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ABSTRACT. Our purpose is to survey the recent results concerning the
study of germs of singular varieties in a symplectic space. We formulate
the theory of symplectic bifurcations with the symplectic group action on
the reduced space and provide the complete symplectic classification of
simple and unimodal singularities of planar curves. Their differential and
symplectic invariants, e.g. symplectic defect and d-invariant were distin-
guished and the corresponding cyclic moduli spaces were calculated.
The classification problem of singular differentiable mappings to the
symplectic space was considered and basic invariants for classification,
symplectic codimension, symplectic isotropic codimension, symplectic
multiplicity were constructed. The methods of geometric and algebraic
restrictions of differential forms to singular varieties were presented and
applied in symplectic classification of space curves and singular surfaces.

1. Introduction

The basic concepts of symplectic geometry were introduced mostly by
Lagrange [48] in connection with his study of motion of planets in the frame-
work of analytical mechanics. During the long eclipse of mechanics, the lan-
guage of modern geometry was developed and symplectic geometry with its
symplectic group of transformations appeared to be a very universal and
useful part of it (cf. [74, 29, 76]). In the quasiclassical methods of quan-
tum mechanics the notion of Lagrangian or isotropic submanifold (cf. [53])
was introduced and soon appeared to play an especially important role in
symplectic geometry and its applications. It appeared that the idea of La-
grangian submanifold to be the morphism of the symplectic ‘category’ is
very unifying for symplectic geometry itself as well central object of studies
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in various contexts. The closely related focal sets of systems of rays, the
wave-front evolution and caustics were investigated long ago by Huygens,
Leibnitz, Bernoulli, Jacobi, and Morse (cf. [45]). However, R. Thom [68]
emphasized the fundamental importance of the theory of stable singularities
of smooth mappings in investigation of basic symplectic invariants. He initi-
ated the application of singularity theory to those systems and suggested the
extended use of stable Lagrangian submanifolds to model the internal pecu-
liarities of physical systems in general. Following Thom’s proposal, Arnol’d
(cf. [2, 6]) gave the classification of simple, stable singularities of Lagrange
projections and formulated a new approach to study fundamental symplectic
invariants of varieties induced purely by singularity — symplectic “ghosts”
(cf. [4]). Then it became obvious that the symplectic singularities of vari-
eties, smooth mappings into symplectic space and their stable or generic
properties, are indispensable for understanding a large part of geometri-
cal optics, classical mechanics, variational calculus, geometric quantization,
optimization and control theory, Hamilton-Jacobi equations, holonomic sys-
tems, phase transitions and field theory. All these directions indicate their
own problems and methods of solution, as well as suggested the new inves-
tigations in singularity theory itself.

The recently found local symplectic and contact algebras (cf. [3, 80, 15])
connect J. Mather theory of singularities of differentiable mappings with the
basic symplectic invariants of curves and surfaces. In the present paper we
give a report on the representative directions of the theory of symplectic
singularities and emphasize the basic results, which seem important from
the point of view of applications to algebraic and geometric investigations
of singularities. Section 2 starts with the symplectic bifurcation theory of
varieties with their special case of bifurcations which are liftable as isotropic
liftings to the symplectic ambient space. By the canonical liftable equiva-
lence the generic one-parameter bifurcation problems of Morse-type planar
curves and finite sets of points were classified. In Section 3, we introduce
the notion of symplectic equivalence, isotopy equivalence and symplectic
versality and stability of planar curves. The basic invariants, symplectic
codimension, symplectic defect and d-invariant were defined and used to get
the lists of symplectic classification of simple and uni-modal planar curves.
Each symplectic moduli space of the classified families, which is a Hausdorff
space in the natural topology, is extended to a cyclic quotient singularity.
The section concludes with the complete classification list of simple and uni-
modal planar curves under diffeomorphism equivalency which finally solves
the Zariski question. Symplectic invariants of mappings and details of classi-
fication using the Puiseux characteristics are quickly reviewed in Section 4.
The multigerm formulation of basic invariants for symplectic classification
in higher dimensions is provided. Section 5 is mostly an attempt to con-
struct the basic symplectic invariants for isotropic mappings. We also clar-
ify the role of the isotropic double points and ‘open umbrellas’ in classifi-
cation of symplectic-isotropic singularities. Especially that the image of an
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isotropically stable perturbation is homotopically equivalent to the bouquet
of circles. The symplectic invariants of surfaces are also expressed by con-
figurations of open umbrellas. In the final section we present the use of an
another method to investigate the differentiable and symplectic invariants
of singular varieties and mappings. The notions of geometric and algebraic
restriction of a differential form to the subset are defined and the residual
algebraic restrictions are introduced. In the particular case of symplectic
forms the residues represents the hidden symplectic invariants, which is a
purely singularity product. Again in this context we approach to symplectic
classification of map-germs and Whitney’s umbrellas ending with the for-
mulation of residues via a mapping and then used to get symplectic residues
of planar curves and residues of Lagrangian varieties and hypersurfaces.

2. Symplectic bifurcations

2.1. Symplectic bifurcation problem. Let (M?", w), n > 2, be a
symplectic manifold and H : M?» — R** 0 < k < n — 1, a fibration
of M. Suppose that H is expressed as H = (Hy,...,H,_ ;) : M?" — R"=F
with {H;} in involution, i.e. the Poisson product {H;, H;} = 0 for all
1 <1i,j <n-—k, where {H;, H;} is defined by an equality {H;, H;}w" =
dH;NdHjAw™ L. Then each fiber H~1(g) of H is a coisotropic submanifold of
(M?", w). By the Jacobi-Liouville theorem, locally there exist relative Dar-
boux coordinates p1, ..., Pn,q1, - .-, qn o0 M>" such that w = o dpi Adg;
and H(p,q) = (@) = (qks1,- - -, qn)- To each coisotropic submanifold H~1(g),
or equivalently to each § € R"* we prescribe the symplectic space, the
reduced symplectic space My given by the canonical reduction (Marsden-
Weinstein reduction) 7g;

g mg: H (@) — H'(q)/ ~¢= Mg

along each fiber H~1(¢) endowed with the symplectic structure ftg uniquely
defined by the reduction formula

* —_
Tahg = W|g-1(5)-
In Darboux coordinates we assume

ﬂ—q(pla” 9 Pksq1s - -+ 54k Pk+15 - "7pn) = (p17- <y Pksq1, - 7Qk)

and identify (Mg, 1) with T*R* endowed with its canonical Liouville form.
Collecting all the reduction projections we get the total projection

7 M* — T*RF x RVF = N*TF,
W(p,Q) = (p1>"'7pk7QI7"'7Qkaqk+l>"'7Qn)
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such that the following diagram commutes

(M2n’w)

I

T*Rk X Rnfk m Rnfk’
where II is the projection to the second component.

