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Periodic and open classical spin Calogero-Moser
chains

Nicolai Reshetikhin

ABSTRACT. We construct classical Hamiltonian system similar to spin
Calogero-Moser type systems. They can be regarded as a many particle
system with composite spin degrees of freedom and also as an integrable
spin chain of Gaudin type. We prove that these Hamiltonian systems
are superintegrable.

Introduction

1. Classical Calogero-Moser (CM) systems were among the first inte-
grable N-particle systems of one dimensional particles [3][25] with the po-
tential 1/(g; —q;)?. This model was generalized to the potential 1/sh?(g;—g;)
in [36]. Then it was extended to other root systems and to elliptic potentials
in [28], to a model involving spin degrees of freedom in [16].

There is an extensive literature on spin versions of CM systems. For
example in [21][22] solutions to equations of motion to the elliptic spin
Calogero-Moser system were related to special elliptic solutions to the ma-
trix KP hierarchy. The relation to gauge theories were explored in many
papers, see for example [27][15]. A variety of spin CM systems were ob-
tained by L. Feher, see for example [10][11][12], in particular he derived
important examples related to homogeneous spaces. Two spin CM systems
were studied in [18][19]. Integrable chains of relativistic spin CM type sys-
tems were studied in [5][2].

Superintegrability of spin CM systems and of spin Ruijsenaars systems
was established in [29]. In [31] the superintegrability of spin CM systems on
homogeneous spaces was established. A family of superintegrable systems
on moduli spaces of flat connections was constructed in [1]. This family
includes systems studied in [5][2]. In these particular case the system is also
Liouville integrable.

In this paper we will describe classical superintegrable system which we
call spin Calogero-Moser (CM) chains. We call them spin CM chains because
they combine features of many particle systems (as in CM systems) and of
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spin chains. We distinguish two cases: a periodic chain and an open chain.
The periodic case is the classical version of a quantum integrable system
where joint eigenfunctions of quantum commuting Hamiltonians are trace
functions, see [7]. In this case the spin part of the system reminds a spin
chain with periodic boundary conditions. In case of rank 1 orbits for sl,
these systems are linearized versions of [5] and [2]. In the open case they are
a classical version of quantum integrable systems constructed in [35][33].
For these systems the spin part of the system is similar to an open spin
chain.

In both cases, i.e. in the periodic and in the open spin Calogero-Moser
chains, the phases space is a stratified symplectic space [23], which, in some
cases have only one stratum and becomes a symplectic manifold.

2. Recall that a superintegrable system is the structure on a symplectic
manifold M that consists of a Poisson manifold P, a Poisson manifold B
with the trivial Poisson structure (i.e. zero Poisson tensor) and two surjective
Poisson projections

(1) MEBPEE

such that dim(M) = dim(P) + dim(B). For a superintegrable system a
generic fiber of p; is an isotropic submanifolds of dimension dim(B) and
connected components of a generic fiber of ps is a disjoint union of symplectic
leaves of P. For details see [26][30] and references therein. Here we adopt
this notion to the case of stratified symplectic and Poisson spaces in which
case p1 and po are Poisson mapping between stratifies spaces. In this paper
the superintegrability means the balance of dimensions for the big stratum.
How the system behave at smaller strata will be a subject of a separate
publication. In the algebraic case, the appropriate setting is symplectic and
Poisson stacks.

Let I be a Poisson commutative subalgebra of A = C°°(M) that consists
of functions which are constant on fibers of paop; (the pull-back of functions
on B to functions on M) and J be the Poisson algebra of functions which are
constant on fibers of p; (the pull-back of functions on P). The condition on
(M, P, B) for being a superintegrable system is equivalent to the following
condition on I C J C A. The Poisson algebra A has trivial center, I C Aisa
Poisson commutative subalgebra, such that J, its centralizer in A maximal
possible Gelfand-Kirillov dimension for the given Gelfand-Kirillov dimension
of I.

The Hamiltonian dynamics generated by a function H € I is called su-
perintegrable. Any function from J is constant along flow lines of the vector
field generated by H and thus, it is an integral of motion for the Hamiltonian
dynamics generated by H. This is why we call elements of the Poisson com-
mutative subalgebra I Hamiltonians and elements of J conservation laws.

3. Throughout this paper G is a split real connected semisimple Lie al-
gebra with finite center which admits a complexification, and © € Aut(G)
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is a Cartan involution. We denote by K = G®© the closed subgroup of fixed
points of ©, which is connected and maximal compact. Let 6 the corre-
sponding Cartan involution® of g, and € the Lie algebra of K. The associated
Cartan decomposition of g is g = ¢ @ p, with p the (—1)-eigenspace of 6.

Let a C g be maximally noncompact 6-stable Cartan subalgebra of g.
Since g is split we have a C p. On the Lie group level, A = exp(a) C G is
a maximal real split torus in G and H := Z;(A), the centraliser of A in G,
is a Cartan subgroup in G containing A. The exponential map provides an
isomorphism a — A, whose inverse we denote by log : A — a.

Consider the root decomposition of g with respect to the Cartan subal-

gebra a,
0=08 P
aER
where R C a* is the root system of g relative to a. Choose e, € g, such that
(2) O(eq) = —e—q

and (eq,e_o) = 1 for each a € R, and choose a subset R; C R of positive
roots. Let W C GL(a*) be the Weyl group of R.

The Weyl group W is isomorphic to Ng(A)/H, where Ng(A) is the
normaliser of A in G. Denote by A,., the set of regular elements in a € A,

Apegi={a € Alaq:= e(log(a)) # 1 for all @« € R}.

It is the union of all the regular W-orbits in A. A fundamental domain for
the W-action on Areg2 is the positive Weyl chamber

Ar={a€ Al ay:=e18@) 51 for any a € R, }.

Let G’ C G be the set of elements g € G which are G-conjugate to some
element in A,.4. The inclusion A,¢; < G’ induces a bijection Aycq/W =
G'/G, with A,eq/W the set of W-orbits in A,y and G'/G the set of G-
conjugacy classes in G’.

The Weyl group W is also isomorphic to Ng(A)/M, where Ni(A) =
Ng(A)NK and M = HN K (note that M is a finite group since G is split).
The inclusion map A < G induces an isomorphism A/W — K\G/K. We
write Greg = KA K for the union of the double (K, K)-cosets intersecting
Apeg.

4. The phase space of a periodic spin Calogero-Moser chain correspond-
ing to a collection O = {Oq,...,0,} of coadjoint orbits O; C g* is the
regular part of the symplectic leaf S(O) of the stratified Poisson space
T*(G*™) /Gy, with the action of the gauge group G, = G*™ the lift of
a twisted conjugation action on G*™ (see section 1.1).3 Here we assume that

1Recall that an involution @ : g — g is a Cartan involution when the bilinear from
(—=6(z),y) on g is positive definite. Here (-, ) is the Killing form.

2In case of SL,(R) one can take A to be the diagonal unimodular matrices with
positive real entries, and A,eq consists of those with distinct diagonal entries.

3In this paper we assume that all quotients X/H are GIT quotients.
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each of O; is non-trivial, i.e. O; # {0} These symplectic leaves are obtained
by the Hamiltonian reduction, as it is described in section 1.1. As a stratified
symplectic space

S(O) ~{(21,...,Tn,9) €7 x G | 21 — Adj-zy € Oy,
x; —xi—1 € O, iIQ,...,Tl}/G,

see section 1.3.* Tts regular part is defined as the intersection S(O),ey =
S(O) N (g**" x G')/G.> The regular part has the following structure as
a symplectic manifold, S(O)eq =~ (V5 (0)/H x T*Aseq) /W, where vo :
01 x-+-0p — a* is the moment map for the diagonal coadjoint action of H
on 01 x -+ x O, (see section 1.3).

Trivialization of T*G by right translations gives an isomorphism
T*(G*™) ~g**" x G*™ and the Poisson projection T*(G*")/G,, — (g*/G)*",
which is the projection to the cotangent directions followed by the quo-
tienting with respect to the coadjoint action of G*™. Poisson commuting
Hamiltonians of the periodic spin Calogero-Moser system are functions on
T*(G*™)/G,, which are constant on fibers of this Poisson projection. More
precisely, tPoisson commuting Hamiltonians are such functions restricted to
S(O0)reg-

Consider the increasing set of natural numbers 2 = d; < --- < d,. with
r = rank(g) and dj — 1 the exponents of g. Let ¢4, be the nonzero coad-

joint invariant functions on g* of degree di, known as Casimir functions.
)
k
(g"/G)*™ which is ¢q, on the [-th factor and constant on all other factors.

Let us denote vectors in O C g* by ¥, its Cartan component by ,u(()k)

and set ,u((f) = u®(e_,) for a € R. Denote (p,a) points on T*A ~ a* x A.
Now let us describe quadratic Hamiltonians in terms of these variables.
The n-th quadratic Hamiltonian is the spin Calogero-Moser Hamilton-

ian. It has particularly simple form:

The function ¢y is the quadratic Casimir of g. Let Hc(l be the function on

Hall—a

(n) 1
HQ - —(p,p) - M

2
a>0

where we used the parametrization a, = €% (so ¢, = a(log(a))) and p, =

/A,(ll) +-t u&n), and (-, -) is the Euclidean form on a* obtained by dualising

the restriction of the Killing form of g to a.

