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Convergence rate of maxima of bivariate Gaussian
arrays to the Husler-Reiss distribution

XIN LIAO AND ZUOXIANG PENG*

The limit distribution of maxima formed by a triangu-
lar array of independent and identically distributed bivari-
ate Gaussian random vectors is the Hiisler-Reiss max-stable
distribution if and only if the correlation of each vector ap-
proaches one with a certain rate. In this paper, we intro-
duce a second-order condition on the convergence rate of
this correlation. Under this condition we derive the uniform
convergence rate of the distribution of normalized bivariate
maxima to its ultimate limit distribution.
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1. INTRODUCTION

Let {(§nisMni), 1 <4 < n,n > 1} be a triangular array of
bivariate Gaussian random vectors, which are independent
for each fixed n. For a given n > 1, let F'(x,y) denote the bi-
variate Gaussian distribution function of (£,;,7,:), and the
correlation coefficient of unit Gaussian distributed &,; and
Tns 18 Tepresented by p,,1 < i < n. The bivariate maxima
M, is defined componentwise by

Mn = (MnthQ) = (max fniy ma<x 77’m> .

1<i<n 1<i

For fixed x,y € R, [16] showed that

(1.1) i P ( M, < by + — My < by, + 2
. T Yy
— lim F" (b, + — b, + 2
nroo ( Tyt bn)
:H)\(Jj,y)

if p,, satisfies the following Hiisler-Reiss condition (which is
also the necessary condition, see Lemma 21 in [17])

(1.2) lim b2(1— p,) =2\? with A € [0, 0],
n—oo

*Corresponding author.

where the norming constant b,, satisfies
b2
(1.3) V2rn b, exp <2"> =1

and Hy(z,y), the Hiisler-Reiss max-stable distribution, is
given by

(14)  Hi(z,y) = exp (—@ ()\ + Z‘f) -~

y—x —z

with ®(z) denoting the standard Gaussian distribution.
Note that from the discussion in [16],

Ho(z,y) = 15?8 Hy(z,y) = A(min(z,y))

and

where A(z) = exp(—e™%),z € R, the standard Gumbel dis-
tribution function. We say that {£,;,1 <i¢ <n,n > 1} and
{Nni,1 < i < n,n > 1} are asymptotic complete dependent
and independent if (1.1) holds with Hy(z,y) and Heo(x,y),
respectively.

Motivated by the seminal work of [16], numerous con-
tributions on limiting distributions of extremes of bivariate
triangular arrays have appeared in the literature. [15] de-
rived general results for asymptotic dependence structures
of bivariate maxima in a triangular array of independent
random vectors. [14] considered the maxima of independent
and identically distributed bivariate Gaussian random vec-
tors with respect to two arbitrary directions. [9, 10] extended
the results to the case of triangular arrays of independent
elliptical random vectors. Related results can be found in
[4, 11, 12]. For statistical applications of Hiisler-Reiss distri-
butions, see [5].

In this paper, we are interested in the uniform conver-
gence rate of bivariate maxima M,, to its ultimate Hiisler-
Reiss max-stable distribution. For the univariate case, [3]
considered the uniform convergence rate of maxima to its
extreme value distribution by imposing some second order
regular variation conditions. For the extreme value distri-
butions of given distributions and their associated uniform
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convergence rates, we refer to [7, 8, 19, 21] and references
therein. There are relatively few studies on the convergence
rates of extremes under multivariate settings. [2] consid-
ered the convergence rates of bivariate extreme order statis-
tics under second-order regular varying conditions. For bi-
variate Hiisler-Reiss Gaussian sequences, recently [6] con-
sidered the penultimate and ultimate convergence rate of
(n(maxi<icn ©(&ni) — 1), n(maxi<i<n P (1ni) — 1)), and [13]
derived the second order expansions of the distribution of
normalized M,, under the following second order Hiisler-
Reiss condition

(1.5) lim b2(\, —A) =a €R

n—oo

with A, = (302(1 — p,))*/? and A € (0,00). So far, there
are no results in the literature concerning the uniform con-
vergence rate of the distribution of normalized M,, to its
ultimate extreme value distribution. The main goal of this
paper is to derive such a result, filling the gap in the current
literature. Our proofs show that, for the Hiisler-Reiss Gaus-
sian triangular array, establishing the uniform convergence
rate is more technical and complicated than the higher-order
expansions of distribution of normalized M,,.

The rest of this paper is organized as follows. In Section
2, we provide the main results, and all proofs are given in
Section 3. Auxiliary lemmas and their proofs are deferred to
Appendix A.

2. MAIN RESULTS

In this section, we provide the main results which show
that the uniform convergence rate of F™(b, + x/by,b, +
y/by) to its ultimate Hiisler-Reiss max-stable distribution is
of order O(1/logn). For notational simplicity, let

A(F", Hy;x,y) = F" (b + 2/by, by +y/bn) — Hx(z,y).

For the case of A € (0, 00), the following theorem establishes
the uniform convergence rate under the second-order Hiisler-
Reiss condition (1.5).

Theorem 1. For the triangular array of bivariate Gaussian
random vectors with each vector following distribution F,
assume that the second order Hiisler-Reiss condition (1.5)
holds with A\, = (3b2(1 — p,))/? and X € (0,00). Then
there exist absolute constants 0 < D1 < Dy such that

< sup
(z,y)ER?

