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ABSTRACT. On Kéhler manifolds, the asymptotic coefficients of Bergman
kernel, heat kernel and deformation quantization are local scalar invari-
ants which are universal polynomials of jets of the Kéhler metric. We
show that they could be canonically expressed as a summation over
directed graphs and the coefficients of these graphs are explicit graph
invariants. The method should work for all geometrically meaningful lo-
cal Kéhler invariants. We survey the related works and give applications
to heat coefficients of Kéhler manifold. In particular, we show an explicit
formula of the heat coefficients of CP? as polynomials in d and present a
heuristic approach to Chern-Gauss-Bonnet formula of Kéhler manifold.

1. Introduction

The asymptotic expansion of the heat kernel and the Bergman kernel
has found many applications in geometry, topology, analysis and mathe-
matical physics. The coefficients in these asymptotic expansion are local
invariants, i.e., universal polynomials of contractions of curvature tensors
and their covariant derivatives, which encode important geometric informa-
tion. For example, the inverse spectral problem aims at recovering geometry
of a manifold from the spectrum of Laplacian, or equivalently the integrals
of the heat coefficients. It was rephrased by M. Kac in 1966 as the famous
question: “Can one hear the shape of a drum?”

It is well-known that in a normal coordinate system, the coefficients in
the Taylor expansion of g;; about the origin are polynomials in the curva-
ture R;jp; and its covariant derivatives. Conversely, R;ji; and its covariant
derivatives can be expressed as polynomials of partial derivatives of g;;. In
the case of Kdhler manifold, when local scalar invariants are written in terms
of partial derivatives of g;;, they could be neatly expressed as summations
over directed graphs.
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The computations for the first coefficients of the asymptotic expansion
are usually quite involved. Although we have recursive ways of doing the cal-
culation, it would be useful to have closed formulas and structural descrip-
tion of local Kahler invariants. These are important questions in subjects like
CR invariant theory of Chern-Moser and Fefferman on strictly pseudoconvex
domains, the asymptotic expansion of Bergman kernel, Yau’s program on
balanced conditions and Kéhler-Einstein metrics, and local index theorem.

Asymptotic expansions are also ubiquitous in quantum theory. Deforma-
tion quantization provides rules for deforming the commutative algebra of
classical observables to a noncommutative algebra of quantum observables.
The input is a Poisson manifold M and the output is a noncommutative
associative algebra, which is a formal deformation of the algebra of smooth
functions on M. The quantization of Chern-Simons theory, which not only
led to Witten’s reinterpretation of Jones polynomial and Kontsevich integral
for knot invariant, but also it describes quantum Hall effect which is the cor-
nerstone of modern condensed matter physics. Asymptotic expansions play
important roles in these theories.

Prof. Chern has done many foundational works in complex and Kéhler
geometry, as can be seen from the following description of the paper, which
covers only a small part of Chern’s important works.

The paper is organized as follows: In §2, we study asymptotic expan-
sions of weighted Bergman kernels on a polarized compact Kéhler manifold
or a strictly pseudoconvext domain equipped with a Kéhler potential. For
the definition, we need Chern connection of holomorphic Hermitian vector
bundles.

In §3, we describe how to use graph to represent local Kéhler invari-
ants and give closed formulas for the asymptotic coefficients of the weighted
Bergman kernel.

In §4, we discuss CR invariant theory of Chern-Moser and Fefferman for
a strictly pseudoconvex domain. It could be used to express the coefficients
of the expansion of the Bergman kernel. We give a graph-theoretic formula
to do the calculation.

In §5, we discuss deformation quantization on Kéhler manifolds. In par-
ticular, we present a graph theoretic formula for the Berezin star product.

In §6, we study the structure of heat coefficients of Kahler manifold and
present a heuristic approach to the Chern-Gauss-Bonnet formula via graph-
theoretic point of view, Patodi’s formula and the local index theorem.

2. Local and global weighted Bergman kernels

Weighted Bergman kernel can be defined either on a polarized compact
Kéahler manifold or a complex domain equipped with a Kéahler potential.

Let E be a holomorphic vector bundle on a complex manifold M and h a
Hermitian metric on E. Then a connection V on F is said to be compatible
with h if for any two smooth sections &, 7 of E and a smooth vector field X
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on M, we have
Xh(&n) =h(Vx&n) +h(E Vxn).

A connection V is said to be compatible with the complex structure of
E if V" = 0, or equivalently if the connection matrix w of V consists of
(1,0)-forms with respect to any local holomorphic frame.

LEMMA 2.1. Let E be a holomorphic vector bundle on a complex manifold
M and h a Hermitian metric on E. Then there is a unique connection that
is compatible with both the metric h and the complex structure of E. Such
a connection is called Chern connection or Hermitian connection. Moreover
its connection and curvature matrices are given by

w=0H -H', Q=0(H H")
where H = (H;3) = (H(ej,e5)) is the matriz of the metric h under a local
holomorphic frame {eq,..., e }.
PROOF. See [78] for a proof. We only give a proof of the formula of
which was missing in [78].
Q=dw—-wAw

=dOH -H Y)Y~ (0H -H YAOH-H™)

=00H -H '+0H -H 'ANdH -H'—0H -H 'NOH-H™'

=00H -H'+0H -H 'NOH-H™'

=0(0H -H™)
where in the second equation we used d(H ') = ~—H 'dH - H~!. O

REMARK 2.2. Yang-Zheng [72] proved that on a Hermitian manifold

(M, g), the Chern connection and the Levi-Civita connection are equal if
and only (M, g) is Kéhler.

Let M be a projective algebraic manifold. A polarization on M is the
assignment of an ample line bundle L on M. A Kéhler metric g is called a
polarized metric, if the corresponding Kéhler form

-1 &
4,j=1

represents the first Chern class c1(L) of L in H?(M, Z). Given any polarized

Kaéhler metric g, there is a Hermitian metric h on L whose curvature form is

equal to wy. This last assertion could be proved as follows [78]. By Lemma

2.1, for any Hermitian metric h on L, its curvature form is given by
Qh = —9d1og |57,

where s is a local nowhere vanishing holomorphic section of L. Then %Qh
represents c1(L) in H?(M,Z). Since wy also represents ¢ (L), by 09-Lemma,



236 K. LIU AND HAO XU

: : V=1nh _ ¥Y-155
there exists a real-valued function f on M such that *5—=Q" —w, = 5=00f.