DEFINITION 2.1 ([35]). Any map germ F : (R™ 0) — T*R* x R"7%,
n—k<m < n+kis called a bifurcation in symplectic space T*RF (or
shortly a symplectic bifurcation).

Bifurcating family of varieties in T*R* is defined, from the above dia-
gram as

R" %357 F(R™)NIT"YG) c T*R* x {g}.
In [35], it is treated mainly the case m —n + k = 1, i.e. symplectic
bifurcations of curves.

DEFINITION 2.2. Let F : (R™,0) — T*R* x R"* be a symplectic
bifurcation. The germ F is called transverse if F is transverse to T*R* x {0}
at 0. Moreover we call it an isotropic (resp. Lagrangian) bifurcation if F
lifts to a smooth map-germ F : (R™,0) — (M?", w) which is isotropic i.e.
F*w =0, (and m = n) and the following diagram commutes

(M2n7w>

T

(R™,0) —= T*RF x Rk - Rk,

The lifting F is called an isotropic lifting (resp. Lagrangian lifting) of F'.

By setting L = f(Rm), we regard the projection 7|y, : L — N as a
bifurcation of isotropic varieties mz(H ~1(g) N L) with expected dimension
m —n + k. Then 7(L) is a family of (m — n + k)-dimensional isotropic
varieties in T*RF parameterized by R" %,

R" %3 g—n(H Y NL)c T*RF x {g}.

If m = n then this is a family of Lagrangian varieties in T*R¥.

V. M. Zakalyukin [77] classified the simple stable Lagrangian submani-
fold-germs (m = n) by symplectomorphisms which preserve a given coiso-
tropic fibration. Then, admitting Lagrangian or isotropic varieties, we study
the liftability and the classification problem of varieties in the reduced space.
In other words, we consider the “bottom-up” construction. The idea ap-
peared before in the PhD thesis of M. Mikosz and part of it is published in
[57].
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PROPOSITION 2.3 ([35]). Let m = n —k+ 1 and F : (R"*10) —
(N,0) = (T*R* x R"*,0) be a transverse symplectic bifurcation. Then F
is isotropic, i.e. there exists a isotropic lifting F: (R*++1 0) - M = R?"
of F, which is unique up to liftable equivalence (in the sense of Definition

2.5 below).

We see that there exist (even in the simplest case n = 2, k = 1) many
examples of non-transverse bifurcation problems of curves F : (R?,0) —
N = R? x R which are not liftable to isotropic mappings into M (See
Proposition 2.9).

On the other hand we have:

PROPOSITION 2.4 ([35]). If F : (R",0) - N = T*R x R""! is an
immersion germ, then F is a transverse symplectic bifurcation if and only
if F' possesses a Lagrangian lifting.

2.2. Liftable equivalence.
DEFINITION 2.5. Let [y, Fy @ (R™,0) — (T*R™ x R"* =: N,0) be
two symplectic bifurcation germs. We say that the two map-germs Fi,

Fy are liftably equivalent if there are diffeomorphism-germs v, ¢ and a
symplectomorphism-germ ® such that the following diagram commutes

(R™,0) > (N, 0) <— ((M,0),w)
oo |»
(R™,0) —== (N, 0) < ((M,0),w),

™

Diffeomorphism-germ ¢ in such a diagram is called symplectically liftable.

Thus we consider the classification of bifurcation-germs singularities ac-
cording to the group Ggymp of symplectically liftable diffeomorphisms of
(N, 0) which is the subgroup of the group G of diffeomorphisms-germs. The
group Geymp was explicitly described in [35].

PROPOSITION 2.6 ([35]). For a diffeomorphism-germ ¢ : (N,0) =
(T*RF x R"%,0) — (T*R¥ x R"7%,0), the following conditions are equiv-
alent:

(1) ¢ is a symplectically liftable diffeomorphism.

(2) ¢ is a Poisson diffeomorphism (for the Poisson structure on N in-
duced from M by ).

(3) ¢ is a family of symplectic diffeomorphisms on T*RF with parameter
G = (qk+1,---,qn). Namely, if we set

¢(q1)p17” . 7qk7pkaq) = (Qlupla'” 7Qk‘)Pk7Q)v
then Q = (Qky1,---,Qn) depends only on G, and

(qlapla” . 7qk7pk) — (Qlaplv'” 7Qk7Pk:)
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is a symplectomorphism on (T*RF,0) for each fizred G = (Qus1s-- -, qn).

(4) ¢ has a symplectic lifting ® : (M,0) — (M,0) preserving fibers of H,
namely, there exists a diffeomorphism-germ o : (R"7%,0) — (R"7* 0) such
that the following diagram commutes:

(N,0) «+2— ((M,0),w) —2— (R"*,0)

‘| ° I

(N,0) +"— ((M,0),w) —2 (R"*,0).

Moreover we have the following description: Any vector field X over NV
generating a liftable equivalence is given by

X(lepla"'a(ﬂﬁpk, ) Xh (Q1,p17---7ﬂ.7k,pk +Za2 a
qk+i

for some functions a;(g), (i =1,...,n — k) and the Hamlltoman

hq(thh SR Qkapk) = h(prh -5 4k, Pk (‘7)

for the Hamiltonian vector-field over T*R¥ for each separate q € R *. We
easily see that the lifted Hamiltonian vector-field X over (M?",w) generating
the lifted symplectic equivalence is defined by the Hamiltonian

h(p,q) = h(q,p1s - Qe Pk @) + Y Praiai(q), X = X7

DEFINITION 2.7. Let Ly, Ly : (R™,0) — (M?",0) be two map-germs into
symplectic space (M?",w). Then Ly, Lo are called H-symplectically equiv-
alent if there exist a symplectomorphism @ : ((M?",0),w) — ((M?",0),w)
and diffeomorphisms ¢ : (R™,0) — (R™,0), ¢ : (R* % 0) — (R"*,0)
such that the following diagram commutes

(R™,0) —= (M,0) L (R, 0)

<fi 0) 2~ (j 0) - <R"l’:o>,

Now we have immediately from Proposition 2.3 the following

COROLLARY 2.8. If Fy, Fy : (R"*10) — (T*R"xR" % 0) are liftably
equivalent, then their isotropic liftings Iy, [y : (R"™*+10) — (M?",0) are
H -symplectically equivalent.

