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Group variable selection via a hierarchical lasso

and its oracle property

NENGFENG ZHOU AND JI ZHU*

In many engineering and scientific applications, predic-
tion variables are grouped, for example, in biological ap-
plications where assayed genes or proteins can be grouped
by biological roles or biological pathways. Common statisti-
cal analysis methods such as ANOVA, factor analysis, and
functional modeling with basis sets also exhibit natural vari-
able groupings. Existing successful group variable selection
methods have the limitation of selecting variables in an “all-
in-all-out” fashion, i.e., when one variable in a group is se-
lected, all other variables in the same group are also selected
[1, 23, 25]. In many real problems, however, we may want
to keep the flexibility of selecting variables within a group,
such as in gene-set selection. In this paper, we develop a
new group variable selection method that not only removes
unimportant groups effectively, but also keeps the flexibility
of selecting variables within a group. We also show that the
new method offers the potential for achieving the theoretical
“oracle” property [6, 7].

KEYWORDS AND PHRASES: Group selection, Lasso, Oracle
property, Regularization, Variable selection.

1. INTRODUCTION

Consider the usual regression situation: we have train-
ing data, (z1,v1), ---, (€i,¥i)s .-y (Tn,Yn), where ¢, =
(1, ..., ) are the predictors and y; is the response. To
model the response y in terms of the predictors z1, ...
one may consider the linear model:

(1)

where ¢ is the error term. In many important practical prob-
lems, however, prediction variables are “grouped.” For ex-
ample, in ANOVA factor analysis, a factor may have several
levels and can be expressed via several dummy variables,
then the dummy variables corresponding to the same factor
form a natural “group.” Similarly, in additive models, each
original prediction variable may be expanded into different
order polynomials or a set of basis functions, then these
polynomials (or basis functions) corresponding to the same

y Tp,

y=Po+ Py + -+ Gpap +e,
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original prediction variable form a natural “group.” Another
example is in biological applications, where assayed genes
or proteins can be grouped by biological roles (or biological
pathways).

For the rest of the paper, we assume that the prediction
variables can be divided into K groups and the kth group
contains py variables. Specifically, the linear model (1) is
now written as

K pi

Yi = Bo + Z Zﬁiji,kj + &;.

k=1 j=1

(2)

And we are interested in finding out which variables, es-
pecially which “groups,” have an important effect on the
response. For example, (11, ..., %1p,); (215, T2p,), -+ -5
(K1,...,ZKp,) may represent different biological path-
ways, ¥y may represent a certain phenotype and we are inter-
ested in deciphering which and how these biological path-
ways “work together” to affect the phenotype.

There are two important challenges in this problem:
prediction accuracy and interpretation. We would like our
model to accurately predict on future data. Prediction ac-
curacy can often be improved by shrinking the regression
coefficients. Shrinkage sacrifices some bias to reduce the vari-
ance of the predicted value and hence may improve the over-
all prediction accuracy. Interpretability is often realized via
variable selection. With a large number of prediction vari-
ables, we often would like to determine a smaller subset that
exhibits the strongest effects.

Variable selection has been studied extensively in the lit-
erature [2, 6, 8, 9, 12, 18, 22, 27]. In particular, lasso [18]
has gained much attention in recent years. The lasso crite-
rion penalizes the Li-norm of the regression coefficients to
achieve a sparse model:

(3)

1 n K pk 2 K Dpk
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where A > 0 is a tuning parameter. Note that by location
transformation, we can always assume that the predictors
and the response have mean 0, so we can ignore the intercept
in equation (3).

Due to the singularity at 8;; = 0, the Li-norm penalty
can shrink some of the fitted coeflicients to be ezact zero
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when making the tuning parameter sufficiently large. How-
ever, lasso and other methods above are for the case
when the candidate variables can be treated individually
or “flatly.” When variables are grouped, ignoring the group
structure and directly applying lasso as in (3) may be sub-
optimal. For example, suppose the kth group is unimpor-
tant, then lasso tends to make individual estimated coeffi-
cients in the kth group to be zero, rather than the whole
group to be zero, i.e., lasso tends to make selection based on
the strength of individual variables rather than the strength
of the group, often resulting in selecting more groups than
necessary.

Group variable selection has been addressed in some lit-
erature [1, 23, 25]. In [1], the authors proposed to use a
blockwise additive penalty in the setting of wavelet approx-
imations. To increase the estimation precision, empirical
wavelet coefficients were thresholded or shrunken in blocks
(or groups) rather than individually.

In [23] and [25], Lasso model (3) is extended for group
variable selection. In [23], the authors chose to penalize
the Lo-norm of the coefficients within each group, i.e.,

K
> k=1 lIBkll2, where

(4) 1Bill2 = \/BRy + -+ + By,

Due to the singularity of ||3;]2 at B, = 0, appropriately
tuning A can set the whole coefficient vector 3, = 0, hence
the kth group is removed from the fitted model. We note
that in the setting of wavelet analysis, this method reduces
to that in [1].

Instead of using the Lo-norm penalty, in [25], the authors
suggested using the Lo,-norm penalty, i.e., Zszl 185l oo s
where

(5) 1Bk lloc = max(|Br1l, [Bral, .-, |/6k7pk|)'

Similar to the Lo-norm, the Lo,-norm of 3, is also sin-
gular when B, = 0; hence when A is appropriately
tuned, the Lo,-norm can also effectively remove unimpor-
tant groups.

However, there are some possible limitations with these
methods: Both the Ls-norm penalty and the L,.,-norm
penalty select variables in an “all-in-all-out” fashion, i.e.,
when one variable in a group is selected, all other variables
in the same group are also selected. The reason is that both
I1Bk]l2 and ||B4|lco are singular only when the whole vector
B, = 0. Once a component of B, is non-zero, the two norm
functions are no longer singular. This can also be heuristi-
cally understood as the following: for the Lo-norm (4), it is
the ridge penalty that is under the square root; since the
ridge penalty can not do variable selection (as in ridge re-
gression), once the Lo-norm is non-zero (or the correspond-
ing group is selected), all components will be non-zero. For
the Loo-norm (5), if the “max(-)” is non-zero, there is no
increase in the penalty for letting all the individual com-
ponents move away from zero. Hence if one variable in a
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group is selected, all other variables are also automatically
selected.

In many important real problems, however, we may want
to keep the flexibility of selecting variables within a group.
For example, in the gene-set selection problem, a biological
pathway may be related to a certain biological process, but
it does not necessarily mean all the genes in the pathway
are all related to the biological process. We may want to
not only remove unimportant pathways effectively, but also
identify important genes within important pathways.

For the L,.-norm penalty, another possible limitation is
that the estimated coeflicients within a group tend to have
the same magnitude, i.e. |G| = |Br2| = -+ = |Okp, |; and
this may cause some serious bias, which jeopardizes the pre-
diction accuracy.

In this paper, we propose an extension of lasso for group
variable selection, which we call hierarchical lasso (HLasso).
Our method not only removes unimportant groups effec-
tively, but also keeps the flexibility of selecting variables
within a group. Furthermore, asymptotic studies motivate
us to improve our model and show that when the tuning
parameter is appropriately chosen, the improved model has
the oracle property [6, 7], i.e., it performs as well as if the
correct underlying model were given in advance. Such a the-
oretical property has not been previously studied for group
variable selection at both the group level and within the
group level.

The rest of the paper is organized as follows. In Section 2,
we introduce our new method: the hierarchical lasso. We
propose an algorithm to compute the solution for the hier-
archical lasso in Section 3. In Sections 4 and 5, we study
the asymptotic behavior of the hierarchical lasso and pro-
pose an improvement for the hierarchical lasso. Numerical
results are in Sections 6 and 7, and we conclude the paper
with Section 8.

2. HIERARCHICAL LASSO

In this section, we extend the lasso method for group vari-
able selection so that we can effectively remove unimportant
variables at both the group level and within the group level.

We reparameterize [i; as

(6) k=1,...

Brj = drouj, o Pk

where dj, > 0 (for identifiability reasons). This decompo-
sition reflects the information that By;,7 = 1,...,px, all
belong to the kh group, by treating each B;; hierarchi-
cally. dj is at the first level of the hierarchy, controlling
Brjsd =1,...,pk, as a group; ay;’s are at the second level
of the hierarchy, reflecting differences within the kth group.