4There are n such natural isomorphisms ¢; (1 < j < n), see section 1.2. In the
introduction we use ¢y.

5A better way to think about the periodic spin Calogero-Moser system for a real split
simple Lie group G is to define S(O)c is complex algebraic setting and then to take the
corresponding real slice. This will be addressed in another publication.



PERIODIC AND OPEN CLASSICAL SPIN CALOGERO-MOSER CHAINS 267

The differences Dy, = Hék) — Hék_l) for 1 < k < n are classical analogs

of topological Knizhnik-Zamolodchikov-Bernard differential operators,

(3) Dy = (), p) ZT‘ZkJr Z Tkl

I=k+1

where ry; for k # [ is a classical version of the Felder’s dynamical r-matrix
[13],

) IR AT

(4) Tki = —§(Mo vHo)JFZF

and ) stands for the sum over all the roots a € R. This explicit form of
D;. is derived in section 1.3.

The superintegrability of this system is described in section 1.5. The
projection method for constructing solutions of equations of motion and
angle variables are described in section 1.6.

One can choose G to be a the maximal compact real form of the com-
plexification G¢. In this case the integrable system is similar, but hyperbolic
functions gets replaces by the trigonometric ones. The structure of the phase
space is again a stratified symplectic space. The superintegrability of the
quantum counterpart of such compact case is proven in [32].

5. The phase space of an open Calogero-Moser spin chain is the regular
part of a symplectic leaf of the Poisson manifold 7% (G*"+1) /(K x G*" x K)
where the action of the gauge group K x G*™ x K is described in section 2.3,
and K C G is as above. Such symplectic leaves are given by the Hamiltonian
reduction. They are parametrized by collections of coadjoint orbits O =
{OK,04,...,0,,0K} where O; C g* and Ot{{r C & C g* are coadjoint
orbits. We assume that none of O; is trivial, i.e. O; # {0}.

We denote the corresponding symplectic leaf by S(O). It is a stratified
symplectic space. Using Cartan decomposition G = KAK and a “gauge
fixing fixing”, we define the regular part S(O);¢4 of S(O) as the stratum

S(O)reg >~ (T* Apeg X (’)f x 01 x -+ x 0, x Of))/NK(A),

where on the right we have a natural product symplectic structure.
Similarly to the periodic case, quadratic Hamiltonians can be computed
explicitly in terms of Cartan components ,u((]k) and root coordinates ,u&k) of
vectors %) € Oy, coordinates ,u’[a}, u’[’a | on OF and O respectively (in the
basis elements ey =e_o — ey €t C gfor a € Ry), and (p,a) € T* Arey.
Assuming the gauge fixing ¢,, (see section 2.3) we have
(n)

2(p )

(aaftly) + piy + aalpa — p—a))(ag sy + 1l + ag' (Ha — pi-a))
3 otlo) ¥ o o] T o

(aa — a—q)?

a>0
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For other quadratic Hamiltonians the differences

Dy, = HP — gl (1<k<n)

are more interesting. They are classical analogs of boundary Knizhnik-Zamo-
lodchikov-Bernard differential operators [35][33]. We have the following for-
mula for Dy:

n

k—1
k
Dy = (u”,p) = > (e + 1) + O Ko™ — i)+ 7 (ru = 1),
=1 a I=k+1

Here 74, for k # | now is Felder dynamical r-matrix rescaled in a € Ay¢g,

k l
on.

2 ?
af —1

L ) «
(5) r = = (u ’,ug>>+§aj

0, is the transpose of the Cartan involution acting on p(),

Lo (k (pl?)?
Hk:i(u(())”u(()))—i_;i

and

!/ "
(6) Ka - — 1

Ao — Qo

The differences Dy, = Hék) — Hék_l) are classical analogs of boundary KZB

operators derived in [35][33]. The superintegrability of open spin CM chains
is proven in section 2.6. The projection method for solving equations of
motion and angle coordinates are described in section 2.7.

6. The structure of the paper is as follows. In section 1 we construct
periodic spin CM chains by the Hamiltonian reduction and prove the super-
integrability. In section 1.1 we describe the phase space of such a system.
In sections 1.2, 1.3 we describe the regular part of the phase space. Hamil-
tonians of a periodic spin CM chain, restricted to the regular part of the
phase space are described in section 1.4. The superintegrability of a periodic
spin CM chain is proven in section 1.5. In section 1.6 solutions to equations
of motion are described algebraically by the projection method, and angle
variables are described. In section 2 we focus on open spin CM chains. In
section 2.1 we describe phase spaces. In section 2.3, 2.4 we describe the
regular part of the phase space. Hamiltonians of an open spin CM chain,
restricted to the regular part of the phase space are described in section 2.5.
The superintegrability of an open spin CM chain is proven in section 2.6. In
section 2.7 solutions to equations of motion are described algebraically by
the projection method, and angle variables are described. In the conclusion
(section 3) we discuss some open problems and describe in details periodic
CM spin chain for SLy with orbits of rank 1. In Appendix A we compare
our symplectic leaves with the ones from [31].
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Throughout this paper we will focus on split real semisimple Lie groups.
However, since all constructions are algebraic they extend (with appropriate
modifications) to the complex algebraic case. The non-split real case will be
the subject of a separate publication (see [33] for the quantum case). Another
important real case is when G is compact, which can be deduced from the
complex algebraic case by restriction to a compact real form. The structure
of phase spaces as stratified symplectic spaces will be explored further in
[6].
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1. Periodic spin Calogero-Moser chains

1.1. The phase space as the Hamiltonian reduction. Here we
will describe the phase space of a periodic spin Calogero-Moser chain as a
Hamiltonian reduction of 7*(G*™). Let us start with the description of these
symplectic spaces.

Consider the manifold 7*(G*™) with the standard symplectic structure.
The cotangent bundle over a Lie group can be trivialized by right transla-
tions, which gives an isomorphism of vector bundles

T*(Gxn) ~ (T*G)XTL ~ g*XTL X GX’VZ
We will choose this trivialization throughout the paper.

The Lie group G, := G*" acts naturally on itself by left and right
translations. Lifting these actions to T*(G*"), after the trivialization of the
cotangent bundle, we can write the action by left translations as:

hi(x,9) = (Ady, (x1), Ady, (x2) ..., Ay, (2n), h1g1, haga, ., hngn)
and the action by right translations as
hr(z,9) = (x1,. .., Tn,g1h . gnhyb)
Both these actions are Hamiltonian with moment maps
ur(x,g) = (1,22, ..., 2y)

and
pn(e,9) = (AT 1 (01), ., —Ad" ()

respectively.
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Actions by left and right translations can be twisted by permutations.
In particular, we can twist the action by left translations by a cyclic permu-
tation. Combining the twisted left action with the non-twisted right action
we obtain the “gauge action” of G,, on G*"%

h(gl) s agn) = (hlglhgla thZh‘nga o 7hngnhfl)

Lifting the twisted conjugation action of G, on G*" to T*(G*") we
obtain the “gauge action” on the cotangent bundle:

h($> g) = (Ad;kll (x1)7 Ad);l,g (.’,12‘2), B Adzn (xn),
higihy ', hagahst, ... hugnhih)

Because this is the diagonal action for two Hamiltonian actions, the gauge
action is also Hamiltonian with the moment map p : T*(G*") — g**™:

(7)

(. ) = prle,9) + pi (x, 9)
= (r1 — Ad*_i(xp),x0 — Ad* 1 (1), ..., &p — Ad"_1 (zp—1))
9n 91 In—1

where £ is the right moment map, twisted by cyclic permutation.

Because the gauge action (7) of G,, is Hamiltonian, the quotient space
T*(G*™)/G,, is a Poisson space.” Symplectic leaves of T*(G*™) /G,, are given
by the Hamiltonian reduction with respect to the moment map (8). Let
O1,...,0, be coadjoint orbits in g*, then the corresponding symplectic leaf
in T*(G*™) /Gy, is

S(O)=p YO x -+ x 0,)/Cp
) — {(@.9) € 7" X Ga, — AL’ (wi1) € O} /G
i—1

where G, acts by the gauge transformations (7) and the indices i should be
taken modulo n.

On each of these symplectic leaves we will construct a superintegrable
system which we will call a periodic spin Calogero-Moser chain.

1.2. The gauge fixing. Let us fix i € 1,...,n and g = (91,...,9n) €
G*". Let h € Gy, such that

M LT et for 1<j <1,
S I AP D et S for i< i<
i9i—1°""92 91 9n 9;+19; or i< j<n.
Denote such element of G,, by h, (we suppress the dependence on 7).

It is easy to check that the gauge transformation of g = (g1,...,9n) by
the element hy brings it to (1,...,1, hi(gigi+1 - - gng192, - - .gi,l)hjl, 1,...,1),

60ne can twist both left and right actions by a permutation. This leads to other
superintegrable systems.