Hence
V=T .- V=1 ;
Wy = —?aalog(ef\s\i) = 79117
where h is the Hermitian metric on L defined by h(s,s) = efh(s, s).
For each m € N, h induces a Hermitian metric h,, on L. Let {S1, ..., Sq}
be an orthonormal basis of HY(M, L") with respect to the inner product
1
(5180, = [ Bn(Si0), 5,0 -
M n.

The Bergman kernel is defined by

(1) Kop(z,y) =Y hn(Sj(2), 5;(1))-

j=1
For any given m > 1, one can define a holomorphic map
(2) ¢m : M — CP?, z = [S1(2),...,84(2)].

THEOREM 2.3. Let grg be the Fubini-Study metric on CP%. Then for
any k,

®) I 6n(ar) ~alov=0 (=), m—oc.

The pull-back metric ¢}, (grs) is called the Bergman metric induced by
L. The above theorem arose out of a question of Yau [74]: whether a Kéhler-
FEinstein metric on M can be the limit of a sequence of Bergman metrics
induced by pluricanonical line bundles K7};. The C? convergence was proved
by Tian [64]. The C*° convergence was proved by Ruan [58].

Theorem 2.3 is a corollary of the following Tian-Yau-Zelditch asymptotic
expansion of Ky, (z) := Ky, (z, z) proved independently by Zelditch [75] and
Catlin [10].

THEOREM 2.4. When m — 00,

2

(4) Km(.%') = ao(:n)m” + a1 (:E)mn_l + a2(1‘)mn_ +e

where ag(x) = 1. More precisely, for any k,pu > 0,
k
| Kin(z) =Y aj(@)m" 7 |lon< Cppm™ 1,
=0

where Cy,,, depends on k, p and the manifold M.

Different proofs and generalizations can be found in [7, 16, 36, 44, 48,
63]. The coefficient ay, for k& < 3 were computed by Lu [47] using peak section
method. The above theorem and the coefficient a; = %p have important
applications in Donaldson’s breakthrough work [17] on Yau’s conjecture that
the existence of extremal metrics is equivalent to the stability of manifolds.
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Some recent work around Theorem 2.4 include: Arezzo-Loi-Zudda [3]
studied balance metrics in relation to the coefficients a,. Feng-Tu [25] stud-
ied geometry of Cartan-Hartogs domains when as is constant. Alexakis-
Hirachi [1] proved a structure theorem of a,, as an application of their work
on local Kéhler invariants. Shiffman [62] derived an asymptotic expansion
for the variance of the zero sets of random holomorphic sections on a com-
pact Kéahler manifold.

A physical derivation of Theorem 2.4 was given by Douglas and Klevtsov
[18] using path integral and perturbation theory. Klevtsov [41] and Can-
Laskin-Wiegmann [9] studied the relations between Bergman kernel expan-
sion and quantum Hall effect.

Now we consider the weighted Bergman kernel in a local domain. Let
Q be a domain in C" with a Kihler potential ®(z), i.e., g; := 9;0;P is
a Kéhler metric. Let ®(z,y) be an almost analytic extension of ®(z) to a
neighborhood of the diagonal, i.e., 9,® and Oy ® vanish to infinite order for
x = y. We may assume ®(x,y) = ®(y,x).

For a > 0, consider the weighted Bergman space of all holomorphic func-
tion on {2 square-integrable with respect to the measure e*aq’%’l and denote
by K. (x,y) the reproducing kernel. Locally, it is often the case that K, (z,y)
has an asymptotic expansion in a small neighborhood of the diagonal when
o — 00,

(5) Ko(z,y) = e*®@9 N " By(x,y)a" "
k=0

uniformly on compact subsets. For instance, the asymptotic expansion has
been established by Berezin [6] for bounded symmetric domains and by
Englis [20] for bounded strictly pseudoconvex domains with real analytic
boundary. The coefficients By, were computed by Englis [19] for & < 3 by a
recursive formula of By, derived from the asymptotics of Laplace integrals.
It was proved by Loi [46] (cf. [67, §3]) that coefficients of the asymptotic
expansion of local and global Bergman kernels are equal, i.e., By = ag,
k > 0. Recall Loi’s formula [46] (which is a refinement of Englis’ formula),

(6) Bi(z)=— Y Bi(z)Bj(x) = Y Ri(Bi(x,9)B;(y,))ly=s,

itj=k ttitj=k
i,j>1 1<e<k

where R; : C*°(Q2) — C*°(Q) are explicit differential operators defined by

1 L1 :
(7) B ) = det g Z k(K —j)lLk(f det g5 7)y=a;
— k! !

where L is the (constant-coefficient) differential operator

Lf(y) = g7 ()05 f (y)
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and the function S(z,y) satisfies
S:804328@55:&”-2”,%3:&-- = §=0 aty=uz,

192...0m
ai3a1a2...am5‘y=l‘ = 78a1a2--~amgij(‘r)’
Here indices i, j, k,... run from 1 to n and Greek indices «, 3,y may repre-

sent either i or 1.

3. Graph theoretic formulas of the Bergman kernel asymptotics

First we introduce some notions of graph theory. A digraph G = (V, E)
is defined to be a finite directed multigraph which is permitted to have
multi-edges and loops. Here V and E are the sets of vertices and edges
respectively. The weight w(G) of G is defined to be |E|—|V|. The adjacency
matrix A = A(G) of a digraph G with n vertices is a square matrix of order
n whose entry A;; is the number of directed edges from vertex i to vertex j.
The outdegree deg™ (v) and indgree deg™ (v) of a vertex v are defined to be
the number of outward and inward edges at v respectively.

A vertex v of G is called stable if deg™ (v) > 2, degt(v) > 2. We call G
stable if each vertex of G is stable.

A vertex v of G is called semistable if deg™ (v) > 1, degt(v) > 1 and
deg™ (v)+deg™ (v) > 3. We call G semistable if each vertex of G is semistable.

A digraph G is strongly connected if there is a directed path from each
vertex in G to every other vertex. We call G quasi-strong if each connected
component of G is strongly connected.

Thanks to the Kahler condition 9;g;; = 0;9,; and 979, = 09,7, We can
canonically associate a polynomial in the variables {gija}\a|21 to a stable
digraph G, such that each vertex represents a partial derivative of g;; and
each edge represents the contraction of a pair of barred and unbarred indices.

In [67], we proved the following closed formula for asymptotic coefficients
of the weighted Bergman kernel.

THEOREM 3.1 ([67]). For k >0,

quasi-strong stable n(G)
(—=1)™%) det(A(G) — 1)
] By, = ’
(8) k G%(;):k |Aut(G)|

where G runs over quasi-strong stable digraphs of weight k and n(G) is the
number of components of G.

