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Tail dependence for two skew slash distributions

CHENGXIU LING®T AND ZUOXIANG PENGY

Coefficients of tail dependence measure the dependencies
between extreme values. In this paper, the upper tail depen-
dence coefficients of two classes of skew slash distributions
are derived. The difference of tail dependence coefficients
between the two types skew slash distributions sheds light
on the model choice for random variables with asymptotic
dependence.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 60G15;
secondary 60G70.
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1. INTRODUCTION

Let X = (X1,X5)" be a bivariate random vector with
marginal distribution functions (dfs) F} and F, respectively
(T stands for transpose sign). The upper tail dependence
coefficient of X is defined by
(1) Ay = B%IP(FKXO > u|Fy(X2) > u)
provided that the limit Ay exists; see [23, 12]. This quantity
provides insight into the tendency for the distribution to
describe joint extreme events since it measures the strength
of dependence (or association) in the tail of a bivariate dis-
tribution. Generally, X is said to have asymptotic upper
tail dependence if Ay is positive. In particular, trivial val-
ues A\y = 1 and Ay = 0 correspond to full dependence and
independence, respectively.

Tail independence of bivariate normal distributions was
first addressed by Sibuya [27] (see also [12]) while the tail
dependence of symmetry t¢-distributions was established by
[10]. Their skew-versions were further considered by [5, 13].
The skew t-distributions are more popular and useful since
they provide tail dependence of some extent as well as skew-
ness and heavy tails compared with (skew) normal distribu-
tions. For more related studies see, e.g., [17, 14, 24], and
references therein.
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In recent years, the multivariate skew slash distributions
alternatively (see (2) and (3) below for the precise defini-
tions) have received considerable attention in theoretical
studies for their numerous stochastic properties and in ap-
plied studies for robust statistical modeling of datasets in-
volving distributions with skewness and heavy tails; see, e.g.,
conditional distributions, moments and applying skew slash
distributions to fit AIS and glass-fiber data ([28]) and char-
acteristics functions ([19]) for skew slash distributions in (3),
and parameters estimation procedure such as the EM based
on MLE in [3, 7, 8], MLE in [22], and empirical Bayes esti-
mations in [30] for the skew slash distributions in (2). For
more details see, e.g., [15, 25], and references therein.

Recently, tail dependence has been discussed in finan-
cial applications related to market or credit risk; see, e.g.,
[26, 11]. A generalized tail dependence measure, namely
tail quotient correlation coefficient, was proposed by [31]
where new test statistics of tail independence were de-
veloped; see [29] for more related studies. In this paper,
we shall investigate the tail dependence coefficient for two
classes of skew slash distributions. The first class is de-
fined by the normal variance-mean method. Specifically, a
random vector X = (X;,X3)" is called skew slash dis-
tributed random vector with parameters (A, 8, R), denoted
by X ~ SS(\ 0,R), if X has the following stochastic rep-
resentation (see [2, 3])

0.z
v

where 8 = (61,605)7 € R? and V ~ Beta(\,1),A > 0
with probability density function (pdf) f(z) = Az* 1,z €
(0,1), independent of Z ~ N3(0,R), a bivariate nor-
mal distribution with mean 0 and correlation matrix R
with correlation entry p € (—1,1). This skew slash dis-
tribution introduces randomness into the variance and
mean of a normal distribution via a beta random vari-
able so that it is more flexible and can provide useful
asymmetric and heavy-tailed extensions of their symmet-
ric counterparts (@ = 0) for robust statistical modeling
of datasets. For more related studies on model (2) see,
e.g., generalized hyperbolic skew t¢-distributions in [20],
skew grouped t-distributions in [5] and skew ¢-distributions
in [14].

The second class of skew slash distributions is defined as
the scale-mixed skew-normal distribution (see [4]). A ran-
dom vector X is called the second type skew slash distribu-
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tion, denoted by X ~ ASS(A,0,R), if X is given by

’0’
zZ
X =—
VvV
where V'~ Beta(\,1),A > 0, independent of Z =
(Z1,25) " ~ SN3(0,R), a bivariate skew normal distribu-

tion with pdf

3)

202(z, R)®(0 2),

where ¢2(+, R) is the bivariate normal density function with
mean 0 and correlation matrix R, and ®(+) is the standard
normal distribution function. For more related studies on
model (3) see, e.g., [19, 21] for other scaled positive vari-
able V.