A map-germ F : (R%,0) — (R? x R,0) is called of Morse type if
F(z1,72) = (q1(x),p1(x),q2(x)) such that go : (R?,0) — (R,0) is a sub-
mersion or a Morse function at 0. Then we have the generic classification of
liftable germs among the class of map-germs of Morse type.
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PROPOSITION 2.9 ([35]). Let F : (R%,0) — (R? x R,0) be a generic
liftable map-germ of Morse type, namely, a generic one-parameter bifurca-
tion problem of planar curves of Morse type. Then F is liftably equivalent
to one of the following types(cf. Fig. 1):

(1) (z1,22) — (xl,O x2): The transverse immersion.

(2) (z1,72) = (22,23 + x129,72): The transverse Whitney umbrella, or,
the cusp bifurcation.

1

(3) (z1,22) = (21,2122 + O(3), 5(1’% — 22)): The hyperbolic Whitney
umbrella, or, the X -pinch bifurcation.
1

(4) (z1,22) = (21,1172 + O(3), 5(3:% + 23)): The elliptic Whitney um-

brella, or, the figure eight bifurcation.
Here O(3) means the terms in x1, xo at least of third order.

1
5 (zi+23)), ordp >

Moreover the germ F(x1,x2) = (z1,x122+ 0 (21, T2), 5

3 s liftable if and only if ¢ is of the form

2 0 0
gp(m,xg):/ <:|: 28—¢+x18w>d3:2+/1(w1),
0 x1 T2

for some smooth function ¥ (x1,x2) of order > 2 and k(x1) of order > 3.

S
/RS
/N X
AN

FiGure 1. Typical isotropic bifurcations

See Figure 1.

2.3. Bifurcations of finite sets of points. Now let us consider the
case m=n — k.
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Any map-germ F : (R"7*,0) — T*RF x R"* will be called a finite
point set symplectic bifurcation in (T*RF,wy) provided f = IIo F is finite-
to-one map-germ. In this case the symplectic bifurcations are classified by
singularities of map-germs f : (R"7*,0) — (R"*,0). In local coordinates

f(xlv s 7‘rn—k‘) = (Qk+1(x)7 cee 7%1(1‘))

and we have a bifurcating family of collection of points

g~ {FUf @b}

all staying in the image of F projected into T*RF. It will be an isotropic
bifurcation if F lifts to an isotropic map-germ F : (R"*.0) — (R, w),
F*w = 0.

Moreover if n — k = 1, then all one-parameter symplectic bifurcations of
finite sets of points in T*R* are obviously isotropic and classified by critical
values of a smooth function f(z) = gx+1(x).

Singularities of F' are classified by the symplectic singularities of diver-
gent mapping diagrams

T*RF ?_RnFk _L _ Rnk
where F' = (p, f). They are initially classified by singularities of mappings f.
It is natural to ask if generic singularities of map-germs F' can be lifted to
isotropic map-germs F'.

For the case n — k = 2 we have

PROPOSITION 2.10 ([38]). All smooth map-germs F : (R?,0) — (T*RFx
R2,0) such that f : (R?,0) — (R2,0) is a singularity of corank one are
reqular isotropic bifurcations, i.e. I is liftable to an immersive isotropic
map-germ F : (R%,0) — (R2F+2) ), F*w = 0.

Moreover we have

PROPOSITION 2.11 ([38]). Normal forms of corank one generic isotropic
bifurcations F = (p, f) : (R?,0) — (T*R x R2,0) of fold and cusp type are
liftable equivalent to

L. (fold) f(z) = (z1,23) :  p(z) = (v16(21,22), 71 + 22).
2. (cusp) f(z) = (w1,20m1 + 23) :  pla) = (v161(21,72), 72 +
bo(w1, 1172 + 73).

2.4. Symplectic bifurcation of planar curves. In what follows, we
concentrate on the symplectic bifurcation problem of curves on the sym-
plectic plane (m = n, k = 1). Thus we are going to consider map-germs
F:(R"0)— (T*R x R*1,0).

PROPOSITION 2.12 ([35]). Let F': (R",0) — (N,0) = (T*R x R""1,0)
be a transverse map-germ. Then F' is liftably equivalent to

poFot=(fi(x1,x2,. ..,2n), fa(T1,22,...,2pn), T2, ..., Tpn),
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for some function-germs f1, fa. Moreover we have the followings: (al) If F'
is an immersion at 0, then F is liftably equivalent to

(0,21,x2,...,Zp).

(a2) Suppose F' is not an immersion at 0. Then F' is liftably equivalent
to the germ ¢o F oy such that the 2-jet j2(¢po F o) is equal to (x3, z1m2,2"),
(22,0,2"), (v129,0,2') or (0,0,2"), where 2’ = (xa,...,7y,).

Then we have the following prenormal form of F'.

PROPOSITION 2.13 ([35]). Let F : (R",0) — (N,0) = (R? x R"71,0),
F(z) = (1 (), p1(x), ¢ (z)), be a smooth map-germ. Assume that F is trans-
verse to R? x {0} and that F is finite, namely, the ideal generated by com-
ponents of F is of finite codimension. Then F 1is liftably equivalent to one
of the following forms, for some m > 2,

F, (" + Zal )zt ze(x), ),

where ¥’ = (x2,...,2,), and a;(z’ ), c(a;) are smooth function-germs.

For the case m = 2, we have the normal forms, by using the versality
theorem in the symplectic case [12, 13].

PROPOSITION 2.14 ([35]). Let F : (R",0) — (R? x R"1,0) be a finite
and transverse map-germ. Assume the 2-jet of F is equal to (22, x122,0) or
(22,0,0). Then F is liftably equivalent to

(q1,p1,¢) = (2,27 + A (@2 + Mo (@) P + -+ No(2) a1, 2),

for some positive integer £, and for some functions M\ (z'), ..., N(z') of
' = (x2,...,xn) with \;(0) =0,1<j </

3. Symplectic classification of planar curves

3.1. Symplectic equivalence and isotopy equivalence of planar
curves. A transversal map-germ F : (R",0) — (R? x R"1,0) is liftably
equivalent to an unfolding (t,\) — (fx(t), ), where A € (R"~1,0) and f,
is a family of parameterized curves in the symplectic plane R?, t being the
inner variable and A = (A1,..., A,_1) the outer variables (Proposition 2.12).
Therefore we proceed to consider the classification problems of bifurcations
(unfoldings) of curves in the symplectic plane.