"This space is singular. Having in mind classical-quantum correspondence we need
the algebra of functions on T*G*"™/G,,. Thus, by the quotient space we will always mean
the GIT quotient. By definition, functions on T*(G*")/Gr are G,-invariant functions on
T (G*™).
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with the i*P-entry being the nontrivial entry. This identifies the G,, gauge or-
bit through ¢ = (g1, ..., 9n) with the G-conjugation orbit through g; - - - gy,.
It thus gives an (i-independent) isomorphism

GG, — G/G,
where G/G denotes the set of conjugacy classes in G. On the cotangent bun-
dles the gauge fixing with gives the isomorphism ¢; : (g*X” x G X") /Gn —
(g™ x G) /G mapping the Gp-orbit Gy(z, g) through (z,g) € g™ x G*"
to the G-orbit through

(Ad) (@), A (), Ad s (i),

P9 In 9

Ad;p,_g;lggl(xn), Git1 Gng1 - Gi)
(for 4 = n this should be read as (Ad;;y__glﬂ (1), .., Ad;;l(l’n), i gn))

Here G is acting diagonally on g**™ x GG via the coadjoint action on g* and the

conjugation action on G. From now on we will work with the isomorphism
Pn-

1.3. The regular part of the phase space. The image of the sym-
plectic leaf S(O) under the isomorphism ¢, is

S(O)={(z1,--,2n,9) €Eg7"XG | 21 — Ady 1z, € O1,
zi—zi-1 €0y, 1=2,...,n}/G.
Define the regular part S(O),eq C S(O) of the phase space as S(O)N(g* ™ x
G")/G. On §(O),eq we can choose a representative where g is in the regular
part A,e, of the real split torus A in G: g = bab~ !, z = Ad;;x(i) with
a € Ayeg. Then we have
S(O)reg = {(zW,...,2™ a) € g™ x Apey | 2V — Ad; 1z € O,
2@ — 207D e 0,
i=2,...,n}/Ng(A).

Identify g* ~ g and a* ~ a via the Killing form of g. The element y € g*
then corresponds to Yo+, Ya€a, Where yg is the element in a corresponding
t0 y|q and yo = y(e_qa). Let ul) € O; be vectors pM) = z(1) —Ad:,lx(”) and

p = 20 — 20=1 for § = 2,... n. For coordinates 1‘8') and ,ug) of vectors
@ and u® we then have
Y Y Rt B R PP

For the Cartan components we have
(@) (i-1) (4)

Ty — I =gy, 1=1,...,n,

with the index 7 taken to be modulo n.
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Solving these equations for (") we have

L) _ G+l 4 ) T 4 D )
(10) @ o — 1 ’
x(()z) _ x(()l) n M(()z) T M(()z) _ x(()n) _ M[()n) o M(()H—l)
and we have the constraint
(11) i+l =0,
This gives an isomorphism
(12) S(O)reg — (v (0)/H x T* Ayeg) /W
which preserves the natural symplectic structures, where vp : O1 X -+ X
O, — a* is the moment map (p™,..., u) — (u® + ... 4+ )|, for
the diagonal action of H on the product O; x --- x O, of coadjoint or-

bits, and W = Ng(A)/H acts diagonally on vy'(0)/H x T* Ay The iso-
morphism (12) maps the Ng(A)-orbit through (w(l), ce x(”),a) to the W-
orbit through (H(:n(l) — Adz_lx("),x(z) — 2 ™) — w("fl)),x(()"),a),
where we used the trivialisation T*A,c; ~ a X A;y. The inverse maps
the W-orbit through (H(M(l), ™) p, a) to the Ng(A)-orbit through
(x(l), A ON a), with

(13) s aa () -+ p) + pf™ 7
. o — 1 s

where we use the identification g ~ g* via the Killing form.

1.4. Hamiltonians of a periodic spin CM chain. After the trivial-
ization of the cotangent bundle by translations, we have a natural projection:

(14) T*(GX’H) ~ g*X’I’L X GXTL - g*Xn

which is simply the projection to the first factor. This projection depends on
the trivialization. In this paper we alway assume that we use the trivializa-
tion by right translations. However, the corresponding projection of quotient
spaces

(15) TH(G™") [/ Gn = (g7/G)*"

does not depend on the trivialization and in this sense is canonical.

The projection (15) is Poisson® with the trivial Poisson structure on
(g*/G) ™. Thus the G*"-invariant functions on g**" give rise to a Poisson
commutative subalgebra in the algebra of functions on T*(G*")/Gy,. The
restriction of these functions to the symplectic leaf S(QO) gives the algebra of

80ne of the reasons for this is that the equation (14) is the moment map for the left
diagonal action of G*™ on the cotangent bundle.



PERIODIC AND OPEN CLASSICAL SPIN CALOGERO-MOSER CHAINS 273

Poisson commuting functions on it. This is the subalgebra of Hamiltonians
of the periodic spin Calogero-Moser chain.

Now let us describe the restriction of the Hamiltonians corresponding to
quadratic Casimir functions

k) —I—Zm(k (1<k<n)

a>0

k 1

NJI»—~
E%

to the regular part of S(0), where z = (z, ..., (™) € g**" and g € G*".
Consider the functions

Dy = HY — gFY (1<k<n)
which we call Knizhnik-Zamolodchikov-Bernard (KZB) Hamiltonians®.

THEOREM 1. The restriction of the KZB Hamiltonians to S(O)yeq can
be written as

(16) Dy = (1, p) Zmﬁ- Z Tkl

I=k+1

where ry for k # 1 is the classical version of the Felder’s dynamical r-matriz
[13]:

(k) (@)
1 H_ oMo
~( (k) (l))+§:

(17) Tkl = 2 Ko~ Ko Qg — 1

REMARK 1. Note that (17) can also be written as

U] (k) (1)

1 Mo“ua Aalla " H_q

= =50 +Zaa P e
a>0

PROOF. We need to show that formula (16) gives the expression of Dy
in terms of the coordinates on S(O)ey of (v5'(0)/H x T*Areq)/W, ob-
tained from the isomorphism (12). In particular, let (H(,u(l), o ™Y, p, a) €
y(;l(O)/H X a* X Apeq and let ((x(l),...,x(")), (1,...,1,a)) be the corre-
sponding point in g**" x G*", with (") given by (13). Taking into account
the relation z*) — 2= = ,(®) hetween the 2! and the p¥) we have

1
2(M( ), ))

= (u§?, 2V + +Zx(’”u + 5 1P,

a>0

Dy, = (u®, 21 4

9The proper name would be constant Knizhnik-Zamolodchikov-Bernard Hamiltonians
emphasizing the fact that they are related to finite dimensional simple Lie algebras, not
to the affine Kac-Moody algebras. See for example references [13][8][9][34].
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(k—1) ()

Substitute here the expression (10) for x5 7 in terms of the pug’:
*)  (h=1) gl u_ . D ®)
Dy = (12~ + 5 +ZZ DI P ¥
=1 « I=k+1 a ¢
From here using the identities
k
M - ( k) 0
1 D) Ho 5 Ko
(03
and (k)
Pa Peo _ Lo 0
aa_lir +2(/’[/0 ’MO)

we conclude

n k—1
Dy, = (Mék)vxékfl) + % Zﬂg) - %Zﬂél)) Zﬁk + Z Tkl
1=k =1

I=k+1

Using x(()kfl) =p— ,u((]n) — = M(()k) (see (13)) and the constraint (11) we

obtain (16). O
A particularly simple expression has the quadratic Hamiltonian H;n) on

S(O)reg,

H(n ’ + Hall—a '
p Z (1—as)(1 —agh)

Here po = ,ug}) +- ug{ ). Setting g, = a(log(a)) this formula becomes a

familiar formula for the spin Calogero-Moser Hamiltonian,

n_ 1 N _Hab—a

Note that the periodic spin CM chain is the classical version of the
dynamical Knizhnik-Zamolodchikov equation from [8][9].

1.5. Periodic spin Calogero-Moser chain as a superintegrable
system. Now let us establish the superintegrability of the periodic spin CM
chain. For this we should construct an intermediate Poisson manifold and
projections as in [26][30].

Observe that we have natural Poisson projections:

(19) ™G /G, B P, B B,

Firstly, Pn = (8" X (g /qyxn 8°7")/Gn with

g*Xn X(g*/G)X” g*Xn = {(Zlf,y) c g*Xn X g*Xn‘Gyz — _Gxi—l}y

where Gz is the coadjoint orbit through z € g* and the indices i are taken
modulo n, and G, is acting by

(20) 9(x,y) = (Ady, (1), ..., Ady (vn), Ady, (v1), - - -, Ady, (2n)).
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The map p; is the map induced from the Gp-equivariant map py, x pf
Explicitly, the mapping p; acts as

p1: Gu(w,9) = Golpr(z, 9), uf (, 9))
(21) = Gp(x1, 29, ..., Tp, —Ad;:l(xn), —Adgl_1 (1), -,
— Adg;il(acn_l)).
Secondly,
B, = (g"/G)™"

and the map po is the projection to the first factor.

