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Threshold variable selection via a L, penalty

approach”

QIAN JIANG AND YINGCUN XIAf

Selecting the threshold variable is a key step in building
a general threshold autoregressive (TAR) model. Based on
a general smooth threshold autoregressive (STAR) model,
we propose to select the threshold variable by the recently
developed Li-penalizing approach. Moreover, by penalizing
the direction of the coefficient vector instead of the coeffi-
cients themselves, the threshold variable is more accurately
selected. Oracle properties of the estimator are obtained.
Its advantage is shown with both numerical and real data
analysis.
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Variable selection, Adaptive lasso, Oracle property.

1. INTRODUCTION

Tong’s threshold autoregressive (TAR) model (see, e.g.,
Tong and Lim, 1980) is one of the most popular models in
the analysis of time series in biology, finance, economy and
many other areas. It assumes different AR models in dif-
ferent regions of the state space divided according to some
threshold variable y;_4, d > 1. A typical two-regime thresh-
old autoregressive (TAR) model is

p
(bo +) bj?Jt—j) L-(Yt—a) + &t
=1

where I, is an indicator function such that

I.(z) = {(1)

In Chan and Tong (1986, esp., P187), a more data driven
model, smooth threshold autoregressive (STAR) model of
the form

P
Yt = aop + Zajyt—j +
j=1
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was proposed, where F'(.) is any sufficiently smooth function
with a rapidly decaying tail. However, the most commonly
discussed TAR or STAR models use one lagged value y;_4
as the threshold variable and most existing studies focus on
either model specification or parameter estimation with the
delay parameter d chosen by hypothesis testing. See, e.g.,
the van Dijk, Terésvirta and Franses (2002) for a review.
It is obvious that the selection of the threshold variable is
essential in building a TAR model.

In this paper, we study the following STAR(p, ¢) model

p
(1) w= <a0 + Z%‘Zha’)
j=1
P q
+ (bo + Z bjytj> d (90 + Z ijt]) + Et,
7j=1

Jj=1

where we set F' equal to the standard Gaussian distribution
for simplicity of discussion although this is not essential.
{e4} is assumed to be a white noise with finite variance o2,
and be independent of the past observations {y,, s < t}. The
threshold variable z; = 6y + Z?Zl 0;y:—; is a linear function
of lagged endogenous variables.

One advantage of the proposed model is in the selection
of threshold variable. For example, if 0, are all zeros except
for k = j, then the selected threshold variable is y;_;. We
have the following result about the stationarity of the model,
for which the proof can be found in the Appendix.

Lemma 1.1. If

P
sup Z la; +bjul < 1,
O§u§1j=1

(2)

there exists a strictly stationary solution {y:} from the
model (1).

We propose to use the recently developed L; regulariza-
tion approaches which tend to produce a parsimonious num-
ber of nonzero coefficients for z;, thus leading to a simple
way of selecting the significant /threshold variables without
testing the 29 —1 subsets of {y;—1,y¢—2, ..., Yt—q}. The lasso
penalty can perform model selection as well as estimation.
However, its variable selection may be inconsistent (see, e.g.,
[12]). Fan and Li (2001) proposes the SCAD penalty which
is shown to have oracle properties. But the concavity of the
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penalty function may result in a local minima problem. In
this paper, we adopt the adaptive lasso penalty proposed in
the paper of Zou [12], which is convex and leads to a vari-
able selection estimator with the oracle properties. More-
over, we propose a direction adaptive lasso method. By pe-
nalizing the direction of the coefficient vector instead of the
coefficients themselves, the threshold variable is more accu-
rately selected, especially when the sample size is not large
enough. Note that the norm of the coefficient vector implies
the threshold shape, which should not be penalized. Our pe-
nalization on the direction can achieve this goal while the
direct penalization on the coefficient cannot. Both numerical
and real data analysis are provided to illustrate its advan-
tage. The oracle properties of the resulting estimators are
also obtained.

The rest of the article is organized as follows. In Sec-
tion 2 we derive the consistency and asymptotic normality
of the conditional LS estimator. In Section 3 we propose to
use the adaptive lasso method to select the threshold vari-
able and estimate the unknown parameters simultaneously.
As in the regression case, the adaptive lasso estimator has
the oracle properties. In Section 4, we propose the direc-
tion adaptive lasso method and show its oracle properties.
Section 5 is devoted to simulation and real data analysis.
The study compares the LS estimator, adaptive lasso esti-
mator and the proposed direction adaptive lasso estimator
in two data generating processes and one real data set: the
Canadian Lynx Data.