The above theorem was inspired by Feynman diagram formulas in de-
formation quantization (cf. §5). The proof began with a graph-theoretic
interpretation of Englis” work on asymptotic expansion of Laplace integrals
and Loi’s formula (6). A key observation is that a graph with a non-strongly-
connected component will cancel out. Finally we used the coefficient theorem
from spectral graph theory to get coefficients for quasi-strong graphs.
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Recall that at each point = on a Kéhler manifold, there exists a normal
coordinate system such that at x the Kahler metric satisfies

gij(fﬁ) = dij, i3k .. ky (z) = 95500, () =0

for all r < N € N, where N can be chosen arbitrary large.
The curvature tensor is given by

(9) Rt = =i + 9" GmijiGipk-
The covariant derivative of a covariant tensor field Tj, .. 5, is defined by
p
(10) Tar. oy = 0Ty = O 106, 81 Bi 10811 B
i=1

where the Christoffel symbols ng = 0 except for
F;"k _ gilgjl_w P%l_c — gliglj]_c.
The identities (9) and (10) can be used to convert partial derivatives of

metrics in (8) to covariant derivatives of curvature tensors and vice versa.
See [70, 71] for more discussions, where some closed formulas were derived.

ExXAMPLE 3.2. We represent a digraph as a weighted graph. The weight
of a directed edge is the number of multi-edges. The number attached to a
vertex denotes the number of its self-loops. A vertex without loops will be
denoted by a small circle o.

There is only one quasi-strong digraph with weight 1. By (8) and (9),

1 1 1
(11) By = _5 [@] = _§gﬁjj = §Rﬁ]§ = ip’

where (i,1), (j,j) are paired indices to be contracted.
There are four quasi-strong digraphs with weight 2. By (8) we have

+2[@1@)

.3
8

=\
¢} (¢}
~_

1 3 1
3Jiijjkk + o Giikl 95k + g Jiikidjitk + g i 9wkl

1 1 1 1
:_A _R2__R'2 _2'
3B+ o IR = cRic] + 2p
The last equation used the identities g;5.; = —R,5,; and

Yiijik = —Rigjjrk + BrisjRirjs T Byjsilliris + Riisj Biijs
= —Ap+ |R|* + 2|Ric?,

Note that the tour de force computations of B3 (containing 13 terms) by
Lu [47] and Englis [19] occupy more than ten pages in both papers. The
computation of Bz using the graph-theoretic formula (8) is much shorter
(see [67]).
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4. CR invariant and Bergman kernel

Let © be a bounded strictly pseudoconvex domain in C" with smooth
boundary. If » € C*°(£2) is a defining function in the sense Q = {r > 0} with
dr # 0 on 02, Fefferman [22] showed that the boundary singularity of the

Bergman kernel has the form

(12) K(z) = n (M +1(2) logr(z)> , p, € C™(Q).

T r(z)ntl
A weighted analogue of Fefferman’s expansion was obtained by Englis [20].
Hormander [35] proved that r(z)" 1K (z) — 2.7 [r](20) as z — 2o € O,
where J[r] denotes the complex Monge-Ampére operator defined by
r or/0%;

(13) Il = (=1) det(ar/azi 002107 >1<z- j<n

By (12), we have ¢ = J[r] on 0f2. Starting from an arbitrary smooth defining
function of Q, Fefferman [23] devised a recursive algorithm to explicitly
construct another defining function rf € C*°(Q) satisfying

(14) I =1+0"" "), P >0 Q, e =0,

where O"1(r) denotes a term of the form (rf")"*1 f with f € C®(Q).
Let 7f" be a Fefferman’s defining function of Q. Define a Lorentz-Kéhler
metric

dz dzj, r4(20,2) = |20/*rF(2) on C* x Q,

g =
0<i,j<n
called Fefferman’s ambient metric associated with 9€). From the curvature
tensor R of g, Fefferman [24] constructed Weyl invariants by complete con-

tractions of covariant derivatives R(P4) := Ry 51085 /a5 -aybs--by €-8- the fol-
lowing Weyl invariant
(15) Wy = contr(RP19) @ ... @ RPs4s)),

is defined to be of weight Z;Zl(pj + ¢;)/2 — s and gives rise to a function

W = Wy|,,=1 on Q. Fefferman proposed a program [24] to express ¢, in
(12) as linear combinations of Weyl invariants W}, of weight k such that

n o
(16) o= Wir*+0"(r), Y= Wipnpar* +0>(r),

k=0 k=0
where O (r) means that ¢ = 31" Wi pni1[r] 7% + O™+ (r) for any m > 0.
The expansion of ¢ was proved by Fefferman [24] and Bailey et al. [4] for
any Fefferman’s defining function r = 7. The expansion of ¢ was proved
by Hirachi [32] for more refined defining functions than (14).

The restriction of Wy to 92 gives a CR invariant of weight k, which

can be defined using Moser normal form in analogy to the normal coordi-
nate system in Riemannian geometry. Let (2/,2,) = (21,...,2,) € C". A
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hypersurface 0 € 92 C C" with local equation

(17) 2u = |2|? + Z Al€ 5(v Jokz! «Z8> Zp = U+
lee],|8]=2, k>0

is said to be in Moser normal form if the coefficients A'; 5 satisfy:

a
0, e >0 ! AI;ZP— =0 for all k,1, j;
tr(Ayz) =0, i.e. qu 1 pqﬁtﬁ =0 for all £, j;

(iv) tr(As3) =0, i.e. quT 1 qupqr =0 for all k.

A celebrated theorem of Chern and Moser [15] says that any real analytic
hypersurface may be placed in Moser normal form through a biholomorphic
map in a neighborhood of 0.

(ii

DEFINITION 4.1 ([24, 29, 34]). Denote by N(AZB) a real hypersurface
in normal form (17). A polynomial P in variables AZ 5 is said to be a CR
invariant of weight w € N> if it satisfies the transformation law P(A’; 5) =
| det <I>’(O)|2w/("+l)P(B§B) for any biholomorphic mapping & : N(AZB) —
N (BZ B) preserving the origin.

Let I, denote the set of CR invariants of weight w. Then every P € I,
is a homogeneous polynomial of weight w if we define the weight of A’; 3 to

e (Ja| +18])/2 + k — 1. Graham [29] proved the following:

THEOREM 4.2 ([29]). (i) Let n = 2. Then I; = Iy = {0} and dim I3 =
dim Iy = 1. Moreover, I3 and 14 are respectively spanned by AZZ and \Agz—l\Q.