DEFINITION 3.1. Two families of planar curves fy, f5, (A € (RY,0)) are
called symplectically equivalent if there exist a family of diffeomorphisms
¥ = (o)) : (RxRE0) = (R,0), a family of symplectomorphisms T' = (7y) :
(R? x R%,0) — (R2,0), and a diffeomorphism ¢ : (Rf,0) — (R,0) such
that 7y o f{ ooy = Jo(n)s for some representatives of germs. Then, setting
F:(RxRY0)— (R?xR0), F(t,A) = (fa(t),\) and F' : (R x R, 0) —
(R?2xRY,0), F(t,A) = (fi(t), \), we see that if fy and f} are symplectically
equivalent then F' and F” are liftably equivalent.
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In the ordinary singularity theory, the versal unfolding of a singularity
dominates any other unfoldings. To seek the versal unfolding of curves on
the symplectic plane for symplectic equivalence, we must first study the
symplectic classification problem of planar curves.

For example, consider the simple cusp (4g) f = (£2,3) : (R,0) —
(R2,0). Then the unfolding F' : (RxR,0) — (R?>xR, 0) defined by F(t,\) =
(2,43 4+ At, \) is versal with respect to the right-left equivalence. Then we
ask: Is it a symplectically versal unfolding?

Now first we consider the basic problem: Let C,C’ C (R?2,0) be two
curve-germs. Assume that there exist a diffeomorphism-germ o : (R?,0) —
(R2,0) with o(C) = C’. Then does there exist a symplectic (area-preserving)
diffeomorphism o’ : (R%,0) — (R2,0) with ¢/(C) = C"?

DEFINITION 3.2. We call two map-germs f, f' : (R,0) — (R2,0) isotopic
(resp. equivalent) if there exist a smooth family 75 : (R%,0) — (R?,0) of
diffeomorphism-germs starting from the identity 7y (resp. a diffeomorphism-
germ 7 : (R%0) — (R?,0)) and a diffeomorphism-germ o : (R,0) — (R, 0)
such that f'oo =110 f (resp. f' oo = 7o f). Moreover f and f’ are called
symplectically isotopic (resp. symplectically equivalent) if we can take, in the
above definitions, 75 (resp. 7) to be symplectic.

A map-germ f : (R,0) — (R?2,0), is called achiral (vesp. chiral) if f
and f are isotopic (resp. non-isotopic). Here we denote by f the map-germ
(R,0) — (R?,0) defined by f(t) = (f1(t), = f2(t)).

Here we give several illustrating examples for the notions introduced
above.

EXAMPLE 3.3 (About the definition of isotopy [35]). Consider curves
ft) = (#%,t%) and f'(t) = (12, —t3) of type Ay (resp. f(t) = (#3,t*) and
f'(t) = (3, —t*) of type Eg). Then we see f and f’ are symplectically iso-
topic, by just taking 75 identity (resp. the rotation by s7) and o(t) = —t.
Therefore germs (t2, %) and (¢3,¢*) are achiral. However, there does not ex-
ist a smooth family of pairs of diffeomorphism-germs (o, 75) starting from
(idg, idg2) with f'oo; =711 0 f.

EXAMPLE 3.4 (The difference between equivalence and isotopy [35]).
Consider curves f(t) = (t3,¢%) and f'(t) = (3, —t°) of type Es. Then f and
f are equivalent but not isotopic. Therefore the germ (#3,¢°) is chiral.

LEMMA 3.5 ([35]). Let m, k be positive integers and k even. Then the
two curve-germs f = (t™, t"FF L o(t™HK)) and f' = (t™, —t"FE 4 o(t™FF))
are not isotopic.

Since any symplectomorphism-germ can be connected to the identity
through symplectomorphism-germs, we see that f and f’ are symplectically
isotopic if and only if they are symplectically equivalent. Therefore the fol-
lowing is clear.
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LeEMMA 3.6 ([35]). If f, f' : (R,0) — (R2,0) are symplectically equiva-
lent, then they are isotopic.

Now naturally we are led to the following question: Are f, f’: (R,0) —
(R2,0) symplectically equivalent if they are isotopic?
The question is solved in the following subsections.

3.2. Symplectic versality and stability. Let f : (R,0) — (R2,0)
be a C'"*° map-germ, in other words, a planer curve. Recall the codimension
i.e. A.-codimension [72], of f is defined by

Vi

f1) +wf(Va)’

where V; = {v : (R,0) - TR? | rov = f}, 7 : TR?> — R? being the
natural projection, is the space of vector field-germs along f, Vi (resp. V3) is
the space of vector field-germs over (R, 0) (resp. (R?,0)), and tf : V4 — V;
(resp. wf : Vo = V) is the homomorphism defined by tf(§) := fi(§) (resp.
wf(n) :==no f). A planar curve f is called A-finite if codim(f) < co. Then
f has an A-versal unfolding with the parameter dimension codim(f). If f
is analytic, the condition of A-finiteness is equivalent to, for instance, that
the complexification of f has an injective representative.

Moreover we define, in the case R? is regarded as T*R,

Vi
tf(Vi) +wf(VHz)
where VHs C V5 means the space of Hamiltonian vector field-germs over
the symplectic plane (R?,0). Then clearly we have

sp-codim(f) > codim(f).

codim(f) := dimg "

sp-codim(f) := dimg

DEFINITION 3.7. An unfolding F : (R x R%,0) — (R? x R%,0) of f
is called symplectically versal if, any unfolding G : (R x R*,0) — (R? x
R?,0), of f is symplectically equivalent to ¢*F for some C'* map-germ
é: (R*,0) — (R%,0).

The following result is a special case of the versality theorem in [13]:

PROPOSITION 3.8 ([35]). An unfolding ' : (RxR’,0) — (R2xR!,0) of
f:(R,0) — (R2%0) is symplectically versal if and only if F is infinitesimally
symplectically versal, that is,

o[ 0F| oF
TN O lpa” " ON

Moreover two wversal unfoldings F and F' of f with the same parameter
dimension are liftably equivalent.

A map-germ f : (R,0) — (R2,0) has a symplectically versal unfolding
if and only if sp-codim(f) < oco.

> +tf (VD) +wf(VHy).
Rx0/ R
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REMARK 3.9 ([35]). By Damon’s theory [13], we have the characteriza-
tion of “symplectic finite determinacy”. A map-germ f : (R,0) — (R?2,0) is
called symplectically finitely determined if there exists a positive integer k
such that any f': (R,0) — (R2,0) with j*/(0) = 5¥f(0) is symplectically
equivalent to f. Then f is symplectically finitely determined if and only if
sp-codim(f) < oo.

We have a close relation between symplectic versality and symplectic
stability [32] via the notion of Lagrangian liftings.