2. THE CONDITIONAL LEAST SQUARES
ESTIMATOR

Let a = (ag,a1,...,a,)", b = (bo,b1,...,b,)", 0 =
(0o, 01,...,0,)", we rewrite model (1) as
3) ye =) a+ (2] b)2(s] 0) +
where
x;r =1, yt—1,-- -, Yt—p), s;r =1, ye—1,- -, Yt—q),

fort =m+1,...,T and m = max(p, q). The unknown pa-
rameters n = (a',b",0")T = (n1,...,n.)" (L =2p+q+3)
is assumed to be in an open set © of R®(2P+4+3)  Denote
0= (00, ﬁT)T = (90,81, ceey gq)T with ¢ = (91, ey Hq)T S
R? and the true value ¥y = (010, ...,0,0) . Denote the true
value of by 79 = (a , b(—)r, HJ)T. For ease of exposition, we
use the boldfaced letter to denote a vector if there exists
the same notation for a scalar. For example, ag denotes the
true value of the vector a = (ag,ay,...,a,)" and 6, denotes
the true value of vector 8 = (0o, 01,...,0,)". Let K be the
index set of those j € I = {1,...,q} with 6,0 # 0 and & be
the number of components of K and denote K = I'\ K.

For each t, we refer to the lagged variables of y; in the
set {y;—j,j € K} as the significant threshold variables and
define the transition variable z; as
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(4)

Denote by # = o(y1,...,yt) (t > 1) the o—field generated
by ys,1 < s <t and by %, the trivial oc—field. Define

(5) lt = (17z;|—)—|—, [t = (yt—17 e

and

zZt = 52—9 =00+ 01y—1+ -+ 0qY1—q-

) yt—m)T

g, 1) = g(n, Fi1) = Ey(ye| Fi-1)

=z a+ (z/b)®(s]0), t>1.
Given a set of observations {yi,...,yr}, the conditional

least squares (LS) estimator minimizes the objective func-
tion

6) Qr(n)= Z (ye = En(yel Fi-1))?
t=m+1
T
= > {w-ala— @0 o)},
t=m+1

with respect to 7. Let nk° denote the least squares estima-
tor.

Theorem 2.1. If {y;} is a stationary ergodic sequence of
integrable variables and ly has a positive density function
almost everywhere, then as T — oo,

LS
nr- — No, a.S.

T2 —1m0) = N(0,0°U1),

where

) v=F, <3g<fmo> u(. 770))

on onT
- B 89(l~0777o) ) 89(50,770)
7o 877 37]T

is positive definite.

Remark 2.2. Using the Fisher information matrix I(n),

01 01l
I(n) :En{ gsf ' a;ng}

_ 1 Joglem) 0g(sm)
K on onT ’

(10)

o2

2
St
202

where f = (v2m0o) "t exp{—
2.1 can be written as

(11)

}, the result of the theorem

T2 (kS —ng) = N(0, 17 (o).



3. THE ADAPTIVE LASSO ESTIMATOR

In this section, we shrink the unnecessary coefficients of
the transition variable z; to 0 and select the true threshold
variables by the adaptive lasso approach proposed by Zou
[12]. We use 74P to denote the adaptive lasso estimator of
7 which minimizes

(12) 77t =Q

q
r(n) + Ar > 11651,
i=1

where the weight w; is the reciprocal of an increasing func-
tion of the corresponding LS estimate of 60;, ie., w; =
1/\9]-LS|"’7 Ar > 0, v > 0 are two nonnegative tuning pa-
rameters.

Let KAPL = {j : 9jADL # 0,1 < j < ¢}, where 934DL

is the adaptive lasso estimate of #;. Recall that K = {1 <
Jj < q:0;0 # 0} and k = |K|. That is, the correct model
has k significant threshold variables. For any vector/matrix
A, denote by A (k) a sub-vector/sub-matrix of A formed by
the elements at K’th rows (and K’th columns) of A. For
example, if A = (a;;)1<ij<s and K = {1,3}, then Ax) =
(aij)ij=1,3-
AT
ok
Then the adaptive lasso estimates nADL satisfy the following
oracle properties:

Theorem 3.1. Suppose that — 0, and )\TTWTf1 — 00.

1. Consistency in variable selection:

lim P(K4PL =

T—o0

K)=1.
2. Asymptotic normality:

\/T(U%?I%) —No,(k)) = Noptnts(0,17 (o, (x)))-

The second part of Theorem 3.1 implies that the final
estimator can achieve the efficiency of the estimator when
the true threshold variables are known and estimated with
irrelevant variables being removed. Thus, as in the literature
estimator 72 P% has the so-called oracle property.

4. THE DIRECTION ADAPTIVE LASSO
ESTIMATOR

As ¢ = 400, the function ®(c¢(x — r)) approaches to the
indicator function

I(z) = {(1)

which is the threshold principle of the classical two-regime
TAR model. However, in the STAR(p, ¢) model (1), when
the length of the vector ¥ = (01,...,0,)" is large, pe-
nalizing 6; = 6;/||9| instead of 6; seems more desirable
(j = 1,2,...,q) than penalizing the coefficient vector since
the latter also penalizes the length of the coefficients, which
plays the role of c.

ifx>r,
if v <,

We call the estimator by adaptively penalizing the direc-
tion of coefficient vector the direction adaptive lasso estima-
tor and denote it as n24L, which minimizes

(13) Qr(n +ATZwJ‘0|_QT )\—ﬁijIQj\,

j=1
where [(9) = /607 +

ciprocal of an increasing function of the corresponding LS
estimate of 0;, i.e.,

-+ 02, the new weight w; is the re-

1 (07%)

~ aLS |y _
wjf]'/laj |’Y* |9LS|’Y ’
J

and Ar > 0, v > 0 are two nonnegative tuning parameters.
The oracle properties of nAD L are provided by the fol-
lowing theorem.

