptotically normally dis-
tributed with mean r and variance 2r.

(C2) Z::;H (a;—E(a;))? /vi; is asymptotically normally dis-
tributed with mean ¢ and variance 2t.

(C3) Zﬁf (a; — E(a;))?/vi; is asymptotically normally dis-
tributed with mean r + ¢ and variance 2(r + t).

min f}ij Z Mrt/(l + Mrt)27
§,53i#]

The proofs of C1 and C2 are similar. We only give the
proof of C1 and omit the other. Let z; = [(a; — F(a;))? —
E(a; — E(a;))?]/vi;. By direct calculation,

(10)

+t +t

Z;:TH[E@U?]‘) - 123))2] + 2251 r1;541 Vi Vil
+t o~ +t

Z;:r+l 0ij (1 = 2pij)* + 2 Zgz r 1352 Vig Vil

Since {z;}7_, is a sequence of independent random variables,
to prove C1, it is sufficient to show E(z?) < oo and for
any give ¢ > 0, the Lindeberg-Feller condition [Lindeberg
(1922); Feller (1945)]

(E(x

(11) %iE[ﬁmz” >eG,)] — 0

where G2 = Y"1, E(z2).
Note that v;; Z;+:+1 v fori=1,...,
have that E(2?) < 2/v;; + 2 and

r. By (10), we

(12)

GQ > Z Zkl r+1 £k Uikt _ 2r(t — 1)q3,
rUu a tQ%t

Let o > 1 and v > 1 be two constants such that
(1/u) + (1/v) = 1. Note that for 1 < i < r, a; — E(a;)
is the sum of a sequence of independent random variables
Zi5,J =r+1,...,7 41t with mean zero and z;; is a dichoto-
mous random variables taking values —p;; and 1 — p;; with
success probabilities 1 — p;; and p;;. It is easy to show

(1

By Rosenthal’s (1970) inequality, we have

4 4 ~
E(z1) < pit' (1= pij) + (1= pij) ¥'pij < 2045

r—+t r—4+t
4
E(ai = E@)™ < eal( Y B@H)*+ Y B
j=r+1 j=r+1
r+t r4+t
< eau( Z ij)*" + 2cay, Z Vyj,
j=r+1 Jj=r+1
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where cy,, is a constant depending only on 4p. Consequently, < 1 U35 + Bﬂfj < Qe 3QT t
T oo | < S ur g,
E(ai - Eaz’) H 204thrt 2C4M(Qrt/qm) " J
20 S Cap + (t _)2N = Cqy + —t2ﬂ_1 .
Vg rt Thus, if Qr¢/qr = o(t'/?), we have
Thus, if Qrt/qrt = o(pi/8), then for sufficiently large p,;, we Tty ()2 v
have r t r (16) Zz:l ar(al (al)) /UH _ 0(1) +2.
r+t
(14)
; — Ea;) Since
(B(z2)" < max{@[%n”“vl} <1+
Via ICOU((az E(a;))?, (a; — E(a;))?)]

= <
For any given € > 0, by (12), if Q.+/qt = o(p,lqt/g)7 we can | Covlaiy, wji)| < 205 + 5,

choose G, such that eG, > 1 when p,; is large enough. Note we have
that E(a; — E(a;))? = vy and , ,
— E(a:))* (a; — E(qy))
o > <G, & (BB 5 g g 1> o=l B
or B g o
vis a7 < 1 20 + U < 3Qn
Therefore, by Hoeffding’s (1963) inequality and noticing ortte 2, ViV N qrtt

that vy; > tq for i =1,...,7, we have

: — o(41/2
Pl > £Gy) < Pl(as — Bag)? > eviGh) y (16) and (17), if Qr¢/qrt = o(t'/?), we have that