Restricting projection p; to the symplectic leaf S(O) (see (9)), we obtain
the surjective Poisson projection

pro : 8(0) = P(O)
where
P(O) = {(m,y) S g*X” X (g*/G)xn g*xn ’ Ti+vy; € OZ}/Gn C Pn

with the G),-action described by (20).
Restricting the second projection ps to P(O) we have the Poisson pro-
jection

p2.0 : P(O) — B(O) C B, Gn(z,y) — (Gzy,...,Gxy)
where B(O) is the image of ps o. It can be explicitly described as

B(O) = {(0W,..., 0" € (g"/G)*" | 0; C O — O=D},
with the indices ¢ taken modulo n.

LEMMA 1. The dimension of B(O) is nr where r is the rank of the Lie
algebra g.

Proor. Let %, be the positive Weyl chamber in the dual space to Car-
tan subalgebra of g. For each generic orbit O there is a unique representative
y € OUb*> 0. Let 1 be such representative of @), Let us describe orbits
O® such that 1 + y1 € 0® for some y1 € O1. Assume that oW is very
large, i.e. [|z1]] >> 1. Because O; is compact ||y1|| < Cy for some constant
(' determined by the orbit O;. Let c,(;) be the value of k-th Casimir function
on the orbit O,

For k-th Casimir function c,(f) we have:

8ck (h)

@ = cp(ar + ) = ) +Z iz (1) + O)

Because the matrix 8h(h) is nondegerate for generic h, possible values of the

(2)

Euclidean vector with components ¢;”” span an r-dimensional neighborhood

of {cg)}.
Repeating this argument for each @® we conclude that each of O; is

non-zero, dim(B(0)) = nr. O
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Now let us describe the fiber P(O; on . ,O(”)) of pa2 o over ((’)(1), ce
oMy e B(O):

PoO;0WM, ..., 0M)
= {(z,y) € " x gz +yi € Oi, x € Oy e —0YY G,

= [[{(zi,vi) € 09 x =0 | &; +y; € 0;}/G
=1

with the index ¢ taken modulo n and with G acting by the diagonal coadjoint
action on O x —O(=1) Set

(22) M(OW, 0@ 0G)) = {(z,y,2) € ONxOD x OB | z4y+2 = 0}/G,
with G acting by the diagonal coadjoint action. Then
(23)
{(zi, ) € O x —00D | 2, 44 € 0;} /G =5 M(—0D, 00D 0,
Gz yi) = G(—i, —Yi, Ti + Yi),

and hence we conclude that

(24) PO;0W, ..., 0M) ~ [ M(-0Y, 001, 0y),
i=1

with the index 7 taken modulo n.

LEMMA 2. Let O, O®@) be generic, sufficiently large coadjoint orbits
and OB) £ 0, then

dim(M(OW, 0% 0B))) = dim(0®) — 2r.

PROOF. Let © € OW be the unique representative which lies in the
positive Weyl chamber. Assume this orbit is “big”, i.e. [|z|| >> 1. The
condition z +y + 2z = 0 for y € 0@ and z € OB for a large orbit O

(3)

means that we have 7 constraints c;(—z—y) = ¢;”” on y. For large orbits oW

and O®) these constraints are independent. Taking into account that we are
quotienting by H we have dim(M(OM, 0@ 0G))) = dim(O®)) —2-. O

COROLLARY 1. Thus the dimension of the fiber is dim(P(O;0W, ...,
o0m)) =" | dim(0;) — 2nr.

Each of the factors in (24) is the Hamiltonian reduction of the product
of the three coadjoint orbits relative to the moment map of the diagonal
coadjoint G-action, and therefore carries a natural symplectic structure.

Moduli spaces M(O(l), 0®), (’)(3)) and therefore fibers of ps o are stratified
symplectic spaces.

THEOREM 2. The Hamiltonian system generated by any Hamiltonian for
the periodic spin CM chain described in section 1.4 is superintegrable with
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the superintegrable structure described by the Poisson maps
S(0) ™8 p(0) 28 B(0)
as introduced earlier in this section.

Here, as everywhere above, we assume that O; # {0} for each i =
1,...,n.

ProoOF. For G, (z,y) € P(O) let g; € G such that y;11 = —Ad;_l(mi).
Then '

P16 (Gl y)) = {Gn(z,9) € S(O) | gi € GiZa(yit1)}

(index i taken modulo n) which, generically, is isotropic and of dimension
nr = dim(B(0)).

It remains to check the balance of dimensions. It follows from (12) that

dim(§(0)) = > dim(0).
1=1

By Remark 2 we have, for generic (O, ... OM) e (g*/G)*",
dim(P(0)) = dim(B(0)) + dim(P(0; OW ..., 0M))

= dim(B(0)) + z": dim(0;) — 2nr.
=1

Then
dim(P(0)) + dim(B(0)) = > dim(0;) = dim(S(0)),

as desired. O

REMARK 2. In the compact case, the quantum version of functions on
MOWM 02 0B is the algebra of endomorphisms End((Vy, @Va,@Va,))
of the subspace of G-invariant vectors in the tensor product Vy, ® Vy, ® V),
with V), the representation corresponding to 00,

The quantum version of the algebra of functions on the fiber P(O; oW,
cees O(”)) is the algebra of endomorphisms of the vector space

HomG(V)\p V/\n ® Vl) & HomG(V)\ga V/\l X VQ) ¥ HomG(V)\w V)\n—l ® Vn)'

Here the orbits O; correspond to V;, and Homg(Vy,;, Vi, , ® V;) is the space
of G-linear intertwiners V, — V), , ® V. For details see [35].

1.6. Constructing solutions by the projection method and an-
gle variables. For H a G-invariant function on g*, write (¥ for the G,,-
invariant function on T*(G*™) defined by H¥(x,g) := H(x;). The Hamil-
tonian flow through (z,g) € g**" x G*" generated by H is

(25) (x(tl)7 g(t’b)) = (xla s Tpy g1y .- -5 Gi—1, €VH(xi)tigi7 gi+1--- 7g7l)
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where VH(x) € g is the gradient of H at = € g*, i.e.,

Y(VH()) = S H( + )l

for all y € g*. The projection of such flow line to 7%(G*™)/G*™ and further
restricted to S(O) C T*(G*")/G,, is a flow line of the Hamiltonian vector
field generated by the restriction of #(® to S(O).

Now let us construct angle variables, i.e., functions on S(O) which evolve
linearly with respect to the evolution (25) for each i = 1,...,n. Write a* C
g* for the elements x € g* which vanish on root spaces and satisfy (z,a) > 0
for « € Ry, where (-,-) is the bilinear form on g* induced by the Killing
form. Write g’ for the elements in g* which are G-conjugate to an element
in a* , relative to the coadjoint action.

For (z,g) € g"*" x G*™ define s5; € G by the property Ad} (z;) € a.
These elements are defined only up to s; — a;s; where a; € H. Gauge
transformations h € G,, act by (s1,...,8,) — (slhfl, ooy Sphi b,

Let G¢ be a complexification of G, which we take to be connected. Let
Hc C Gc be the Cartan subgroup Zg,.(h), where b is the Cartan subalgebra
a®ia of the Lie algebra gc = g®ig of G¢. Then A C H C Hce. We identify g*
with the real subspace of g¢. consisting of the complex linear functionals that
take real values on g. For finite dimensional G¢-representations Vi,...,V,
choose vector v; € V; of He-weight A\;11 and linear functionals u} € V;* of
He-weight —); (indices i taken modulo n).'* Define

(26)  fuol(z,9) = ui(s1915; v1)us(s2g255 ' v2) . . . uh (Sngnsy " Un)

for (z,g) € (¢’ x G)*™. This expression is well defined (i.e., invariant with
respect to transformations s; — a;s; with a; € H), and invariant with
respect to gauge transformations. Thus, it defines a function on the subset
(g/*xn % Gxn)/Gn of T*(Gxn)/Gn

From the G-invariance of H we have the identity

t; VH(x; —1 _ tiXNi(VH(y; -1
U:(Sie (@ )giSi_i_lUi) =e (VH(y ))U*(Sigisi+1vi)

i
where y; = Adj, (x;) € a’, and consequently

(27) Fuw((ti), g(t:)) = NV £, (2, g).

Logarithms of these functions evolve linearly, and hence they produce angle
variables for the Hamiltonians H® on S(O) N ("™ x G*™)/G.

2. Open spin Calogero-Moser chains

Recall from the introduction that G is a split real connected Lie group
with finite center which admits a complexification, and K C G is the sub-
group of fixed points of a fixed Cartan involution © of G. Recall furthermore
the root space decomposition g = a ® @ - c(Req ® Re_,) with the Cartan

10Recall that @ acts on dual vectors as (gu*)(v) = u* (g~ 'v).
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subalgebra a C g and the root vectors e, € g, such that the infinitesimal
Cartan involution 6 acts as

O(h) = —h, O(eq) =—€_q

for h € a and o € R. We will furthermore normalise the root vectors in such
a way that (eq,e_q) =1, with (+,-) the Killing form of g.