For the purpose of variable selection, we consider the fol-
lowing penalized least squares criterion:

2
@ drorts _12<yl dezakama)
K pr
de—AQ Do law]
k=1 j=1

subject to di >0, k:l,...,K,

where A\; > 0 and Ay > 0 are tuning parameters. A; controls
the estimates at the group level, and it can effectively remove
unimportant groups: if dj, is shrunken to zero, all 3;; in the
kth group will be equal to zero. Ay controls the estimates
at the variable-specific level: if dj, is not equal to zero, some
of the ay; hence some of the B;;,5 = 1,...,py, still have
the possibility of being zero; in this sense, the hierarchical
penalty keeps the flexibility of the L;-norm penalty.

One may complain that such a hierarchical penalty may
be more complicated to tune in practice, however, it turns
out that the two tuning parameters A; and Ay in (7) can be
simplified into one. Specifically, let A = A1 - A2, we can show
that (7) is equivalent to

2
max — EZ <yZ dezaijz k])

dp,ak;

(®)

K pr

*de*AZZI%I

k=1j5=1

subject to dp, >0,k=1,... K.

Lemma 1. Let (&*,
there exists a local mazimizer (

a*) be a local mazimizer of (7), then
, &) of (8) such that
= cizdzj. Similarly, if (d , &%) is a local mazimizer

a”) of (7) such

dZdzj
of (8 ) there exists a local maximizer (d ,

that dkak] dkozkJ

The proof is in the Appendix. This lemma indicates that
the final fitted models from (7) and (8) are the same, al-
though they may provide different dj, and ay;. This also
implies that in practice, we do not need to tune A\; and A
separately; we only need to tune one parameter A = A1 - Ay
as in (8).

3. ALGORITHM

To estimate the dj, and ay; in (8), we can use an iterative
approach, i.e., we first fix dj and estimate ayj, then we
fix o; and estimate dj, and we iterate between these two
steps until the solution converges. Since at each step, the
value of the objective function (8) decreases, the solution is
guaranteed to converge.

When dj, is fixed, (8) becomes a lasso problem, hence we
can use either the LAR/LASSO algorithm [4] or a quadratic

programming package to efficiently solve for ay;. When oy
is fixed, (8) becomes a non-negative garrote problem. Again,
we can use either an efficient solution path algorithm or a
quadratic programming package to solve for dj. In summary,
the algorithm proceeds as follows:

1. (Standardization) Center y. Center and normalize xy;.

2. (Initialization) Initialize dg)) and ag;) with some plau-

sible values. For example, we can set d;co) = 1 and use
the least squares estimates or the simple regression es-
timates by regressing the response y on each of the xy;
for a(o) Let ﬂ(o) = d(o) (0) and m = 1.

3. (Update Q) Let

i’@]ﬁ = dgcm_l)xi7kj, k= 1, e ,K; j = 1, vy Pky
then
1 n K k 2
OZECT) = argmax P Yi — Z Zakjiﬁ,kj
ki 2 k=1j=1

_éiw}.

k=1 j=1

4. (Update dy) Let

-%z,k = Za](czn Li,kjy k= 1, 7K7
j=1
then
1 K 2 K
dl(cm) = argmax {— 5 Z (yz - defzk> - de}-
k= i=1 k=1 k=1

5. (Update Bk;) Let
B = g

6. If ||ﬁ,(£1) - 5,2;”71) || is small enough, stop the algorithm.
Otherwise, let m « m + 1 and go back to Step 3.

3.1 Orthogonal case

To gain more insight into the hierarchical penalty, we
have also studied the algorithm in the orthogonal design
case. This can be useful, for example, in the wavelet setting,
where each x; corresponds to a wavelet basis function, dif-
ferent k£ may correspond to different “frequency” scales, and
different j with the same k correspond to different “time” lo-
cations. Specifically, suppose :cgja:kj =1 and CCijk/j/ =0
if Kk #£ k' or j # 7', then Step 3 and Step 4 in the above
algorithm have closed form solutions.

Let ﬂ‘)lb = x};y be the ordinary least squares solution
when x; are orthonormal to each other.

3. When d, is fixed,
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(m) _
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9)

4. When ay; is fixed,

(10)
d™ =1(3j, 0" # 0)

<sz (O[](;]n)) Bols B 1 )
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Equations (9) and (10) show that both d,gm) and a(m)
soft-thresholding estimates. Here we provide some 1ntu1t1ve
explanation.

We first look at oz,(;;l) in equation (9). If d,gmfl) =0, it is
natural to estimate all ay; to be zero because of the penalty

on ay;. If d,(cmfl) > 0, then from our reparametrization,
= ﬁkj/d,(cmfl)7 j=1,...,pg. Plugging in ﬁ"lb
for B, we obtain &y; = Olb/cl =1 Bquation (9) shrinks
&5, and the amount of shrlnkage is inversely proportional
to (d,gm_l))z. So when d}(gn—l) is large, which indicates the
kth group is important, the amount of shrinkage is small,
while when d;ﬂmfl) is small, which indicates the kth group
is less important, the amount of shrinkage is large.

we have ay;

Now considering dim) in equation (10). If all 04531) are

zero, it is natural to estimate d,(cm)

of the penalty on d. If not all 0‘1(@?)

also to be zero because
are 0, say a,(gll), .. a,(CTT)
are not zero, then we have dj, = ﬁkjs/a,(g), 1 <s <r.Again,
plugging in ﬁkls for By;,, we obtain r estimates for dy: dy =
Ol“ /akj ,1 < s < r. A natural estimate for dj is then a
Welghted average of the dj, and equation (10) provides such

a (shrunken) average, with weights proportional to (oz,(g)) .

4. ASYMPTOTIC THEORY

In this section, we explore the asymptotic behavior of the
hierarchical lasso method.

The hierarchical lasso criterion (8) uses dj, and ay;. We
first show that it can also be written in an equivalent form
using the original regression coefficients (y;.

Theorem 1. If (Ei, &) is a local mazimizer of (8), then B,
where B = drby;, s a local mazimizer of

H,ga.X{ - 1Z <yz iix mﬁw)

k3 k=1 j=1

(11)

—2\/X'Z\ﬂﬂk1|+|ﬂk2|+“'+ ﬂkm|}-
k=1
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On the other hand, if B is a local mazimizer of (11), then
we define (d, &), where d, = 0,& = 0 if ||Bkll1 = 0, and

dr = \/ MIBll, &, = )‘I“%k”l if |Bellr # 0. Then the so-

defined (d, &) is a local mazimizer of (8).

Note that the penalty term in (11) is similar to the Lo-
norm penalty (4), except that under each square root, we
now penalize the Li-norm of 3, rather than the sum of
squares. However, unlike the Lo-norm, which is singular only
at the point B, = 0, (i.e., the whole vector is equal to 0),
the square root of the L;-norm is singular at 8;; = 0 no
matter what are the values of other (;;’s. This explains,
from a different perspective, why the hierarchical lasso can
remove not only groups, but also variables within a group
even when the group is selected. Equation (11) also implies
that the hierarchical lasso belongs to the “CAP” family [25].

We study the asymptotic properties allowing the total
number of variables P, , as well as the number of groups K,
and the number of variables within each group p,x, to go to
oo, where P, = Zk 1 Pnk- Note that we add a subscript “n”
to K and pi to denote that these quantities can change with
n. Accordingly, B, y; and x; ;; are also changed to 3,,, Yni
and T ;. We write 2v/X in (11) as n\,, and the criterion
(11) is re-written as

2
1 n Ky Pnk
(12) gnax{ - 52 (ynz _sznz kjﬂn kj)
Tk i=1 k=1 j=1

KTI,
—nAn Z \/Wn,kll et |ﬁn,kpnk}°
k=1

Our asymptotic analysis in this section is based on the cri-
terion (12).

Let B% = (ﬁ&w’,ﬁ%n,ﬁgn )T be the underlying true pa-
rameters, where

An:{(kv.]) nk] 7&0}
Cr =A{(k,J) : k_O}
D, = B, UC,.

Note that A,, contains the indices of coefficients which are
truly non-zero, C, contains the indices where the whole
“groups” are truly zero, and B,, contains the indices of zero
coeflicients, but they belong to some non-zero groups. So
A, B, and C,, are disjoint and they partition all the in-
dices. We have the following theorem.