(ii) Let n > 3. Then I; = {0} and dim Iy = 1. Moreover, Iy is spanned
by A% =3 \AOB\Q where the summation runs over |a| = |f| = 2.

When n = 2, a basis of dim I5 = 2 has been determined in [29, 34] and
a basis of dim 4 = 3 has been determined by Hirachi [33].
For the Dirichlet problem of the complex Monge-Ampére equation

(18) Jul=1, u>0inQ, wulsgg=0,

Cheng-Yau [13] proved that there exists a unique solution u € C*°(Q2) N
Cn3/2=¢(Q) for any e > 0 which implies that  admits a unique complete
FEinstein-Kahler metric with scalar curvature —1. Cheng-Yau'’s original proof
requires that the boundary 0 is C2, which was later dropped by Mok-
Yau [51]. Lee-Melrose [43] proved that for any smooth defining function r,
Cheng-Yau’s solution has an asymptotic expansion

(19) u~r Z Nk - (TTH_I 1Og T)ka Nk € Coo(ﬁ)a
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which implies that v € C"27¢(Q) for any ¢ > 0 improving Cheng-Yau'’s
estimate. However, the solution to (18) is not C* smooth up to the bound-
ary, so we have to use Fefferman’s defining function r when studying the
invariant expansions (16).

Let us fix r = rF and a € C®(09) locally near 0 € 9. Then Gra-
ham [30] proved that there exists a unique formal series u of the form (19)
satisfying

(20) Ju] =14+ 0(r*>), no=1+ar"t + O(r””)

near 0 € 9. For any k > 1, np modulo O(r"*!) is independent of r = rF

and a. Each nx|sq modulo O(r"*1) is a CR invariant of weight k(n + 1).
From Theorem 4.2, Graham [29] proved that:

THEOREM 4.3 ([29]). (i) Let n = 2. Then ny = 4AY; and the singularity
of the Bergman kernel (12) has the expansions

(21) =1+ O(rg), Y= —-3n + c]Ag;1]2r + O(rz),

where ¢ is a constant independent on €.
(i) Let n > 3. There is a constant ¢, depending only on n such that

(22) p=1+ cn||Ag§H2r2 + O(T3).

Note that Theorem 4.3 was used in Huang and Xiao’s proof [37] of
Cheng’s conjecture that the Bergman metric of a smoothly bounded strictly
pseudoconvex domain is Kéhler-Einstein if and only if the domain is biholo-
morphic to the ball. Hirachi, Komatsu and Nakazawa [34] gave two different
methods of identifying the above universal constants.

THEOREM 4.4 ([34]). The constants in (21) and (22) are given by ¢ =
24/5 and n(n — 1)c,, = 2/3.

One of their proofs used an explicit asymptotic expansion for Reinhardt
domains. In the rest of the section, assume that 2 C C" is a bounded strictly
pseudoconvex complete Reinhardt domain. Its logarithmic real representa-
tion domain is given by

—log|Q| = {(z,y) e R" I xR | (e7™,...,e "1 e7Y) € Q}.

First we assume n = 2. Let f(z) := inf{y € R | (z,y) € —log|Q|}. Then
A =y — f(z)(> 0) is a defining function of 9N N {z122 # 0}. We make
change of variables (x,y) — (A, v) with v = f’(z) and set p(v) = f”(z), the
hodograph transformation. We have the following asymptotic expansion in
dimension 2 due to Nakazawa [52].

THEOREM 4.5 ([52]). Let n = 2. Near 0Q2 N {z122 # 0}, we have

(23) K(z) = %J[A] (55(;;)” + (v, \) log A) :
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where ‘][A] |4Z z2)? Let e = p (pp(?’))’} e3 (p p(4)) eq1 = ejes,
esz = (peh) and eqs = (pp™)>2. Then

2

- A
o(v,A) =1+ Zel + Eeg
~ A

_ 2 _ 2 )
(v, \) = 48 L 480( eq2 + es3 — eq1) + O(X9)

Theorem 4.5 and the following lemma immediately implies ¢ = 24/5 in
(21).

LEMMA 4.6 ([34]). Under the notation of the above theorem, we have
Al = JINYPess/a8%, v = JINTVAF + ONY) and i = TN ( +
O(A\?)), where

N A SR ~:e_3_i(e - )
M 36\ ) MT Iy 0\ 9 )

P Ly L1 Ly & k3
k=3

Englis [19] studied the asymptotic expansion of a Laplace integral and
proved a recursion relation for its coefficients. As an application, he derived a
formula of Fefferman’s invariants for the Bergman kernel of strictly pseudo-
convex Hartogs domains using the Forelli-Rudin construction. We observed
that some key quantities in Engli§’ formula can be expressed as explicit
summations over strongly connected graphs when the domain is complete
Reinhardt and proved a graph-theoretic formula of Ly.

THEOREM 4.7 ([70]). Let k > 0. Define a function Wi (p) by

1 quasi-strong semistable ( )|V(G)|+n

(25) Wi(p) = > AnC H h(deg(v) — 2),

p G:w(G)=k

where G runs over all quasi-strong semistable graphs of weight k and n(G)
is the number of components of G; the function h is defined recursively by

h(1)=p', hk)=I[p-h(k—-1)] k>2.
Then the coefficients of (24) are given by
2 —k)!
R

(26) Ly =
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EXAMPLE 4.8. Obviously Ly = Wy(p) = 1. Note that
h(1)=p,  h(2) =)+
h(3) = (p')* + 4pp'p” + p*p?,
h(4) = ()" + 11p(p)*p" + T°p'p® + 4p*(0")* + p’p™).

We now compute L, Ly, L3 by using the above theorem. There are two
quasi-strong semistable graphs of weight 1,

So Wi(p) = p(h(22) h(;)Q) = 1p”, which implies L; = 1p".

There are 19 quasi-strong semlstable graphs of weight 2, among which 4
are stable. It is a routine calculation that Wa(p) = %(pp@’))’ , which implies
Ly = 15(pp®)'.

There are 300 quasi-strong semistable graphs of weight 3, among which
14 are stable. With the help of a computer program, we get Wi(p) =
= (p? p™)” which implies L3 = —%(pr(‘l))”.

