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Berman'’s inequality under random scaling

ENKELEJD HASHORVA AND ZHICHAO WENG*

Berman’s inequality is the key for establishing asymp-
totic properties of maxima of Gaussian random sequences
and supremum of Gaussian random fields. This contribution
shows that, asymptotically an extended version of Berman’s
inequality can be established for randomly scaled Gaussian
random vectors. Two applications presented in this paper
demonstrate the use of Berman’s inequality under random
scaling.
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1. INTRODUCTION

In the analysis of extreme values of Gaussian processes
and Gaussian random fields, Berman’s inequality plays a
crucial role. Essentially, for given two Gaussian distribution
functions in R? it bounds their difference by comparing the
covariances. The key result that motivated this comparison
method is Plackett’s partial differential equation given in
[27]. As explained in [20], it was then developed by Slepian
[28], Berman [1, 2], Cramér [4], Piterbarg [25, 26] and then
by Li and Shao [22]. Specifically, the developed results are
summarised by Berman’s inequality which we formulate be-
low in the most general form derived in [22]. Let therefore
X = (X1,...,Xp) and Y = (Y1,...,Y,) be two Gaus-
sian random vectors with N(0,1) components and covari-
ance matrices Aj = ()\Ejl)) and Ap = ()\Z(-jz.)), respectively. For
arbitrary constants u;,7 < n, [22] obtained
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pij = max(AL ] A,

(1)
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Clearly, for arbitrary constants v;,u;,¢ < n, set w :=
ming <i<, min(| u; |, | v; |)

(2)
P(—Ui < X; gu“lgzgn)

2 w?
< - Ai'e - )
o 2 A Xp( 1+Pij)

1<i<j<n

—P(—v; <Y; <w,1<i<n)

for a detailed proof see [21]. Berman’s inequality can be ap-
plied also to non-Gaussian random vectors. For instance,
consider two random vectors X = (51X1,...,5,X,) and
Y = (S1Y1,...,8,.Y,) with S, S;, i < n some positive inde-
pendent random variables with common distribution func-
tion G being further independent from X and Y. In the
special case G is the uniform distribution on (0, 1), the up-
per bound in (2) implies
(3) Ag (uv V)
= ]P)(—’Ui < SX; <u,1<i < n)
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o Jo 2(1 + piz)
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Another tractable case is when G(z) = 1 — exp(—x),z >
0 is the exponential distribution. Indeed, by (2) for all
0<a,b< 1 we have
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Clearly, if we do not know the distribution function of
S it is not possible to obtain an explicit upper bound for
Ag(u, v). Since for the analysis of extremes of Gaussian ran-
dom sequences or processes Berman’s inequality is applied
for large values of the u;’s and v;’s (see e.g., [26]), in this
paper we are concerned with the derivation of Berman’s in-
equality for some general scaling random variable .S and all
u;’s and v;’s sufficiently large. We shall consider two partic-
ular cases for the random vector S = (S1,...,5,), namely
it has independent components, and it is comonotonic with
S =(5,...,5) = S1. From the proofs it can be seen that
the joint dependence of (S;,S;) for any pair (4,7) is cru-
cial; our results can be in fact extended for certain tractable
dependence models. We shall focus on simplicity only with
these two cases.

Since random scaling is a natural phenomena related to
the time-value of money in finance, measurement errors in
experimental data, or physical constraints, the extension of
Berman’s inequality for inflated/deflated Gaussian random
vectors is of certain interest also for statistical applications.

Of course, Berman’s inequality alone is not enough for ex-
tending [17] to randomly scaled Gaussian triangular arrays;
some additional results (see [15, 16]) which show that for
some tractable tail assumptions on S the scaled random vec-
tor X behaves similarly to X are also important. Specifically,
we shall deal with two large classes of random scaling: a) S is
a bounded random variable with a tractable tail behaviour
at the right endpoint of its distribution function, including
in particular the case that its survival function is regularly
varying, and b) S is a Weibull-type random variable.

In view of our findings, several known results for Gaus-
sian random sequences and processes can be extended to the
scaled Gaussian framework; we shall demonstrate this with
two representative applications.

Organisation of the rest of the paper: Section 2 presents
Berman’s inequality for scaled Gaussian random vectors. In
Section 3 we display two applications, while the proofs are
relegated to Section 4.

2. MAIN RESULTS

We consider first the case that S is non-negative with
distribution function G' which has right endpoint equal to
1. Intuitively, large values of S do not influence significantly
large values of the product say SX if X is a Gaussian ran-
dom variable being independent of S. It turns out that the
following asymptotic upper bound
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P(S>1—-1/u) <cau™"

valid for all u large and some c4 > 0,7 > 0 is sufficient for
the derivation of a useful upper bound for Ag(u,v) defined
above.