Theorem 2. If \/n\, = O(1), then there exists a root-
(n/Py,) consistent local mazimizer 3, = (ﬁAn,ﬁB ,Bc ) of

(12), and if also P,n=3/* /), — 0 asn — oo, thenPr(,@C
0) — 1.



Theorem 2 implies that the hierarchical lasso method can
effectively remove unimportant groups. For the above root-
(n/P,) consistent estimate, however, if B,, # () (empty set),
then Pr(BBn = 0) — 1 is not always true. This means that
although the hierarchical lasso method can effectively re-
move all unimportant groups and some of the unimportant
variables within important groups, it cannot effectively re-
move all unimportant variables within important groups.

In the next section, we improve the hierarchical lasso
method to tackle this limitation.

5. ADAPTIVE HIERARCHICAL LASSO

To improve the hierarchical lasso method, we apply the
adaptive idea [2, 21, 24, 26], i.e., to penalize different coef-
ficients differently. Specifically, we consider

1 Kn Pk 2
(14) }}n&X{ - 72 <ynz sznz k]ﬂn k])
ki k=1j=1

71,
—NAn - Z \/w"»k1|ﬂn,k1| Tt Whkpy, |6n»kpnk |}7
k=1

where wy, ; are pre-specified weights. The intuition is that
if the effect of a variable is strong, we would like the corre-
sponding weight to be small, hence the corresponding coef-
ficient is lightly penalized. If the effect of a variable is not
strong, we would like the corresponding weight to be large,
hence the corresponding coefficient is heavily penalized. In
practice, we may consider using the ordinary least squares
estimates or the ridge regression estimates to help us com-
pute the weights, for example,

(15) 1 1
Wn,kj = 25 Wn, k5 = Zrideo
185551 leavedil

where v is a positive constant.

5.1 Oracle property
Problem setup

Since the theoretical results we develop for (14) are not
restricted to the squared error loss, for the rest of the sec-
tion, we consider the generalized linear model. For gen-
eralized linear models, statistical inferences are based on
underlying likelihood functions. We assume that the data
Vi = (Xni,Yai), i = 1,...,n are independent and iden-
tically distributed for every n. Conditioning on X ,; = @,
Y, has a density f,,(gn(2],8,,), Yni), where g, (-) is a known
link function. We maximize the penalized log-likelihood

(16)

max Q,(3,,) = L.(8,,) — J.(8,)

Br ki
n
: /ILZ

)s Yni)

anA w‘n nk

where £,(-,-) = log f.(:,+) denotes the conditional log-
likelihood of Y, and

Proion Bar) = Ay wn k1 B k| + =+ W o B p |-
Note  that under the normal  distribution,
T 2
fn(gn(m;z'ﬁn)ayni) = —W + (3, hence (16)

reduces to (14).

The asymptotic properties of (16) are described in the
following theorems, and the proofs are in the Appendix. We
note that the proofs follow the spirit of previous work [6, 7],
but due to the grouping structure and the adaptive weights,
they are non-trivial extensions of this work.

To control the adaptive weights, we define:

/3’2,]6] 7é 0}7

b, = min{wy, k; : ﬂgk] =0}.

ay, = max{wy, i; :

We assume that

0<c <m1n{ﬁnk]: B ki # 0}

< max{ﬁnykj B kj #0} < g < 0.

Then we have the following results.

Theorem 3. For every m, the observations {V ;i =
1,2,...,n} are independent and identically distributed, each
with a density fn(V a1, B,) that satisfies conditions (Al)-

(A3) in the Appendiz. If %ﬁ — 0 and P2\, \/an, = o0,(1),
then there exists a local mazimizer B, of Qn(8,,) such that

18, = Boll = Op(VPa(n ™12 + Aoy /an)).

Hence by choosing \,\/a, = O,(n~'/?), there exists a
root-(n/P,) consistent penalized likelihood estimate.

Theorem 4. For every n, the observations {V ;i =
1,2,...,n} are independent and identically distributed, each
with a density fn(Vna1,B,,) that satisfies conditions (Al)—

(A3) in the Appendiz. If 1;4 — 0, Ay/an = 0,(n"Y/?) and

2
)\12';5 = 0p(n), then there exists a root-(n/P,) consistent lo-

cal mazimizer B, such that:

(a)
(b)

Sparsity: Pr([:}n p, =0) — 1, where D, = B,, UC,,.
Asymptotzc normality: If Ap/an = 0p(nPy)~ 1/2) and

P
-2 —0asn — oo, then we also have:

\/—A 11/2(,6n _A,L)(Ién,An

where A,, is a ¢ X |A,| matriz such that A, A, — G and G
is a q X q nonnegative symmetric matrix. In(ﬁgyAn) is the

- /32,,4”> - N(O7 G)’

Fisher information matriz knowing ,B%n =

The above requirements A,\/a, = op((nPn)_l/Q) and

2
/\I;bn = o0,(n) as n — oo can be satisfied by selecting A, and
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(nPn)’l/2

W k; appropriately. For example, we may let \,, = Toan

1 30
m, where 6n,kj
lihood estimate of G ,;, which is root-(n/P,) consistent.
Then we have a, = O,(1) and + = OP(%). Hence

bn
Anr/Gn = op((nPn)flﬂ) and )\1;;)2‘ = op(n) are satisfied
when PTS — 0.

and wyp k; = is the un-penalized like-

5.2 Likelihood ratio test

Similarly as in [7], we develop a likelihood ratio test for
testing linear hypotheses:

Ho:ABy 4, =0 vs. Hy:AuB, 4 #0,

where A, is a ¢ x |A,,| matrix and A, A, — I, for a fixed
q. This problem includes testing simultaneously the signifi-
cance of several covariate variables.

We introduce a natural likelihood ratio test statistic, i.e.

sup

ny4in n,An:O

T = 2{sup Qu(8, V) - Qu(B,IV) .

where €2, is the parameter space for 3,,. Then we can obtain
the following theorem regarding the asymptotic null distri-
bution of the test statistic.

Theorem 5. When conditions in (b) of Theorem 4 are
satisfied, under Hy we have

Tnﬂxg, as n — oo.

6. SIMULATION STUDY

In this section, we use simulations to demonstrate the
hierarchical lasso (HLasso) method, and compare the results
with those of some existing methods.

Specifically, we first compare hierarchical lasso with some
other group variable selection methods, i.e., the Lo-norm
group lasso (4) and the Lo-norm group lasso (5). Then we
compare the adaptive hierarchical lasso with some other “or-
acle” (but non-group variable selection) methods, i.e., the
SCAD and the adaptive lasso.

We extended the simulations in [23]. We considered a
model which had both categorical and continuous prediction
variables. We first generated seventeen independent stan-
dard normal variables, Z1, ..., Z16 and W. The covariates
were then defined as X; = (Z; + W)/v/2. Then the last
eight covariates Xy, ..., X1 were discretized to 0, 1, 2, and
3 by ®~1(1/4), ®=1(1/2) and ®~1(3/4). Each of X1, ..., Xg
was expanded through a fourth-order polynomial, and only
the main effects of Xy,..., X164 were considered. This gave
us a total of eight continuous groups with four variables in
each group and eight categorical groups with three variables
in each group. We considered two cases.
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Case 1. “All-in-all-out”

Y = [X5+0.5X3 +0.1X5 + 0.1X3]
+ [X6 — 0.5X2 +0.15X + 0.1X4]
FI(Xg =0)+1(Xg =1) + I(Xg = 2)] +&.

Case 2. “Not all-in-all-out”

Y = (X5 + X2) + (2Xs — 1.5X2)
+[[(Xg =0) +2I(Xg = 1)] +e.

For all the simulations above, the error term e follows
a normal distribution N(0,0?), where 02 was set such that
each of the signal to noise ratios, Var(X'3)/Var(e), was
equal to 3. We generated n = 400 training observations
from each of the above models, along with 200 validation ob-
servations and 10,000 test observations. The validation set
was used to select the tuning parameters A’s that minimized
the validation error. Using these selected \’s, we calculated
the mean squared error (MSE) with the test set. We re-
peated this 200 times and computed the average MSEs and
their corresponding standard errors. We also recorded how
frequently the important variables were selected and how
frequently the unimportant variables were removed. The re-
sults are summarized in Table 1.