D
A(FnaHA;‘T,y) < 2

2.1
(2.1) logn

logn
forn > 2.
Remark 1. (i). Condition (1.5) is equivalent to

lim (logn)(A, — \) = /2

n—oo
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since b2 ~ 2logn as n — oo due to

loglogn + log 47 1
2(2logn)t/2 ¢ (logn)1/2

by, = (2logn)'/? —

by (1.3), see, e.g., [18, 22].

(ii). Let 6, = (A, — N) "L, If (1.5) does not converge but
|6,,| and b2 are the same order, then (2.1) also holds. Proofs
are similar, and details are omitted here.

(iii). If lim,, o0 b2 /|0,| = oo, with arguments similar to
that of Theorem 1, we can show that

(22) 2.

|5 ‘ A(anH)\;may) <

sup

(z,y)€R? ‘5n|

forn > 2, where 0 < D3 < Dy are absolute constants.

(iv). Conversely, for the bivariate Gaussian triangular ar-
rays with correlations {pn} satisfying (1.2), we have the fol-
lowing assertions: (a). If (2.1) holds, then every subsequence
of b2 /6., denoted by b2, /5,, satisfies (1.5), or b2, and |5, |
are the same order; (b). If (2.2) holds, then every subse-
quence of b2 /5, satisfies lim, oo b2, /|0n| = 00, or b2, and
|0,/] are the same order.

Remark 2. (i). For the case of X € (0,00), if (1.5) does not
converge, and &, and b2 are not the same order, there may
be no convergence rates for the extremes. An example is:
suppose that the bivariate Gaussian triangular arrays have
correlations {p, } satisfying (1.2). Furthermore, assume that
limy, o0 b3, /025, = 0 and lim,,_,o0 b3, 1 /d2n11 = 00. Hence
by Theorem 1 and Remark 1 (i), we have

D D
L < sup A(FQ",HA;x,y)‘ < =
log2n (5 ,)er? log 2n
and
D
< sup |A(F?"T Hy; x,y)’ < =
62n+1 (z,y)€R2 52n+1
forn > 1.
(ii). The situation that lim, ., b2 /|5,| = oo is the one

that we are not so interested in since (2.2) shows that the
convergence rate 1/|6,] is related to correlation p, and pa-
rameter \.

Theorem 1 and the following remark show that the rate
of convergence with norming constant b, given by (1.3) is
optimal comparing with that with norming constant 3,, de-
noted by (2.3) even though b, — 8, = o(1/(logn)'/?) by
Remark 1.

Remark 3. (i). Assume that the triangular array of bi-
variate Gaussian random vectors satisfies the second-order
Hiisler-Reiss condition (1.5) with oo € R. If the norming
constant by is replaced by B, given by

12 loglogn + log4m

(23) 2(2logn)1/2

Brn = 2(logn)




we can prove that

A(F”,H)\;l',y)
:Fn<ﬁn + $/6n7ﬂn + y/ﬂn) - H/\(Iﬂ,y)

ziy -y yi‘r —x
fI)</\+2)\ )6 —|—<I><>\+ 9N )e ‘|

(loglogn)?
16logn

(2.4)

~

H)\(.’E,y)

as n — oo for all x,y € R, from which shows that the con-
vergence rate is no better than (loglogn)?/(16logn).

(ii). Under the second-order Hiisler-Reiss condition (1.5)
with o = +o0, we have

(2.5) A(F", Hx;x,y)

T=YN —y
<<I>(/\+ 3\ )e

+O ()\ + %) e_l) (1+o(1))

(loglogn)?

16logn

T —
- w2t (A4 T o<1>>] Hy(z.y)
as n — oo for all x,y € R, where the norming constant 3,
is given by (2.3). By (2.5), we can see that the convergence
rate is no better than max{(loglogn)?/(16logn), |\, — A|}.

For the two extreme cases A = 0 and A = oo, we need
to deal with them separately. For the case of A = oo, the
results are stated as follows.

Theorem 2. Let norming constant b, be given by (1.3).
For p, € [-1,1),

(i). assertion (2.1) holds if p, € [—1,0].

(i). if pn € (0,1), assume that (1.2) holds with A\ = co and
(logb,)/((1 — pn)b2) — 0 as n — oo, then (2.1) also
holds.

For the case of A = 0, we have the following results.

Theorem 3. Let norming constant b, be given by (1.3).
For p, € (0,1],

(i). assertion (2.1) holds if p, =1 for all large n.
(ii). if pn € (0,1), assume that b}°(1 — p,) — ¢ € [0,00) as
n — oo, then (2.1) also holds.

Remark 4. For the case of p, € (0,1), the proofs of Theo-
rem 2 and Theorem 3 depend heavily on Berman’s inequal-
ity. In order to derive the upper bound based on Berman’s
inequality, some sufficient conditions are needed. The con-
dition in Theorem 2 requires that (1 — p,)b2 converges to
infinity faster than logb,; The condition imposed on Theo-
rem 3(ii) implies that (1.2) holds with A = 0.