< 2exp(—2ev;G,/t) < 2exp(—2e¢Gy) Var(Xi  (a; — B(a;))?/vii)
3 2 =o(1)+2.
S 2€Xp (*4€T(t - l)qrt/(tht)) . r +t
Hélder’s inequality gives [c.f. (12), (13)] In view of C1 and C2, by Slutsky’s theorem, we have C3.
) This completes the proof of Lemma 1 (1).
E[271(]zi] > eGy)] Note that V=1 = W + S and
2 1 1/v
< [E(Z’LM>:| /H(P(|Zl| > <<367'15)) / 4t (a' B E(a))2
(15) < 2(1 + cap) exp[—4er(t — D%/ (vtQ3)]. E[(a— E(a))"S(a— E(a))] = Z ’1)71
By (15), we have -
L Since v1; = — 1+2v11 and for i =2,...,r +1t,
& 2 BleE(s) > <Go) i o
tQ2z(:11+ cap) (5V)a = Z v = 200+ ot
< R expl—der(t — 1)ahy/ (vQ)] =2
(t = 1)az, rt "
_ - —1_ 2
Since p1 > 1 and v > 1 are constants, if Q,+/q.s = o(t'/?), = 1 V11 Zvﬂ 1 vir
then the above expression goes to zero as p,; — oo. This
shows (11). we have
The variance of ZTH( i — E(a;))?/vi; is the sum of the
following two terms: tr(WV) = tr(V!=8)V)
(a) Z::lt Var((a; — E(a;))?/vi); — (] — SV) = oy _
(0= B(a0))® (a;~ E(a;))? = t(I=8V)=) = =-1
(b) 23 1 <icjct Cov(F=—10 ) 015 )- i—p V11
A direct calculation gives that Therefore, it is sufficient to show
2 _ N\ttt o 2
Var(as = B(@))* = 35[0y = puspsc + 51 Vor(Si3ta(e = Bla)ws(a; = B@)
+ "717” o7 — 3051 (nij > 0) + 207, 2(r+1t)
Consequently, in order to prove
ST Var(a; — E(a;))? /v — 2 (a—E(a)"W(a—E(a)
| | (18) = op(1).
T+t Vr+t
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If this is true, then Lemma 1 (2) comes from Lemma 1 (1)
immediately.
There are four cases for calculating the covariance g;jcr, =

Cov((a; — Ea;)wij(a; — Eaj), (ac — Bac)wey(an — Eay)).
Case 1:i=j =(=mn. By (5),
r+t
|giiiil < wii(20] + (307 + 20))
k=1
A2 3\ A
< 2‘ Art rt rt _ 2 _QA )
— ’U}”( 8 + ].6 2 ) O()‘rtwu)

Similarly, we have that
Case 2: only three indicates among the four indicates are
the same (assume that j = ( =17)

Art 3
95551 < |wijwjj|(§ + Z) = O(Art|wijwjs));

Case 3: only two indicates among the four indicates are the
same (assume that i = j or j = ()

|giinc| = |wiwen (205¢ iy + viiO¢y)|
At .y
< |w“wgn|( 16 + g) = O(Art|wizwey));
9ijjnl = wiswjn (2055055 + 0ij0jy)]
< gglwiwinl = Olwiwsy))-

Case 4: All the four indicates are different

|gijenl = |wigwen (DicOin + VinDjc)|
< §|wijw<n\ = O(|lwijweyl)-
1/8

Consequently, if M. = o(p,;" ) and A.¢/prt — ¢, then

E(a)) "W (a - E(a))]
2(r +t)

Var|(a—

M3
S O(;t4 X
(’I" + t)prt

+(r+ )2 A+ (r+ 1)+ (r+ 1))

oMty — o).

prt

[(r+ t)/\gt

This completes the proof of Lemma 1 (2). O

Proof of Theorem 1. If max; |(4;/u;) — 1| < 1, then there
exits a constant ¢, such that |8; — 8;| < ci|(@;/u;) —1|/2 for
all 7. Let E be the event that

art

(19) Bl < 1_—9”

Oy 1= max |6; — B; — (B; —
where 0, is defined in (6). By Proposition 3, P(E) — 1 if
M.+ = o(log pr+) and Apt/pre — c. The following calculations
are based on the event F.