Lemma 4.1. As T — oo, 5%3, the LS estimator of ¥ sat-
isfies

15548 — ’l§()7 a.S.
and

T1/2(1§%S - ’50) = N(07 S)a

where 9y = Vo /1(9) and

= (ﬂOTﬁO)_l(Iq - 1%ﬁg)l_l(ﬂO)(Iq - 7§OT§(T)
is a non-negative definite matriz with rank ¢q—1. Here, I, is
the q x q identity matriz, I-1(99) is submatriz composed of
the last ¢ rows and the last ¢ columns of the inverse matrix
of I(no) defined in (10).

Denote KRAL = {j : éfAL #0,1 < j <gq}, where é;»jAL
is the adaptive lasso estimate of 9~j.
Ar
\/7
Then the direction adaptive lasso estimates nDAL satisfy the
following oracle properties:

Theorem 4.2. Suppose that — 0, and /\TT%1 — 00.

1. Consistency in variable selection:

lim P(KPAL =

T—o0

K)=1.

2. Asymptotic normality:

VT (P& = 10.5)) = Nopiwss (0,17 (no,(x)))-

Under the same condition as the adaptive lasso method,
Theorem 4.2 indicates that the proposed direction adaptive
lasso also selects the correct subset of threshold variables
consistently. From the asymptotic normality, the method
can estimate the non-zero parameters efficiently as if we
knew in advance which variables were uninformative and
were removed.
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5. COMPUTATIONAL ISSUES

For the adaptive lasso and direction adaptive lasso esti-
mator, we apply the local quadratic approximation (LQA)
proposed in Fan and Li (2001) to our implementation. Sup-
pose we have an initial value 8g = (6po, 601, - . - ,004) | that is
close to the optimization solution, except for a constant, we
can equivalently get the adaptive lasso estimator through
minimizing

A
Qr(n) + 7T9T29,

and get the direction adaptive lasso estimator through min-
imizing

Ar o+
Qr(n) + Wa X0,

where ¥ = X(0y) = diag(v) with 8y being the value of the
last step, and for the adaptive lasso,

v= (0’w1/|901‘7 .- 'awq/|90q|)—r7 w; = 1/|9iLS|’Y7
for the direction adaptive lasso,
v=(0,@1/|001l,- -, @q/|00g) T, @i = 1/10F5]".

Remark 5.1. Under the assumption that 6y # 0, the tran-
sition variable
(14) zg =00+ 011+ -+ Oqy—q

can also be equivalently written as

_ 14+ 7mye—1+ -+ Tgl—g

(15) Zt c

with
C:1/90, Tj :9j/90, j: 1,...,(].

In the numerical experiments, we use this form to evaluate
the estimation accuracy.

Specifically, when we evaluate the MSE of the estimate
of § = (éo,él,...,éq)—r7 we use (7,¢) = (f1,...,74,¢)
instead. That is, we evaluate the deviation of (7,¢)
from the true value (19,¢9) with 70 = (70,...,790) =
(910/900, . 7eqo/e()o) and Co — 1/4900.

M-folder cross validation (CV) and Bayesian information
criterion (BIC) are used to select the tuning parameter p =
(M, 7y) and v € {0.5, 1,2} which is consistent with the choice
of v in Zou [12]. For the BIC, the criterion is

" log(T' — m)

BIC, = log(RSS,) + df(p) —.

where

T
RSS, =T~ 3 {y—afa—(a/b)0(s; 0)}’

t=m-+1
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and df(7) = 2p + 3+ ¢ with § being the number of nonzero
coeflicients identified by the estimate. For the M-folder CV,
denote the full data set by T, and denote the cross-validation
training and test set by T'— T" and T",v = 1,..., M, re-
spectively. For each p and v, we find the estimate using the
training set and find a p that minimizes

M
CVip) = > (g —d)%

v=1yreT?

where g is the corresponding fitted value.

6. NUMERICAL EXPERIMENTS

Our aim of numerical experiments is to show the perfor-
mance of using the Lj-penalization to select the threshold
variables. Moreover, the finite sample performance of the
LS estimator, adaptive lasso estimator and the proposed
direction adaptive lasso estimator are also compared. We
summarize the results in the following aspects. (1) Estima-
tion accuracy. Mean squared error (MSE) is examined. For
r=1,...,R, let

P P

MSE, = > (a7 — ai0)* + Y _(b] — bio)*

i=0 i=0

q
+ Z(ﬁr — Ti0)2 + (éT — 00)2.
=1

and MSE= "% MSE,/R. The standard deviation MSE,
over the R simulation replications is also measured. (2) The
average number of correctly selected 0 coefficients of the
threshold variable.

We use the following three setups for tuning parameter
selection.

Setup 1 Two folder CV.
A take a set of values with exponentially increasing
gaps, say, A = n® db = 1b+ (N — 1)d, with Ib > 0,d =

%:llbmb < 0.5, where the integer N is the number of
choices of A\, and 1b and ub are chosen such that (), ~)
satisfies
A A
50, —= 0?5 .
i et T
as n — oo.