A canonical example of such S is the beta random vari-
able, which is a special case of a power-tail random variable
S, namely

6) P(S>1-1/u)=

holds for some ¢ > 0,7 > 0. Hereafter we set w =
ming <<, min(| w; |,| v; |) and write Agq(u,v) instead
of Ag(u,v) if S = (S5,...,5). Further write Ag(ul) and
Agi1(ul) instead of Ag(u,v) if all components of v equal
—o00, u = (U,...,u) =: ul and the covariance matrix Ay of
Y is identity matrix.

Theorem 2.1. Let X,}NC,Y,XN/, S,8;,1 < n be as above. If
(5) holds, then for all u;,v;,1 < i < n large and € > 0 we
have

(7)

(I+o(1)eu™, u— o0

AS(ua V)
w?
S(KA+€ 1<Z Az] 1+Pz]) exXp (_1+Pij)
<i<j<n
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Agi(u,v)

) L . w?
< (K% + e)w™2 E Aij(1+ pij)" exp <_1+p-->7
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where Ky = 24 (T(7 4+ 1))? and K3 = 2 (T +1).

Corollary 2.1. Under the conditions of Theorem 2.1, for
all u large and some positive constants Q we have

9 As(ul)
<QuhT A Xp< v )
< Qu 13%371' T |)\(1 |
and
(10)  Asi(ul)
_or M u?
S 2 e ( ) |>'

We shall investigate below the more difficult case that the
scaling random variable S has distribution function with an
infinite right endpoint. Motivated by the example of the ex-
ponential distribution in the Introduction, we shall assume
that S has tail behaviour similar to a Weibull distribution.
Specifically, for given constants « € R, ¢g, L,p € (0, 00) sup-
pose that
(11)

P(S>u)=(1+0(1))cpu®exp(—LuP), u— 0o



is valid. The class of distribution functions satisfying (11)
is quite large. More importantly, under (11) SX has also
a Weibull tail behaviour if X is a N(0,1) random variable
independent of S, see e.g., [16]. We state next our second
result for Weibull-type random scaling.

Theorem 2.2. Let X,f(,Y,?,S, Si,i < n be as above. If
(11) holds, then for all u;,v;,1 <1i < n large and € > 0 we
have

(12)  As(u,v)
da+2p —2a—p
<Kpt+uw e Y Ay(l+py)
1<i<j<n
X exp (—2(1 + pij)fﬁTwz’szp>
and
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where T = 4% x

Corollary 2.2. Under the conditions of Theorem 2.2, for
all u large and some positive constants Q we have

(14) As(ul)
<Qu4gip Z |>\(1)|
1<i<j<n
xexp( (1+\A<1>|)—%Tuﬁ+—"p)
and
(15) Asy(ul)
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Remark 2.1. a) Clearly, when S is uniformly distributed
on (0,1) then condition (5) holds with ca =T = 1. For this
case we have two results, the one derived in the Introduction
and that given by (7). We see that the bound obtained by (7)
with ca = 7 = 1 is better due to the term w=*7.

b) Also for the case S is a unit exponential random vari-
ables we have two bounds, one which holds for all values of
u;, V5,1 < noand the asymptotic one given in Theorem 2.2.
The bound implied by (12) with cg =1,a=0,p=1,L =1
is asymptotically better than that implied by (4).

3. APPLICATIONS

An important contribution in extreme value theory con-
cerned with maxima of triangular arrays of Gaussian ran-
dom variables is [17]. Motivated by the findings of Hiisler
and Reiss in 1989 (see [18]) the aforementioned contribu-
tion considered a triangular array of N(0,1) random vari-
ables {X,;,i,n > 1} such that for each n, {X,;,¢ > 1}
is a stationary Gaussian random sequence. Assume that
On,j = E(X,,,; X0 i+j) satisfies for any j > 1
(16)

lim (1 — g,;)Inn = §; € (0,00), =0

n—oo

do

and for each n, g, ; decays fast enough as j increases.
Under some additional conditions (see Theorem 3.1 be-
low) the deep contribution [17] shows that for the maxima
Mn = maXj<;<n Xn,z

(17) li_>m P (M, < apz+b,) =exp(—dexp(—zx)), x € R,
where

ap, = (21nn)_%,
(18) 1 1

b, =(2lnn)2 — 5(211171) 2(lnlnn + ln4m)
and

9 Z]P’(E/Q—l— O AWy < 0p_q1, forall k> 2) ,

with F a unit exponential random variable independent of
Wy, and {Wy, k > 2} being jointly Gaussian with zero means
and covariances

Oi—1+ 051 — (Sﬁ,j‘

24/0i—10;1

The proof of (17) strongly relies on Berman’s inequality.
Hence, our first application extends the result of [17] to tri-
angular arrays of randomly scaled Gaussian random vari-
ables. In the following we investigate the effect of a comono-
tonic random scaling considering a bounded S and thus
S =51.