Next we assume 1 > 3. Let £ C C" be a bounded strictly pseudoconvex
complete Reinhardt domain satisfying —log [Q2] = {\ ==y — (fi(x) +--- +
fa—1(x)) > 0} with hodograph variables v; = f(z;) and p;(v;) = fi(z;).
We introduce

n—1 n—1 n—1
=> 1, en =Y _(orf), ex=> ) es=> v
=1 =1 =1 ik
THEOREM 4.9 ([34]). Under the above notation, we have
J[)\]Q/(n-i-l)
A 2 _(n—-2)(n—1 2
F 6]_)\2
— JINEF ()
= I +1< on(n + 1)
—n(n+ 1)ea; + (n? — 1)ex — ea3 3 4
A°+O0(N\Y) ).
6(n — Dn(n+ 1)? +0)
The Bergman kernel has the expansion
n! (Z(U, >‘) i
(27) K(z)= W—nJ[)\] < N + (v, A) log )\> ,

where JI\| =

—4n|z paE and

(28) 5 ( >\)—1+A + s - +0(\?)
A T T i — 1)\ T g '
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Theorem 4.9 immediately implies ¢, = - ( ) n (22). Explicit graph
theoretic formulae for the coefficients of (27) similar to (26) can be found

in [70].

5. Deformation quantization

Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer [5] introduced
quantization as a deformation of the usual commutative product into a non-
commutative associative star product. Let M be a smooth manifold and
A = C*°(M) the algebra over R of smooth functions on M endowed with
the pointwise product. A star product on M is an associative R[[A]]-bilinear
product on A[[A]] given by the following formula for f,g € A,

(29) frg=rfg+> HCu(f.9).
where £ is the formal variable and C} are bidifferential operators.

Two star products x and +" are called gauge equivalent if there is an
R[[A]]-module automorphism D of A[[A]]:

D(Y fah™) =D fuh"+ i R D (fn),
(Z5)

n>0 n>0 n>0,m>1

where D; : A — A are differential operators, such that f« g = D((D71f) %

(DL)g).
It is not difficult to check that a star product * gives a Poisson bracket
on A:

(30) oy =T202959 _ 0y(1.9) - o, 1),

which depends only on the gauge equivalence class of *.

Kontsevich proved a a long-standing conjecture that every Poisson struc-
ture arises from the first term of a star product. Before that it was known
only for symplectic manifolds.

THEOREM 5.1 (Kontsevich [42]). The set of gauge equivalence classes of
star products on a smooth manifold M can be naturally identified with the
set of equivalence classes of formal Poisson structures on M.

In fact, it follows from the more general Kontsevich’s formality theorem
which establishes an L.-algebra quasi-isomorphism between the DGLASs of
polyvector fields and Hochschild complex. Moreover, Kontsevich [42] gave
an explicit graph-theoretic formula whose coefficients are integrals over the
space of configurations.

If M is a Kéahler manifold, a canonical Poisson bracket is locally given
by

_ w(0h0f 0f20f1
(31) (i) = o (5555 - SRR,
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A star product x has the property of separation of variables, if it satisfies
f*h= fh and hx g = hg for any locally defined antiholomorphic function
f, holomorphic function g and an arbitrary function h.

In fact, all star products with separation of variables on Kéhler manifolds
are equivalent. We give two examples.

ExaMPLE 5.2. The Berezin tmnsform
n!

has an asymptotic expansion (cf. [19, 40]),
(33) Inf(z) =) Quf(x)a™, a— oo

where Qi are linear differential operators. Denote by cjaﬁaaéﬁ the coeffi-
cients in

(34) Qf= S upd’f.
a,8 multiindices

Then the coefficients of Berezin star product are given by bidifferential op-
erators

(35) f17f2 cha,ﬁ aﬂfl)(a f2)
a,B

The Berezin transform has important applications in linear operator theory.

EXAMPLE 5.3. The Berezin-Toeplitz star product xgr is equivalent to
Berezin star product xp via the Berezin transform (cf. [40])

(36) frxpr fa= T (Ifix 1f2),

where I := I 5, is obtained by substituting o by 1/% in the Berezin transform
Iy
Recall that the Toeplitz operator T}m) for f € C>°(M) is defined by

(37) T = T (f) s HOM,L™) — HO(M,L™),
where II(™ : L2(M, L™) — HO(M, L™) is the projection.

Schlichenmaier [60] proved that xp7 is the unique star product

(38) fixpr f2i=>_ WCPT(fi, f),

J=0

such that the following asymptotic expansion holds

(m m -
(39) Ty, Zm ]T f1,f2) m — 00.
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Let (M,w_1) be a Kéhler manifold with Kéhler form w_;. A formal
deformation of the form (1/v)w_; is a formal (1, 1)-form,

1
(40) @Z—w,1+w0+yw1+y2w2+...7
v

where each wy, is a closed (1, 1)-form.

THEOREM 5.4 (Karabegov [38]). Each star product with separation of
variables on a Kdhler manifold M bijectively corresponds to a formal defor-
mation of the Kdhler metric w_1 on M.

The Karabegov forms of Berezin and Berezin-Toeplitz quantizations
were identified by Karabegov and Schlichenmaier [40].

THEOREM 5.5 ([40]). (i) The Karabegov form of Berezin star product is

1 - o
~w-1 ++v—100log (Z v Bk(x)> ,
k=0
where By(x) are the coefficients in the asymptotic expansion (5).
(ii) The Karabegov form of Berezin-Toeplitz star product is

1
——w_1 + Ric,
v

where Ric = +/—100logdet g is the Ricci curvature. The negative sign
indicates that the role of holomorphic and antiholomorphic variables are
swapped.

Feynman diagram formulas for star products on Kahler manifolds was
first studied by Reshetikhin and Takhtajan [57], who proved a Feynman
diagram formula for the non-normalized Berezin star product. Gammelgaard
[26] obtained a universal formula as a summation over weighted acyclic
graphs for any star product with separation of variables corresponding to a
given classifying Karabegov form. Karabegov [39] gave an algebraic proof
of Gammelgaard’s formula and clarified why acyclic graphs play a role.

Berezin-Toeplitz quantization was extensively studied in the literature
[11, 12, 21, 49, 61]. Zelditch [76] studied connections between Berezin-
Toeplitz quantization and quantum chaos. Andersen [2] applied Berezin-
Toeplitz technique to prove asymptotic faithfulness of the mapping class
groups action on Verlinde bundles.

In [68], we proved the following graph theoretic formula for Berezin star
product. The proof follows similar lines as that of Theorem 3.1. We also
discussed its relation to Gammelgaard’s formula in [69].