3. PROOFS

The aim of this section is to prove our main results. In
the sequel, we rewrite Hy(x,y) as
(3.1)

Hy(z,y) = exp (—ez —/ ) <)\ I Z> ezdz) .
Y 2

For notational simplicity, throughout this paper let

and

Cu=n (1

where the norming constant b,, is given by (1.3) and A,, =
(b2 (1—p,)/2)*/2. If the second-order Hiisler-Reiss condition
(1.5) holds with A € (0, 00), it is easy to check that

1 1 1
(32) A, — 5/\3 +a, B,— 7504)\72 + A Cam A

as n — oQ.

Proof of Theorem 1. By Lemma 1 and Lemma 3 in Ap-
pendix A and b2 ~ 2logn as n — oo, for fixed z,y € R we
have

1
A(F", Hx;x,y) ~ (e”” <1 +x+ 5:1:2)

+grale) + () )

x (2logn) ™ Hx(z,y)

as n — oo, where k1 (z,y) and k3(x, y) respectively are given
by (A.4) and (A.13) in Appendix A. Hence there exists an
absolute constant D; > 0 such that

D
|A(Fn,H)\,.’E,y)| 2 :

iy logn

(z,y)€R?

for n > 2. Thus we need to show further that

D
|A(F™, Hy; 2, y)| < —

(3.3) o

sup
(z,y)ER?

for n > 2, where D5 is an absolute constant. By Lemma 4 in
Appendix A, it suffices to prove the following inequalities:

(3.4) sup

(z,y)€[—cn,dn]X[—cn,dn]

‘A(anH)\vxay” < ]D)Qbr_sz
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(35) sup ‘A(Fn7H)\axay)| < DSb:LQa
(z,y)E[—cn,dn] X[drn ,00)
(3.6) sup |A(F™, Hy; 2, y)| < Dyby,?

(xay)e[dnvoo) X [dnaoo)

for n > ng since both

(3.7) sup |A(F™, Hy; x,y)| < Dyb,2
(z,y)ER X (—00,—cp]

and

(3.8) sup A(F", Hy; )| < Dsby?

(z,y)€E€ldn ,00) X [—Cn,dn]

also hold by the arguments similar to those used in (A.20)
and (3.5), where I; > 0, 2 <i <4, are absolute constants,
and ¢, and d,, are given by Lemma 2 in Appendix A, i.e.,

2
n

d, = —loglog 2

¢, = loglogb,, > 0, 1 >0

for n > ng. Note that x > —c¢,, implies

Cn
n >by,——=by |1 - ——
un(@) 2 b = 5 < 2
So, the desired upper bound (3.3) can be obtained by (3.4)—
(3.8) and (A.20).

For the rest of the proof, let C;,7 < i < 13, stand for
absolute positive constants.

For (x,y) € [—Cn,OO) X [—Cn,OO), let ¢n(-ray) =1-
F(un (), un(y)), then
(39) nlOgF(un(x)7un(y)) = 77{“/}n($,y) - Rn(xay)a
where
niy (z,y)
O < Bl ) < S )
due to
(3.10) —Z—Q(fjiiz)<log(l—z)<—z, 0<z<1.

By (1.3), (A.17) and (A.19),
sup

Yn(,y)
(z,y)E[—cpn,00) X[—cy,,00)
<1 = F(un(—cn),un(—cn))

oo Y 2
:nfl/ P Un(=n) = pntin(2) e “exp —Z \d:
—cn V1- Pa 27,
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for n > ng, which implies

0< Rn(x,y)

nZ(z,y)
< sup —
(@) €[—n100) X [—en00) 2(1 — Pn(2,Y))
<b?

sup
(z,y)E[—cpn,00) X[~y ,00)

for n > ng. Hence by e* > 1+ z,z € R we have

(3.11) 1 —exp ( — Ry(z, y)) < Ry(z,y) < b,?

for n > ng. Hence by (3.11) we have

(3.12) |A(F", Hx;z,y)| < Hx(x,y)Nn(2,y) [Qn(z,y) — 1
+ Hy(z,y) [Np(z,y) — 1
< Hx(z,9) |Qn(z,y) — 1] + b,

for n > ng, where

Qule,y) =exp (= mpn(w,y) + @ <>\+ %)

y—x —x
—|—<I><)\—|— 3\ )e )

Ny (z,y) = exp(—Rn(z,y)).

and

Note that
(3813) —n(1-@(un(@))) + ¢ = (146, %0) "¢ " Zu(a)

with

Zn(x) = —ex o (179 by 2 (140, %) "2 ) + 14,2
n - p 2b2 nn n x n IZ’,

where 0 < 0,, < 1, cf.,, [7]. By arguments similar to those
used in [7], we have

b, %x < Z,(x) < b,? (2*11‘2 +(1+b%2) 2+ x)
by 1 —z < e * <1 for z > 0, which implies
|Z, ()| < b;2(2—1x2 +(L+b %) |x|).

Combining with (3.13), we have
(3.14)

‘ —x -2 —x .’172
—n(l — @(un(m))) +e % < Cgb,“e -+ lz| + Cy

for n > ng, if x > —c,.
Similarly, for x > —c,, we have

(3.15)

[ (Y (2.