As we can see, all shrinkage methods perform much better
than OLS; this illustrates that some regularization is cru-
cial for prediction accuracy. In terms of prediction accuracy,
we can also see that when variables in a group follow the
“all-in-all-out” pattern, the Lo-norm (group lasso) method
performs slightly better than the hierarchical lasso method
(Case 1 of Table 1). When variables in a group do not follow
the “all-in-all-out” pattern, however, the hierarchical lasso
method performs slightly better than the Lo-norm method
(Case 2 of Table 1). For variable selection, we can see that
in terms of identifying important variables, the four shrink-
age methods, the lasso, the L,,-norm, the Lo-norm, and the
hierarchical lasso all perform similarly (“Non-zero Var.” of
Table 1). However, the Lo-norm method and the hierarchi-
cal lasso method are more effective at removing unimportant
variables than lasso and the Lo-norm method (“Zero Var.”
of Table 1).

In the above analysis, we used the criterion (8) or (11)
for the hierarchical lasso, i.e., we did not use the adaptive
weights wy; to penalize different coefficients differently. To
assess the improved version of the hierarchical lasso, i.e.
criterion (14), we also considered using adaptive weights.
Specifically, we applied the OLS weights in (15) to (14) with
~v = 1. We compared the results with those of SCAD and the
adaptive lasso, which also enjoy the oracle property. How-
ever, we note that SCAD and the adaptive lasso do not
take advantage of the grouping structure information. As
a benchmark, we also computed the Oracle OLS results,
i.e., OLS using only the important variables. The results



Table 1. Comparison of several group variable selection methods, including the Lo-norm group lasso, the L,-norm group
lasso and the hierarchical lasso. The OLS and the regular lasso are used as benchmarks. The upper part is for Case 1, and the
lower part is for Case 2. "MSE" is the mean squared error on the test set. “Zero Var.” is the percentage of correctly removed

unimportant variables. “Non-zero Var.” is the percentage of correctly identified important variables. All the numbers outside
parentheses are means over 200 repetitions, and the numbers in the parentheses are the corresponding standard errors

Case 1: “All-in-all-out”

OLS Lasso
MSE 0.92 (0.018)
Zero Var. -
Non-Zero Var. —

0.47 (0.011)
57% (1.6%)
92% (0.6%)

Leo

0.31 (0.008)
29% (1.4%)
100% (0%)

Lo

0.18 (0.009)
96% (0.8%)
100% (0%)

HLasso

0.24 (0.008)
94% (0.7%)
98% (0.3%)

Case 2: “Not all-in-all-out”

OLS Lasso
MSE 0.91 (0.018) 0.26 (0.008)
Zero Var. - 70% (1%)

Non-zero Var. -

99% (0.3%)

LOO

0.46 (0.012)
17% (1.2%)
100% (0%)

Ly

0.21 (0.01)
87% (0.8%)
100% (0.2%)

HLasso

0.15 (0.006)
91% (0.5%)
100% (0.1%)

Table 2. Comparison of several “oracle” methods, including the adaptive hierarchical lasso, SCAD and the adaptive lasso.
SCAD and adaptive lasso do not take advantage of the grouping structure information. The Oracle OLS uses only important
variables. Descriptions for the rows are the same as those in the caption of Table 1

Case 1: “All-in-all-out”

Oracle OLS Ada Lasso SCAD Ada HLasso
MSE 0.16 (0.006) 0.37 (0.011) 0.35 (0.011) 0.24 (0.009)
Zero Var. - 77% (0.7%) 79% (1.1%) 98% (0.3%)
Non-Zero Var. - 94% (0.5%) 91% (0.6%) 96% (0.5%)
Case 2: “Not all-in-all-out”

Oracle OLS Ada Lasso SCAD Ada HLasso
MSE 0.07 (0.003) 0.13 (0.005) 0.11 (0.004) 0.10 (0.005)
Zero Var. - 91% (0.3%) 91% (0.4%) 98% (0.1%)

Non-zero Var.

98% (0.4%)

99% (0.3%)

99% (0.3%)

are summarized in Table 2. We can see that in the “all-in-
all-out” case, the adaptive hierarchical lasso removes unim-
portant variables more effectively than SCAD and adaptive
lasso, and consequently, the adaptive hierarchical lasso out-
performs SCAD and adaptive lasso by a significant margin
in terms of prediction accuracy. In the “not all-in-all-out”
case, the advantage of knowing the grouping structure infor-
mation is reduced, however, the adaptive hierarchical lasso
still performs slightly better than SCAD and adaptive lasso,
especially in terms of removing unimportant variables.

To assess how the sample size affects different “oracle”
methods, we also considered n = 200, 400, 800, 1,600 and
3,200. The results are summarized in Figure 1, where the
first row corresponds to the “all-in-all-out” case, and the
second row corresponds to the “not all-in-all-out” case. Not
surprisingly, as the sample size increases, the performances
of different methods all improve: in terms of prediction ac-
curacy, the MSE’s all decrease (at about the same rate) and
get closer to that of the Oracle OLS; in terms of variable se-
lection, the probabilities of identifying the correct model all
increase and approach one. However, overall, the adaptive
hierarchical lasso always performs the best among the three
“oracle” methods, and the gap is especially prominent in
terms of removing unimportant variables when the sample
size is moderate.

7. REAL DATA ANALYSIS

In this section, we use a gene expression dataset from the
NCI-60 collection of cancer cell lines to further illustrate
the hierarchical lasso method. We sought to use this dataset
to identify targets of the transcription factor p53, which
regulates gene expression in response to various signals of
cellular stress. The mutational status of the p53 gene has
been reported for 50 of the NCI-60 cell lines, with 17 being
classified as normal and 33 as carrying mutations [16].

Instead of single-gene analysis, gene-set information has
recently been used to analyze gene expression data. For ex-
ample, a Gene Set Enrichment Analysis (GSEA) is devel-
oped [17], which is found to be more stable and more pow-
erful than single-gene analysis. In [5], the GSEA method
is improved by using new statistics for summarizing gene-
sets. Both methods are based on hypothesis testing. In this
analysis, we consider using the hierarchical lasso method for
gene-set selection. The gene-sets used here are the cytoge-
netic gene-sets and the functionals gene-sets from the GSEA
package [17]. We considered 391 overlapping gene-sets with
the size of each set greater than 15.

Since the response here is binary (normal vs mutation),
following the result in Section 5.1, we use the logistic hi-
erarchical lasso regression, instead of the least square hi-
erarchical lasso. Note that a gene may belong to multiple
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Figure 1. Comparison of several oracle methods, including the SCAD, the adaptive lasso and the adaptive hierarchical lasso.
SCAD and adaptive lasso do not take advantage of the grouping structure information. The Oracle OLS uses only important
variables. The first row corresponds to the “all-in-all-out” case, and the second row corresponds to the “not all-in-all-out”
case. "Correct zero ratio” records the percentage of correctly removed unimportant variables. “Correct non-zero ratio” records
the percentage of correctly identified important variables.

gene-sets, we thus extend the hierarchical lasso to the case
of overlapping groups. Suppose there are K groups and J
variables. Let G, denote the set of indices of the variables in
the kth group. One way to model the overlapping situation
is to extend the criterion (8) as the following:

Z OéinJ', yq)

J:J€GK

K J
= Xedi =AY oy
k=1 j=1

subject to dx >0, k=1,... K,

n

K
max Y4 Z dp
dk ,Ozj

’ k=1

i=1

(17)

where «; can be considered as the “intrinsic” effect of a
variable (no matter which group it belongs to), and different
group effects are represented via different dj. Since the num-
ber of genes in each gene-set may differ significantly from
set to set, we use A\, to allow different gene-sets to be pe-
nalized differently. Specifically, we have considered A\ = 1,
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Ak = /Pr and Ay = pi; we will report the results based on
Ak = /Dk as it echoes the square root in Section 4. Similar
adjustments can also be applied to the methods that we have
compared with. In this section, €(n;, y;) = yin: — log(1+e™)
is the logistic log-likelihood function with y; being a 0/1 re-
sponse. Also notice that if each variable belongs to only one
group, the model reduces to the non-overlapping criterion

(8).

We randomly split the 50 samples into the training and
test sets 100 times; for each split, 33 samples (22 carry-
ing mutations and 11 being normal) were used for training
and the rest 17 samples (11 carrying mutations and 6 being
normal) were for testing. For each split, we applied three
methods, the logistic lasso, the logistic La-norm group lasso
[14] and the logistic hierarchical lasso. Tuning parameters
were chosen using five-fold cross-validation.