By Taylor’s expansion, we have
(20)

- R 1 - -
Z(,B*)—f(,@*) = (a—E(a))T(B*—,B*)—§(B*—ﬁ*)TV(B*—B*)—&—z,
where

1 r+t .
(21) 2= ai—6)°
i=2
r—+t
+2 > (B = 885 - ),
4,J=2;i#]
= i nijetes (e — )
= 933 B»ﬁ*e(é**ﬁ*) = i w;)3 )
ap; = (e¥i +e%i)
o3 _mgeiei (e — e®)
Mij = 35235 But0(Bu—Br) — (6% +e@7)3
By Taylor’s expansion, we have
nijeéi—ﬁj nijeﬁi—ﬁj
1+eﬁi*ﬁj 1+ efi=Bi
. oBi—B; i)
_omge A e (1= 0iy)
= (1—1—651_54")2 X Y5 + ( e u) X Yij
6. 6.
_ o nggeti(l—et)
VijYij + —————— X A,
I (14 e?%i)3 /

where ¥;; = Bi—Bi — (Bg —Bi), éij = Bi — Bj + dij(Bi — B;)

0<d;; <1)and
( j

. oBi—B;
T I L L B PT S
(22) ’Ulj - |UU| - (1 +6'6i_’67)2’ ? #]7 Vis = 0
Let
n;;e 77(1 —e 17 71,
@ =SS =S
(1+ef)? j#i
Then we have
r+t
Z”w Bi) ﬁ —Bi))+hi, i=2,..., 7+t

Write the above equations into the matrix:

where h = (ha, ..., hy4¢) | . Substituting 3,8, = V~'[(a—
E(a)) — h] into (20), it yields

—~

25)

(B —HB.) = 4 (a—B(2) TV a—B(a))~ gh TV "h
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In view of Lemma 1 (2), it is sufficient to prove that

h?Vv-th z

———=0p(1), = 0p(1).
V Prt vV Prt

in order to prove Theorem 1.

(26)

Since |e®(1—e%)/(1+€%)3| < e*/(1+¢e%)? < 1/4, we have
(27)
S~ 4% Al
|h”‘ <TL” rt/4 |h | < Z|hlj| < an] 4 = TT
J#i
By (24), we have
r—+t r4+t r4+t
2 (0 = Ble)) = 3 o (B = Bi) + 2 e
i=2
Hence,
r—+t r+t ~
Sl = |- (o - Ba) =Y 5513 — )
i=2 j=2
(28) < |CL1 —E(a1)| + v11 Gt

It is easy to show that if M,: = o(logp,t), then (a; —
E(a1))*/vi1 = O,(1), by noting that a; = Z:if,ﬂ aq; is
a sum of ¢ independent Binomial random variables. Since
(29)

thMrt

1
Tt

_ rreemrt <
(1 + Mrt)2 =Y =

<<=

Art
A+ M2 S T 0

i £ J;

)

by (27) and (28), we have

+t +t
hTSh _ h_z2 + (2522 h’Z)Q
=2 Vii 1
Ay (L+My)? | 2(a1 — E(a1))® 2
T T 2 A
- 16 pri My * v11 vt
- O()\4 M9 4c* Mt (log >\rt)2 )
o p’rt

Therefore, by Proposition 2 and the inequality (27), we have

W7V~ 1h|
< |h'Sh|+ h"Wh|
o (Sits h)? -
< ;+7+IIWII > Ihallhy|
kX3 ’j 2
(30) < O ()\;Lt 9 4C Mrt (10g )"rt) >
- prt
+0 (A&Mﬁfe‘“% (log Ar)? )
- .
prt

Assuming that &, is sufficiently small, we have

e,@j+9([§j—ﬁj) _ 651:+9(/§i—/3i)
eBit0(Bi—Pi) 1 eB;+6(B;—5;)

Mij |

i < 1
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, Bi _ oBi
7 ePi —e .
(31) < e X (|m| + 2art> .