Setup 2 Five folder CV and A =0.5¢,i =1,2,...
Setup 3 BIC and A =0.5¢,: =1,2,...,20.

,20.

Example 6.1. In the simulation, the following two STAR
models

Model 1: p = 2,q = 2, the true threshold variable set is
{yt—2} C{yt—1,yt—2}. The model is

Yt = (8 — 0~4yt—1 —+ 0-5yt—2)
+ (=10 + 0.3y;—1 — 0.4y —2)®(—5 + 6y;—2) + &



Table 1.1. Estimation results for Model 1 under Setup 1

n Method MSE S.d. Avg. no. of 0 coeff.
50 LS 5.0885 230.7513 0
AL 1.3200 46.6351 0.56
DAL 0.6407 27.2812 0.76
100 LS 1.1944 58.5926 0
AL 0.1322 1.3404 0.58
DAL 0.2261 5.9606 0.66
200 LS 0.0446 0.4138 0
AL 0.0353 0.2849 0.74
DAL 0.0401 0.3846 0.84
500 LS 0.0113 0.0962 0
AL 0.0108 0.0946 0.76
DAL 0.0111 0.0964 0.78

Table 1.2. Estimation results for Model 1 under Setup 2

n Method MSE S.d. Avg. no. of 0 coeff.
50 LS 4.2117 224.9379 0
AL 1.1895 35.3070 0.58
DAL 0.4380 8.1961 0.72
100 LS 45.8695 2908.6 0
AL 0.2163 6.7845 0.62
DAL 0.1372 2.5903 0.70
200 LS 0.0499 0.8037 0
AL 0.0398 0.3985 0.60
DAL 0.0427 0.5044 0.64

Model 2: p = 2,q = 4, the true threshold variable set is
{ye—1,9t-3} S {yt—1,Yt—2,Yt—3,yt—4}. The model is

Y = (2 + O.5yt_1 - O.4yt_2) + (—15 - O-4yt—1
+ 0.2y;—2)P(—10 + 5y 1 + 3y—3) + &4,

where ¢; is simulated from N(0,1). In the second model
setup, we let the order ¢ = 4 which is bigger than the largest
lag of the true threshold variables.

A total of 50 simulation replications are conducted for
each model setup. For every simulated data, we find the LS,
adaptive lasso and the direction adaptive lasso estimates.
The calculation results are summarized in Tables 1 and 2.
We can see from Tables 1.1, 1.2, 2.1 and 2.2 that the DAL
method can indeed improve the estimation efficiency over
the direct adaptive Lasso method. The DAL method is also
more powerful in eliminating the unimportant variables.

Example 6.2 (The Canadian Lynx data). To further illus-
trate the performance of the proposed method in selecting
the threshold variable set, we examine one popular studied
real data set. Following Tong (1990), we transform the data
by taking base-10 logarithm to the original data, and de-
noted the transformed time series by y;. Now assume that
the time series follows the STAR(p,q) model. Applying dif-
ferent estimation methods to the data, we have the results
listed in Table 3.

Both biological facts and previous statistical data anal-
ysis suggest that the significant threshold variable can be
Yt—2 OT Yz_3 or both. (See, e.g., Tong [9] section 7.2, Fan and
Yao [4]). Both the adaptive Lasso and the direction adaptive
Lasso tend to lend support to the above suggestion.

APPENDIX A. PROOFS
-

Proof of Lemma 1.1. For © = (z1,...,%m) , m =
max(p, q), denote ®(z) = P(6y + ZJ 105x5) thus 0 <
®(z) <1 and we have

lg(n; |—|<ao+zaﬂﬁa> (‘P(x)Jerj‘P(x)xj)‘

j=1

(a0+b0 Cl]-i-b‘l)

<|a0+b0 a]+b¢>

P+ 2
1+[

P
<Y laj +b;®()||zy| + C
j=1

p
< Z laj + b;®(x)| max{|x1],..., |z,|} + C
j=1

‘When

sup aj +bjul <1,
S ZIJ |

the model is geometrically ergodic by the Theorem 3.2 of An
and Huang (1996). Hence, there exists a stationary distribu-
tion F' such that the time series y; given by (1) and initiated
at Iy = (Y1, Y—my1) | ~ F is strictly stationary. O

Proof of Theorem 2.1. The proof that U is positive definite
is the same as the proof given by Chan and Tong (1986) in
its Appendix II, we thus omit it here.

To show the consistency and asymptotic normality, we
follow from the standard method proposed in Klimko and
Nelson [8].

First, note that nk°
equations

is actually obtained by solving the

aQr(n)
on;

(16) =0, j=1,2,...,L,

and if we denote the difference u.(n) by
ur(n) = ye — 90, Fe-1),

then {us(no)} is a sequence of martingale differences.