THEOREM 3.10 ([35]). (Symplectic versality and stability.) Let F' : (R x
R, 0) — (R? x R%,0) be a symplectically versal unfolding. Then the La-
grangian lifting F: (R xR, 0) — (R2x R, 0) is symplectically stable, that
is, any isotropic deformation of F is trivialized by symplectic equivalences.
Therefore F is symplectically equivalent to an open Whitney umbrella and
satisfies that

VI = tF(Vigs) + wF(VHaio).
in terms of [32]. In particular F has an injective representative.

For a mapping ¢ : (R*,0) — (R¥,0), and an unfolding F' : (R xR’,0) —
(R% x R%,0), F(t,\) = (fA(t),)), we define the pull-back unfolding *F :
(R x R*,0) + (B2 x R2,0) by (¢ F)(t. 1) = (£ (1): 10

PRrOPOSITION 3.11 ([35]). Let F : (R x Rf,0) — (R? x R%,0) be an

unfolding of f = F|rxo and Fa Lagrangian lifting of F'. Let ¢ : (R*,0) —
(Rf,0) be a map-germ. Then the lifting o*F : (R x R*,0) — (R? x R*,0)
of p*F' defined by

0 N
pi= > %(pkHOF),

1<k<e Y

(2 <j<s+1), is a Lagrangian lifting of ¢*F. In fact we have
ﬁ*gRQXRQS = <ldR X go)*ﬁ*HszRzz,

for the Liouville form Ogayg2s (resp. Ogzxr2e) on R? x R* = T*(R x R®)
(resp. R? x R* = T*(R x RY)).

The above Proposition 3.11 means the Lagrangian lifting of the pull-
back unfolding can be obtained by reduction from the Lagrangian lifting of
the original unfolding.

In particular we have:

COROLLARY 3.12 ([35]). Let G : (R",0) — (N,0) = (R? x R"1,0)
be a transverse map-germ to R? x {0}. Assume the restriction (G~*(R? x
{0}),0) — R? x {0} is A-finite, then G is obtained from an open Whitney
umbrella by a reduction process.
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3.3. Symplectic defect. For a map-germ f = (f1,f2) : (R,0) —
(R2%,0), we set

gf = {h651|dh€<dfladf2>f*€2}7
= {he& |dhe f*(A)},

where & (resp. &) is the R-algebra of C*° map-germs on (R,0) (resp.
(R2%,0)), Al is the space of differential 1-forms on (R?,0) and the homomor-
phism f* : & — & (resp. f* : Q) — Ql) is defined by the pull-back by f.
Moreover we set

Ry :={h € & | dh € (df1,df2)¢, },
(cf. [32]). Thus we have defined intrinsically the sequence of vector spaces:
EIDRF DG D fr .

The above sequence is understood as follows.

For each element h € Gy, the exterior differential dh is written as
(bo fldfi — (ao f)dfs = f*(bdgi — adpy) for some functions a,b € &;.
Through the symplectic structure dp; A dg; on the (g1, p1)-plane R?, the 1-
form bdq; — adp; on (R2,0) corresponds to the vector field n = aa— + ba—

q1 P1
over (RQ, 0). The vector field wf(n) along f is regarded as an infinitesimal
isotropic deformation of f. In this case we say that h is a generating function

of wf(n).

In general, a function h(t) is called a generating function of a vector field

v =wv1(t) (gq of> + vo(t) <§p of> . (R,0) — TR?

along f : (R,0) — (R2,0), if dh = vadf; — vidfa(= v*g), the pull-back by
the isotropic map v : (R,0) — TR2 = T*R2 of the Liouville 1-form # on
TR

Thus, G is the space of generating functions of infinitesimal deforma-
tions of f induced from diffeomorphisms on the plane R?. Then we see that
Gy is an R-vector subspace of £ and that Gy contains f*&. Similarly, f*&
is regarded as the space of generating functions of infinitesimal deformations
of f induced from symplectomorphisms on the plane R?. Moreover, Ry is
the space of generating functions of all infinitesimal deformations of f.

Then the following is clear:

LEMMA 3.13 ([35]). Let f : (R,0) — (R?,0) be a map-germ. For a
diffeomorphism 7 : (R?,0) — (R?,0), we have R,of = Ry and Gror = Gj.
Moreover, for a diffeomorphism o : (R,0) = (R,0), 0* : & — & maps Ry
to Roo and Gy to Grop Tespectively.

Then the following is the key lemma of [35].
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LEMMA 3.14 ([35]). There exists a vector space isomorphism
tfVi) +wfVe) o 9¢

tf(Vi) + wf(VHy) — f*&

Note that the dimension of G;/ f*£> depends only on the right-left equiv-
alence class of f. Thus we have

THEOREM 3.15 ([35]). Let f : (R,0) — (R2,0) be an A-finite map-germ.
Then the symplectic defect

sd(f) := sp-codim(f) — codim(f)

is equal to dim(Gy/f*Es), and it depends only on the right-left equivalence
class of f, that is, the symplectic defect is an A-invariant. Hence sp-codim(f)
is an A-invariant.

Then we have for instance

COROLLARY 3.16 ([35]). If a planar curve is right-left equivalent to f :
(R,0) — (R2,0), f(t) = (t™,t™*) for some positive integers m, k, then its
symplectic defect is equal to zero.

REMARK 3.17. If f is A-finite, then, by Mather-Gaffney’s theorem, we
see f is L-finite ([72], p. 494). Then we have that the vector space &1/ f*Es
is of finite dimension. So, if f is A-finite, namely, if codim(f) is finite, then
sp-codim(f), so is the symplectic defect, is necessarily finite.

REMARK 3.18. The symplectic codimension is not an A-invariant (a
diffeomorphism invariant) for map-germs R — R*. For example, consider
map-germs

Agg: (n=1%p1 =t°,q2 =0,pa = 0),
and

Agr:(u=1"p1=1",qa =1%,py = 0),
from Arnold’s classification [3]. Then Ay g and Ay are clearly A-equivalent.
However we have sp-codim(Asz o) = 3, and sp-codim(Asz ;) = 4. In fact, when
f=A20:(R.0)— (R%0), we can take (0,¢,0,0), £(0,0,¢,0), {(0,0,0,t) as
a basis of the vector space V/(tf(V1) +wf(VHy)). For f = Ay we need
£(0,2,0,0) in addition.

From the definition of the symplectic defect, we have:

PROPOSITION 3.19 ([35]). Let F : (R x Rf,0) — (R? x R%,0) be an
A-versal unfolding of f : (R,0) — (R2,0) with sd(f) = 0. Then F is a
symplectically versal unfolding of f.

Lastly we show that the symplectic codimension of an A-finite map-germ
is, actually, equal to the classical d-invariant.