The goal of this paper is to establish the limit of the
conditional distributions and to derive the upper tail de-
pendence coefficient of X given by (2) and (3), respectively.
Comparison with the findings of tail independence of bi-
variate normal ([27, 12]), skew-bivariate normal ([6]); tail
dependence of two skew ¢-distributions ([13, 6]), the tail de-
pendence of the first class of skew slash distributions exists
with trivial values 0 or 1 for some special cases (Theorem
3.1), while the second class has wider region of tail depen-
dence (Theorem 3.2).

The rest of the paper is organized as follows. The main
results are provided in Section 3. All proofs are postponed
to Section 4.

2. PRELIMINARIES AND NOTATION

In this section, we first introduce some important func-
tions with their asymptotic properties established in Lemma
2.1, and then give Lemma 2.2 for the distribution proper-
ties of the skew slash random vector X given by (2) via the
normal variance-mean mixture.

Let K-(z;w),x > 0,w > 0 be the incomplete modified
Bessel function of the third kind with index 7 € R defined
by

4) Ki(zyjw)= %/:0 t" L exp <_§ (t—l—t*l)) dt.

It follows from (7.5) in [18] that for 7 € R and sufficiently
large w

5) K (0w) = \/Zew <1 + 47;; Lo (i)) .

Define further P, (a;b) and Q. (x;a), respectively by

(6)  Pr(a;b) —/Olt”exp (% <a2t+ b;)) dt

and

(7) Qv(x;a):/ /t“*le*“*“g)t dtdu, = €R,
—o0 JO
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where 7 > 0,a,b > 0 and v > 1. For simplicity, we write
I'(-) for the Euler gamma function.

The following result is about the asymptotic behaviors of
both Pr(a;b) and Q,(z;a).

Lemma 2.1. Let P-(a;b) and Q. (x;a) be those defined as
in (6) and (7). Then for 7 > 0 and some w > 0

b=0,a — oo

(%) oo,

6771/2

Pr(a;b)= 12

V2re™ (14 0(1)), b>0,a — oo;

b T
2(5) K, (0;w)(14+0(1)), b—0,ab— w,

and forv>1,x € R and a — o0

xT

(8) Qulaia) > T(w) [ (14 du= Qu(wic0).

—oo
Recall that Ay is equivalent to

A= lim P(Xy > Fy Y (Fi(21))[ Xy = 21)

T1—00

(9) + lim P (X1 > Fy ' (Fo(22))|[ X2 = 22)

To—>00
provided that the marginal distributions are continuous (cf.
[23], p. 11, 36). In the following we derive the marginal dis-
tribution and the conditional distribution of X given by (2).

Lemma 2.2. For X ~ SS()\,0,R) given by (2), denote by
fg() and f1_2(~\12) the pdfs Of X2 and X1_2 = (Xl‘XQ =
x3), respectively. Then, with Pr(a;b) given by (6)

Aef272
f2(962) = ﬁp,\-s-lﬂ(\ab\; ‘92|)
f ( | ) eB(wl—ng) P)\+1 (\/.7,‘32 + SC%; \/9/12 + 9%)
201 |T = )
L 27(1 — p?) Pyi12(|22[; 102])

where B(1 — p?) = 0 — pba,2)\/1 —p?> = 21 — pry and
01/ 1 — p? = 01 — pOy. Furthermore, for @ #0

Priays (leals /03 + 2800 = p2)s — (1= p2)57)

Py 172|225 [02])err2s

EesX12 —

)

6"R-10
1—p2

where s € f +

Remark 2.1. Let Fy(-) be the df of Xa for X = (X, Xo)
defined as in (2). Then, using Lemma 2.1 and Lemma 2.2,
we have as To —> 00
(10)

A
(62/22)" (1 + 0(1)),
~ A
(Ma2) ™ (14 o(1)),
A |92‘)\—1
PR T

92>0;

]. 7F2(Z‘2): 92 :0’

e2102172(1 4 (1)), 6, <0,
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3. MAIN RESULTS

In this section, we provide the main results on the upper
tail dependence coefficient Ay of two classes of skew slash
distributions given by (2) and (3), respectively.

Theorem 3.1. Let X ~ SS(\,0,R) be defined as in (2),
and let Toa41() be the student’s t distribution function (df)
with 2\ + 1 degrees of freedom. Then, with X given by (11)

(1). f07“91 :92 :0,

22+ 1)(1 —
AU:2<1_TW< @ +1)(1-p)

)

(2) f07“ 01 > 0,92 >0, \p =1;
(8). for 61 > 0,05 =0 or 6, =0,605 >0,

Au = /01 (1 - (Xul/(”)>> du
e [l )
0

(4). for the remaining cases, Ay = 0.