For the case of (z,y) € [—cn, 0] X [—cp, 0], (3.16) implies

0o P .
+/y <I>( 2/\>e dz

z—y\ _ —x\ _
% _ _ —n, (z, —I—CI)()\—l——)ey—HI)()\—i- )e’” <1
</ o Un (T) — prtn(2) _(I)()\+a: z) J— ’ Un(z,y) BN N
Yy A/ 1— p,’% 2
2 for n > ng. For (z,y) € [—cp,0] X [—cy, 0],
-2 —y Yy
+b, %€ < +y+1)
. _ v 2 Cs
by using |e™® — 1| < x for z > 0. <(e+1)b;? {Cge_l_; (m + (1 + _) 2| + (Cg)
First, we prove (3.4). Combining (A.9), (3.14) and (3.15), , 2
y2
we have +e 7T (% +(Ci+1)y+Co+ 1) + (C4}
(3.16) < Cigle+1)b;,”
‘—nw (x y)+<1>(/\+u)ey+<b</\+ x)e””
e 2\ for n > no by noting that et > 1 — ¢ —|— * for t < 0, and

2\
<[ —n(1- (@) +¢
° Un () — prin(z . 22
—/y <I><(\)/1_p—p%()>e exp<—2b%>dz

2
< Cgb2e™® (% + x|+ <c9) Fb2ey ( fu+ 1) if (z,y) € [0,dp] X [~cn,0] or (2,y) € [—cn, 0] X [0, dn]-
Combining (3.18)—(3.20) and (3.12), we get

+

/Ooq) A+ T2 e zds 2exp(—g)glandtexp(—g)glfort>0.
y 2\ By arguments similar to those used in (3.18) and (3.19),
for n > ng we have

(3:20) Hx(,y) |Qn(w,y) — 1 < Ciole + )by

+ 0,27 (Caly| + C2) + Cae~[a] + C4 )

L P (), () - A S Bl
W) E[=cn dn]X[—Cn,dn
<b,? [(Cge_’ (””2 (1 + —) ] + <c9> e ‘
) which completes the proof of (3.4).
+e Y (y_ +(Cy+ 1)yl +Co+ 1) + C4} Second, we consider the case in which (z,y) € [—c¢y, dy] X
2 [dy,00). By (A.10), (3.14) and (3.15), for all y € [d,, 00) we

have
for n > ng. Note that

_ TZYN v Y=\ =
‘ nwn(x,y)+<1><)\+ 7 >6 +<I><)\+ ) )e

(3.17) e "t <4, e Tx<l, forz>0

_ . [ 7
and by using (3.16) we have <b,? <(C8€ (7 + |z| + C9> +(Cs + 4))

_ T7Y\ v Y=\ =
‘ m/)n(:c,y)—i—fb()\—k ) )e +<I><)\+ ) )e

<Cyob2 <1

for n > ng. Thus by the arguments similar to those used in
(3.18) and (3.19), we have

(32]‘) H)\(I’,y) |Qn(xay) - ]-‘ S (Cllb;,2

for n > ng if (x,y) € [0,d,] X [dy, ), and

for n > ng and any (x,y) € [0,d,] %[0, d,]. Hence for (x,y) €
[0,d,] x [0,d,],
(322) H)\(il',y) |Qn(may) - 1‘ S Cle;Q

y for n > ng if (x,y) € [—cn, 0] X [dy, 00). Combining (3.12),
< Hx(x,y)‘ —nn(z,y) + @ </\ + 7) e (3.21) and (3.22), we can get (3.5).
2
y—x Finally, we prove (3.6). Note that d,, = — loglog bf—il, we
¢ <)\ + 2)\> e " (1 + exp‘ — (2, y) have !

T—Y\ _y R P ) (3.23) sup (1 — H)(z, y))
® (A TN ) crre <A TN ) c (2:9)€[dn100) X [dn )
§C10(€+1)b;2 Sl_H)\(dnadn)
-2 > —z _ —2
since [e® — 1| < |z[(el*l +1),2 € R. <b,"+1—exp (/d € dz> = 2b,,".
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By using (3.11) and e > 1+ z,z € R, we have

(3.24) sip (1= P (un(@), un(v))
(xay)e[dnvoo) X [dnvoo)

< ”¢n(dna dn) + Rn(dnv dn)
< (1+Cy3)b;2,

where the last inequality is due to

N (dp, dn)
N > Un (dn) — prtn(2) —2 22
/dnq)( T2 e *“exp f@ dz
(1= ®(un(dn)))

d,\ 7" 1 (bn + §2)? >0
<n(bp+2) ——exp |-t +/ ~*d
”( bn> meXp< 2 o

dn - —d di —d
(1) e (og) et

< Clgb;2

for n > ngy by using (A.17), (A.19) and

be % =b2 (—log(l —b,?))

n n

< B2 <b‘2 Lt )
U 2(1—by2)
1

:1 _—
NPT

as —Z—Q(f—iz)<log(1—z),0<z<l.

Combining (3.23) with (3.24), we have

sup A(F", Hy;z,y)| < Dyb)”
(z,y)Eldn,00) X [dp ,00)

for n > ng, which completes the proof of (3.6). The proof of
Theorem 1 is complete. O

Proof of Theorem 2. (i). For the case of p, € [—1,0],
we first consider two special cases, p, = —1 and p, = 0
respectively, then extend the result to the general case p, €
[—1,0] by using Slepian’s Lemma.