Let f: (R,0) — (R?,0) be an A-finite map-germ. Then we set §(f) =
dimg &1/ f*E>. And we have:
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THEOREM 3.20 ([35]). For an A-finite map-germ f : (R,0) — (R?,0),
sp-codim(f) = 6(f).

3.4. Simple planar curves. Bruce and Gaffney [10] classified simple
planer curves: The A-equivalence class of simple (0-modal) planar curves
are given in the following list:

Agp it (12, 8260);

Ego:t e (83,6301 £ 300PF2) 10 < p <0 — 25 (3,367,

Egrpo : t— (t3’t3£+2 € t3(£+p)+4)7 0<p<l—2t (t3,t3£+2);

Wig it = (t4 82 £17);t = (14, 15);

Wig it (447 £89)5t = (¢4, 67 £ 13);t — (#4,17);

W#qul b (E 80+ £2970) g > 1.

Note that, in the above list, the germs (¢3,¢* + %) and (¢3,t*) of type
FEg (resp. (t3,t> £17) and (3,1°) of type Eg) are actually A-equivalent. See
also [5] pp. 57-59.

Then we calculate symplectic defect of simple planar curves.

THEOREM 3.21 ([35]). (1) If f is equivalent to Agy, Eg, Es or Egp :
(3, 8301); Egopo (83, 43572); Whg (¢4, 49); Wig « (#%,¢7) then sd(f) = 0.

(2) If f is equivalent to Egp : (3,131 £43HP+2) 0 <p <0 —2, 0> 2,
then t3FPHIF2 1 461 form a basis of G/ f*Es and sd(f) = £ —p —
1. The family (3, (£1)F136F1 4 Z;i AN contains all symplectic
classes of type Egp. If f is equivalent to Egppo = (t3, 132 £ 3P hen
g3t 6L form a basis of Gyr/f*E and sd(f) =€ —p—1. The
family (3, (£1)4342 4 Zf;i MDY contains all symplectic classes of
type Eegryo.

(3) If f is equivalent to Wi : (t*,t> £ ¢7), then t'! forms a basis of
Gr/f*E and sd(f) = 1. The family (t*,t° + Xt7) contains all symplectic
classes of type Wis.

(4) If f is equivalent to Wig : (t*,t7 £ 1), then t'3, t'7 form a basis of
Gr/f*E and sd(f) = 2. If [ is equivalent to Wys : (t4,¢7 & t13), then 17
forms a basis of G¢/f*E and sd(f) = 1. The family (t*,¢7 + M? + ut'3)
contains all symplectic classes of type Wig.

(5) If f is equivalent to W#qul s (14,151 42979) | then t2479 ) £24H13 form q
basis of G¢/ f*Es and sd(f) = 2. The famiy (t4, £ N20H5 1 g29+9) X £ 0,
contains all symplectic classes of type W'y, ;.

To examine the symplectic equivalence classes of simple planar curves,
we note the following results:

LEMMA 3.22. Let f: (R,0) — (R?%,0) be A-finite. If ord(f) = m, then
f is symplectically equivalent to (t™, ™+ + o(t™+7)) for some £ > 1 and
Jj with 1 < j <m — 1. In particular, if ord(f) = 2, then f is symplectically
equivalent to (12, %+ + o(t**1)) for some £ > 1. If ord(f) = 3, then f is
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symplectically equivalent to (t3, 131 4 o(t3+1)) or (3,342 4 o(t3+2)) for
some £ > 1.

If ord(f) = 4 and f is A-simple, then f is symplectically equivalent to
(4,87 4+ o(t9)), (4,15 + o(t%)) or (t*,t7 + o(t7)).

THEOREM 3.23. (1) Let £ > 2. Then any planar curve germ of type Egq
is symplectically equivalent to
/—1
f)\ — (tS, (i1)€+1t3€+1 + Z )\jt3(€+j)_1),
j=1
for some A = (M1, ..., Ae—1) € R*"L. Moreover f\ and f5 are symplectically
equivalent if and only if N = (£1)¢7 1\,
(2) Let £ > 2. Then any planar curve germ of type Egp1 2 is symplectically

equivalent to
-1

j=1

for some X = (A1,...,  \_1) € RI™L. Moreover fy and [ are symplectically
equivalent if and only if X' = (£1)¢\.

(3) Any planar curve germ of type Wiy is symplectically equivalent to

=45+ A7)

for some X\ € R. Moreover fx and f\ are symplectically equivalent if and
only if N = .

(4) Any planar curve germ of type Whg is symplectically equivalent to

P = (8487 + 287+ ')

for some (\, 1) € R2. Moreover Iau and fx 0 are symplectically equivalent
if and only if (X', ') = (A, p).

5) Let ¢ > 1. Then any planar curve germ of type Wi, s symplec-

1,2¢g—1

tically equivalent to

for some (A, n) € (R—{0}) x R. Moreover fx, and fy , are symplectically
equivalent if and only if (N, 1) = £(\, ).

We summarize the results in Table 1.
For the symplectically versal unfoldings we have:

PROPOSITION 3.24. The symplectically versal unfolding with the minimal

number of parameters for each A-simple planar curve is given by:
Asp (sp-codim = /):

¢
(12,2641 1 Z )\jt2é—2j+1)’
j=1

()\1,...,)\@) S (RZ,O).
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TABLE 1. The symplectic classification of simple planar curves.

DIFF. NORMAL DEFECT SYM. NORMAL FORM
FORM
A2Z (t2, t2£+1) 0 (1527 t2€+1)
E6 (tgu t4) 0 (t37 t4)
(t3’t3€+1 jzt3(l+p)+2), L—p—1
0<p<t-2
Eer (£>2) (3, ()13 4 3l T30 -1
(t3, t3£+1)
Eg (t3,1%) 0 (3, &t%)
(t3,436+2 £ 3P+ g1
0<p<t-—-2
Eorya (£>2) (83, (FD) 32 4 DT8R+
(t:’)’ t3l+2) 0
(4,15 £ 17) 1
Wia (4,65 + Xt7)
(t*,t%) 0
(4,7 £1°) 2
Wig (4,67 £ 113) 1 (4,87 + X9 + pt!?)
(t*,¢7) 0
Wiy, (t4,46 4+ 129+5) g > 1 2 (t4, £16 + M29F5 4 129+9)

Eg¢ (sp-codim = 3():

3+ \t,
(il)”ltMH + Z§=1 th3£73j+1 + Z?i—ll Vjt6£73j71 >

(Vla"')ye—l) S Rf—l’ ()‘7/’&1)' <oy e, Ve "5V2€—1) S (R2€+1)O)'
Ego12 (sp-codim = 3¢+ 1):