E (W;W;) =

Theorem 3.1. Let {X,, ;,i,n > 1} be a triangular array of
standard Gaussian random variables defined as above satis-
fying (16), being further independent of the iid non-negative
random variables {Sy,,n > 1} where Sy satisfies (6). If there
exist positive integers Ty, 1, such that

l
(19) lim =0, lim =0,
n—o0 T, n—oo N
(20)
- ‘an| 1+‘Qny|) < Cn >
hm —c " : : exp| ——— | =0,
n—o0 'y, Z P 1+ |Qn’j|
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with ¢, :=2Inn — (27 + 1) Inlnn and further

T(l—on j)—@n,j
l—op,j (ln n) 1ton,

lim lim sup Z n en =0,

then for the mazima M, = maxi<i<n SnXn, the result in
(17) holds with ¥ defined as above and

Tn

(21)

j=m

an = (2Inn)" Y2,
(22) b, = (2Inn)Y/? 4+ (2Inn)~1/?

x (ln(c(Qﬂ)_l/QF(l by 2l

(Inlnn + ln2)> .

Remark 3.1. Using similar arguments as in the proof of
Theorem 3.1, the findings of the recent contribution [6] can
also be extended by considering a randomly scaled Gaussian
field on a lattice.

In our second application we consider scaled Gaussian
random vectors where the scaling vector S has independent
components. Let {ka = (Xr(Ll’,l,Xr(f,)c),l <k <nn>
1} be a triangular array of bivariate centered stationary
Gaussian random vectors with unit-variance and correlation
given by

)\o(n),
Aij([k =1, m),

1) =
where 1 < k # | < n and i,j € {1,2}. Further, let
{Xn’k = (X’S?{,X&)ﬂ), 1<k<n,n> 1} denote the associ-
ated iid triangular array of {X,, x}, i.e., corr(f(,(ll},l, )A(T(LQ,)C) =
Xo(n) and corr(XT(i)k,Xgl)) =0,forl <k #1[l<mnand
i,j € {1,2}. Let {Snx,1 < k < n,n > 1} be iid random
variables being independent of {X,, x,1 < k < n,n > 1}

and {ka,l < k < n,n > 1}, respectively. Assume that
the correlation A\g(n) satisfies

(23) lim Z2(1 = Mo(n)) = 222 with A € [0, 00],

n—00 (y,
where
1 o0 1
= 1—F(z)dz, b,=F'(1-=
1_F(bn)/b (1 - F())dz, < n)

n

an

with F~! the inverse of the df F' of Sy X{. It is well-known
(see e.g., [10]) that

lim sup
n—oo z,y€R

P ( max S"-kX'r(Llll < up(x),
1<k<n ;

1<k<n =~ ™

max S, kX(2])€ < un(y)> - HA(x,y)’ =0,
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where u,(2) = anz + by, z € R and the Hisler-Reiss distri-
bution function H) is given by

(24)
H)\ (IZ’, y)

_ P Y=\ _ v r—Y
—exp< e <I>()\—|— 2)\> e <I><>\+ 3\ >),

with @ the distribution function of an N(0,1) random vari-
able.

In the following theorem, we are interested in the case
where only a fraction of random vectors is observed. Assume
therefore that ¢, 5 is an indicator random variable of the
event that the random vector X,,  is observed. Then 5,, =
22:1 €n,k is the number of observed random vectors from
the set {Xp.1,..., Xpnt-

We shall impose the following condition:

Condition E. The indicator random variables ¢, ; are in-
dependent of X, , and S, ;. Further, the convergence in
probability

holds with 7 some random variable taking values in (0, 1]
almost surely.
For notational simplicity we set

Mn(gn) =
maX{Sn,an,lw 1<k< N, Enk = 1}7
inf{x|P (SyxXnr < x) > 0},

- n
if Yg—rEnk 21,
otherwise,

m,(e,) :=
min{Skamka 1<k<n, Enk = 1}7
inf{x|P (Sy £ Xnr < x) > 0},

if 22:1 Enk = 1,
otherwise

and Mn = max{Sn,kak,l
min{ Sy, xXn k1 <k <n}.