To avoid cumbersome notations, we will not always indicate in notations
that we are in the open case. This leads to an overlap of some of the notations
with the ones for the periodic case. For instance, the moment maps, Poisson
spaces and Poisson projections will be denoted in the same way.

2.1. The phase space as the Hamiltonian reduction. Consider
for n > 0 the manifold 7%(G*"*!) with the standard symplectic structure.
We trivialize the cotangent bundle T*(G*" 1) by right translations:

(28) TG ) o (TG e gt s gt
We have a natural action of K x G*™ on G*"*+! by left translations:
(kb h17 ceey hn)L(g():gla o 7gn) = (kfg(]v hlgb SRR hngn)
This action lifts to the following Hamiltonian action on T*G*"*1,

(kg,hl, e ,hn)L(.CC(), e es Ty, 90,915 - - - ,gn) =
= (Ady, (wo), Ady, (x1), ..., Ady, (2n), kego, higt, - - Bngn)

with the moment map
ML($79) = (71'(:60)7 L1y ,Zlfn)

where the projection 7 : g* — £ is the dual map dual to the embedding
t—g.
Similarly, the action of G*™ x K on G*"*+1 by right translations

(h1y. . hn, k) R(90, 91, -« -y Gn) = (gghl_l,glhgl, oy Gnotht gak )
lifts to the following Hamiltonian action on T*G*"+1,
(h1y -y hn, k) R(T0y - - o s @0y G0y Gy -+ 5 Gn)
= (zo,21,..., xn,gohfl,glhz_l, s Gnoth Y gk Y,
with the moment map

ur(z,g) = (—Ad;,l(acg), —Ad* i (z1),...,—Ad* 1 (xp-1), —7(Ad"_i(x4))).
0 91 In—1 gn

As a result, the group G, x := K x G*" x K acts on T*(G*""!) as
(29)
(keyhay .oy by ke )(Zoy ooy @0y G0y e - oy Gn) =
:(Ad;;‘g (x0)7 Ad;kzl (xl)’ s 7Ad;;n (‘/L‘n)v kﬂgohfl, hlglh517 B hngnkr_l)
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with kg, k. € K and h; € G. This action is Hamiltonian with the moment
map p: T*(G*™) — € x g**™ x £* given by
(30)
1o, -+ Tn, 90, - -+ gn) = (pL(2,9),0) + (0, pr(2, 9)) =
= (m(xg), 1 — Ad;o_l(azo), To — Ad;l_l(xl), ey X — Ad;;l(mn_l),

—n(Ad’_ (2n))).

For n = 0 this is the K x K action (kg, k,)(z,g9) = (Ad;;e(:zr),k:ggk;l) on
T*G, with the moment map (z,g) — (7(x), —7(Ad,-1(x))). It is easy to
check explicitly that this moment map intertwines the action of G, x on
T*(G*"*1) given by (29) with its diagonal coadjoint action on £* x g** (1) x
£

Because the action of G, on T*(G*"*!) is Hamiltonian, the space
T*(G*"*1) /G, k' is Poisson with symplectic leaves being given by the
Hamiltonian reduction with respect to the moment map (30). Let O =
(Of xO1%...,0,xOK) with O; C g* coadjoint G-orbits and Of, OK c ¢
coadjoint K-orbits, then the corresponding symplectic leaf in 7% (G*"*1)/
G K is

(31)
S(0) = H0)/Gnx
= {(z0,---,Zn:90,---,9n) € g " G| () € oF,
— (A" () € O
T — Ad;o,l(xo) cO1,...,%n — Ad;il(xn,l) € On}/Gn’K.
Each symplectic leaf §(O) is a stratified symplectic space and is the phase

space for the corresponding open spin Calogero-Moser chain. We will de-
scribe the largest stratum of S(O) later.

2.2. The Hamiltonians of the open spin Calogero-Moser chain.
After the trivialization (28) of T*(G*™*!) by right translations we have a
natural Poisson projection T*(G*"+1) — g**"! to the first factor. It is
Gy, k-invariant with the following action of G, x on grxntl

(keyhay .oy hn, k) 2 (T0, 21, .0y Tp) = (Adzé(xo),Ad}"“ (z1),...,Ad}, (zn)).
This gives rise to the projection
p: T*(Gxn+1)/Gn,K N <g*/G)><n+1

which is Poisson because it is the composition of natural Poisson projections
(32)
TG )G — (87" Gk = 7 /K x (g°/G)™ — (g%/G)*" L.

HRecall that here and in everywhere else in this paper X/H means the GIT quotient
for a Lie group H action on a manifold X.
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Here the Poisson structure on the right is trivial (the Poisson tensor is zero).
The last projection is a consequence of the embedding K — G.
Restricting this projection to the symplectic leaf S(QO) we have the Pois-
son projection
(33) po:S(0)— B(O), Gnrl(xo,...,%n,90,---,9n) — (Gxo,...,Gxy)
where B(O) C (g*/G)*"*! is, by definition, the image of S(O). It can be
described explicitly from the description of S(O) as
(34)
B(O) = {(00,...,0M) e (g*/G)"* | OF C 7(0V), 0K € —r(O™),
0,coW 00 . 0,com_orby
Hamiltonians of the open spin Calogero-Moser system are pull back p*
of functions on (g*/G)*" ! restricted to S(©).
The subalgebra of Hamiltonians is a Poisson commuting subalgebra.
Quadratic Hamiltonians are given by Casimir functions. We will compute

the radial components of the quadratic Casimirs explicitly in section 2.5.
Hamiltonians are constant on fibers of the projection po.

2.3. The gauge fixing. Fix ¢ € {0,...,n}. For ¢ = (g90,...,9n) €
Gl and ky, k. € K define h € G*" (depending on i, g, k¢, k) by

krgn ' gnli 95 it j >
Then (k€7hl) .. 'ahn;kr) acts on g e GXn+1 as
g*_)(1,...,1,]{2@9091”_gnkr—l’l"”’l)‘

Here the nontrivial entry is at the position i. This gives an i-independent
isomorphism

(35) GG,k — K\G/K, Gk (90, 9n) — Kgogi - .. gn K.
For the cotangent bundles the gauge fixing gives an isomorphism
(36) d)z . (g*xn—l-l % Gxn—&—l)/Gn’K 1) K\(g*xn+l % G)/K

mapping the G, x-orbit through (z,g) € g**"! x G*"*! to the double
K-coset through

(mo,AdZO(xl),...,Ad* (wi),AdZ_l —1 ($i+1),...,

90-gi—1 n G4

b — {kegogl gt if j<i,
=

Ady 1 (zn), 9091+~ gn)

For example for i = n this expression is (o, Ady (21), ..., Adgy g (),
gogi - gn). In (36) the double K-cosets in the codomain of ¢; are taken

relative to the i-dependent K x K-action
(ke, kr)(20s - - - Tn, g) = (Ady, (z0), - -+, Ady,, (21), Ady, (Tit1), - - -,
Ad?; (zn), kﬁgkr_l)
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on g "l x G.
Now we can describe the symplectic leaf S(O) as a subvariety in
K\(g"*"*! x @)/K though the isomorphism ¢,, as
(37)
S(O) = K\{(y07y17' . 'aynag) € g*Xn+1 X G | ﬂ-(yO) € Of?
—m(Ad} 1 (yn)) € OF,
Y1 — Yo € (91,...,yn — Yn—1 € On}/K

Note that, as in the periodic case, S(O) is a symplectic stratified space.
From now on we will focus mostly on the largest stratum S(O)yeg.

2.4. The regular part of the symplectic leaf S(O). We use the
gauge fixing isomorphism ¢, in the remainder of the text. We now use
K\G/K ~ A/W with W = Nk (A)/M the Weyl group of G (see subsection
§3 of the introduction) to describe the regular part of the symplectic leaf
S(0) in radial coordinates.

Define the regular part of the phase space S(O) (see (37)) as

S(O)reg = S(O) N K\(87" ! x Gireg) / K.

The regular part S(O),eq C S(O) is its largest stratum of the stratified
symplectic space S(O).

We can then choose a representative of K (yo,...,Yn,9)K € S(O)req
with the G-component in A, by writing g = ksak, ! and y; = Adg, ()
with k¢, k. € K and a € Ayeq. It follows that

S(O)reg = {(m(o), e a:("),a) e gttt x Areg | Tr(:r:(o)) € Of,
—7m(Ad 1 () € OF,
e — 20 e, ... 2™ gD ¢ On}/Nk(A).

Here Ng(A) acts diagonally on g**" ™! x A,., via the coadjoint action on
g* and the conjugation action on Areg.12 We can now also divide out the
action of M = Zg(A), to obtain the isomorphism

S(O)reg = {(M(2?,..., ™), a) € g /M x Ayey | 7(20)) € OF,
—n(Ad; 1 (2™)) € OF,
M =20 @ .. 2™ 0 ¢ (’)n}/VV,
where M acts by the diagonal coadjoint action on g**"*! and W acts diag-
onally on the space g**"*! /M x A,., in the natural way.