We first compare the prediction accuracy of the three
methods. Over the 100 random splits, the logistic hierarchi-
cal lasso has an average misclassification rate of 14% with
the standard error 1.8%, which is smaller than 23% (1.7%)
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Figure 2. The number of samples vs the frequency that a sample was correctly classified on 100 random splits of the p53 data.

of the logistic lasso and 32% (1.2%) of the logistic group
lasso. To assess the stability of the prediction, we recorded
the frequency in which each sample, as a test observation,
was correctly classified. For example, if a sample appeared
in 40 test sets among the 100 random splits, and out of the
40 predictions, the sample was correctly classified 36 times,
we recorded 36/40 for this sample. The results are shown in
Figure 2. As we can see, for most samples, the logistic hierar-
chical lasso classified them correctly for most of the random
splits, and the predictions seemed to be slightly more stable
than the logistic lasso and the logistic Ls-norm group lasso.

Next, we compare gene-set selection of these three meth-
ods. The most notable difference is that both logistic lasso
and the logistic hierarchical lasso selected gene CDKN1A
most frequently out of the 100 random split, while the logis-
tic Lo-norm group lasso rarely selected it. CDKN1A is also
named as wild-type p53 activated fragment-1 (p21), and it is
known that the expression of gene CDKNIA is tightly con-
trolled by the tumor suppressor protein p53, through which
this protein mediates the p53-dependent cell cycle G1 phase
arrest in response to a variety of stress stimuli [13].

We also compared the gene-sets selected by the logistic
hierarchical lasso with those selected by the GSEA [17] and
the GSA [5]. The two most frequently selected gene-sets by
the hierarchical lasso are atm pathway and radiation sensi-
tivity. The most frequently selected genes in atm pathway
by the logistic hierarchical lasso are CDKN1A, MDM2 and
RELA, and the most frequently selected genes in radiation

sensitivity are CDKN1A, MDM2 and BCL2. It is known
that MDM2, the second commonly selected gene, is a target
gene of the transcription factor tumor protein p53, and the
encoded protein in MDM2 is a nuclear phosphoprotein that
binds and inhibits transactivation by tumor protein p53,
as part of an autoregulatory negative feedback loop [11, 15].
Note that the gene-set radiation sensitivity was also selected
by GSEA and GSA. Though the gene-set atm pathway was
not selected by GSEA and GSA, it shares 7, 8, 6, and 3 genes
with gene-sets radiation sensitivity, p53 signalling, p53 hy-
poxia pathway and p53 Up respectively, which were all se-
lected by GSEA and GSA. We also note that GSEA and
GSA are based on the marginal strength of each gene-set,
while the logistic hierarchical lasso fits an “additive” model
and uses the joint strengths of gene-sets.

8. DISCUSSION

In this paper, we have proposed a hierarchical lasso
method for group variable selection. Different variable se-
lection methods have their own advantages in different sce-
narios. The hierarchical lasso method not only effectively
removes unimportant groups, but also keeps the flexibility
of selecting variables within a group. We show that the im-
proved hierarchical lasso method enjoys an oracle property,
i.e., it performs as well as if the true sub-model were given in
advance. Numerical results indicate that our method works
well, especially when variables in a group are associated with
the response in a “not all-in-all-out” fashion.
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The grouping idea is also applicable to other regression
and classification settings, for example, the multi-response
regression and multi-class classification problems. In these
problems, a grouping structure may not exist among the pre-
diction variables, but instead, natural grouping structures
exist among parameters. We use the multi-response regres-
sion problem to illustrate the point [3, 19]. Suppose we ob-
serve (€1,Y1), - -+, (Tn, Y, ), where each y; = (yi1, ..., Yix)
is a vector containing K responses, and we are interested
in selecting a subset of the prediction variables that predict
well for all of the multiple responses. Standard techniques
estimate K prediction functions, one for each of the K re-
sponses, fy(x) = friz1 + - + Biprp, k = 1,..., K. The
prediction variables (z1,...,z,) may not have a grouping
structure, however, we may consider the coefficients cor-
responding to the same prediction variable form a natural
group, i.e., (B, 02, ..,0K;). Using our hierarchical lasso
idea, we reparameterize 8;; = d;jax;, d; > 0, and we con-
sider

K n

2
gy, 53 (e Lo
d;>0,0k; 2k < (yz jbig

— A - Zd — Ao - ZZWM

j=1k=1

Note that if d; is shrunk to zero, all 8i;,k = 1,..., K will be
equal to zero, hence the jth prediction variable will be re-
moved from all K predictions. If d; is not equal to zero, then
some of the aoy; and hence some of the Gy, k = 1,..., K, still
have the possibility of being zero. Therefore, the jth variable
may be predictive for some responses but non-predictive for
others.

One referee mentioned the paper [20], for which we are the
co-authors. Most of this work was finished before the start
of [20], which focuses on survival analysis. Furthermore, in
[20], the number of prediction variables and the number of
groups are fixed, while in this work, we allow both p,; — oo
and K,, — oo as n — oo.

Another referee pointed out the work in [10], which we
were not aware of when our manuscript was first com-
pleted and submitted in 2007. It is true that if the penalty
in (8) is modified to be Ele dim + )\Zszl Z?’;l 7510
then using the same argument as in Theorem 1, one can
show that the hierarchical model is equivalent to a pe-
nalized linear regression model with the bridge penalty
Sro1(Bia] + |Bral + -+ + |Brp )Y/ s in [10]. Thus
we acknowledge that the work in [10] is closely related with
ours, but there are also differences. For example:

e We proved the oracle property for both group selection
and within group selection, while the oracle property is
considered only for group selection in [10].

e Our theory applies to the generalized maximum likeli-
hood estimate, while the penalized least squares esti-
mate is considered in [10].
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e Handling overlapping groups. It is not unusual for a
variable to be a member of several groups. The gene
expression date we analyzed in Section 7 is such an
example: given a plethora of biologically defined gene-
sets, not surprisingly, there will be considerable overlap
among these sets. In [10], a prediction variable that ap-
pears in more than one group gets penalized more heav-
ily than variables appearing in only one group. There-
fore, a prediction variable belonging to multiple groups
is more likely to be removed than a variable belonging
to only one group. We are not sure whether this is an
appealing property. In our approach, as shown in (17),
if a prediction variable belongs to multiple groups, it
does not get penalized more heavily than other vari-
ables that belong to only one group.
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APPENDIX

Proof of Lemma 1

Let Q*(A1, A2, d, &) be the criterion that we would like
to maximize in equation (7) and let Q*(\, d, «) be the cor-
responding criterion in equation (8).

Let ((Ai*, a”) be a local maximizer of Q* (A1, A2, d, ar). We
would like to prove (&* = )\1&*,&* = &"/)\1) is a local
maximizer of @*(\, d, ).

We immediately have

Q*(Ala )\Za da a) = Q*()H >\1d; a/Al)

Since (&*, ") is a local maximizer of Q* ()\1, A2, d, ), there
exists § > 0 such that if d’, o’ satisfy ||d’ d ||+ —a"|| <
§ then Q* (A1, \a,d’, ') < Q ()\1,/\2, ,ak).

Choose ¢’ such that — < 6, for any (d”, o) sat-

(>\
isfying ||d” — &*|\ + [ — A*|| < 0" we have
d// R
H— —d ||+ [Aa — &
ML —d ||+ = [ Ma” — a7
- mm(/\l, x)
" —d | e et
B min(Aq, )\%) min(Aq, )\%) '
Hence
Q*(Au(}”?d”) Q (>\17)‘27 />\17)\1a”)
Q (Ala)\27 , &Y ) = Q*(Aa&*7d*)'



Therefore, (&* =nd &
Q*(\d, ).

Similarly we can prove that for any local maximizer
(&*, &) of Q*(\, d, ), there is a corresponding local maxi-
&*) of Q*(A\1, A2, d, @) such that dia Q= dkakj

= &*/\1) is a local maximizer of

n
mizer (d ,

Lemma 2. Suppose (d, &) is a local mazimizer of (8). Let
B be the Hierarchical Lasso estimate related to (d, &), i.e.,
ﬂkj = dkdkj, If dk = 0, then dk = 0,’ Zf dk 75 0, then

G 0 and dy, = \/ A| By l1, & = —2—.
[Bellr # 0 and dy, 1Bl e NEAT

Proof of Lemma 2

If d, = 0, then &y = 0 is quite obvious. Similarly, if
&y =0, then dj = 0. Therefore, if dj # 0, then &y, # 0 and
1Bkl # 0.