From (10) and Theorem 3.1, we see that the skew slash
random vector X has asymptotic upper tail dependence pro-
vided that both of their marginals posses power laws, i.e.,
01,02 > 0; see also [13] for the two skew t-distributions.
Therefore, regular varying tails play an important role in the
presence of tail dependence. Theorem 3.1 shows that tail de-
pendence of the first class of skew slash distributions exists
with trivial values 0 or 1, which implies that it has extremal
tail behavior (independence and full dependence), contrary
to the second class of skew slash distributions showing that
the tail dependence has nontrivial values.

In order to state our next theorem, we need to define

02\/ ;_’ﬂz + 91 + p92
\/ L+ 2)\+1

(12)

96,.,6,(2) = fart1(2)@xry3/2 o |,

with z € R and (61,6-) € R?, and

(13) h(p) = (/_;(1 + %)~ O+ du) = , MER,

where fax11(+) is the probability density function (pdf) of
student’s t distribution with 2A + 1 degrees of freedom and

Qx43/2(+; 00) is given by (8).

Theorem 3.2. Let X ~ ASS(\, 0,R) be defined as in (3).
Then

T(A+1/2)
T(A+1)

1 o0
Ay = / 1.0.(2) dz
v <Q>\+1 (11500) Js 901,02()

1 o0
i — z)dz ),
Qxt1 (p2;00) /ZO 902,0,(2) )

where Q43/2(+;00), go,.,0,(-) are given by (8) and (12), re-
spectively. And
VIR B A (m) e
iy = 02 -;P91 _, = (Mz) )\
1+02(1— p2?) (m)
4. PROOFS

PROOF OF LEMMA 2.1. First we consider Py (a;b). We will
consider the following three cases in turn: (1) b =0, a — oo;
(2) b>0,a — oo and (3) b — 0,ab — w > 0.

Case (1) as b =0 and a — co. Using integration by sub-
stitution we have as a — oo

P, (a;0) = (a2> /_t”—fdt ( )F(T)(l—i—o(l))

since [t7le7tdt = 2" le™"(1 + o(1)) as & — oo, the
claim for P;(a;0) follows.

Case (2 )asb>0anda—>oo Using K, (+;
we rewrite Pr-(a;b) as

) given by (4)

a

(14) Pr(a;b) = 2 (9)T (KT(O;ab) - K, (%;ab)) .

Noting that

K, (%;ab) = % (%)T/;o t"Lexp ( <t+ z—f» dt
and

a’b? 52 u \"[(?\" 2t
exp(‘r):e Zn_o(u+1) (5) cu=p b
we have

[e'e] 2b2
T—1 _ e
/a2/2t exp( (t+ m )) dt
a2\’ a2+ b2\ <= [/ 2\"
~(5) = (-55)2(5) »

1 [ 2
a/o u(u41)""""texp (—%u) du

= U+ 1;7 4 1;a%/2),

with

dy =
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where U is the confluent hypergeometric function and U (n+
;7 + 1;a0%/2) = (a?/2)7" (1 + o(1)) as a — oo (cf. [9]).
a772

Hence,
a a? + b2
K (Giab) = e (<5 ) (1 o)

This together with (5) yields that

K. (%;ab)
K, (0;ab)

9 aT—3/2 a? 4 b2

which tends to zero as a — oo. Consequently, the claim for
P;(a;b) as b > 0,a — oo follows.

Case (3) as b — 0,a — oo and ab — w > 0. The proof is
similar to that of Case (2), and thus the details are omitted
here.

Next, we consider @, (z;a). Note that for all z € R

Qu(r;a) =T(v) /f (1+u®)""du

T OOOO
—/ / L=+t gry,

Further, recalling that v > 1 we have

og/ / t0=Le= 1+t gray,

< (/;(1 +u?)™ du) (/:o tle dt) :

which tends to 0 as a — oo. It follows thus that

(16)

/ / 1=t Grn — 0, a— oo.

Therefore, for all z € R and v > 1

x

(1+u*)"Ydu as a— oco.