Recall that we identified g ~ g* and a ~ a* via the Killing form, so that
x € g* corresponds to xo+ ), Taea With 2o the element in a corresponding

12\We use here the fact that keak; " = kja'k!=" for ke, k), ke, k' € K and a,a’ € Apeg
is implying that k[lkz = k; 'kl € Nkg(A), cf., e.g., [20, §VIL3]. This essentially follows
from the global Cartan decomposition of G.
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to x|q € a* and z, = x(e_,). Denote by a:(()k), 2P the components of vectors

z € g**"*! from the k-th factor of g*" !, and u(()k), u&k) the components of
p € Oy. For y € & we write y[o) = y(e—a — €qa), s0 that yjq) = —y_q)-
Consider

T(O)reg = {(z,..., 2 a) € g7 "™ x A,y | 7(2?)) € OF,
—m(Ad (™)) € OF,
M =20 @, . 2™ — (=D ¢ On}.
Clearly S(O)reg = T(O)reg/NK (A).
For (z,...,2" a) € T(O)sey write y/ = 7(z@) € OK, " =

—W(Ad:,l(:n(”))) € OK and p = 2 — z0-1) € ©; for i = 1,...,n. The
Cartan components of (%) and their root coordinates then satisfy

xg)) - 30(_031 = M/[a]a aam(_ng[ - 6@1%(1”) = M/[,ap
(38) i) (i-1) i (@) (i-1) (4)
Lo — Ty = Mo Lo — Xp = Ho
fori=1,...,n.

It is easy to solve the equations for Cartan parts x(()i) (0 <i<mn)in

terms of Catran components of z(9), (™ and p),

PRroOPOSITION 1. The following identities hold for o € R and k =
0,1,...,n:

" Zk:a WO g0 zn: I
(40) z :Ka+ aMa Oéfa_f_ a Ma aMl_q

¢ g —ag S Ga— ag!
where
Qafify) + Hig
(41) Ko = #
PROOF. Denote
(42) o= M(l) 4 ,u(”).

Note that (™ — z(©) = 4.
Fix 8 € R4. For :c(ilg and xilﬂ) the formula (™ — 2 = 4 implies

Combined with the first line of (38) we end up with four linear equations in
0 (0) (n) ()
x

Ty, X 5 Ty, Tg which, by the assumption that a is regular, are uniquely
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solved by
) _ ety + Moy + (90 o — Gafia)
e 1 )
(43) o™ da
() _ o) + oy + (Gatta — dafia)
€T =
¢ Qo — ag’
for ”oz = (,—f (here we used that a_g = aEl, #,[,g] = —,u’[m and M/[LB} =
—Hig)-

By the second line of (38) we then obtain

_ _ k
) Qall) T o)+ (05 Ha — aapi-a) + (a0 — gt + -+ )
€T =
¢ Qo — Qg
for k =0,1,...,n. Substituting (42) it is now easy to see that this is exactly
what we wanted to prove. O

The proposition and (39) give an isomorphism
(44)  S(O)reg = ((OF x O1 x -+ x Oy x OF)/M x T* Ayeq) /W,

mapping N (A) (2@, ..., 2™ a) to the W-orbit of (M (i, pV, ..., ™ p"),
:L'én), a), which preserves the natural symplectic structures. Here the finite
discrete group M = Zx(A) C K acts diagonally via the coadjoint action,
and W = Ng(A)/M acts diagonally. The quantum version of this isomor-

phism is described in [35].

2.5. Quadratic Hamiltonians of open spin Calogero-Moser
chain on the regular part of the phase space. In this section we
compute the restriction of the Hamiltonian corresponding to the quadratic
Casimir function on g*,

1
Hy (2, 9) = 5(a®,2®) =

;xo , T —|—Zm(k

a>0

to the regular part of S(O) (see (31)) for & = 0,...,n, where (z,g9) €
gt x G*n L Here (-,-) is the Killing form and x&), () are the com-
ponents of (Y which were computed in the previous sectlon on the regular
part of the phase space.

We first consider the differences, which we will call the boundary Knizhnik-
Zamolodchikov-Bernard (bKZB) Hamiltonians,

k) k—1)

Dy = H¥ — H (1<k<n).

THEOREM 3. For the bKZB Hamiltonians we have the following formula:

n

k—1
(45) Dy = (P, 2V )= nk+rf,i)+(ZKau(_kc)rﬂk)+ > (=)
=1 «

I=k+1
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Here ry; for k #£ 1 is Felder’s rescaled dynamical r-matric

()

1 a:ua
(46) Tkl = 2 /’LO s +§ (12 R

0y is the transpose of the Chevalley involution 6 acting on ,u(k),

(k)y2
_lom w Z(u )
“k—ﬁ(/lo y o )+ E 1-a2
is the core quadratic classical dynamical k-matriz and K, is given by (41).

PROOF. The first step of the proof is the same as in the proof of Theo-
rem 1, resulting in the expression

@7 Dp= (2l + +Zx“u + 3 uPu).
a>0

Now let us the formula (40) for 2 1),

@, (k) @ %)

Zx((lk ZZ Aofta” H_q aﬁéi’« all_q
0%

=1 «
(k) , (k) (k) (k)
a‘ //JOé H_q — QGalt_gl—_q
(48) +ZKaN +Z pap——
o1 u(k) WO M(k) L0
+ Z Z a it —a fa.
I=ktl a o — Qo

We express the different terms in the right hand side of (48) in terms of the
dynamical r-matrix and k-matrix.
Note first that

(k) (1)
6 k l Mo~ Ho 0
Tkl = Q(Mé )aﬂ(())) @21 =Tl

Then the terms in the right hand side of (48) with [ strictly smaller than k
can be rewritten as

@, %) @ &)
Aatla” P—g — Gafl_gH_q
. apmolon o (e + o)

- Ao — Qo

while the terms in the right hand side of (48) with [ strictly larger than k
reduce to

(k) , (D) k), (D)
a M a:u’ a’Oé:u a/’L Q k l
] = ( ( )nu'(()))

Qo — Qo

0
(Tkl - Tklf)
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Finally, for the middle term in (48) a direct computation shows that

-1,,(k) (k) (k)  (F)

Ao, Mo Mg — QGab_ o4,
Z — -1 < MO ’ MO Z Moz —a
Ga — Qo 2 a>0

e

Substitute these formulas in (48), then the resulting formula (47) for Dy
becomes

(M(k) (k—1) M( )+u(()k+1) +. +M(() ))
k— n
— Z riE + 7"59;2) + (Z Kaﬂ(_kc)y — Kg) + Z (Tt — Tzlf)-
=1 o I=k+1
By (39) this reduces to the formula (45). O

The quantum versions of the boundary KZB Hamiltonians in the present
context were obtained in [35, §6]. It was extended to the case of non-split
real semisimple Lie groups G in [33].

For the Hamiltonian Hgn) we obtain by (43) the expression

(n)

2(29 p)
n Z (aa:“fa] + /J/[,a] + aa(fta — M—a))(aalﬂl[a] + M,[/a] +ag (o — H—a))
a>0 (aa - a_a)Q

on 8(0)yeg, where pp = p + - + u(™. Here we use notation p = xén) for
the cotangent vectors to A, in formula (44). Note that the potential term
only depends on the restrictions 7(p(?) of () € g* to &, since pg — p_a =
—(m(#))[a]- The radial component of the quantum quadratic Hamiltonian in
the current open context was obtained in [35, §6].

2.6. The superintegrability of the open spin CM chain. In this
section we will prove that Poisson commutative subalgebra of Hamiltoni-
ans constructed in section 2.2 defines a superintegrable system. Fix O =
(OF,01,...,0,,0F) € /K x (g*/G)*" x & /K. We will construct Pois-
son projections
(49) 5(0) 23 P(0) 23 B(0)
such that po = p2.0 o p1,0 (see (33)), satisfying the desired properties.

Let (€ x g**™) X (g*/G)xn+1 (g**™ x £*) be the subset of (¢* x g**™) x
(g* ™ x ¥*) consisting of elements (zg, Z1,...,Tn, Y1, -, Yn, 2r) satisfying

ze € —m(Gyr), x € —Gyir1 (1 <i<n), 2z € —7m(Gxy).
The gauge group Gy, i acts on (£ X g™*™) X (g« /gyxnt1 (7" X €*) by
(50)
(koyhiyeooy by kr) (20, 1y oo o s Ty Yy - v oy Yny 20) =
= (Ady,z¢, Adp, 21, . .., Ady, o, Adg ya,s - Ady, yn, Ady, 2r).
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Consider the resulting Poisson space
P = ((8 x g™") X(gejq)yxns1 (@7 X €)) /G
and define the Poisson map
p1: TG /Gy — P
by
p1(Gnk (2,9)) = Guxc (1r(@, 9), pr(z, 9))
— Gn,K(Tr(xo),:cl, e, T, —Ad;o_l(a:o), e
_Ad;:l (Tn-1), —W(Ad;;1 ($n)))
Here (z,9) = (20, Tny g0, - - - gn) € gL x GXMHL o~ T*(GX"HL). De-
fine the Poisson projection
p2: P — (g*/G)*"H
by
p2(Gn g (20,21, T Y1, Yns 2r)) = (=G, Gy, . .., Gay),

with the trivial Poisson structure on the target space.