For S, = 1,1 < k < n almost surely, according to [12],
under Condition E we have

S k S n}a mTL =

lim sup |P (MT(Ll)(En) < un(:bl),M,(Ll) < un(yl))

N—00 g,y €R
z1<y1

B (A" A (g) | =,

where w,(z) = anz + b, with a, and b, defined in
(18) and A(x) = exp(—e™™), * € R, provided that
lim,, s oo Max;, <x<n A11(k,n)Inn = 0 with I, = [n°], 0 <
ﬂ < (]. — (3')/(]. + 6’) and 6 = maxi<k<n,n>2 |)\11(k,n)| Be-
low we obtain a more general result for our 2-dimensional
setup considering Weibull-type random scaling.

Theorem 3.2. Let {(X\"), X®)\ 1 < k < n,n > 1} be
a bivariate triangular array of standard Gaussian random
vectors defined as above. Let { S, 1,1 <k <n,n> 1} be iid



) o 1 2
random wvariables being independent of {(X( ) X ,)c),l <

n,k’»“*n,

k < n,n > 1}. Suppose that the correlation Ao(n) satisfy
(23) with A € (0,00) and condition E holds. Let B be a

constant satisfying 0 < [ < 2(1 + O’)iﬁ — 1 with o =
X 1 kenin>2 I\ij(k,n)| < 1, and write 1, = [n®]. If (11)

i,j€{1,2
holds and the covariance function satisfies

nh_{gQ  max. [Aij(k,n)|Inn =0,

i,jE{l,Q}
then we have
lim sup
n— o0

z;,y;, €ER,1<4
z1<z3,29<w4,y1 <Y3,¥2<Y4

[P (—un(yn) < mPen) < MO (e

—un(y2) < miP (en) < MP) ()
—Un(yg) < m(l) < M(l) < u, (

n) < un(21),

< un(2),

3);

)
—E(H;(il’l,xQ)H;\](yhy2)Hiin(x3,$4)Hiin(y37y4))‘
=0,

_un(y)<m()<M(2)<u(

where Hy is defined in (24) and norming constants a,, and
b, satisfy

X <glnlnn glnTJrlan>
p p

with T = 27'Q%* + LQ™P, wp = cp(2 —&—p)_%Q_a and Q =
(pL)Y/2+p),

4. PROOFS

PROOF OF THEOREM 2.1 By the independence of S and
(X,Y) and the generalised Berman’s inequality (see The-
orem 2.1 in [22] and Lemma 11.1.2 in [21]), if (5) holds,
then

Ag(u,v)
= ]P(—U <SiXi§ui,1 S’LS’I’L)
—P(—v; < S;Y; <y, 1 <i<n)

[ (p( e s
[0,1]” Sg Si

P(ﬁ <v, <% §i§n>> dG(s1) - - dG(sn)

Si Si
2 /
7 [0

IN

A" 1<i<i<n

(w/si)? + (w/Sj)Q)
— dG(sy) -+ dG(s,
“p( 21+ ) (1) dGion)
T 2 Ay
1<1<]<n
/9)° + (w/t)? >
exp dG(s)dG(t),
/ / ( 1 +ng) ( ) ( )
where p;; and A;; are defined in (1) and w =
ming<;<, min(| w; |,| v; |). Note that for 1 < i,j < n,
e>0

/Olexp (—m (%)2> dG(s)
N/Eil exp (—m (%)2> dG(s)
:/:(:%)j» (s>%)a <1 — exp <—2(1+%)52)>
[ el ) ()

1 2 2 —22)
exp | —=————(w* +2(1 4 p;i;)t+ (1 + p;; ) “w™“t dt

= 2
Tijw ;
N/ ’ IP’(S>1— +p7t) (t >dt
0 1+P1J)

< 1 i'T —27
<ca(l+pij) w exp( 1+p”

2

o @
X / tT exp (—t) dt
0

27 exp (_ ’U)2 )
2(1+ pij) ’

as w — oo. Consequently, for any ¢ > 0 and all large
Uq, U’Lai S n

~eal'(T+ 1) (1 + pij)"w

As(uv) < (D4 )P+ u

2

w
AZ]- 127- - .
Z i1+ pig) exp< 1+Pz‘j>

1<i<j<n

With similar arguments as above we have

Agi1(u,v)

:/01

—P(—3<Yigﬂ,1gign)) dG(s)