Threshold variable selection via a L1 penalty approach 141



Table 2.1. Estimation results for Model 2 under Setup 1

Estimation accuracy Model complexity
n Method MSE S.d. 02 =0 0,=0 =0
Avg. 0 no. and 64 #0 and 6 #0 and 65 = 0
50 LS 0.1136 1.0532 0 - - -
AL 0.5348 14.2598 0.88 0.30 0.14 0.22
DAL 0.1828 4.9394 1.44 0.14 0.14 0.58
100 LS 0.0677 0.7656 0.02 0.02 0 0
AL 0.2207 5.3545 0.92 0.28 0.16 0.24
DAL 0.0710 0.9065 1.3 0.08 0.10 0.56
200 LS 0.0274 0.2856 0 - - -
AL 0.0882 1.6219 1.32 0.26 0.10 0.48
DAL 0.0302 0.3619 1.68 0.10 0.06 0.76
500 LS 0.0098 0.0795 0.02 0 0.02 0
AL 0.0124 0.1393 1.50 0.14 0.08 0.64
DAL 0.0103 0.1007 1.82 0.04 0.10 0.84
Table 2.2. Estimation results for Model 2 under Setup 3
Estimation accuracy Model complexity
n Method MSE S.d. =0 0s=0 =0
Avg. 0 no. and 94 #0 and éz #0 and 94 =0
50 LS 0.1531 2.6703 0.02 0 0.02 0
AL 9.2426 596.30 1.28 0.22 0.18 0.44
DAL 0.1932 3.2533 1.62 0.16 0.06 0.70
100 LS 0.0678 0.7654 0 - - -
AL 0.0801 1.0342 1.28 0.12 0.24 0.46
DAL 0.0683 0.8363 1.72 0.06 0.10 0.78
200 LS 0.0293 0.3022 0 - - -
AL 0.0302 0.3418 1.52 0.16 0.12 0.62
DAL 0.0299 0.3301 1.82 0.12 0.02 0.84
Table 3. Results for Example 6.2 under Setup 1
p q Method threshold variable(s) P q Method threshold variable(s)
2 2 AL Yt—2 3 2 AL Yt—2
DAL Yi—2 DAL Yt—2
3 AL Yt—1,Yt—2,Yt—3 3 AL Yi—2
DAL Yi—1,Yt—3 DAL Yi—2
4 AL Yt—2, Yt—a 4 AL Yt—1,Yt—2, Yt—3
DAL Yt—2 DAL Yt—3
5 AL Yt—2, Yt—a 5 AL Yt—2, Yt—3, Yt—4
DAL Yi—2 DAL Yt—2
4 2 AL Yt—2 5 2 AL Yt—2
DAL Yt—2 DAL Yt—2
3 AL Yt—3 3 AL Yt—2
DAL Yt—3 DAL Yt—2
4 AL Yt—3 4 AL Yt—3
DAL Yt—3 DAL Yt—3
5 AL Yt—3 5 AL Yt—3
DAL Yt—3 DAL Yt—3
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Now, we expand T~'/20Qr(n)/0n in a Taylor series at
no and suppose that n&% satisfies (16), we have

(17)
07—} QT (n®)
on
1 8 1
=7+ 2 1 g D)) TS - )
where
U = 8*Qr (o)
T ononT
o _ 9*Qr(n*)
(18) Dr(n*) = “ononT Ur
_ 9°Qr(n*) _ 9°Qr(mo)
onon" ononT

and n* being an appropriate intermediate point between 7g
d LS

and ng”.
We claim that

(19) (2

In fact, denote (Ur);; as the (4, j)-th element of the matrix
Ur, we have

%(UT)M = ( Z
t=m-+1

) 'Ur = U, as.

89(&7 770) .
on;

69 (it ’ 770)
on;

T ~
?g(ly,
- ( > T 7°>ut<no>) -
t=m+1 i 77]

By the strong law of large numbers for martingales, we get

. I
T 2

t=m-+1

9%g(ls, mo)

20
(20) On;On;

u(no) — 0, a.s.,

and by the ergodic theorem we have

T - -
1 8g(lta 770) ag(ltvno)
- Z . — Uij a.s.,
T t=m+1 8771 anj
thus
1
ﬁ(UT)” — Uij, as.
Similar to (20), we have
9g(ly,mo)

ut(no) — 0, a.s.

19Qr(m) _ 2 ZTi
T 87’] t=m+1 877

Next, we show that for any § > 0 such that ||n* —ng|| < 4,

| Dr(n")ij

(21) lim sup 5 i <00, 1<i4,j<L, as.

T—0o0 550

In fact,
| Dz (174
_ aQQT(W*) - 32QT(7]0)
Onidn; ;o
< i {39(l~t,77*) . 5g(l~t777*) _ 89(th,770) ) ag([t,no)}
>~ t=m+1 6771 87’“ 8771 6,’7]
T 7 ~
8*g(ls, mo) Pglle,n™) ., }
+ Z IV, _ gl .
t_zm:ﬂ{ OniOn; () onion; )

And from the Taylor expansion,

§ dg(ly, .
wl) = o) + 255 gy — 7)1+ 0y(1),
dg(lv,n*)  dg(ly,mo) | 9g*(limo) , .
and
0*g(le,n*) _ 9%g(ls,mo)  9°g(ls,mo0)
= + Y — 1+ 0,(1)).
Ao OniOn;  OniOn;on’ 7" = )1+ ap(1)
Note that
ag(ly, T
% = (.Tt,xtq)h (xt b)gﬁtSt) )
where ®; = ®(s,; 0), p; = ¢(s; ) with ¢(-) being the stan-

dard normal pdf are both continuous for all n € ©. Since
{y:+} is a stationary ergodic sequence of integrable variables,
ut(no) is a sequence of martingale differences, by the mar-
tingale convergence theorem, it is easy to see that (21) is
satisfied.