The restriction of the Poisson projection p; to the symplectic leaf S(O) C
T*(G*") /G, i (see (31)) gives the Poisson projection

pro : S(0) = P(O)
where
P(O) = (pr x pr) (1~ (0)) /G i,
or, more explicitly,
(51)
P(O) = {(z6, 1, -, Ty Y1, - - Yn, 2r) € (B x g*7) X (g* jGyxnt1 (7" X EF) |
2 €08, 21 +y1 €01,...,20 +Yn € On, 2, € OF } /G k.

The generic fibers of this mapping are isotropic submanifolds in S(O).

The restriction of the Poisson projection py to P(Q) gives a surjective
Poisson projection

p2,0: P(O) = B(O),

with B(O) given by (34). Clearly, the composition of ps o o p1o : S(O) —
B(O) is the projection pp as given by (33).
Now let us describe fibers of py o are symplectic leaves of P(O).

LEMMA 3. We have he following symplectomorphysm
p2o((0Y,...,0M)) = M(-0, Of)

52 " o
(52) x [[M(=0%, 00D, 0;) x M(O™, OF)
i=1
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where symplectic spaces M(—O® 0D ©,) are defined in (22) and
MO, 08 = {(2,2) e O' x OF | n(z) + 2 = 0} /K
Here O C g* is a G-coadjoint orbit and OX C € is a K -coadjoint orbit. It

has a natural symplectic structure because it is the Hamiltonian reduction of
O x O with respect to the Hamiltonian diagonal action of K.

PRrROOF. Let (0 ... OM) € B(O). By a direct computation, the fiber
2y (0O 0M)) consists of the Gy, -orbits in P with representatives

(Zg,$1, <oy Tns Y1y - -5 Yny ZT‘) € (E* X g*Xn) X (g*Xn X E*)

satisfying the following conditions
2 € OF Nw(0W), zi+y €0; (1<i<n), 2, € 0K N —x(OM),

—y € OO ;€ OV, —y; ,00) € (I1<i<n-1), z, € OM,

Using this explicit description of the fiber, we can write it as a direct
product of symplectic spaces. The isomorphism (23) for symplectic spaces
MOW, 0R) 0B)) defined by (22) gives factors M(—0® OGN ©,). The
space

MO, 08) = {(z,2) € O’ x OF | 7(2) + 2 = 0} /K
with K acting by the diagonal coadjoint action is symplectic because, see
above. The isomorphism
M(O',0%) = (0’ na 1 (0F))/K,
completes the proof. The isomorphism maps Gy i (2¢,Z1,..., Tn,Y1,-- -,
Yn, 2r) € p;})((O(O), .., 0M)) to
(K(glv Zf)? G(*IEl, —Y1,T1 + yl)v ey G(i‘rna —Yn, Tn + yn)a K(fn, ZT))v

with g1 € Gy1 = —0© such that —7(y1) = z¢ and =, € Gz, = O™ such
that —m(zy,) = 2. O

Note that for generic @', the symplectic space M (O, OX) is of dimen-
sion dim(O¥).

REMARK 3. In the compact case, the algebra of function on the fiber of
p2,0 has the algebra of endomorphisms of the vector space
HomK(VAO, UV@) & Homg(V)\l,V)\o & Vm) - Q Homg(V,\n, s, ®V, n)

® Homg (U,,, V)

as natural quantization, where the finite dimensional G-representation V),
(resp. V,,,) corresponds to O (resp. O;) and the K-representation U,, (resp.

U,,) corresponds to OF (resp. OK), compare with Remark 2 in the cyclic
case. For details see [35] (which treats the noncompact case) and [31].

LEMMA 4. Dimensions of spaces B(O) and P(O) are
dim(B(0)) = (n+ 1)r, dim(P(O)) = dim(O) — 2nr
where we define diim(O) as iim(Of) + > | dim(0;) + dim(OK).



PERIODIC AND OPEN CLASSICAL SPIN CALOGERO-MOSER CHAINS 289

PROOF. The proof of the dimension formula for B(Q) is completely sim-
ilar to the periodic case. It is enough to consider large orbits. For the di-
mension of P(O) we have:

dim(P(0)) = dim(B(0)) + dim(p, (0, ..., 0™M))

and by (52) the dimension of pié((o(o), ..., 0™)) is equal to
dim(M(=0,07)) + > dim(M(-0", 01"V, 0;))
i=1

+ dim(M (O™, 0KY) =
= dim(Of) + ) (dim(0;) — 2r) + dim(OF) = dim(O) — 2nr.
=1
This finishes the proof. U

We now have the following main result of this section.

THEOREM 4. The Hamiltonian system generated by any Hamiltonian for
the open spin CM chain described in section 2.2 is superintegrable with the
superintegrable structure described by the surjective Poisson maps

S(0) 22 P(0) 22 B(0)
as introduced earlier in this section.

Recall that O; # {0} for all i = 0,1,...,n.

ProOOF. We already verified most of the conditions. What remains to
show is the matching of dimensions,

(53) dim(S(0)) = dim(P(0)) + dim(B(O)).

For the collection O = (OF,0,...,0,,0K) of coadjoint orbits we write
dim(O) for the sum of the dimensions of the coadjoint orbits.
For the dimension of the symplectic leaf S(O) we have, using (44),

dim(S§(0)) = 2r 4+ dim(0O),

with r the rank of g. For P(O) we obtain for generic (O, ..., 0™) € B(O).
Because

dim(B(0)) = (n+ 1)r,
we have
dim(P(0)) + dim(B(0)) = dim(O) — 2nr + 2dim(B(0))
=dim(O) + 2r
= dim(5(0)),
as desired. ([
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2.7. Constructing solutions by the projection method and an-
gle variables. Let # be a G-invariant function on g* and H® for i =
0,...,n the associated G,,-invariant function (x,g) — H(z;) on T*(G*"+1)
(cf. section 1.6). The Hamiltonian flow generated by H(®) on T*(G*"+1) ~
gt GX"Fl was already described in section 1.6. The flow line passing
through (z,g) at t =0 is

(54) (x(t’i)7 g(tz)) = (.TO, <3 Tny 905 -+ -5 Gi—1, 6V,H(xi)tigi7 gi+1--- 7g7’b)
The corresponding Hamiltonian flow on the symplectic leaf
S(0) C T*(G*"*Y) /G i

is obtained by projecting the flow (54) to T*(G*"*1)/G,, x and restricting it
to S(O). Thus, we reformulated the problem of solving nonlinear differential
equations of motion for open spin Calogero-Moser chains to a problem of
linear algebra. This is a version of the original projection method which goes
back to earlier papers on Calogero-Moser type systems [28].

Now let us describe angle variables for this integrable dynamics. We use
the notations from section 1.6. Fix (x,g) € g**" ! xG*"*!. Fori=1,...,n
define elements s; € G by the condition Adj, (x;) € a%. As in the periodic
case (see section 1.6) it is defines up to s; — a;s; with a; € H C G, where
H C G is the Cartan subgroup containing A. Define sg € K such that
Ad; (zo0)|p € af (where we view a% now as subset of p* in the natural
manner). The element sq is defined up to sg — msg with m € M = Zg(A).
Similarly, we define s,+1 € K such that Ad;  (zn)]p € oF.

Choose finite dimensional representations Vg, Vi, ..., V,, of G¢, Hc-weight
vectors v; € V; of weight \;41 for 0 < i < n and Hg-weight vectors u;‘ € V]*
of weight —\; for 0 < j < n. Finally, we choose M-invariant vectors ug € V{f
and v, € V;, (i.e., mu§ = uf and mv,, = v, for all m € M). Define

fu,’u(wv g) = U’S(SOQOSIlUO)u){(319132_17)1) e

u;kz_l (Snflgnflsglvnfl)u:(sngnsg}rlvn) .

(55)

It is an easy check that f, ,(z,g) is a well defined G,, g-invariant function
on g/*xn+1 X GXHJFI.

Similarly as in the periodic case (see section 1.6) we then have for i =
1,...,n,

(56) Juw(w(t:), g(t:) = eti)\iw%(yi))fu,v (z,9)

with y; = Ady, (z;) € a’. Logarithms of these functions thus evolve linearly,

and hence give rise to angle variables for the Hamiltonians H® on S(O) N
(g/*xn—i-l % G><n+1)/Gn K.

For i = 0 we need to restrict further to (z,g) € g**"*! x G*"*! with
xo € p, and assume that uj € V' is not only M-invariant but also a Hc-
weight vector, say of weight —Xg. In this case Adg (zo) = yo € a} and
hence

toVH(zo)

-1 toro(H -1
ug(soe gosy M vg) = el s (509057 vg).
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As a consequence (56) then also holds true for i = 0, and the logarithm of
fuw(z,g) becomes a linear functions of time ¢.