THEOREM 5.6 ([68]). Fix a normal coordinate system around x € M,

at x
strong
41)  fixp folx)=

I'=(VU{e}.E)

det(A(T-) = 1) g v
NI A Dr(f1, f2) .
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Let us explain notations in (41). I" runs over all strongly connected
stable pointed graphs; I'_ is the graph obtained from I' by removing the
distinguished vertex e and all adjacent edges of e; A(I'_) is the adjacency
matrix of I'_. The partition function Dr(f1, f2) is defined to be a Weyl
invariant generated from I' by replacing the vertex e with two vertices f;
and fo, such that all inward edges of e are connected to f; and all outward
edges of f are connected to fs.

EXAMPLE 5.7. The first terms of the Berezin transform are

1= o[ e D w5 [o D] (3o Ds] -3 [ e

2
° 1 L4
NS
2lo——o o \l,7®
2 e
By (35), we can get Berezin star product up to order 3.

Co(f1, f2) = f1f2,
Ci(f1, f2) = frifay,

CQ(fl? f?) = %fl;ﬁfQ;ij’

1 1 1
C3(f1, f2) = g frakf2ign + pRigeifaefa g — 5P fuifye

+%[@/éo]> + O(h%).

1

6. Heat kernel

The Laplace operator A on a Riemannian manifold (M, g) of dimension
d is given by

d
1 g
A=— g 0;(g¥+\/det g 0;).

Vdetg = (g7 vdetg0;)

The heat kernel is a smooth function e(t,z,y) € C°(M x M x RT) that
solves the heat equation % + Age = 0 and satisfies e(t, z,y,t) = e(t,y, )
and

lim [ e(t,z,y)f(y)dV = f(z)
—VJm

for any smooth function f of compact support.
For example, the heat kernel of R? is

e(t,z,y) = (477t)—d/2€—|w—y\2/4t'

If M is compact, there is a unique heat kernel H(z,y,t) on M with the
on-diagonal asymptotic expansion as t — 0T,

(42) e(t,z,x) = (47t) "% (ag 4 art + agt® +---).
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The first few terms can be computed by using, e.g., the Minakshiundaram-
Pleijel recursive formula.

1 1 1
43 =1 == = ——Ap+ —p°> — —|Ric|* +
(43) ao=1, @ =gp, a=-z Pt mh 180’ iel”+ 750

where p is the scalar curvature and |Ric|> = R;;RY, |R|? = R;j RVM.
There exists a complete orthonormal basis {¢o, ¢1,¢2,...} of L2(M),
consisting of eigenfunctions of A, with corresponding eigenvalues g, A1,

L IRP,

Ao, ... arranged in increasing order 0 = A\g < A\; < A9 < ---, we have
(o]
e(t,z,y) = Y e ¥ o(x)dr(y)
k=0

with uniformly convergence for any fixed t. Therefore by (42), we get

Ze*)"“t :/ e(t,x,z) = (4mt) "2 <V01(M) +t/ 1pdV+~-) .
prd M M6

The integrals | u @n are called heat traces. This equation implies that if
two Riemannian manifolds are isospectral (i.e., have the same spectrum of
Laplacian), then they have the same heat traces. By (42) and (43), one
sees that two isospectral Riemannian manifolds have the same dimensions,
volumes and integrals of scalar curvatures.

Polterovich [55] proved a closed formula for all heat coefficients using a
generalization of the Agmon-Kannai asymptotic expansion on the resolvent
kernels of elliptic operators.

THEOREM 6.1 ([55]). Let w > 3n. Then the heat coefficients a,(x) are
equal to

v (w+ g 1 . .
44)  ap(z) = (—=1)" 2)%N+n dist(y, 2)°)) ly—z,
(48 anle) = );o(H% ST st
where dist(y,x) is the distance function and f is an arbitrary smooth func-
tion with f(s) = s+ O(s?) for s € [0,¢].

It was proved by Weingart [66] that when f(s) = s, Polterovich’s formula
(44) holds for w > n. However, in general, it is highly nontrivial to convert
powers of the Laplacian and the distance function to curvature tensors and
their covariant derivatives, which also seems hopeless to have a nice compact
form.

In [45], we proved that on a Ké&hler manifold, Polterovich’s formula
implies a graph-theoretic formula of heat coefficients.

THEOREM 6.2. On a Kdihler manifold, the heat coefficients of the (real)
Laplacian are given by

stable
(—1)IV(@lgn
4 n = S
W) w= D Rao)

G:w(G)=n

Z (—(1)C|<P(FC) a

1
e |C| + n)!
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We explain the notations in (45). Here G runs over all stable digraphs
of weight n and C' runs over all subsets of edges of G. Here I'¢ is a pointed
graph obtained by cutting each edge in C' in the middle and connecting all
loose ends to a new distinguished vertex e. Finally ¢(I'¢) is a graph invariant
that can be calculated as follows:

(i) if T" is not strongly connected, then ¢(I') = 0,
(ii) if I" has only one vertex with [ loops, then ¢(I') = I!,
(iii) a vertex v € V(I'-) is called removable if it satisfies deg™(v) =
deg™ (v) = 1. If v is removable, denote by I'/{v} the graph obtained
by removing v and connecting its two neighboring vertices, then

p(I) = ¢(I'/{v}),
(iv) if T" is a strongly connected pointed graph and has no removable
vertices, then

p@) = D o —{e}),

ecE(T)

where I' — {e} denotes deleting an edge e from I" while keeping the
endpoints.

EXAMPLE 6.3. There is only one stable graph with weight 1.

(6) m =3 =3

There are four stable graphs with weight 2.

23 1

U7 == [6]+ 15 [@1@) + 55 [0

1
— —|Ric* + E!RF.

LT
45

o o
~——

Here LJf = f.; for any function f. We computed a3 in the appendix.
a3 for Riemannian metric was obtain in [27].

DEFINITION 6.4. Let G be a stable digraph. Define

(—1)V(&lgn

—1lcl

'7
oo, (CT+ul@))!

Then by (45), we have
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LEMMA 6.5. Let G = Ui?:lGi be a disjoint union of connected subgraphs.
Then

k
(48) @) =[] nGy).
j=1

1 k
(49) a(G) = |Sym(G1,,Gk)| ]la(Gj)v

where Sym(Gh, ..., Gy) is the permutation group of the connected subgraphs.

PROOF. The equation (49) follows from the fact that the heat kernel of
a product manifold M x N is equal to the product of the heat kernels of M
and N. Obviously (48) follows from (49). O

EXAMPLE 6.6. Let k,7,7 be nonnegative integers. Consider a pointed
digraph Pk,i,j

O
J

Here k in the circle means k loops. One may recursively show that

o(Cpij) =ij-(k+i+j—2)
Let G be the digraph with a single vertex and k + 1 loops. Then

k41 i ,

kE+1\ (=142 (k+i—1)!
h(Gg) =
(Gr) ;( i ) (i + k)!
k E-E(k+1)!