Note that, for p, = —1 and p,, = 0, for the upper bound
of (2.1), by Lemma 4 in Appendix A we only need to check
that

(3.25) sup A(F™, Hyo; ,y)| < Dsb,, 2
(wty)e[fcnaoo)x [7671:00)

2

no

for large m, where ¢, = loglogb?, and D5 is an absolute
positive constant.

Let (&,m) be a bivariate Gaussian random vector with
correlation p, = 0. By (A.17) and (A.19), for (z,y) €

[—cn,00) X [—Cp, 00) we have
(3.26) nP(E > up(z),n > un(y))
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1 2\ 1 g\
P 1+—) <1+—> e
vV 27b, exp(%) < b2 by

ba(log b2)2(1 — 2jget) -2

b2 5
" V2 exp(%“)
<b?
for large n.

By using (3.26) and (3.14) and arguments similar to those
used in [7], for (z,y) € [—cp,00) X [—¢y,00) we have

(3.27)
=1 = Flutn), un(y))) + ¢ + 7]
< |=n(l = @(un(2))) + e |+ |-n(l — ®(un(y))) + Y|
+nP(E > un(x),n > un(y))
<by? (14 Cge™ (22/2 + |z| + Cy)
+Cge ¥ (y2/2 + |yl + (Cg))

for large n. Note that, by (3.27) and (3.17), for large n we
have

sup |=n(1 = F(un(z),un(y))) + e +e7|
(z,y)€[~cn,0]x[0,00)

<b,% (Cs(10g13) ((l0glog b2)2/2 + log log b2 + Co)
+ Cg(3+<cg)+1) <1.

Obviously, for p, =0,

Qu(@,y) = exp (= n(1 = B(un())) + ¢ = n(1 = D(un(y))
e nP(E > un(2),1 > un(y)).
So, for (z,y) € [—cp,0) x [0,00),

< Hao(,9) [=n(1 = Flun(2), un(9))) + ¢ + 7|

X (exp [=n(l = Fun(@), un(y)) + e + e +1)
<b72(e+1) (1 +Cs (3+ Co)

+ Cgexp (767I — :L') (:172/2 + |z| + Cg) )
<b%(e+1) (1 + Cs (3+ Cy)

+ Cgexp (—1 — x2/2) (x2/2 + |z + Cg) )
< (5Cg + 2CgCq + 1) (e + 1)b;, 2

for large n. Similarly, for large n we have

sup Heo(2,9) |Qn(z,y) — 1]
(z,y)€[0,00) X [—cn ,0]

< (5Cg 4 2CgCq + 1) (e + 1)b;, 2,



sup
(z,y)€[0,00) X [0,00)

< (6Cs +2CsCy + 1) (e + 1)b,2

and

sup
(z,y)E[—cn,0] X [—cn,0]

< (4C8 + 2CCyq + 1) (6 =+ 1)b;2.

Combining above with (3.12), we can get (3.25), hence the
upper bound in (2.1) is derived. For the lower bound of (2.1)
as pp, = 0, by (A.16) and arguments similar to those used
in [7], we have

1= Fun(z), un(y))
=nlle " +e Vb2 (e (2®/24+2+1)
e (1?/2+y+1) +0(0,2))]

for large n, where x,y are fixed real constants. Hence,

F™"(un(2), un(y)) — Hoo(w, y)
=b,?Hoo(z,y) (7" (2?/2 + 2 + 1)
+eV (y¥ /24y +1) +0(b,%))

(3.28)

for large n, which implies the left hand side inequality in
(2.1). From whence (2.1) is derived for p,, = 0.

Next we consider the case of p, = —1. For (z,y) €
[—cn, 00) X [—cp, 00), noting that for large n we have

Qn(z,y) = exp (—n(1 — ®(uy(2))) + € *
—n(l = ®(un(y))) +e7Y)

as P(§ > up(x),n > un(y)) = 0 for large n. By arguments
similar to that of the case of p, = 0, we can derive (3.25).
Finally the lower bound of (2.1) can be derived by noting
that (3.28) also holds if p, = —1.

Let us now turn to the general case of p, € [—1,0]. We
just proved that (2.1) holds for p,, = —1 and p,, = 0, respec-
tively. Hence by Slepian’s Lemma, one can check that (2.1)
also holds if p,, € [-1,0].

(ii). For the case of p, € (0,1). If (z,y) € [—cp,0) X
[—¢n, 00), by Berman’s inequality in [18], we have

(3:29) |F" (un(2), un(y)) = (2(un())®(un(y)))"|

1 — pp)b2
< Cyab, % exp (—% + 3logb,, + 2loglog bi)
<b,”

for large n due to lim, . (1 — p,)~tb;%logb, = 0, where
C14 is an absolute positive constant.

From the proof of (A.21), it shows that
(3.30)

sup Fn(un(ﬁ)vun(y)) < CGbT_L2

(z,y)€(—00,—cn] XR

for large n if p,, € [—1,1], hence

(3.31)

sup F(un (), un (y)) — (2 (un(2))®(un(y)))"
(z,y)€(—00,—cn] XR

< 2Cgb;, >
for large n. Similarly,

(3.32)

sup F (un (), un(y)) = (@ (un () @(un(y)))"
(z,y)ER X (—00,—cn]

< 2C6b7_7,2

for large n. Combining (3.29), (3.31), (3.32), and (2.1) for
the case of p, = 0, the upper bound of (2.1) is derived if
pn € (0,1).