(P(—5<Xig%,1§ign)
S S

(w/s)?
< Z A;j / exp <— dG(s)
1<1<]<n 1+ Pij
1—7
< D(1T+1)(ca+ e)w™ 2T
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w?
E Azl i‘T — :
i1+ ) exp( 1+Pij)

1<i<j<n
hence the claim follows. O

PROOF OF THEOREM 2.2 According to the independence
of the scaling factors with the Gaussian random variables
and the generalised Berman’s inequality (see Theorem 2.1
n [22] and Lemma 11.1.2 in [21]) again if (11) holds, then
we have

As(u, V)

= / ([P(——<X<—1<@<n>
[0,00]™ Sq Si

4@(—2 <v, <% Sign)> dG(s1) -+ - dG(sn)

Sq Si

%/[O’OO]" Z Ajjexp <_(w/s2l()i:i—‘_§jgsj)2>

1<i<j<n
= = 2 A

1<z<j<n

IS

where p;; and A;; are defined in (1). Note that for 1 <
1,7 < n and some positive constants ci,ce, using similar
arguments as in the proof of Theorem 2.1 in [16], we have

) ]_ w
o (-5 (4)7) a6t
/0 < (1+Pw)
cow P+2 1 w2
~ exX 571 1 . N\ dG s
/wT p( 2(1+ pij) ) ) “
Cow P F
NCBLp/ 2 S
clwm
1 2
X exp (—Lsp — 5 (E) > ds
2(1+ piz) \ s
w? S o (Lp(14pij)) P2
:cBLp <7> / :
Lp(1+ pij) c1(Lp(1+pi;)) P2

x exp | —Lp (L> m (p~'t? +27172) | dt
Lp(1+ pij)

2
~y (L
P cp(Lp) s

x exp (—(1+ piy) 72 (L7tp~ 7 + (Lp) 2wt ),

IN

dG(s1)---dG(sp)

(w/s)? + (w/t)®

21+ i) ) dG(s)dG(t),

a+p—1
tOH-p—l

2a+p

(1 + Pij ) 2(P+2) w pF2

as w — oo. Hence for € > 0 we have

4(c2 Lp) 5
V) < (cp +€)(Lp) 7 stz
- p+2

As(u
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> A+ pij) T exp (—2(1 + Pij)iﬁTwm) )
1<i<j<n
where T = Lp%pfrzﬁ + (Lp)$2_1. Proceeding as above

Agi(u,v)

- / (P(—E<Xigﬂ,1gign)
0 S

7]P’< Y<—1<z<n>>dG(s)

s
(w/s)* >
< A exp | — dG(s
a 1<Z ! -/ P ( 1+ pij (s)
<i<j<n
< 27uh i (cB+ 6)(Lp) o (p+2) 7w =
> Au(l+ pig) T
1<i<j<n
X exp (—(2(1 + pij)_l)%Tﬂ)%) ,
hence the proof is complete. O

Lemma 4.1. Under the conditions of Theorem 3.1, for any
bounded set K C {2,3...} we have

lim P(SpXnk < un, k € K|S, Xp1 > up)

n—oo
P (E/2 O Wi < S,k € K) :

where E is a standard exponential random variable indepen-
dent of {Wy,k € K} and the Wy, have a jointly Gaussian
distribution with mean zero and

di—1+0j-1 — dji—j|
24/0;—10;5_1 ’
Proor or LEMMA 4.1 A centered Gaussian random vector

X, = (Xnk, k € KU{1})T with covariance matrix B,] B,, =
(On,li—j|)ijexuq{1} has stochastic representation

E(W;W;) =

i,7 € K.

(Xppke KU{NT £ RBIUppi1,

where m is the cardinality of set K, R is a positive random
variable such that R? is chi-squared distributed with m + 1
degrees of freedom and independent of U,,;; which is a
random vector uniformly distributed on the unit sphere of
R™*1. Since S, is independent of X,, ; using Corollary 5 in
[3] we have (set t,(y) = un + y/un)

d A
(San,k7 ke K‘San,l = tn<y))—r = Rm,yB»IUm'i_tn(y)Zl?»

where Y12 = (oni-1,k € K)', BlBn, = (0nji—j| —
On,i—10n,j—1)ijek and Ry, , is a positive random variable
independent of U,, with distribution function £}, , defined
by

((tn ()2 4222 o
tn(y) (s
me(@ =

ftcf(y) (52

— (ta(y))?) st dF ()
— (ta(y))?) % tstmdFy(s)




x > 0, with Fy the distribution function of S, R. According {i1,...,%p,j1,.. ., Jp' }> {81, ., ¢p} and {j1, ..., jpr }, we thus
to Theorem 3.1 in [11] Fy in the Gumbel max-domain of have
attraction and