= (Qkkill) o (2k +1)!

and z(Gg) = —9k . El/(2k + 1)\
On a Riemannian manifold of constant sectional curvature or a Kéah-

ler manifold of constant holomorphic sectional curvature, the heat kernel
coefficients are constants.

LEMMA 6.7. Let g; be the Fubini-Study metric on CP?. Then
Jijaras...a, (0) is nonzero only if the number of barred and unbarred indices

in {a1,a9,...,a.} are equal. In this case, we have
k—1
(50) 9213112521/]@5]@ (0) = (_1) (k - ]‘)' Z g1150(1)91230(2> ttt glk.}o’(k} (0)7
ogeSy,

where 0 is the center of Kdihler normal coordinates.

ProOOF. The Fubini-Study metric has constant holomorphic sectional
curvature, namely R;5.7 = 959, + 9i195;, Which implies
(51) Girjriojs = gmﬁgmﬁﬁgilm? ~ Yirj19i0js — JirjaYiojr -

The remaining argument is similar to that of [67, Lemma 7.4]. g
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EXAMPLE 6.8. For the 2-sphere S? = CP!, the heat coefficients of the
Fubini-Study metric can be calculated by using (45) and (50),

balanced
an= Y (-1)"a(G) [] (deg™(v)—1)!deg™(v)!,
G:w(G)=n veV(G)

where G runs over all stable balanced digraphs of weight n and a(G) is
defined in Definition 6.4. Recall that a balanced digraph means deg™ (v) =
deg™ (v) for each vertex v € V(G).

On the other hand, Polterovich [56] obtained a combinatorial formula
of heat coefficients of the unit sphere S? from his formula (44),

1 & /n 9
tn =~ D <r>(2 —2%") By,

r=0
where Bs, are Bernoulli numbers. See [65] for a different calculation of heat
coefficients of CP?.

Since the Fubini-Study metric on CP! gives a round ball of radius %, we
have a,, = 2"¢, for any n > 0. Namely,

(52)
balanced ] |E(G)] 1 ted T

= Z, (IAu)tw 3 w [ (deg*(v)—1)!deg* (v)!
w(G)=n CCE(G) veV(Q)

We have checked (52) for n < 4, but it seems not easy to give a direct proof.

THEOREM 6.9. On the complex projective space CP® with Fubini-Study
metric, the heat coefficients are given by

balanced
(63)  an= > (V'@ [ (egt@)-1r Y @,
Gw(G)=n veV(G) Heta

where 6 denote the set of all cycle decomposition of G and p(H) is the
number of cycles in the cycle decomposition H € 6¢.

PRrOOF. It follows from (45) and (50). O

COROLLARY 6.10. Each heat coefficient a, of CP? is a polynomial in d.
The leading term of an is w—d®™. In particular,
7

3nn!
1 1 1 1 1
= —d*>+ =d = —d*+ —d®+ —d* + —d.
1= gdiHgd, ax = qgdid gadt gt 5g

PRrROOF. The polynomiality of a, follows from (45) and (50). The con-
tribution to the top degree of a;,, comes from a single graph G' = [2) | --- | (2)]
—_——

n

with a(G) = 4;(—3)". a1 and az could be calculated using Example 6.3 and

Theorem 6.9. O
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Note that Cahn-Wolf [8] computed heat coefficients of compact sym-
metric spaces of rank one (e.g., S¢, RP? and CP?) by using representation
theory of Lie groups. Their formula for heat coefficients of CP? need to treat
separately cases of odd and even d as wellasn <d—1andn>d—1. It is
totally unclear from their formula that a,, should be polynomials in d.

LEMMA 6.11. Let Ty, ..o, be a covariant tensor of type (0,p). When we
interchange the order of its covariant derivative, the difference is

p
- ,_E : B8
(54) Tal...ap;ij - Tal.‘.ap;ji - RakﬁTfn-..ak_lﬁak+1...apa
k=1
k. _ _ mk k_ _ km - k _ pk _
where Ris = =9 Ry, Bz = 97" Rigj and Rps = Rz = 0.

PROPOSITION 6.12. The heat traces u; = [ a; of compact Kihler mani-
fold are

u —1/
1_3 p7

1
u2 =g5 (5p° —2|ch|2—|—4\R|)

1 2
2

7
%Rﬁkl—RﬁmﬁRllEnm - 270’ P’z

2 2
2835 58351 v Tl - 810 si0 vV F >

PRrOOF. The formulas of u; and us follow immediately from Example
6.3. For ug, recall Green’s theorem that the integral of the divergence of a
tangent vector field on a closed manifold is zero. The Laplacian of a function
is a divergence, for example,

(0*).57 = 2pip; + 2ppiz = 2011 + 203,
(Rz‘jk[Rﬁl]})mm 2R2]klR]zlk o, T 2Rzgkl ijzlk m = 2010 + 2013,
(R”R]z) == QRUR]ka + 2RZ§,kR]Z,k == 20'9 + 2012,
where the o notations are defined in the Appendix A.
We compute three more divergences. The first is
(Rmk‘lemlk:) = Riiki;mEijll} + Ri;k[;ijmlE;i + Rijk[;ijmll};m
+ Ri5eiBimikmi
=010 t 013 + 012 + Rz]klR]zlk smm T RzgklR]nmanmlE
— RipiRnmmi Bynik + BijriBinmi Bjmnk
= RijiiRygmi Rimin
=010t 013 + 012 + 010 + 07 — 05 + 07 — 015
= 2010 + 013 + 012 + 207 — 05 — 0715,
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where we used
ijlfc mg_ijll;'fm = R]nmanmlE_anngjﬁll}+Rlﬁngjmn/5_RnEmEijlﬁ
and leklR = RZ]k)lR

jilk;mm ]'le mm:*
The second divergence is

(RizRjm)mi = RijomiRjm + Riz.m Rimig + Rigi Rjmm + R Rz
=09+ o019 +011 + RURJm am + R Rjkmszm RzngEle_c
=09 + 012 + 011 + 09 + 04 — ¢
= 209 + 012 + 011 + 04 — 06

The third divergence is
(RinﬁmE);km =010 + 207 — 015 — 05 + 013.
Finally we make substitutions

/08:_/0117 /092—/0127 /‘710:_/‘713
/04—/(06_011+012)7 /015—/(—013+012+2(77_U5)

to the integral of (61) and get

B / 1 1 9 9
U= T\ 16270 27072 T 13573 T 28357° T 28357°

L4 7 4 1
94577 7 2707 T 2835712 T 81071

as desired. O

COROLLARY 6.13. Let M and M’ be two isospectral Kihler-FEinstein
manifolds. If their curvature tensors satisfy

(55) /M Rijkl_RﬁmﬁRll_mm = / R;]klR;zmnR;knm7
then M is locally symmetric if and only if M' is locally symmetric.
Yy sy Y Yy sy

PrOOF. On Kihler-Einstein manifold, we have |Ric|> = p?/d where
both sides are constants. Then the heat traces are

ug =vol(M),

1
Uy :§pvol(M),

1 1 2\ . 1 2 ,
B (M) 4+ (e — 2 R
4= (162 270d 2835d2> prvol(M) + (135 2835d> ”/' |
4 1 .