Next we derive the lower bound in (2.1). For fixed z,y €
R, by Mills’ ratio we have
(3.33)

1—pn bi x4
Un () — pnun(2) EXP(_( ,jl - lfpn + 1[—)&-pn)
1-o 2 T—2z AnZ
V1—p2 V2m(A, + o i )

if y < z <4logb,,. Hence,
(3.34)

4log by, B M o~ Zdy — —4
/y (1 <1>< Ve )) dz = O(b,*)

for large n. Similarly, for large n we have
(3.35)

4log by, Un(x) — pnun(Z) —z. 2 — —4
/ (1—¢<W>>e e

Note that
> Un (T) — pniin(2) - < 2 ) —4
| ————— e ?(1— == |dz=0(b,
~/410g by, < 1/ 1-— p% 2b121 ( )
for large n. Hence by (3.34) and (3.35), for large n we have
> un () — paun(z) | _. 2
[To(=) o (55)
4log b, _
- / o (L) —pninl2)) ) e,
y V 1- Pn
un(2) = putin(2)
+ 2_1b;2/ -0 L | e 7 2%de
y V1i=p3
o0 Un(2) — ppun(2) | _ ( 22 )
—|—/ | —————|e*|(1— == |dz
4log by ( 91— p% Qb%

4log b, 22 A
+/y ez(l—ﬁ>dz+0(bn)
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=€

2
Y b2 (% +y+ 1) +O(b, ).
Combining with (A.16), we have

1— F(un(z), un(y))
)

o [T Un () = poun(2) \ . 2
=n /y o (W) e exp <_ﬁ% dz

+1— P(uy(x))
2
=nt [e‘x +e ¥ b2 (e_’” (% +x+ 1>

eV (y; +y+ 1) + O(b,;?))]

for large n, so that the lower bound in (2.1) can be derived
if p, € (0,1), which completes the proof. O

Proof of Theorem 3. (i). For the case of p, = 1. Note
that

F(un (), un(y)) = " (b + min(z, y)/bn)

and Ho(z,y) = A(min(z,y)). Hence by the arguments pro-
vided by [7], we can derive (2.1) if p, = 1.

(ii). If p, € (0,1) such that bX°(1 — p,) — ¢ € [0,00)
as m — oo, this implies that (1.2) holds with A = 0. First,
note that, for (x,y) € [—cp,00) X [—cp,00) and large n, by
Berman’s inequality in [20], we have

M)

<Cign (5 —arcsinpn)
— — arcsin € —
157 | 5 in py, ) exp 1

2
< 2\/5@1571(1 - pn)% exp (W)
< 8y/mCy5b2 (bf;(log bo)(1 — pn)%)

<b?

due to lim,, (1 — p,)~Y?(7/2 — arcsin(p,)) = V2 and
lim,, 00 b2°(1 — py,) = ¢, where Cy5 is an absolute positive
constant. Combining (i) with (A.21), we can obtain the up-
per bound in (2.1).

Finally, we consider the lower bound in (2.1). For fixed
z,y € R, if max(z,y) < z < 4logb,, we have

o (wmin(x,y)) - pnun<z>>
V1-pi

b2 (1—py)  min(z,y) Pnz
exp(— =7 T T1¥pm 1+pn )

\/ﬁ( z—n;i}r\l(x,y) —\, = AbL%Z)

n

<
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for large n. So, for max(z,y) < z < 4logb,,

(3.36)

/4]Ogb'rL ® Up(min(z, y)) — prin(z) e~ exp (i) &
max(z,y) 1— p% 2[)%

b2 (1—pn min(x, max(x,
o PV pnexp(= aipe) — mpda)  mpl)

Va(max(z,y) — min(z,y) — 2A% — —Skiggg ba
=0(b,")

for large n due to lim, o b.0(1 — p,) = c.
Note that

(3.37)

= up (min(z, y)) — paun(z) | _ ( 22 )
P e fexp| —=% | dz
/410gbn ( \/ 1-— p% Qb%

=0(b,")

for large n. By (A.16), (3.36) and (3.37), we have

L= F (@), ua(9))
— 1 /OO o (un(min(x,y)) - pnun(z)> o
max(z,y) V1-p2

X exp (%) dz + 1= @ (up(min(z,y)))

=n! ( — by 2e” ™) ((min(z,y))?/2 + min(z, y) + 1)

te min(z,y) + O(b:Lél))7
which implies
F* (un(@), un(y) ) = Ho(w,y)

- 2
=2 (M +min(z,y) + 1 + O(b,f))
X Ho(w,y)e™ ™nte)
for large n. Hence the lower bound in (2.1) is obtained if
pn € (0,1) such that lim,, o b2°(1 — p,,) = c.
The proof is complete. O

APPENDIX A

Auxiliary lemmas used in the proofs of the main results
are given in this appendix.