The conditions of theorem 2.1 of [8] are thereby satisfied.
We get the strong consistency (7) from (19), (20) and (21)
by the theorem 2.1 of [8].

Next, we prove the asymptotic normality (8): T/2(nkS —
no) = N(0,02U1).

In view of (17), (19) and the proved consistency result,
we only need to show that

10
(22) T" Qrin) _ no,020).
I
In fact, using the Cramer-Wold method, to show (22), it
suffices to prove V h = (hy,...,hy) T € RL,
11, 79Qr(n0)

2 Srap T R o N

@) L) N(0.0),

where v = 2B, (Yr_, thﬂ Note that dQz(no)/

o =—250 . uno)dg(ls,m0)/0n, let

ag lt7
ly,h,n)=— E hy
f ta 77 67’]]@
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it follows that

T
1 _1.+0 1
(24) 5T ihT Q;nno =T Z Fu(le, T o) (o).
t=m+1
Define
Y, = F1 (e, B mo)ue(no) _fl(ztvh’n‘))“t(m’)
t = = - NG ’
o/ By (20, h,m0))
T
V=Y E(Y2Fi1). oh=EVE
t=m+1

we claim that
(1) V2/o2 — 1 in probability. This is shown by

T
Z E(Y2|Z-1) ( Z f1>/Ef17 =T-m

t=m+1 t=m-+1

Vi =

and the ergodic theorem.
(2) Lindeberg condition: for any € > 0,

T
1
T t=m+

is satisfied. This is shown by noting that

Y; Y;
Yr, = — = ——
nt or T —m

_ F1(ley hymo)ue(no) < C
VT—mU\/E(f%(Ztah»ﬂo)) VT —m

—0

as T — oo where C > 0 is some finite constant. By the
martingale CLT, we have

T
> Y/VT = N(0,1)

t=m+1

(25)

and (22) is proved.
We therefore complete the proof of consistency and
asymptotic normality of n%s . O

Remark A.1. The result (19) can be written as

9?Qr(no)

o) en (et

) — 021(ng), a.s.

and the result (22

1 9Q7(10)
T o

) can be written as
(27) = N(0,06*I(no)).
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Proof of Theorem 3.1. The proof is an application of the
same method used to show the oracle properties of the adap-
tive lasso estimator in Zou [12] to our case.

Step 1. We first show the asymptotic normality.

Let n =m0 +u/VT, u= (uy,...,ur)’, L =2p+3+q,
and

q
A U j
Ur(u) = Qrno +u/VT) + ATij‘igjo + % -
=1

Suppose G = argmin, Ur(u), then
nAPE =y + ap VT or dp = VT (APE — )

since

Pt = argmin Qr(n

+ATZw]\9|

Denote Vr(u) = ¥r(u) — U7 (0), we have

(28) Vir(u) = {Qr (1o +u/VT) — Qr(n0)}
q
- U2p+3+j
+ )\Tij(GJ +p7 _|0j0>}
{ st VT
= Hr(u) + Pr(u),
where the loss function term
Hr(u) = Qr(no + U/ﬁ) —Qr(no)
and the penalty term
- U2p+3+j
u) =\ w.9+”’—9»>.
) Tj; J( J \/T ‘ JO‘
Note that
Qr(no + u/VT) — Qr(no)
1 79Qr(m) 1 Ta QT(UO)
= ——u(l 1)).
From the results (26) and (27), we know that as T' — oo,
1 9Qr(no) 4
————— =W ~ N(0,40"1
NG (0,40°1(no))
and
1 92Qr(no) 2
ﬁW — 0 I(??()) a.s.

Thus the loss function term
Hr(u) = u' W+ ou' I(no)u.

Now we consider the limiting behavior of the penalty
term.



If j € K, ie., 00 # 0, from the result of the theorem 2.1,
'UA}j = ]./|03LS|’Y — ‘0j0|7’y, a.s.
and

U2p+3+j

VT

Since Ar/VT — 0, we have

\/T<9j0+

- |9j0|) — Uzpt34;5580(650)-

A ,
ij.ﬁ( B0+ Y2p+3+4j

VT VT

If] S X, i.e., 0j0 = 0, then \/T(w]o + uzﬁ%‘ - ‘0]0‘) =

|ugpt345]. Since VTOLS = O,(1) and ApTO~1/2 — o0, we
have

~165]) o0

Ar

VT

Therefore, by Slutsky’s theorem, we have Vr(u) = V(u)
for every u, where

’UA)j = )\TT’YTi1 |\/T0JLS‘_’Y — 0Q.