P (San 1> tn(y))

26 I 7 _eV,  WyeR
20 e X sy ¢ e

F2F . ,j,, (un) = Fiy iy, (un) Fjy g ()|
2

_ n,i 1+‘an|) u

<3 27' |Q ( _ n i

Qu,, E — exp |~y o]
i=ly \/ an ’

Hence, by Theorem 3.1 in [§]

By Example 1 in [9] and Table 3.4.4 in [5] we have
(27) Pn.y ::P(Snxn,k < unak S K|San,1 = tn(y)) Y [ ] [ }

Un (1 — Qi,k_1)1/2 One1 lim nP (S, Xn1 > un(z)) =%, V zeR,
) where u,(x) = apz + b, with a, and b, defined in (22).
< uy, (1 _2Qn,k71) ke K> Consequently, as n — oo

2 — —
%P(@W,ﬁrggék,l,kel(), n— 0o (28) ur(x) =2Inn — (27 4+ 1)Inlnn + O(1).

Hence, in view of (19) and (20), Theorem 2.1 in [23] implies
uniformly on compact sets of y, where

(Zni k€ )T £ Ry, ,BI U, lim {IP’ <1rggxn5 X < up(x )>
with —exp ( —nP (San,l > Uy, (z))
o P , _< .
BB, = [ —Znlizil — Cniz1Onj1 P( (:]2 {80 Xni < tn(@)}SpXp1 > un@)))} 0

\/(1 - 92,171)(1 - Qi,jq) ek
7 Note that for m < j < r, we have

and {Wy,k € K} being jointly Gaussian with zero means

and covariances W>u 1- Onj Y On,j
n
14+0n; uUn / 2
Sii1 481 — 6 n,] n 1—9 .
E(W;W;) = 1921 il e K. "

)
24/0;—16-1 o T(-en,j)=en;
_l=eong (ln n) 1+on j
< On ‘fong

Since further 1 QEL ;

P(SnXnk <tn, k€ K|SpXn1 > uy)

where W is a N(0,1) random variable. The claim can then

_ /Oo Dn dP(Sanxl < tn(y)) be established by using similar arguments as in the proof
TP (Sn X > un) of Theorem 2.1 in [17] making further use of (21) and
Lemma 4.1. 0
the proof is established by applying Lemma 4.4 in [8] (recall Next. for some index sets I. N we define
(26) and (27)). O ’
PROOF OF THEOREM 3.1 According to (8), if 1 < ky < M(n:€n) =
< ks <nandk = min1§i<s(ki+1 — k/’l) then the joint max{Skan’k,k c Inaan,k = 1}7 Zf Zkeln Enk > 1;
distribution function F; £ S Xnkys - s SnXn t- . - _
.‘IS r‘l HHlon TURCHOR Sk, ks © e ko 5% inf {X|IP (Sn Xk < x) > 0}, otherwise,
isfies ; .
s m(Il,,e,) =
Fy .. k. (un) - HP(SanJw < up) ( n ~ 5 .
i=1 mln{Skan,k; ke Inagn,k = 1}7 ’Lf Zke[n En,k > 11
2 . S .
< —2rnz [0n,i|(1 + |oni])" exp (_ Uy, ) inf {x|]P’ (Sn,an,k < x) > 0} , otherwise.
/]_—an 1+|an|

For simplicity, we write M, (en) = A({l 2,. n},sn)
Suppose now that 1 < i3 < -+ < i < ji < -+ < jp < M(I,) = max{S,, ank,k e I}, Mn = max{Sn ank,
n and j1 — i, > l,. Identifying {ki,...,ks} in turn with 1 <k < n}. Similarly we also define m, (¢,,), m(Z,), m,.

Berman’s inequality under random scaling 345



Lemma 4.2. Let {(X(l) X(2)) 1<i<n,n>1} bea tri-

n,t? n,t
angular array of centered stationary Gaussian random vec-

tors defined as above with the correlation Ao(n) satisfying
(23) with A € (0,00). Further let {Spk,1 <k <n,n>1} be

itd random variables being independent of{(X(l) X(2)) 1<

mn,t )

i <n,n > 1} and satisfying (11). Then we have

lim P <7un(y1) < ﬁlg) < ]\77(11) < up(z1),

n—oo
~wn(ye) <P < MP < uy(a2) )
= Hy(x1,22)Hx(y1,92)-

PROOF OF LEMMA 4.2 Our proof is similar to that of The-
orem 2.1 in [14]. For any integer n we may write

n (1 — P(n,r1,72,y1,Y2))
= nPl(n73317372)+np2(n,ylvy2)
_nPB(nvxlvyZ) - nP4(na ylva)v

where

P(n,z1,22,y1,Yy2)
(xl)a

= IE”( un(y1) < Spa X <
~wn(y2) < Sua X} < n(e2))
Pi(n,z1,22)
= P <Sn 1)27(11% > un(scl)) +P (Snlf(f% > un(xg))
-P (Sn 1X( 1 > un(xl) Sn 1X( % > ’U,n($2)>
P2(n7 y17y2)