3+ A,
(il)ét?)f-i-z + Z?:l th3£—3j+2 + Z?il Vjt6£—3j+1 )

(V17 ceey Vﬁfl) € RE?l; (>‘a M1y ooy oy Voo vy V?f) € (R2€+270)'
Wia (sp-codim = 6):
4+ Mt? + Aot
7+ pat” + pot® 4+ pst? 4 pat )

1 € R, (A1, Ag, pa, ps, pa) € (R?,0).
Wig (sp-codim =9):

t + )\1252 + Aot,
T+ gt 4 pot? + pat® + pat® + pst® + pet* 4+ prt )

(p1, p2) € R?, (A1, Ao, s, i, s, e, pi7) € (R7,0).
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W#Qq_l (sp-codim = ¢ + 7):

th 4+ X2 + pt,
+46 4 42045 +Mt2q+9 + Z;’-ZS Vjt2q+5f2j + 012 +pt2q+2 >

(1/07/’6) € R27 ) ?é _17 ()‘7V1a' . '7Vq+2797p) € (Rq+570)'

Remarkably the symplectic versal unfolding can be taken uniformly for
each class of simple planar curves; this is not the case for the A-versal
unfoldings. This is natural because the A-E-W-W#-classification is based
on the constancy of the Milnor number p, and the p-constant strata coincide
with the sp-codim constant strata (cf. Theorem 3.20).

In particular we have:

PROPOSITION 3.25. Let F': (R",0) — (R? x R"™!) be a symplectically
versal unfolding of Agy : (t2,42F1), 0 < n — 1. Then F is liftable equivalent
to

(1,22, Tp) = (L, A1,y A1)

(q1,D1,02, -, qn) = (2,82 £ X267 4 Mot?73 o Nt A, A1),

EXAMPLE 3.26 (Opening of the Whitney umbrella). Any symplectically
versal unfolding of A; : (t2,¢3) is liftable equivalent to

(.’L’l,xg, R ,xn) = (t, Alyenn, >\n—1) —
(q17p17 q2, . .. =Qn) - (t27t3 + )‘lty )\la .. 7)‘71—1)-
The Lagrangian lifting is symplectically equivalent to

(1‘1,1‘2,.. . ,:cn) = (t,>\1,. . .,)\n_l) —

2
(Q17p15q27’ s dn, P2, - - 7pn) — (t27t3 + AltaAh §t3707' . 50)

3.5. Isotopy and symplectic classifications. We show that if the
symplectic defect vanishes, then the classifications by isotopy and by sym-
plectomorphism coincide.

LEMMA 3.27. There are isomorphisms of the vector spaces:

tfmiV) +wf(meVo) Gy _ Gy
tf(miVi) +wf(meVa NV H) — frm3 — f*&’

~

where my (resp. ma) is the mazximal ideal of & (resp. &) consisting of

functions H with H(0) =0, and G’y = {h € my | dh € (df1,df2) fm, }-

COROLLARY 3.28. The symplectic defect of a planar curve-germ mea-
sures the codimension of the symplectic equivalence orbit in the A-equivalence
orbit of the germ (in the jet space of sufficiently high order).
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REMARK 3.29. Let f : (R,0) — (R2,0) be a map-germ. Then, for
diffeomorphisms 7 : (R?,0) — (R%,0) and o : (R,0) — (R,0), we have
rof = Gy and 0% (G)) = G,

THEOREM 3.30. Let f: (R,0) — (R?,0) be an A-finite map-germ with
sd(f) = 0. If a map-germ f': (R,0) — (R?,0) is isotopic to f, then f’ is
symplectically equivalent to f.

ExaMPLE 3.31. The planar curves of type Ejg are classified up to isotopy
into Ey : ¢t (t3,t%) and Eg : t — (3, —t°), because they are chiral. Then,
since the symplectic defect vanishes in this case, this gives also the symplectic
classification.

3.6. Lagrangian liftings of the swallowtails. Let M2 be the space
of polynomials of degree 2k + 1 of the form (cf. [1])

x2k+l .,L.Qk—l .’L‘k J)k_l
Gk TRy T g T PR )

M%* = 1 +o 4 (=D}

endowed with the symplectic Darboux form Zle dp; \dg; (reduction of the
sle-invariant symplectic form on the space of binary forms of 2k + 3-degree).
The canonical projection into N is given by the derivative

Dk—l _ dkfl
T dekU
which projects M?* into the space of polynomials
AL AR }
—_ —+... T — Pi}-
k+2)! ) nt = Ph

The standard (generalized) swallowtail in N is defined as the space ¥ C N
of polynomials having at least one root of multiplicity > 2.

N={

d
The derivative T of the polynomial decreases the multiplicities of its

roots, however the di%erence of the degree of polynomial and the multiplicity
of the root, called the co-multiplicity, is not affected by the derivative. So
the polynomials of ¥ have roots of comultiplicity < k.

The canonical Lagrangian variety, which is a Lagrangian lifting of ¥, is
defined by V.I. Arnold as the space 3 of polynomials in M?2* having a root
of multiplicity at least k+ 1. This lifting is most regular (stabilization in the
sense of Arnold) because the multiplicity is at least k + 1 and the degree of
the polynomial is 2k + 1 and finally the polynomials of 3, have only unique
root of this multiplicity. So the intersection points of ¥, are avoided.

A parametrization of ¥y is given in the form

F: (RF,0) = (N,0)
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k+1 k—1 k—z‘
F(S):(Sl,...,sk_l, ]{JJr]_ 281
=1
k42 k-1 k—it1
Sk Sk

~ (k+ 2)K! _;Sk‘i(k—iﬂ)(k—i—m!)'

Its Lagrangian lifting Sy, F o (R*,0) — (M?*,w) is generated by the fol-
lowing generating family (cf. [43], p. 106),

4
Plan =5 [ G Zqz

Thus the associated symplectic bifurcating family of curves (swallowtail bi-
furcation family) in (R2, dpi A dqi) is defined by:

de

k—1

_ k+2 an 1 ki
W= "rn” ;(k—i)!q“” ’
k—1

_ 1 g 1 ki
Pe= 5" ;(k—iJrl)(k—i—l)!q’x ’

1=

where x is the curve parameter and (qi,...,qr_1) are the bifurcation pa-
rameters of the family. We see that this is an unfolding of the curve

k+2 j 1 ko

(%Pk)z(—miﬂ ,k!fﬁ ).

In a more general setting, this result may be formulated in the following
way.