We prove dj, = +/A|BLll1, é = /\H T

contradiction. Suppose 3k’ such that i # 0 and dis #*

v/ A B .Letiva:c.Thena =c ﬁ’f . Sup-
||/3k \1 dy k rﬁk\ll p

pose ¢ > 1.
Let dj, = dk and &y = & for k # k' and dy = 8'dys
and &y = Gy 55 5,, where &’ satisfies ¢ > ¢ > 1 and is very

for dj, # 0 by

close to 1 such that ||dy — dg||1 + || — éu|]1 < 6 for some
0> 0.
Then we have
Q*(Av &7 d) - Q*()‘v &7 d)

. 1. . R
= —0'ldw| = Al |1+ [dir] + Allé |1

o’ A
(- 25+ 1+c)yABuln
1 ? -
L0 =05 1)yl o

Therefore, for any § > 0, we can find d, & such that ||d —
d; + ||& — &y < and Q*(\,d,&) > Q*(\,d, &). These
contradict with (d, &) being a local maximizer.

Similarly for the case when ¢ < 1. Hence, we have the

result that if dj, # 0, then dj, = )\||Bk||1,dk = %
EIL

Proof of Theorem 1

Let Q(X,3) be the corresponding criterion in equation
(11).

Suppose (d, &) is a local maximizer of Q*(\,d, ), we
first show that B, where Bk’j = (Zk.ézkj, is a local maximizer
of Q(A, B), i.e. there exists a ¢’ such that if ||AB||; < ¢’ then

QB+ AB) <Q(\B).

We denote AB = ABY + AB® | where ABLY = 0 if
1Bl = 0 and ABY) = 0if [|By[l1 # 0. We have [|AB]: =
1ABD| + |A8Ps.

Now we show Q(\, 3 + ABW) < Q(\,B) if ¢ is small

\/)‘”Bk”hdk =

Brif ||dyll # 0 and @y = 0 if |dyfl; = 0. Further-
B llx

enough. By Lemma 2, we have di, =

. - R B3, +AB8WL .
more, let dj = /A8y, + 281 |1, &), = B”—ﬁm !
MBr+28, 1

|dlli # 0. Let dj, = 0,é&), = 0 if ||dg]y = 0. Then we
have Q*(\,d,&') = QA B + ABY) and Q*(\,d, &) =
Q()\,ﬁ). Hence we only need to show that Q*()\,El,,d') <
Q*(\,d,&). Note that (d,&) ia a local maximizer of
Q*(\,d, ). Therefore there exists a 0 such that for any
d o satistying ||d — d||l; + ||& — &1 < 6, we have

Q*(\d, ) < Q*(\ d, &).
Now since
d,— i = [\ AIBy + 280 1 — VMBI

WAIBLl = AABD 1 — VNIBL |
1
_1 a8l

< —
VB = AAB0

IN

1MABPI _ 1 A1A80
S a—n 2 N2

where a = min{||3,||1 : |B.][1 # 0} and & < a/2.

Furthermore
&g, — éullL = H 5k+A/@§:) 7 By,

VAIBL+ 8801 /AIBIL 1

H B+osy By

T MB 4 280 MIB + 280
|t
VNB+ 28001 MBI

_ 12871

VAa/2
AL VAMBL + 28011 — /MBI
VB + 880 11/ M8yl

||Aﬁ,:>||1+ b (pnAﬂk ||1)
VAa/2 Va2V a VAa/2

1 b
A 1) ( + )’
< 287 Aa/2  avia
where b = max{[|By/|1 : |Bx[lx # 0}
Therefore, there exists a small enough &, if | ABW ||, < &
we have ||d — d||; + |& — &, < d. Hence Q*(\, d, &) <
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Q* (), d, &) (due to local maximality) and Q(A, BJrA,B(l)) <
QA B).

Next we show Q(A, B+A81 +ABP) < Q(\, B+A8W).
Note that

QB+ 48N +ABD) — QB+ £8W)

K
)= >V AABPL,
k=1

where 8% is a vector between ,@ + A,B(l) + Aﬁ(2) and ,3 +
ABW . Since |ABP||y < 8 is small enough, the second term
dominates the first term, hence we have Q(\, B + Aﬂ(l)
ABP) < QB+ 1BY).

Overall, we have that there exists a small enough ¢’, if
|AB]1 < &, then Q(\, B + AB) < Q(\, B), which implies
that 3 is a local maximizer of QAN B).

Similarly, we can prove that if B is a local maximizer of

A, 3), and if we let dy = +/A|B.ll1, G = —Li— for
QA( B) A k 1Bl kA A
1B:ll1 # 0 and let dp = 0,é&p, = 0 for ||B]l1 = 0, then
(d, &) is a local maximizer of Q*(\, d, a).

= ABP'VL(B

Regularity conditions

Let S,, be the number of non-zero groups, i.e., |3, || # 0.
Without loss of generality, we assume

182kl = 0,

fork=1,...,5,,

fork=5,+1,...,K,.

Let s, be the number of non-zero coefficients in group
k,1 <k < S,; again, without loss of generality, we assume

fork=1,...,
fork=1,...

Sn; 7=1,..., Snk,
7Sn; ]:Snk+1a

n kj 7é 0
n k] - O y Pnk-

For simplicity, we write B, ij, Pnk and sni as Bij, pr and
sk in the following.

Since we have a diverging number of parameters, to keep
the uniform properties of the likelihood function, we need
some conditions on the higher-order moment of the likeli-
hood function, as compared to the usual condition in the
asymptotic theory of the likelihood estimate under finite
parameters (Lehmann and Casella 1998).

(A1) For every n, the observations {V,,;,i = 1,2,...,n} are
independent and identically distributed, each with a
density fn(Vn1,0,,)- fn(Vni,3,) has a common sup-
port and the model is identifiable. Furthermore, the
first and second logarithmic derivatives of f,, satisfy
the equations
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alngn(anaﬁn):| -0
P 0Bk ’
fork=1,...,

Kn7 j:17"'apk

Ikljlkzjz (I@n) = E,Bn IOg fn(ana,Bn)

0
_algklh
IOg fn(an ) ﬂn):|

2

' 0
8/6k2j2

al - m log fn(Vnh/@n)] .

The Fisher information matrix

1(8,) =

6T
8,3 logfn( nlalgn)wlogfn(vnla/@n):l

n

satisfies the condition

0< Cl < /\Inin{I(lgn)} S Amax{I(ﬁn)} < C(2 < 00,

and for any k1, j1, ko, jo, we have

0
Eﬁ |:aﬁkljl lngn( 7l17ﬁn)

9 2
! aﬁk2]2 logf’n(v’nlﬂﬁn):| < CS < OO,

2 2
E -1 n(Vn1, B, < Oy < 0.
ﬁn|: 86k1j18ﬁk2j2 o8 f ( 8 ):| e

There exists an open subset w, of €, € R that
contains the true parameter point ,82 such that for
almost all V1, the density f,(V,1,3,) admits all
third derivatives 93 f,,(Vn1, 8,,)/(08k1 j10Bksj2 OBksjs )

for all B8, € wy. Furthermore, there exist functions
Mnk1j1k2j2ksj3 such that

83
log fn(Vn1, By
OBk151 0Bz OBkajs (Vs B)
< Mnkljlkzjzksjs (an) for all 6n € Wn,

and Eg [M2

nkijikzj2ksjs

(an)] < Cs < 0.

These regularity conditions guarantee the asymptotic
normality of the ordinary maximum likelihood estimates for
diverging number of parameters.

For expositional simplicity, we will first prove Theorem 3
and Theorem 4, then prove Theorem 2.

Proof of Theorem 3

We will show that for any given € > 0, there exists a
constant C such that



(18) Pr{” shlgc Qn(ﬁg + apu) < Qn(,@g)} >1—c¢,

where o, = v/Ppn(n™Y2 + X\y\/@r/2+/c1). This implies that
with probability at least 1 — ¢, that there exists a local max-
imum in the ball {8° +a,u Hull < C’} Hence, there exists
a local maximizer such that |3, — 82| = O »(a,). Since
1/2./c1 is a constant, we have |3, — B2 || = Op(v/ P (n~ 2+
Nuy/)).