Qulaia) > T0) [

The proof is complete. O

PrROOF OF LEMMA 2.2. Recall that X|V = t ~
Ny (0/t,R/t) with t € (0,1) given. It follows from the to-
tal probability formula that, the pdf of X defined as in (2),
denoted by fx(-), is

)\eeTRflm 1

fx(@) = 2m/1—p2 Jo

1 6"R10
X exp (—5 (mTR_lwt + T)) dt,
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t)\Jrlfl

with @ = (71, 22) " € R% Hence, the pdf of X5, denoted by
fa(+), satisfies

Aef222

! A+1/2—1 (s 03
t - —— t+ = dt.
Var Jo exp( 2(332 - t))

Consequently, the conditional density of X702 := X1|Xs =
x2, denoted by f1 2(+|x2), is

_ fx(=z)
fra(elea) = fa(w2)

eB(z1—pr2) Py (\/33112 +$%§ \/(9/12 -‘re%)
- 2r(1 = p?) Pyi1/2(|w2l; |02])
with B(1 — p?) = 61 — pby, 2 \/1—p> = 21 —

pa,01y/1 — p? = 01 — phy. Therefore, we have with s’ =
V1—p3s

fa(xe) =

)

Ee—SXLz — e—szsEe—S/(XLz—sz)/\/ 1—p?

and

Eefs'(Xl_prmQ)/\/17p2 _ PA+1/2 (‘$2|, |9/2|)’
Prir2(|a2l;62])

with 0,2 = 0,2 + 02 — (0}, — §')2 and s’ satisfying 6,2 + 02 —

(05 —s')? >0, ie.,

02 + 63
sep+£ 1 2
1—p2?

07 =03 +28(1— p*)s — (1 — p?)s?,

The proof is complete. O

PrROOF OF THEOREM 3.1. For 8 = 0, the skew slash
random variable X is symmetry and has the same marginal
distributions with regular varying tail index 2\ (see (10)),
and thus the claim follows by Theorem 1 (i) in [1] (see also
[16] for the multivariate copula extensions). Next, we derive
the remaining cases, i.e., 8 # 0.

To this end, we need to derive the asymptotic distribution
of W(xs) where

9
W(zg) = x2_1/2 <X1,2 — (p:cQ + 6(1|92|p)\/x§ +2)\>)

for 03 # 0; otherwise a72_2X1,2. It follows from Lemma 2.2
that Ee— 5" (#2) as 0, # 0 equals

exp s

_ 2
px2+6(|162f)\/a:§+2)\ e
NS ——=X12

)

QS> Pyyiy2 <|$2|; \/§($2))

— +
|62 T2 Pyi1/2(|m2[; [02])



which, in view of Lemma 2.1, is asymptotically equal to

BL—p) 23\ (d(2)?
“p< 62 vx”+£f>< Z )
2
= exp (ﬁ(le)\/xg + %s)

X exp <|92x2 [1 - <1 + 26%\;5)8 _a 5;2?8%2);D
()

2\ (p'2 2
e (_(1 P40 +92>s2>7 v s 50,

(1—p*)(0, +63) »
~ €exXp <_ 2‘02|3 S

2063

where §(x3) = 605 + 2[3(\1/__,;2)3 — (1_;2)32 and 0] = (0, —

Z2

p02)/+/1 — p?. Therefore, by the Laplace inverse transform,

we have the following convergence in distribution (denoted

by %)

1 p?) (072 + 63
(17) W(xg)izl~N<o,( ”|)9(2|3+ )>

as xo — 00. For #; = 0, and thus 6; # 0. It follows from
Lemma 2.1 and Lemma 2.2 that as 29 — 00

e~ sWiw2) 2(v/2015) M2 K1 /2(0; v/2615)

E
92D (A + 1/2) ’

which is the Laplace transform of 6;/Y where Y ~ I'(1/2+
A, 1/2), a Gamma distributed random variable with param-
eters 1/2 + A, 1/2. Therefore

(18) W (z2) 4 2L 2 o 0.

<

Further, we need the asymptotic expression of the function
c(xy) = F; Y (Fy(x2)). In view of Lemma 3.1 in [5] we have
for 61 > 0 with (61, 02) = ((2|62]) /(X + 1))2/26,/|6s|

(19) )
g v2(1+o(1), bz > 0;

2
c(wa)=14 Ba3(l+o(1)), 02 = 0;

1 216
0012y Hexp (22 ) (14 o), 02 <0

as x5 — 0o, where X is given by (11).
Next, we give the proofs of assertions (2)—(4).

Assertion (2) as 61 > 0,0 > 0. Using (17), (19) and S(1 —
p%) = 01 — pby, we have

lim P (X1 > Fl_l(F2(l’2))|X2 = 502)

To—>00
2
c(z2) — (,0332 + ’8(|192’|) )\/mg + 2)\)
NED)

= lim P

To—>00

W(x2) >

=P(Z >0)=1/2.