Consequently, we have

rtt Bi Bj

’fL” et — el R
Z 4 H €ﬁ1 + 653 | + 2a7‘t]
i,j=1

)\4
32) <0 (M3 og 25
ot

Tt

6|2| < 342,

r+t
Mﬁte?)c M,«t log)\ 3/2 Z |

T

efi — b |)\it/2
P+ eBs ) pB,

+0

,j=1

By (30) and (32), if M,+ = o(log p,+) and (7) holds, then we

have (26). This completes the proof. O
Let
Vii Vig
V= ,

(Vl—g Vaa
where V11 and Vap have the dimension (m — 1) x (m — 1)
and (r +t —m) x (r +t — m), respectively. Vi; and
Voo are the covariance matrices of al = (ag,...,am)"

and a? = (@my1,...,0r4¢) , respectively. Let p =

>, Ej¢{2,.“,m} ;; be the variance of ag + - - - +a,, and w
be the vector of the column sum of Vi3, where j ¢ {2,...,m}
denotes j € {1,...,7r +m}\{2,...,m}. Let

:
_(n w
v=(5 )

Similar to the proof of Proposition 2, we have

Lemma 2. Let S = (8ij)ijem+1,.r+t, Where 5;; =
8ij/vii + 1/vi1 for all i # j except for 511 = 1/p+ 1/v11.
Then we have

M4
W=U"'-§|<0(——"—
|| <0Gt
where the norm || - || is defined in Proposition 2.
Proof of Theorem 2. Let b = (272 Qiy Q1+ - o5 Qi) |-
The definition of z and h; in (21) and (23) can be viewed
as a function on ﬁ and (3,. Since ,6’2 = -+ = (B, and

B2 = -+ = By, under Hp, similar to the proof of (20), we
have
(33)
(BT~ 08.) = S (b~ B() U (b B(b) - JETU R+ 7,

where h = (37 his hange1, - .., I

~H « ~H
B, ,B.) and z = 2(B, = B, ,B,).

If M.+ = o(log prt), A\rt/prt — ¢ and (7) holds, similar to
the proof of (26), we have

|hTU~h|
Jrtt—-m

2|

Jrriom op(1).

= Op(l)’



Since m/p, > 7 > 0 and 7 is a constant, we have

(B — 0B,
2(m —1)

A EE)TU b ER)
2(m —1)

Similar to the proof of (18), we have
(b — E(b)) "W (b — E(b))

r+t—m = op(1):
Consequently,
~H 1
(34) (B, ) —4(B,) _ 5(b—E(b))"S(b— E(b)) (1)
2(m—1) 2(m—1)
Note that
T (a; — E(a;))?
39 (a-B@) s@-B@) =y S
7‘+t:1 )2
(36) (b — (b)) S(b ~ B(o) = 3. 1Pl
i=m+1 w
n [isa(ai — E(a:)))? 4 (- E(a))*

2 V11

Moreover, it is easy to show [>°1",(a; — E(a;))]? /1 = Op(1)
by referring to the central limit theorem for the bounded
case (Loeve (1977), page 289) if pn = >, v;; diverges. In
view of that m/p.; > 7 > 0, by (20), (26) and (18), we have

gny 1B) 1B _ 3o~ B@)S@ - B@)

= op(1).
V2(m—1) 2(m—1) op(l)
Combining (34), (35), (36) and (37), it yields
2(¢(8,) = UB2)) — (m — )
2(m —1)
_ Yits(ai — B(ai)?/vi — (m — 1)
B 2(m—1) op(L):

Similar to the proof of Lemma 1 (2), the main item of the
right expression in the above equation is asymptotically nor-
mal if M,; = o(log p,+) holds. This completes the proof. O
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