Using pa,, w, (0) = 0, we have

(19)
Dy (u) = Qu(B,, + anu) — Qu(By)
< Lo (B, + anu) — La(B,)
-n i{pxn,wn (B + antk) = P, w, (Bo) }
2(1) +k ?}1).

Using the standard argument on the Taylor expansion of
the likelihood function, we have

(20) (I) = a,u"VL,(82) + %uTVQLn(ﬂg)uoﬂ

n
1 T Ty72 * 3
+ gu V{u'V-L,(8;)u}c;
Eh+L+1s,

where 3 lies between [32 and B?L + anu. Using the same
argument as in the proof of Theorem 1 in [7], we have

21) L] = Oplazn)|ul,
na% T 0 2 2
(22) L= = SR (80)u + op(1)nad ul,
and
1 Kn pr Kn pe Kn Dk
EEE393)
1=1j1=1 ko=1j2=1 k3=1js=1
33L (Bn) et
aﬂklhaﬁkzjzaﬁ]%m 141 Wizt s O
B {kl 1j1=1ko=1j2=1ks=1j3=1
1/2
M’zkljlkzjzksjs(‘/ni)} Hu”?)a?z
= Op(P3an)nal |ul®.
Since f — 0 and P Any/an — 0 as n — oo, we have
(23) 13| = op(nad,)|[ul®.

From (21)—(23), we can see that, by choosing a sufficiently
large C, the first term in Iy dominates I; uniformly on ||u|| =
C; when n is large enough, I also dominates I3 uniformly
on ||lul| =C

Now we consider (II). Since “12 4
Anr/Gn/2\/c1) — 0, for |[u|| < C we have

= VPi(n

(24) 18R, + omuni| > 10| — [omunj| > 0

for n large enough and ﬁgj # 0. Hence, we have

p)\n;wn (161(')7,’{) + a7luk) - p/\nvwn (ﬂ’rolk)

= (\/wn,k1|ﬂ21 + anuk1| + A Wh gy, |52pk + Uy,

- \/wn,kl‘ﬁgl‘ T+ Whkpy, |ﬂ;3pk |))\n

> (\/wn,m |BRy + mttna| + -+ W ks, |8y, + Onksy

- \/wn,m\ﬁgl\ + o Whks, |ﬂlgsk D)‘n
> ({wp | By +

- an(wn,kl|ukl‘ + -

+ Wn, ks, |ﬁ]85k|
1/2

+ Wn,ksy, |'Ulks;c |)}
- \/wmkl‘ﬁgl‘ + -+ Wn, ks, |ﬁ25k D)‘n
(for n large enough, by (24))

= Ao Wn gt B |+ -+ W, 182, (VT =k = 1),

an(Wn, k1 |up |+ Fwn ks |ups, |)
wn‘kl‘ﬁgl“‘r'”'i’wn,ksk|ﬁ25k‘
For n large enough, we have 0 < v, < 1 and v, <
anllukll(Wn, k1t FWn ks ) o lug < anC
c1(Wn, k1t +Wn, ks, ) o c1 = a
ability tending to 1 as n — oc.

where 7, is defined as v, =

— 0 with prob-

Therefore,

— Pxnwn (ﬁgk)
2 )‘n\/wmkl ‘ﬁl(c)l‘ Tt Wnksy |Bl(c)sk‘
: (\/ 1= Ynk — 1)

> )‘n\/wn’kl‘ﬂgl‘ Tt Whksy, |ﬂgsk‘

(Rl )

(Using vnr = 0p(1) and Taylor expansion)

Px,w, (ﬁgk + anuy)

(079 (wn,kl ‘ukll +--- 4+ Wn, k sy, |uk:s;C |)

2 _)\n
\/wn,k1|ﬂ]21| T Waksy, |ﬁgék|
(1+]0,(1)]
2
”ukHvan
Z_Qn n (1+|P( )|)

2@
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Therefore, the term (I7) in (19) is bounded by

namA ( > ”"’“”V“”S’“><1+ lop(D)]),
k=1

which is further bounded by

JE
NG

Note that a,, = Pn(n™'/2 + X\,\/a,/2\/c1), hence the

above expression is bounded by

o/ ([l 52 ) (04 o0

[l (1 + o, (1)])-

This term is also dominated by the first term of I5 on ||ul|| =
C uniformly. Therefore, D,,(u) < 0 is satisfied uniformly on
|lu|| = C. This completes the proof of the theorem.

Proof of Theorem 4

We have proved that if A\, /@, = O,(n~1/2), there exists
a root-(n/P,) consistent estimate Bn Now we prove that
this root-(n/P,,) consistent estimate has the oracle sparsity
under the condition )\g)—gn = op(n), ie., Bkj = 0 with proba-
bility tending to 1 if ng =0.

Using Taylor’s expansion, we have

(25)
aQn(IBn) :aLn(/Bn) 7nap)\n7wn(16’nk‘)
OBk 5ﬁkj ‘%kj
Ky, Pk
0
- 8/6]@] Z Z aﬁkjaﬂk viin ﬁkl]l ﬂkljl)
K, Pky K, Pko

EPIDIDIDS

k1 1j1=1ko=1j2=1

L, (BL) Ty
OBrjOBr1js OBrajo -

B NApWn kj
2/ Wn k1| Br1] + - + W ey | Brpye|
20+ I+ I3+ 1,

- ﬁgljl)(ﬁkzjz - ﬁ’gzjz)

sgn(Sy;)

where 87, lies between 3,, and 32.
Using the argument in the proof of Lemma 5 in [7], for

any B, satistying [|8,, — B%| = O,(\/Pn/n), we have

L = Op(\/ﬁ) = Op( V nPn),
_[2 = Op(\/ nPn),
Is = op(\/nFy).

Then, since 3,, is a root-(n/P,) consistent estimate max-
imizing @Q,(8,,), if Br; # 0, we have
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IQn (B,
(26) %f) B.=B,
= Op(\/E)
_ - AR Wn ks = sgn(ﬂAkj) =0
2\/’wn,k1|ﬂk1| + o 4 Wnkpy [ Bk |
Therefore,

n)\nwmkj

. —— = 0,(\/nP,) for B; # 0.
\/wn,k1|ﬂk1| + A Wn kpy | Brpy |

This can be extended to
A W,k B

\/wn,k1|Bk1| + e Whkpy |kak|

= |/3kj|op( VnPy),

for any Bkj with Bnk # 0. If we sum this over all j in the
kth group, we have

n/\n\/wn,klmkﬂ T+t Wy kpy, |kak|

= Z |Bkj|0p( VnPy,).
j=1

(27)

Since 3,, is a root-(n/P,) consistent estimate of B2, we
have || = Op(1) for (k,7) € Ay and || = Op(y/Pu/n)
for (k,j) € B, UC,,.

Now for any k and j satisfying ng = 0 and B; # 0,
equation (26) can be written as:

(28)
9Qn(B,)
OBrkj  18.=B,
_ 1
2>\n \/’wn,k1|3k1| + -+ Wn,, kpy, |kak|
(Op(VPafmAu Bl + -+ W B
— nAZwn kisgn(Brj)) = 0.
Denote
B = Op(\/ P /)0, - \/wn,/c1|B/c1| + o Wy | Brp |-
Let h, = Zfz"l hni. By equation (27), we have h, =
Kn A .
o1 Op(\/ P /n) pil 1Bk 10p(vVnPy) = O,(P2). Since
2
)\I;b = o0p(n) guarantees that nA2b, dominates h,, with

probability tending to 1 as n — oo, the first term in (28) is

dominated by the second term as n — oo uniformly for all k&

and j satisfying ﬁ,gj = 0 since wy, k; > by, and hy, > hyy. De-

= 2)‘n\/wn,k1|3k1| T Whkpy, |/kalc |/(n)‘72¢bn)
Ky

>kt k- (27),

note gnk

Let ¢, = By equation we have



go = 2350 (1/n) 08 1B |0y (Vi) [ (nAZhs) =
0,(1/+/nP,). The absolute value of the second term in (28) is

bounded below by 1/g,,. So with probability uniformly con-
(ﬁ)

verging to 1 the second term in the derivative a | B=3,
will go to co as m — oo, which is a contradiction w1th equa-
tion (28). Therefore, for any k and j satisfying ﬁ,gj =0, we
have ﬁkj = 0 with a probability tending to 1 as n — oco. We
have ,@Dn = 0 with probability tending to 1 as well.