Similarly, lim,, oo P (Xo > Fy H(Fy(21))| X1 = 21) = 1/2.
Therefore, in view of (9), we have

)‘U = lim P(Xl 2 Fl_l(FQ(SCQ))|X2 = IL'Q)

To—>00

+ lim P (Xo > Fy Y(Fi(21))| X1 = 21) = 1.
Assertion (3) as 61 > 0,6, =0 and 6; = 0,60 > 0. For this,
we only present the proof of #; > 0,05 = 0 since another
case follows by the similar arguments. Using (18) and (19)
we have

lim P(X; > Fy ' (Fa(22))| Xa = 22)

To9—>00
. C(»Tz) 32
— > = <
wi%P(W(xg)_ o ) ]P’(Y_A),

where Y ~ T'(1/2+X,1/2) and \is defined by (11). Similarly

lim P (Xy > Fy ' (Fy(21))| X1 = 1)

T1—00
’ 2
X2A1 — (p$1 + 7,8 (1‘9:[) )\/ JJ% + 2/\)
= lim P
Tr1—>00 ,/:L"l
~ ’ 2
MG~ (pxl 4+ 80=p7) (19:” N 2)\>

where

(20)

B/(I_PQ) :92_p91a Z{ ~ N <O7

(1—p*0 'R 10
63 '
1

Therefore, using integration by parts, we have

Ao =1-00) +P (Y < XQ) - /1 (1 - @(Xul/m))) du
0

1 ! N, 1/(20)
—2>\+1/0ud(1—<1>()\u )).

Assertion (4) as 6165 < 0 and 6, < 0,6, < 0. Here, we only
present the proof of #; > 0,605 < 0. The other cases follow
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by similar arguments and thus are omitted here. Using (17),
(19) and 25 *¢(x2) — oo, we have

lim P (X; > F N (Fa(22))| X2 = 22)

T —> 00

= lim P (Xp > Fy '(Fi(a1))| X1 = 21) = 0.

T1—00

Consequently, A\y = 0 for 8, > 0,65 < 0. The proof is
complete. O

PrROOF OF THEOREM 3.2. Note that X|V = t is skew
normal distributed with pdf 2¢s(z; R/t)® (V10 x) with t €
(0,1) given. It follows from the total probability formula
that the pdf of X, denoted by fx(x),z # 0, is

(21)

2)\ 1 GT:I: /\+1/2
= t
fx(®) <27r>3/2|R|1/2/0 /.

TRfl 2
X exp <—wt> dudt

2
22 2/\+3/2
o (27r)3/2|R|1/2 (xTR-1x) 1
0 x 2 R 1p
2 TR 1g 2 A+1/2 2
X t exp (—(1 4+ u?)t) dtdu
—o0 0
AN 0 0’z z R 'z
= 3 ) .
(m3R[)% (2 TR-12) 1 M2\ Ve TR 1 2
Consequently, the pdf of X;, denoted by f;(-), is given by
A oM . ) .
(22) fi(z) = ;W—AHQAH (pisign(x);2*/2), i=1,2,
with
01 + pb b2 + pbs

SV NI VI+63(1—p?)
Hence we have by Lemma 2.1 (recall h(-) given by (13))

T r(A+1) 2*
1—Fy(xg) ~ ﬁfz(@) ~ %xﬁh(ﬁﬂ)
5

as x9 — oo. Consequently, as o — 00

(23)  cle) = 7 (Fale) = ) (1 1 0(1)

and the pdf of X;|Xy = x4, denoted by f1.2(:|x2), satisfies
DA +1/2) foat1 (w1 — pz2)/s(x2))
L(A+1) s(x2)
61140225 . -'E/lz"'ff2
@xt3/2 (7\/3;;2'753 R 2)
2 )
Qr+1 (uzsign(xz); %2)

f1.2(901|962) =

X
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where foxy1(+) is the pdf of student’s ¢ with 2\ + 1 degrees
of freedom and

Ti\/1 = p?2 =31 — paoe,

(1—p?)a3

slw2) =\ 5551

It thus follows by the dominated convergence theorem and
Lemma 2.1 that
lim P (X; > F7 N (Fy(22))| X = 22)

To—>00
ri+1/2 1 o
= ( / ) / 96,61 (Z) dZ’

FOA+1) Qay1 (p2;00) Js,

where gg, g, () is given by (12) and

(24)

o 1 CE) P (h(m) _p) 2A+1
z2—00 5(12) h(pz) 1—p?
Similarly
Jlim P (X > By (Fy @)X = o)
® =T G L, et
with
) 2A+1
o0 (h(m ‘p) 1 p2
The desired result follows by (24) and (25). 0
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