(uer)) " Wiy + 02 (wirey) T (no,(x) )iy
if U2p+3+5 = O,V] eK
otherwise,

V(u) =

o0,

where u(g) and W) are the j-th (j € {2p+3+k: k € K})
elements deleted from u and W respectively.

Note that Vr(u) is convex, and the unique minimum of
V(u) is

I ( —gaz I (0, () Wo, (k) )
man — 0 b)

where 0 denotes that the other corresponding components
U2p+3+j,J € K are all 0 in the vector u.

Following the epi-convergence property of Geyer [6],
which is also used in Zou [12], we have

N 1
ur (K) = _WI 1(770,(K))W(K)

and the other components — 0, i.p..
Finally, recall that W x) ~ N(0,406%1(1n,(x))), we get

(29) VT — o)) = N (0,17 (1o0,xc)) -

Step 2. Now we prove the consistency.

If j € K, then 0*PL — 0o i.p., thus P(j € K7PF) — 1.
Thus we only need to show that Vj € K, P(j € K4APL) — 0.

By the KKT optimality conditions,

1 0Qr(npPL) | Ar . ADLY _
T 20, + \/ijsgn(ej )=0.

Note that
AT A _ .
\/—Tijsgn(HfDL) = \/—%T'Y/2|\/T9J.LS\ 7 — o0, ip.,
whereas
1 9Qr (")
N
1 9Qr(no) | 19*Qr(no) ADL
= — T(6: —0:0)(1 1

= some normal distribution

by (29) and Slutsky’s theorem. Thus, for j € K,

. 1 0Q7(nPh) AT
P(j € KAPE <P<—7T =—w; | =0
This completes the proof. O

Proof of Lemma 4.1. Recall that 9 = (61,...,0,)", denote

(30) g0y =@ V= L1
\/ O+ -+ 62
then
-9 9
0= 10) = T = Jg (V).

From the asymptotic result of 925, we have

g(F%) = g(Vo).
Thus
05 = 9E5 g(9%5) — Do = Dog (Vo) as.

Next we will show the asymptotic normality. From (11),
we know that

V(5% —60) = N(0,17}(60)),

where I~1(0) is submatrix composed of the last ¢ rows and
the last ¢ columns of the inverse matrix of I(1n) defined in
(10). Thus,
VT(IF — o)

= VT (07" 9(9%°) — Dog(00))

= VT (077 9(0F%) — 9og(97°) + Dog(957) — Dog (o))

= VT(OF = 90)g(97%) + 9ovVT (9(IF°) — 9(d))

= some normal distribution
by the Slutsky theorem and the continuous mapping theo-
rem.

It is easy to see that the mean of the asymptotic normal

distribution is 0. We now provide the asymptotic covariance
matrix ¥ and show that its rank is ¢ — 1.
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Note that 9g(9)/09 = —(979)73/29 and V&S — 9, =
O,(T~1/2), we have

PoVT(g(F°) — g(do))

dg(v
= 9oVT gfgf) (055 —90) + 0, (T1/?)
= —990g VT (955 — 90) (95 Vo) %% + O, (T71/?).

Denote Zr; = \/T(ﬁ%s — 90)g(¥0E%) and Zr, =
—9o0g VT (955 — 99)(94 ¥90)~3/2, we next calculate the co-
variance matrix of Zr 1 + Zr 2.

Var(Zr1 + Zr2)

= E(Zr1 + Zr2)(Zra + Zr2) "

= B(VT(W0F5 — 9 VT - 90) g (955))
— B(VT (W5 — 9o)VT (955 — o) Wod]
x (00 90) ¥/ 29(0%5))
_ E(ﬁoﬁg T(ES — 9o)VT (0% —9o)T
x (90 90)*/29(055))
+ B(909] VT(05S — do)VT (955 — 00) T009]

X (193190)*3).

Since as T — oo, VT(95% — 9) = N(0,I71(d)) and
g(VES) — g(¥0), a.s., we thus get the limiting covariance
matrix

S = I1W0) (W03 Vo)™t — IT71(00)909] (Vg Vo) 2

— 98¢ T~ (90) (Vg Vo) "2 4909 I~ (90)00] (¥4 90) .

Recall that 9y = 0o(97 ¥o) /2, we have

S ={I7"(90) (g Po) " = 171 (D) Doy (Vg 90) ™"}
— {Jodg I~ (90) (W9 Po) ™
— Doy I71(90) 9004 (99 90) ™}
= (9 90) " T (Vo) (Ig — Doy )
— (99 90) Mo I~ (90) (1y — DoV )
= (95 90) (I — Dodg )T~ (90) (I — Doy ).
Notice that the g x ¢ matrix I, — 99?4 is an idempotent

matrix due to the relationship 153150 = 1. That is, (I, —
oy )2 = I, — Jo¥] given ¥ Iy = 1. We thus have

rank(I, — Do0] ) = ¢ — 1.
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Denote A = I, —Jod] = AT,B=1"32(1)y) and C = AB
then
S = (I, — Vo9 )T~ (o) (I, — Dovlg ) = CCT.
From the Sylvester’s inequality, we get
rank(3) = rank(CCT) = rank(C)
= rank(AB) < min{rank(A),rank(B)} =¢—1
rank(3) = rank(AB) > rank(A) + rank(B) — ¢ =q — 1.