_P (sn,leji < -
P3(n, Jfl’y2)

= P(S XM > (1), S0 X0 < fun(yz)),
P4(n,y1,x2)

= P (501X < —un(0), Sun X > wnl2)

Anl)i, X 2%) has the following stochastic

n7

The random vector (
representation

S(1) $(2)y d

(X X2 =

n’

(Rcos®, Rcos(0 — 1)),

where R is a positive random variable being independent
of the random variable 6 which is uniformly distributed in
(—m,m) and v, = arccos(Ag(n)). If S, 1 satisty (11) and
is independent of (X,(Ll%,X,(j%), using Laplace approxima-
tion (see e.g.,[16]) we have that the distribution function
of Sp1R is in the max-domain of attraction of the Gum-
bel distribution. Hence, according to Remark 2.2 in [13] we
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have

(29) lim nP (Sn 1X( 1> up(x )) =e?, zekR,

n— oo

where u,(x) = apz + b, with a, and b, defined in (25).
Moreover, by Theorem 2.1 in [7]

lim nPi(n,x1,x2)

n— o0
_ L1 — 22\ gy L2 = X1\ g
<I>()\+ o )e +<I><>\+ 7 )e
=: D(z1,29)
and since (=S, Xr(Ll17 —Sn,an%%) 4 (S, 1)27(111,5’,115(”2%)

lingonPg(myl,yz) = D(y1,y2)-

n—
Since lim,, 00 Ag(n) = 1, lim,,_, o0 ¥, = 0 implying

lim ’(LP3 (ﬂ, T, yg)
n—oo

= lim nP (S, 1Rcos(0) > u,(x1),
n—oo
Sn,lRCOS(e - %) < _un(yl))
= lim nlP(S,,1Rcos(0) > u,(x1), cos(d) > 0,
n—oo
Sn1Rcos(0 — y,) < —un(y1),cos(d —y,) <0)
= nl;néo n]P’(Sn,chos(G) > up (1),
Sn,lRCOS(e - 1pn) < —upn(y1),
7r 7r
max (—5,—7r —l-wn) << —3 +¢n)
= 0.

Similarly, we have lim,,_, o, nPs(n,y1,x2) = 0. Hence for all
T1,%2,Y1,Y2 € R

lim P (—
n—oo

~tun(y2) < 2 < M < wn(a2))

Uun(y1) < M < MY < uy (1),

= lim (P<n $1,$27y17y2>)

n—oo

= lim ( ( (n xlax27y1ay2>))n
n—oo

D D 1\\"
-  lm (1_ (21, 22) + (y1,y2)+0(_>>
n—00 n n

= exp(=D(z1,22) — D(y1,%2))
HA($1,$2)H>\(y1792)»

hence the proof is complete. [

Lemma 4.3. Under the conditions of Lemma 4.2, if the in-
dicator random variables en = {€n,i, 1 < i <n} are indepen-

dent of both {(X - X(z)) 1<i<n}and {Sni1<i<n}

n, i n,t
and satisfying condition E, then

lim
n— o0

sup
z;,y; €ER,i={1,2,3,4}
z1Sw3,22<24,¥1<Y3,Y25Y4



Proor or LEMMA 4.3 Using similar arguments as for the
derivation of [19], let K, = {j :

s <

l’ v = [%]7 X = (‘rlﬂx27x37m4)7 y =

that 0 <n <1 a.s., write

B, = {w :n(w) € {

Set

and

Using similar arguments as in the proof of Lemma 3.3 in
[24] for n large we can choose a positive integer 7, such

Buip, ={w:enk(w) =Bnk, 1 <k <n}pNBy,,.