Lemma 1. Let norming constant b,, be given by (1.3). Un-
der the second-order Hisler-Reiss condition (1.5), for fized
z,y € R we have

b2 /yoo (@ (“"(x) 1f21%n(z)> —® (,\+ Z;)) e—*dz



Ad Un () =P tin(2) z—z
| ) o0 T— 2 max{ 1o, , A+ %%}, Note that
n + B / ‘P( )e_zdz
! Un () —

un(@) = putin(2) _ | (1_ﬁ>‘%+x—z<l v) :
=B / S0( x—z>zezdz+0(bn2) Vi-rk BN 2, 0
Yy ) %
(A2) +;ZQ_%)
—>—I€1("E,y)

as n — 00, and

bi/oo <<1> (“"(x\)/ﬁ( )> <I>< = >>z2e_zdz /y:(P(AJr
ot [ o (0 757 e e
(

—B 3—2
/y oA+ 2>\> dz +O(b,?)

=2 o a4 y—x
) Je *dz = 2)Xe (1 <I><)\+ o) )),

x;}\’z)zefzdz =4)\%e % <)\ + :c>

2

+ (2/\37—4)\3)6_9”( (/\+ 2;)).

Combining with (3.2), we have

(A.3)
— —ka(,y) B2 /°° (un(az) —paun(2) T z)
" 1 — p2 2
as n — 0o, where p(x) denotes the standard Gaussian den- Y P
Zity function, and k1(z,y), ka(z,y) are respectively given ()\+ ) e~ Zdx
Y
(A.6)
_ 4 2 —x -z oo _
(A4) ki(z,y) =(2X\* —2Xx)e ( (/\—|— o3 )) — (4, +an)/ SO+ x2>\z)e*2dz
y
3\ ,—x y—=r 0 _
~ Qo+ 33Te™e ()\ + 2 ) +(Cn — Bn)/ oA+ ‘ Z)zefzdz
Y 2\

d 1 1 1 e —
an — (a + 5/\3 - 504/\_2x + ZMC> / p(A+ x2)\z)e_zdz
Ka(z,y) = (8A® + 32A% — 162 + 10A*2? — 20A*2 + 16a\® - Y

' —z + (—)\ + —a)\_Q) / oA+ z )ze~%dz
— 22223 — 8a)\33) e ” ( - ()\ + ) )) 4 2 y 2\
AT
— (8AT +24X° — 4Ny — 120°2 + 4N°2% + 4\ zy ( Y-z
. = (2X%z — 221)e” (1 - </\ + >>
+ 33y +16a)\? + 2ay2) (/\ + T) ) 2

+ (2a 4+ 3)\¥)e " ()\ + H)
Proof: By Taylor expansion with the Lagrange remainder

term, we have as n — oo. Similarly,

) o [ 1nle) = prin(:) (A38) 2
vV1- P% b2 /OO un(x) - pnun(z) A r—=z ( ) -z
n - A VUnp\Vp)eE z
:‘I)<)\+x—z> Y V1=p2 2\
2 _
=0(b,”)
x—z Un () — prun(2) x—z
+o| A+ o\ i —A- o Combining with (A.6)—(A.8), we can derive (A.1) and (A.2).
P By arguments similar to that of the first assertion, we can
1 Un (@) — prin(2) r— = 2 derive (A.3). The proof is complete. O
+ 5””('0(”") /1= p2 D)) ’ Lemma 2. For large n, let
2
U (T)—prun(z — — 2 —
Where mln{#, )\ + wz)\z} < Un < Cp = 1og IOg bn > Oa dn O IOg lOg b% Z 1 > O
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with by, given by (1.3). Then wunder the second-order
Hiisler-Reiss condition (1.5), with absolute positive con-
stants C;,1 < i <5, we have

(1) for large n, the following inequality

(A.9)
Un () — prun(z)
< V1i-p ) (A

s

<b,? (e ¥(Cily| + C2) + Cse “|z| + Cy)

r—z .
7>| dz

holds uniformly for all (z,y) € [—cn,dn] X [—cn, dy].
(2) for large n, the following inequality

(A.10)
/yoo o (—“”(x\)/%”“ﬂ ) ()\ + %) e*dz
<Csb,?

holds uniformly for all (z,y) € [—cn,dy] X [dp, 0).

Proof: By the Taylor expansion with the Lagrange remain-
der, we have

(A.11)

:/OO Un () — putin(2) W (vn)e *dz

y 1- P% 27

<b? <|An| om)edz + |Balle] [ plva)edz
Yy Yy

oo

(Bl +1CaD) | ¢<un>|z|e-zczz)
Yy
S d,
Sb;Q <|An|/ efzdz—|—|Bn||:c\/ p(vn)e ?dz
Yy Yy
HBllal [~ etz + (Bal +1CaD [ |ze2dz>
dn y

1 1
< —2 — -2 _ -
<2b, (’204)\ 4)\

d”n,
" / o(vm)e™>dz
i

+ <’%a)\2 - %A’ + A) (2—(y+1)eY)

ole )

for large n, where min(w7 A+ 5E) < <
—p

1
+‘§)\3+a

1 1
V4 |Zax"2oZ)
‘ +’20‘ 1

n

“"L(w);i’;zn(z),/\ + £52). Note that, with the second-

order Hiisler-Reiss condition (1.5), we have

max(

up () —
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1 N2 4 1
< (14 2 -4y _ 2
< (en o) |5 ( 1+ 555 + 00 )) A‘
A2\ 2 An(cn + dn) A2\ 72
U e) TN e

uniformly for all (z,z) € [—cp,dn] X [—cpn,dp] as n — oo,

which implies that ¢(v,,) converges to ¢ (A + %5%) uni-

formly for (z,2) € [_Cna dn] X [_Cm dn] since |90(37) _‘p(y)| <
|z — y| for all 2,y € R. Hence,
T —

dn dn
. 9
/y o(vn)e dz</y oA+ o
dn
:Qe’z/ oA+
y

<4 e ”*

Z)e_zdz

zZ—X

2\

)dz

for (z,y) € [—cn,dy] X [—Cn, dy]. Combining with (A.11), we

have
o <“”(x\)/%"(z)> By (A + :”2;)