Therefore, we show that the rank of the matrix ¥ is g—1. O

Proof of Theorem 4.2. The proof is very similar to that of
theorem 3.1 and the only difference concerns the treatment
of the penalty term.

LetW:UO‘Fu/\/TaUZ(Ula-~-7uL)TaL:2p+3+qv

and
\I/T(U)
=Qr (770 + u/\/f)
q
. U2p+3+5 U2p4-4:2p+3+q
e e
=~ VT VT

where ¢(¥) is defined in (30) and the g¢-dimensional
sub-vector ugpi4:2p4+3+¢ is composed of the components
Up+d, U2p45, - - -, U2p+3+9 Of the vector u. We denote
U2p+4:2p434q AS u.

It follows that the penalty term

Pr(u) = Ar Xq:ﬁh<

j=1

U2p+3+j

VT

Since ¢'(9) = —(9T9)73/2 =
expansion of g, we have

0j0+

o (00+ =) - nla(00)).
—(g9(9))3, from the Taylor

u 'LNLT?90

vT VT

IfjekK,ie, éjg # 0, from the result of the lemma 4.1,

g(ﬁo ; ) = 9(00) — (9090))* 22 (1 + 0,(1)).

QIIj = 1/|éjLS|'y — ‘éjo‘_’y, a.s.
and

U2p+3+j

22l (9, + <) = 0la(o0)

U2p+3+5
— 10, 0
7253 650 a(00)

U2p+3+j
VT
— Uspr3+5580(050)9(F0) — 1050/ (9(0))>a " Vo

= g(V0)(uzpt3+558n(00) — |050%" o).

7
_ ﬁ(

00 +

050 +

— 0o+ (9(90))%@ " 9o (1 + 0p(1))




Since )\T/\/T — 0, we have

AT T U2p+3+ ( i ) )
VT 00+ 22 g 9o+ —= | —0i0lg(90) ) — 0
\/ij < j0+ \/T g 0+\/T |]O|g( 0)
If j € K, ie., 6o =0, then
VI ([og0-+ 122228 g (9 + <)~ osla(on) )
VT VT

u
~ uzpsaisla (0 + =) = lugprasslatOo)

When 6,0 = 0, we have \/Téfs = \/T(@LS —Bj0) = 0,(1)
from the asymptotical normality result of lemma 4.1. It fol-
lows that

AT

—_)\T
vT

T VToRS|

since AT —1/2 5 o0,

Therefore, using the same notations as in the proof of
theorem 3.1 and by Slutsky’s theorem, we have Vp(u) =
V(u) for every u, where

() T Wiy + 02 (uiiey) TI(m0,(50) )iy
if U2p+3+5 = 0,Vj e K
otherwise,

V(u) =

oo,

and get the same asymptotic normality result.
As for the variable selection consistency, we only need to
show that

Vje K, P(j € KRAL) — 0.

Recall that the objective function of the direction adap-
tive lasso estimator is

Qr( +)\Tzwz\9|—QT

i=1

sz|9|

)+ Arg(d

For j € K, consider the event j € K7 DAL By the KKT
optimality conditions, we have

(31)
_ LaQT(Z:?AL) >\T( (9RALY) QDALZ 9PAL|
vT 00, VT Pt
Ap _
+ \/ijg(ﬁDAL)sgn(QJDAL)
_ %aQT(;ZTDAL) 3? wDAL 9J_DALiu~)i|éiDAL|
J i=1
AT DAL gop (GPAL
+ﬁwa‘9( 77" )sen(0; )

_ { 1 9Qr(npAt)
ﬁ

09,
\/_ DAL 9DALZGZI( ‘QDAL }
" {%wjgw?“ﬂsgn@f“)
\/_ DAL QDALZEZI( ‘QDAL }
=S71+ S1a

We first claim that the term

1 9Qr(nEtt)
vT  90;

AT ~ ~
2 g Y
ieK

St =

1674
T o

(32) = some normal distribution

In fact,

19Qr(n*h)
JT 09,

= some normal distribution

and

)\T
\/_

@il 07| = 0

DAL HDAL E

[1<3:¢

as for 1 € K, w; — |9i0\_7,6‘~]DAL —p 0,§iDAL —p ;0 and
Ar/v/T — 0. By Slutsky’s theorem, we get (32).
We next show that Spo —, co. Note that

o _
Sta = —=w;9(07" )sgn(674F)

Ar
VT

T DAL\pDAL ~ |gDAL
— 2L g(9RALY 4! ;|6

_ )\TT (ﬂDAL) {

DAL Z

icK

( DAL)

N

6P|
IWHLSW :
—rp OO

since )\TT%1 — oo and Vj € K, \/Téfs
Therefore, for j € K,

= 0,(1).

P(j € KP**) < P(|S1| = |St2]) = 0.

This completes the proof. O
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