P(Ks, fn,x,y)

P (—un(yn) < M (K, B2) < MO (K, B) < unla),

_un(yQ < m(2 ( saﬂn) < M( )( saﬁn) S Un(l'g),

)
—un(y3) < m(”( ) < MOY(K,) < up (),
) <

~un(ys) < WP (K,) < MO (K,) < un(w))

P(n’ /8n7 X7 Y)

— P (unln) < A ><Ml>< ) < un(za),
7(1)<M(1)<u( )
(

m? < M® < un(m)) :

that | < 0, < v and 7, = o(n), by (29) we have

(30)

l
P(n, Bn,x,y) — [[ P(Ks, Bn.x,y)

s=1

—un(yl)) +P (S’n 1X( i > un(:c1))

+P <Sn,1Xn?i < —un(yz)) +P (Sanff{ > un(xg)))

(s—=1w+1<j<sv},1<
(yla Y2,Y3, y4) and where
Brn = {Bnk,1 <k < n} be a nonrandom triangular array
consisting of 0’s and 1’s. For some random variable 7 such

Note that
Vi 0
17?21—V< f?)ZQ
ZjeKs B H
(B ) s, s,
< P(Ks, Bn,Xx,y)
v 0
<)

N (ZjGKS Brnj  n

v 2l

) I/(EQ — 21) =+ 1/23,

¥ = Pi(n,z1,22) + Pa(n,y1,y2)

— P3(n,x1,92) — Pa(n, y1, 22),
Yo = Pi(n,x3,24) + P2(n,y3,94)

— P3(n,w3,y1) — Pa(n, ys, za)

with P;(n, z1, 22)’s defined in the proof of Lemma 4.2 and

33

= Z Z(P< ”1X(z)s Dr+1 > up(z:),

={1,2} t=2
S, IX(JES Dot > un(xj))
+P (Sn 1X( )(S D1 > Un(Ti),
Sua X e < ()
P (Su1 X0, 1yyan < —unlpa),
Sn 1X7(z zs 1)1/+t > u"(xﬂ>)
P (1R iyer < —unl),

Sn 1)((]2‘g Dot < —Un(yj))> .

Since 0 < 1 —%¢¥; —v(1— £)¥2 < 1 applying Lemma 3 in
[19] we obtain

I (B/'Lvlvﬁn))

I (Bu,lyﬁn)>

’]I(Bu,l) n(E; — Xo)

2t—1
sy Y Y & ( I P By)
n=0 B,e{0,1}» s=1
ﬁ _ gnZl - (1 - %) 77,22
it l
-1
-y v E<z1p Koy frr,)
p=0 B,e{0,1}»
_ 1 TnZl (1 'I—Z) HEQ
l
ol 1 ZjeKs En.g %
< ZZE l

p=0 s=1
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+n23
Eus EV(S_I)
< (2s—1)(d d| ———=
Z[ =0 (4(Sn) e (F0)
1 H(El—ZQ)
ﬂf”z&

where d(X,Y) stands for Ky Fan metric,
inf{e,P(|X — Y| > ¢) < e}. Furthermore,

ie., d(X,Y)

l

2 LSy — (1— &
> > E(IIp-2 —

#:0 5716{0 1}71. s=1

_H[l_nnzl—(ll
ZZE()

p=0 s=1
< n(El-i-Eg)
,421

(32)

D0 1(51,)

\ /\

(X1 + %)

)

By the fact that lim,_,o d(Z2,7) = 0 and utilising (29)-
(32), by passing to limit for n — oo and then letting v — oo

we obtain

n(D(z1,22) + D(y1,y2))

P(n,en,x,y) —E <1 -

l
(1= n)(D(x3,x4) + D(ys,ya)) '
l
< D(I17I2)+D(y1,y2)
- 2l-1
1 —x - —x - 2
+Z(€ L4e ™ fem 2 fe7¥2)°
Next, letting | — oo implies
lim sup |P(n,en,X,y)
n— oo

x;,y; €R,i={1,2,3,4}
z1<w3,22<24,Y1<Y3,Y25Y4

—E (H;?(xla wo)HY (y1,yo) Hy (w3, 24) Hy " (ys, y4)> ‘

:0’

hence the claim follows.

PROOF OF THEOREM 3.2 If (11) holds, by (12) for some

positive constant @ we have

B (—n(n) < D e2) < MD(e,) < unn)

—un(y2) < miP(en) < M () < un(w2),
—tn(y3) <mP < MY <, (z3),

—tun (1) <P < MO < ()
P (—un(y1) < D (en) < M (o) < un ),
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A
©
S
g
I

where w = min(|uy, (x;)|, |un(yi)],1 < i < 4). In view of
Lemma 3.3 in [13], the sum of the right side of the inequality
tends to 0. Thus the claim follows by Lemma 4.3. (]
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