/ e *dz
y

<b:? ((<c1 + Caly|)e™¥ + Calale™ + <c4)

for large n, which completes the proof of (A.9).
For (z,y) € [—cn,dn] X [dn, 0], we can derive the desired
result immediately by (A.11) since

[ oo

for large n. The proof is complete. O

e *dz<Csb,?

Lemma 3. Let norming constant b, be defined by (1.3).
Assume that the second-order Hisler-Reiss condition (1.5)
holds. Then for fived x,y € R and sufficiently large n, we
have

(A.12)
F™(un(2), un(y)) — H(z,y)

= Hx(z,y)b;,” (em (1 +a+ 3#)

1
2 + _K/S(xvy)
—(An+an)/ ‘P()\-‘r
y

2

Z) e “dz

) ze *dz + O(b;2)> ,

T —
2\
T —z

2\

+(Bn—Cn)/OO<p<>\+



where

(A.13)

ra(e,y) = (V¥ +2y+2) e VO </\ -+ _x2—)\y>

— (AN =242 2 4 2) e " (1 e (A+ y;;))

+ (4)\3 —2\x — 2y — 4/\) e T (/\ + %) )

Proof: First note that
(A.14)

:/:’ o (%) o7 (1 - %) dz +0(b; ")

holds for large n due to |e=® — (1 — )| < 2/2 for z > 0.
Noting that

o T —z
k3(z,y) = / o ()\ + > 22e *dz
, 2\

and by (A.1) and (A.3), we have

(A.15)
o un(x) _pnun(z) —z 22
o [ Undt) — Prtinl2) 1- =
/y ( iz )° )
/OO o <)\ +I- Z> e *dz — 271, 2ks(z, y)
= - n 3\,
Y 2
OO un(x) _pnun(z)
+/ o [ Lnl®) — Pntin(2)
y ( < V1=p3
T —2z
_P —z
()\—I— N ))e dz
0P [T g [ unl@) — paun(2)
2 Y V 1_10%
_ Tr—z 2 _—z
P (A—i— N )) ze *dz
& T—z
= o <)\+ >62d221bn2ﬁ?3(l’,y)
/ o

+b7%(A + Boa) / o (/\ Lo Z) e~*ds
\ 2

o0 j—
2O — Bn)/ - ()\ + 2 Z) se=*dx + O(b)
\ 2
for large n.
It follows from [7] that
(A.16)

1—®(up(z)) =n"te ™ {1 — b2 (1 +z+ %:ﬂ) + O(b;‘*)]

for large n. Combining (1.3) and (A.14)—(A.16), we have

1 — F(un (), un(y))
+1 = D(un(z))
+0(0,1) +1 = B(un(2))
—n~! [e_x — b2 (1 +z+ %ﬁ)
N /yoo ® (A n “”2_;) e dz — 27 b2y, y)
+0,%(An + Bua) /Oo 2 (A + x;;) ¢ rdz

Yy
+b72(C, — Bn)/ v ()\ + I Z) ze*dz + O(bn‘l)}
; 2

for large m, which implies the desired result (A.12). The
proof is complete. O

Before proving Lemma 4, we cite the following distribu-
tional tail decomposition of standard Gaussian distribution
in [1], i.e., for > 0,

(A.17) 1—-®(z) =z p(x) — r(x)

(A.18) =27 (1 —27?) p(z) + s(z),
where

(A19)  0<r(x) <z 3p(x), 0<s(z)<3zp(z).

Lemma 4. Let norming constant b, be defined by (1.3).
For sufficiently large n, we have

(A.20) sup |A(F™, Hy; x,y)| < Dib;, 2,

(z,y)E(—00,—cn ] XR

where ¢, = loglogb? and Dy is an absolute positive con-
stant.

Proof: By (1.3), (A.18), (A.19) and ¢* > 1+ 2,z € R, for
all y € R we have

L= Fun(=cn),un(y)) > 1 = @(un(—cn))

_ (loglogb?)? log log b2 -2

for large n, which implies that

(A.21)

sup
(I7y)€(_007_cn] xR

" (un (), un(y))
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< sup F" (un(—cn), un(y))

yeR
2 2\2
<|1- log bn 1- (log 12017% b”) o 2 lc{g log b2 \o
n n bn(l — Tn)
< b2 exp | 108 b;)(loglog b7, ) log b
—n 2 log log b2
2b2 b2(1— %)2
< (C(;b;Q

for large n, where Cg is an absolute positive constant. Hence,
F™(un (), un(y)) — Ha(z,y)| < (Co + 1)b,* = Db,

uniformly for all (z,y) € (=00, —¢,] X R for large n, which
is the desired result. |
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