Now we prove the second part of Theorem 4. From the
above proof, we know that there exists (ﬁn A, 0) with prob-
ability tending to 1, which is a root-(n/P,) consistent local
maximizer of Q(3,,). With a slight abuse of notation, let
Qn(Bra,) = Qn(Bp 4,,0). Using the Taylor expansion on

VQn(Bn,A") at point ﬂg’An, we have
1, .

n(Bn,a,) Bra, = Baa) —

1
—=(vL,(B

A

1
‘*‘5( nA,) ) VH{VL,(3 A, )}

(Bn,An - ﬁ?L,An)> )

B A, —

where 8}, 4. lies between 3, 4 and B85 4 .
Now we define

Co 2 (B, —BOu) VLB u )} Brs, — BOa,)-

N~

Using the Cauchy-Schwarz inequality, we have

1 2

(30) an

n

IN

n”/Bn,An - 9L,.An ”4

n2 4

5
Since % — 0 as n — oo, by Lemma 8 in [7], we have

H V2 L(B0) +In<ﬂ2,,4n>H — 0,(1/P)

and

) | (AT L)+ 1)) B, ~ Bn)

= 0p(1/v/nP,) = 0p(1/V/n).

Since

\/wn,k1|ﬁk1| + o Wnksy [ Brs |
= {wn 1B (L + Op(V/Pu/n)) +
+ Wn s [BRs, | (14 Op(v/Pu/n)) }
= 0t |8+ s, 15,

(1 + Op(v/ Pn/n)),

1/2

we have
AnWr, kj
\/wn,kl |Bk1| + ot Wy ks, |Bksk|
)\nwmkj

VB -+ w0k |8,

(14 Op(\/ Pn/n)).

Furthermore, since
)\nwn,kj
Vol + -+ w8,

i A/, _
< Donts Moo (p,) )
/Wn i;C1 Vel

for (k,j) € Ay, we have

1 .
(3753

_ AnWn, kj
2\/wn,k1 |Bk1| +-- 4+ Wn, ks, |Bksk|
—1/2
= op((nPy) "%

and

(32) H —VJn( H vV Proy((nP,) %)

Together with (30), (31) and (32), from (29) we have

In(ﬁ?lAﬂ)(BnA —52,,4”)
= —VL (B3.4,) + 0p(1/V/n).

0p(1/v/n).

Now using the same argument as in the proof of Theo-
rem 2 in [7], we have

\/_A II/Q(ﬁn.An)(Bn.A 7'691%‘71)
— VAL V(BY 4 n)( VLn(Bn,a, ))
—>N(0’G)7

where A, is a ¢ x |A,| matrix such that A,A," — G and
G is a ¢ X ¢ nonnegative symmetric matrix.
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Proof of Theorem 2

Note that when w, ; = 1, we have a, = 1 and b, = 1.

The conditions A\,+\/an = O,(n~1/?) and P—’%n = o0p(n) in
Theorem 4 become \,/n = O,(1) and W \"f — 0. These

two conditions cannot be satisfied simultaneously by adjust-
ing A,,, which implies that Pr(8, = 0) — 1 cannot be guar-
anteed.

We will prove that by choosing A, satisfying /n\, =
O,(1) and P,n=3/*/)\, — 0 as n — oo, we can have a root-
n consistent local maximizer Bn = (,3 A Banlécn)T such
that Pr(Bcn =0)— 1.

Similar as in the proof of Theorem 4, we let
hl, = Zf:nsnﬂ hnk. By equation (27), we have hl, =

K, A
> kls, 41 Op(V/Pu/n) 3288 1815105 (V) = Op(P2 /).
Since P,n~%/*/\, — 0 guarantees that nA? dominates h/,
with probability tending to 1 as n — oo, the first term in
(28) is dominated by the second term as n — oo uniformly
for any k satisfying B?Lk = 0 since wy, k; = 1 and k), > hyy.
Similar as in the proof of Theorem 4, we have 8. = 0 with
probability tending to 1.

Proof of Theorem 5

Let N, |A,| be the number of nonzero parame-
ters. Let B, be an (N, — ¢) x N,, matrix which satisfies
B,B; =1y, ,and A, B} =0. As 3, 4, isin the orthog-
onal complement to the linear space that is spanned by the
rows of A,, under the null hypothesis Hy, it follows that

IBTMAn = BIL’YTL?

where ~,, is an (N, — ¢q) x 1 vector. Then, under H the
penalized likelihood estimator is also the local maximizer
%,, of the problem

QTL (/Bn,.An ) = H’lan QR(BIL'Vn)

To prove Theorem 5 we need the following two lemmas.

Lemma 3. Under condition (b) of Theorem 4 and the null
hypothesis Hy, we have

— B,

'8y,

B, (Y, — )
= " BL{B.L.(8.4)B

ﬁn,An

1. _
= EIn 4,)VLa(BY 1)+ 0p(n™1/?),

2} BaVLn(B) 4,)

+op(n”1/?).

Proof of Lemma 3

We need only prove the second equation. The first equa-
tion can be shown in the same manner. Following the proof
of Theorem 4, it follows that under Hy,
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B I (ﬁn A,L)BT ('Yn 72)

1

=—-B,VL,(8° —1/2),
" :

An) + op(n

As the eigenvalue M\;(B,I n(B?h A,)B;) is uniformly
bounded away from 0 and infinity, we have

= BI{B.L.(8)4,)B
71/2).

W} ' BLVLL(B) 4,)
+ op(n

Lemma 4. Under condition (b) of Theorem 4 and the null
hypothesis Hy, we have

= g(an,An Bn7n> I (ﬂg,An)(Bn,An Bn’Yn)
+ 0p(1).

Proof of Lemma 4
A Taylor’s expansion of Qn(Bn’An) — Qn(B]A,) at the

point ,@n 4, yields

Qn(Bn.a,) — @u(BLA,) =Ti+ T+ Ts + Ty,
where
= V'Qu(Bn.a,) B s, — BrAn),

Ty= — 5 (Bua, = BiAn) VLu(B, )
(B, — BiAn),

Ty = SV (B, — Bi) VLol )
(Bna, = BiAn)}(Bo s, — BiAn),

Ti= 3 (Boa, ~ BiAn) V(B a,)
(Bn.a, — Bun)-

We have T} =0 as VTQn(Bn,A”) =0.

Let ©, = I,(8)4,) and ®, = [VL.(B, 4
Lemma 2 we have

(Bn,A“ - B:L’?n)
=01, -
+ Op(n71/2)~

.).- By

®.’B](B,©,B.) 'B,0Y*1e,'?®,

1,-6\?BT(B,©,B!)'B,0/?is an idempotent matrix
with rank ¢. Hence, by a standard argument and condition

(A2),

Boa, ~ B = 0, (/1)

n



We have
1 (1]
(34) <—V2Jn(ﬂnﬂ4n)> =0, fork+#k
" kjki
(2]
and
3]
1 ,
) (29%0060:..)
" kjkja
o Anrwn,kjU)n,kjl [4]
4(wn,k1|ﬁzl| +oF W, ksy, |ﬁzsk |)3/2
)\nwn kjWn,kjy [5]
= : : 14 0,(1
Tamml Bl + - T e B+ )
Any/an (6]
< W(l +0p(1))
= 0p((nPn)~"/?). 7
Combining (34), (35) and condition ¢ < P,, following the ¢
proof of I3 in Theorem 3, we have 8
[9]
Ty = 0, (nP2/?n=3/2%/2) = o,(1)
and [10]
1 y . . (11]
73 < 0 20280, 180, ~ Bl
n
(12]
- npnop((npn)1/2)op<q> = 0,(1).
" [13]
Thus,
(36)  QulBna,) ~ Qu(BlA,) = Ta+ 0p(1). 14
It follows from Lemmas 8 and 9 in [7] that "
e Boa )+ T.(8° 4 )| =0 L [16]
n n\Mn, A, n\Mn, A, P \/]Tn .
Hence, we have
(17]
37 E(B, 4 — BLA,) (VLA I,(8°
(7)) 5Bn.a, = Ba¥n) AV La(Bra,) +1Ln(Bn,a,)}
(Bn,An - BIL’SITL)
1 q (18]
<o (7)) =0
(19]
The combination of (36) and (37) yields (33).
Proof of Theorem 5 [20]
Given Lemmas 3 and 4, the proof of the Theorem is sim-
ilar to the proof of Theorem 4 in [7]. [21]
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