The conclusion follows easily. ([
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REMARK 6.14. Proposition 6.12 for Riemannian metric and Corollary
6.13 for (real) Einstein manifold were proved by Sakai [59]. The condition
(55) in Proposition 6.12 could be replaced by

_ / /
/Rijklemlanink _/kal FmlntUmink:

Consider the Laplacian acting on p-forms on a compact Riemannian
manifold of dimension d, the corresponding heat kernel ePx, y,t has asymp-
totic expansion as t — 07,

(56) tref(t, z,x) = (47rt)_d/2 <<;f> + aypt + a2,pt2 + .. > )

Patodi [53] computed a1, and ag .
The local index theorem (conjectured by McKean and Singer [50]) for
Laplacian says

d .
(57) > (-1 {(() 27)"Pf(R) i zz i Z’
p=0 ’
where Pf(R) is the Pfaffian of the Riemann curvature tensor. The local index
theorem was first proved by Patodi [54]. It implies the Chern-Gauss-Bonnet
theorem [14] by integration when d = 2n. See [77] for a comprehensive
survey on the local index theorem. In fact, Chern-Gauss-Bonnet theorem is
the only formula such that the integral of local invariants gives a topological

invariant. This is a conjecture of Singer, a proof was given in [28].
On Kéihler manifold (of complex dimension d), Patodi’s formulas in
terms of digraphs are given by

ar= (=53 +2(220)) @,
azp = C1(d,p) [(2) | @) + Ca(d. p) [@{j@
+ Cu(d,p) [(3)] ,

where the coefficients C;(d, p) are given by

Culd.p) = () = 3G +265),
Coldip) = 555) = 3 (G0) —46553),
Cad,p) = 5 (5) = (5 +2(55),
Cald:p) = =% () + 3G
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From the local index theorem and Patodi’s formula, we expect that on
Kéhler manifold (of complex dimension d)

stable [V(G)]|
2d — 2k
(58) anyp— Z Z cn k(G <p—k)G’

=n k=0

where ¢, ;(G) are rational numbers depending only on n,k and G. In par-
ticular, setting p = 0, we get ¢, 0(G) = a(G).
Assuming (58), it is not difficult to see that if n < d,

d
(59) > (~DPan, =

p=0
and if n = d,
d stable
(60) Z<_1)pan,p = Z (—=1)"cnn(G)G,
p=0 G:w(G)=|V(G)|=n

where G runs over digraphs with weight n and n vertices. Note that a stable
digraph of weight n has at most n vertices.

The Chern-Gauss-Bonnet formula for Kédhler manifold reads x(M) =
/ 2 €d(M). The Chern classes ¢y are defined by

v —1
det <I+2—Q) =14c+-+cq.
™

In other words,
— k
1 —1 J1Jk Oyt i
Ck:H(%) i Zle /\ij,

where Q} = Rj;k[dzk A dz
Let us compute top Chern class ¢g on M for d =1 and 2.

_V-lgi W

== Q5 ,od Adz,
T
1
CQZ_W(QMQ;—Q{AQ;)
1
=— Q(Rmkld'z AdZA Rj5,d2" Ndz? — szkldz AdZA Rj,d2" N dz?)
1
= @(;ﬁ — 2| Ricl? + |R|*)dzt Adz' A d2? A dZ

The last equation needs some reorganizations of terms. We omit the details.
So we verified that for n = 1 and 2, ¢, is equal to the right-hand side
of (60) up to constant factors. Of course this equality for all n will prove
Chern-Gauss-Bonnet formula for Kédhler manifold.
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Appendix A. Heat coefficient a3 on Kidhler manifold
We express a3 in terms of the following basis as used by Englis [19].
3
oL=p, 02= pRz]ij 03 = pRlikl_R]le_ga
o1 = RijRy R, 05 = RijRygmBipmn: 06 = RijRp Ry,
07 = Rzgklezmanknm7 og = plp, o9 = Rz'jRﬁ kk>
010 = Rz]klR]zlk;mm’ 011 = PPy, 012 = Ri] kR]z ko
2
013 = RijiimRiakm: 014 =70, 015 = RigpiRjmin By
Note that our convention of curvatures R, R;5, p all differ by a minus

sign with that of [19].

THEOREM A.l. On a Kaihler manifold, the heat coefficient as is given

by
15

(61) az = Z Cio;
=1

where ¢; are given by

c1=1/162, cg=—1/270, c3=1/135, cq4=8/945, c5= —4/945,
ce = —26/2835, 7 =32/2835, cg=2/45, co9=1/315, ci9=2/105,
11 = 17/630, C12 = —1/315, Cc13 = 1/70, Cl4 = 1/35, Cl15 = —2/567.

Below we outline the derivation. There are 15 stable graphs of weight 3.

- @1@1@). m—[$43k>7m=[<§ocj

@]
1/ \1 A& 1 1
31 1? y T5 = 1 y T = )
[¢]

?éiﬁ, =21 - |08,
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By (45), we wrote a computer program to get ag = leil 2;T; with
21 = —1/162, 29 =-23/270, z3=-T/135, =z4= —17/135,
z5 = —332/945, zg = —307/2835, 2y = —74/405, =23 =2/45,
29 = 64/315, 2190 =26/105, 211 =17/630, =212 = 89/315,
z13 =1/10, 214 =—-1/35, z15 = —206/2835.
We express each 7; as a linear combination of o;, 1 <7 < 15.

T =—0;, 1<1<7,

T8 = —209 — 03+ 08, T9= —04— 05— 0+ 09, Ti0=—205+010— 015,

T11 = 011, Ti2 =012, T13 = 013,

T4 = —304 — 1205 — 30¢ + 607 + Tog + 8019 + 10012 + 3013 — 014 — 60715,

T15 = —015-

The only nontrivial computation is for 714. Then we get (61).
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