3. A Liouville integrable example of a periodic spin
Calogero-Moser example for orbits of rank 1

3.1. Let us briefly discuss a particular case of periodic spin CM chain
corresponding to G = SLy(R) with rank one orbits O. This case is related
to the original paper [16] where spin CM systems were first introduced.

Take a C sly the Cartan subalgebra consisting of diagonal matrices,
and denote the roots by {€; — €;};z; C a* with ¢ € a* the linear functional
picking out the i** diagonal entry. We identify sly with its dual via the
Killing form (x,y) = Tr(zy). Then for p € a* ~ a we have (p,p) = Zfil P,
with p; the i*" diagonal entry of the diagonal matrix p. For y € sy ~ sly
and i # j we have ye, ., = yij, with y;; the (i,7)t" entry of the matrix y.

For £ € R set

ol = {z - %id]\[ | zis a rank one N x N matrix with Tr(z) =¢ }

Then O©) is a coadjoint orbit in sly ~ sl% of dimension 2(N — 1).
Viewing elements in RY as column vectors, we have a natural mapping

N
{(a,0) e RN xRN | a'b = "a;b; = £} /R =5 0©),
(57) i=1

R*(a,b) — p = ba' — %id]\;

where A € R* acts by (a,b) — (Aa, \"1b) and a’ is the transpose of a € RY,
so that p;; = a;b; — 515%. Because of the rank one condition, this is an
isomorphism. It is easy to check that this is symplomorphism, with the
Poisson brackets of the coordinate functions a; and b; of (a,b) € RY x RY
given by
{bivaj} = 5l]> {aivaj} =0= {bl7b]} =0.

The value of the quadratic Casimir function (y,y) = Zf;zl YijYji being
restricted to O can easily computed using (57):

N
> iy =& (1 - %), peo®.
i =1

Note that the action of R* in (57) is Hamiltonian and that O can be
regarded as the Hamiltonian reduction of T*RY with coordinates a; on RY
and b; on cotangent spaces with respect the action and the moment map

N
(a,b) = He(a,b) = > aib; — &
=1



292 N. RESHETIKHIN

3.2. Now consider n-spin Calogero-Moser system for G = SLy with
the phase space S(O) corresponding to O = O, x -+ x O, . The regular
part of this phase space is an open dense subset S(Q);eq C S(O) that we
described earlier by an isomorphism

S(O)reg =~ (T*AN,reg X O//A)/W

where O/ /A is the Hamiltonian reduction of O with respect to the diagonal
action of the Cartan subgroup Ay C SLy and Ay ey C An are diagonal
matrices with positive pairwise distinct entries.

Quadratic Hamiltonians were described in section 1.4. The quadratic

n-th Hamiltonian Hén) has a particularly simple form

N
1 WijHji
(58) Hy= LS g ot
2; ’ ;28}1 (qi—qj)
where ¢; = ¢;(log(a)) are natural logarithmic coordinates on the Cartan
subgroup Ay € SLy(R), p; are corresponding coordinates on the cotagent

spaces in T Ay yeq and
n
_ (k)
i = DM -
k=1

Here for each k =1,...,n, /%(?) is the restriction of natural coordinates on
sl to O, regarded as a function of the k-th factor of O x -+ x O, .
Now let us describe the “spin” part of the phase space as the Hamiltonian
reduction with respect to the action of Ay x A, where Ay C SLy and
A, C SL,, are Cartan subgroups (groups of unimodular diagonal matrices).

For n = 1 we already did this in section 3.1.

(k) _ b( ) (k)
ij

we have the standard Poisson structure:

o’y = 0.0y = 0. (" a0} = sy

Define the Hamiltonians

Z a; b(k Z a; b(k

A function on ((’)51 X -+ x O, )/ /AN is called polynomial if it is the
restriction of a polynomial Ay-invariant function on (sl})" to v~1(0) C
O¢, x -+ x Og, where v is the moment map for the diagonal Hamiltonian
action of Ay.

It is easy to see that the space of polynomial functions on (Og x --- x
O¢,)//AN can be described as

(59)  Pol(Og x - x O, //An) =< o b #(al) = #(),
#(ag*)):#(b()),izl,...N,kzl, >/ < Y HY >,

As it is explained above we can write — & ~0;; where for

(k) (@)
7b]

variables a;
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where n = (§14- -+ &,)/N. We can simplify the right side if we consider the
action of the Cartan subgroup Hy x H, C GLy x GL,, (here H,, are non-
degenerate diagonal matrices) on the Poisson Heisenberg algebra generated

by a(k) and bgl):
(h, 1) 0l s mihipa™ b s n Y

Then we can write (59) as

Pol(Og, x - x Og, /[Ay) =< ol ) SHxxtHn f o g™ )
The following theorem is an immediate consequence of this isomorphism.
THEOREM 5. We have the following isomorphism of symplectic varieties:
N
(60) (O x o x OV [ JAN = (OFE (&, &)/ [An
Heren= (&1 +---+&,)/N.

In terms of the variables a(*) and b*) the Hamiltonian Hy on S(O),eq
can be rewritten as

S 1 506060
(61) sz Z 25h2(ql _q]) :

1<J

This Hamiltonian has a more natural “spin” interpretation. Now we have
N particles and each of them have “internal degrees of freedom” or “spins”
(k) (k)

described by variables Y, _; b; a; with ¢ # j. In the next section we will

give a better description of these variables in terms of coadjoint orbits.

3.3. Here we will rewrite the Hamiltonian (61) in terms of “spain”
variables attached to one dimensional particles with the positions g;, @ =
1,...,N. They are defined as follows.

Denote by g,il the restriction of standard coordinate functions on sl to
O, regraded as a function on k-th factor. We have:

k) (¢
00 — 400 _ 5"
n
It is easy to check that if ¢ # j the following identity holds:

2

(62) Z gkg ggk = MijHji — —
k=1

Thus, we can rewrite the Hamiltonian (58) in terms of spin variables
from Zél(tg)/H X T*Apeg as

(g g\@) n
Tr(g"g") +
(63) Z Z 28h2 qi— QJ ) :

1<j




294 N. RESHETIKHIN

This Hamiltonian describes N classical particles each carrying a “spin”
variable which lies in the rank one coadjoint orbit in sl}, with the Casimir
value given by

n
(64) S gl =0 - ~)
k=1
The system is Liouville integrable since we constructed n(N —1) integrals
for the periodic spin chain earlier (see the proof of Theorem 2).
Integrable system described above are closely related [16] and [21].

3.4. This project, together with results of [1], is the first step towards
constructing superintegrable systems on moduli spaces of flat connections
on a surface where on part of the boundary the gauge group G is constrained
to K. When the boundary gauge group is not constrained, corresponding
integrable systems are described in [1]. We expect that such moduli spaces
have the structure of a cluster variety similar to the one described in [14].
It would be interesting to extend the construction of spin CM chains to the
elliptic case as it was done for N =1 in [21].

Appendix A. Comparison with the n =2 case from [31]

Consider the periodic spin CM chain from section 1 for n = 2. Let
G9 = G x G be the gauge group acting on G x G as it in section 1.1.
Symplectic leaves of T*(G*?2)/Gy are then

S(01,092) = {(z1,22,91,92) | =1 — Ad;;(a:g) € 0y,
(65) £y — Ad_, (1) € 02} /G
where O1, Os are coadjoint orbits in g*, relative to the gauge action
(h1, ho) (w1, 22, 91, g2) = (Ady, (21), Adj, (x2), higihy ', hagahi ).

In [31, §3 & App. C] the following Hamiltonian action of G5 on T*(G*?)
is considered,

(66)  (h1,h2)w(z1, 22,91, 92) = (Ad};, (1), Adj, (22), higihy ', higahy '),
with corresponding moment map g, : 7%(G*?) — g**2 given by

(71,2, g1, g2) = (71 + 22, _Ad;—l(xl) - Ad;;l(m))‘
The corresponding symplectic leaves are

S:(01,02) = 11,1 (01,05) [ Go
= {(z1, 22,91, 92) | 21 + 22 € O,
—Adzfl(x1> — Adg;1(a:2) S Og}/Gg,

with the gauge group Gy now acting by (66). These symplectic leaves were

used in [31]. They are related to the symplectic leaves S(O1,03) in the
following way.
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Consider the map ¢ : T*(G*?) — T*(G*?), defined by
Y(21,72,01,92) = (=21, Ady, (22), 91, 919291)-

Then 1) is Ge-equivariant,

¢((h17 h2)(x17 x2, g1, 92)) = (hh h2)*w($17 x2, g1, 92)7

and the resulting map on the Go-orbits restricts to an isomorphism

(1]
2]
8l
(4]

(5]

(8]
(9]
[10]
(11]

(12]

(13]

(14]

(15]

[16]
(17]

18]

S(071,09) =5 8(0g,04).
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