PROPOSITION 3.32. Let G : (R x N¥1.0) — R be a function family
germ with Agy1-type singularity. Let ¥y be the discriminant set of G,

Y = {u € N**1 | G(x,u) = 0,G(x,u) = 0, for some = € (R,0)}.
Then there exist a symplectic space (R?**,w) and an isotropic fibration

™ (R, w),0) = (N*1,0); (p, q) = (1, - - - ai, i)

and a Lagrangian lifting ) of ¥. Moreover S s uniquely defined by the
conditions:

B k1 . k—i—1
Y={u e R? | D_(k_l)G(x,u)+Z(—1)Z_1Pk—im
i=1 '

—=0,1<0<k},

where DYG(x,u) = G(x,u) and @ = (u,p1,...,Ppp_1)-
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3.7. Frontal-symplectic versality and open swallowtails. In the
case k = 2, we interpret Givental’s construction from the versality viewpoint
of “frontal-symplectic” category, based on the fact that the swallowtail sur-
face provides the versal unfolding of planar curve of type Eg : t — (£3,1%),
among wave-front curves.

Here we give a direct method to construct a versal unfolding in the
frontal-symplectic category.

Let f: (R,0) — (R?,0) be a non-flat map-germ. After using a symplec-
tomorphism of R?, we assume ordf; < ordfs. Let (f,¢) : (R,0) — (R3,0)

be the Legendrian liftings of f for the contact form a = dy — pdz. In fact

p= (%)/(%), and then dfs — ¢df; = 0. Note that ordy = ord fa — ordfi.

Let w = (f,;¢,1m,%) : (R,0) — TR? be an infinitesimal deformation of
(f,¢) among Legendrian (integral) mappings. Then dn — df; — pd¢ = 0,
that is, d(n — ¢&) = —&dy + ¥df;. Set k = n — p&. Then k — k(0) has
order > min{ordfi,orde}. For the induced infinitesimal deformation v =
(f;€,m) : (R,0) — TR? of f, take a function h with dh = ndf, — &dfa, a
generating function of v. Then dh = ndf; — pdfi = (n — §p)dfi = kdf.
So h — h(0) is a sum of a monomial of order ordf; and a function of order
> min{2ord fi, ord fo}.
Set m = ord fi, k = min{2ord f;,ord fo} and set

S =R+ Rt™ +m¥.
Then S is a vector subspace of £ containing f*&s.

LEMMA 3.33. Let F : (R' xR%,0) — (R?xR%,0), F(t,\) = (F(t,\),\)
be a frontal unfolding of a non-flat map-germ f : (R,0) — (R?,0). Assume

OF OF
ord(f1) < ord(f2). If —— ey —— generate S/ f*E via generat-
O\ Rx0 N R x0
0 )
ing functions over R, and also generate vector fields t’a— of+ got’a— o
1 P1

f, (2ord(f1) — ord(f2) < i < ord(f1) — 2) over R, then F is a frontal-
symplectically versal unfolding of f. Frontal-symplectically versal unfoldings
are unique up to liftable equivalence.

EXAMPLE 3.34 (The open swallowtail). Let f : (R,0) — (R?,0), f(¢)
(t3,t) be a map-germ of type Fg. Then the one-parameter unfolding F :
(R%,0) — (R3,0), F(t,\) = (q1,p1,q2) = (3 4+ 3, t* 4+ 22, \) of f is a
frontal-symplectic versal unfolding of f. The image of F' is the swallowtail
surface and has the double point locus. The Lagrangian lifting

- , 6
F(t,\) = (q1,p1, g2, p2) = (13 + 3\, t* + 202, ), g1t5 +2xt%),

of F' coincides with the open swallowtail surface, which has no self-inter-
sections.
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EXAMPLE 3.35 (The open folded umbrella). Let f : (R,0) — (R?,0),
f(t) = (t2,1%) be a map-germ of type A4. Then the one-parameter unfolding
F: (R2%,0) — (R3?,0), F(t,\) = (q1,p1,q2) = (t*, >+ \t3, \) of f is a frontal-
symplectic versal unfolding of f. The image of F' is the folded umbrella and
has the double point locus. The Lagrangian lifting

= 2
F(t7 )\) = <q17p17 QQ7P2) == (t27t5 -+ )\tg, )\, gt5)7
of F' has no self-intersections and may be called “the open folded umbrella”.

3.8. Symplectic classification of uni-modal planar curves. We
have proceed to the symplectic classification in [35] to uni-modal planar
curves in [39] in the complex analytic case. Here we give the result in the
real case.

PROPOSITION 3.36 (cf. [35, 39]). Let f : (R,0) — (R?,0) be a simple or
a uni-modal map-germ under diffeomorphism equivalence to the symplectic
plane with the symplectic form Q = dx1 A dxs. Then f is symplectomorphic
to one of the following normal forms of map-germs (z1(t),z2(t)) : (R,0) —
(R?,0):

A% . ( t2€+1)

Fep (t ( )£+1t3£+1 + EZ 1)\ $3+5)— )

FEeryo: (83, ()32 + 25 1)\ t3(€+J)+1)

Wig (4,15 + \it7),

Wi : (47 + Mt? + Aat!?),

Wiy o (B4 0+ M2 4 2pt249) A £0, (6=1,2,...)
Nag : (5,45 + At® + Aat? + \gt1?),

Noy (85, 7 + Apt® + Aot 4 A3t13 + M\ yt18),

Nog (t 18 + )\1t9 + )\2t12 + )\3t14 + /\4t17 -+ )\57522)
Wau (4,19 + A1 4 Aottt 4 Agt?d + Ayt

Wag : (t 4 A3 4 Aot 4 AgtT o Mg t2 + A5t29),
WQ,ZZ 1 ( :|:t10 + )\1t2K+9 + )\ t2£+11 + )\ t2£+13

FNEEYT N2 N £ 0, (£=1,2,...)

Note that the difference of the classifications in the complex case and in
the real case appears as “plus-minus” in some appropriate points.

3.9. Symplectic moduli spaces. The symplectic moduli spaces are
determined by the following result:

THEOREM 3.37 ([39]). Let fa(t) = (t™, 1"+ Ait"™ +Aat" +- - -4+ Ast") be
one of the symplectic normal forms in Theorem 3.36. Then two curve-germs
i and fy belonging to the same family are symplectomorphic if and only if
there exists an (m + n)-th root { € C of unity satisfying

N = AL N, =T, L, XL = T,
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TABLE 2. The complex symplectic moduli spaces of simple
parametric planar curve singularities.

DIFF. NORMAL FORM|SYMP. NORMAL FORM SYMP. MODULI SPACE
AZZ (t27t2@+1) (t27t2£+1)
(t3, (31 4 t3<e+p)+2) C"‘_l/)\G, G :)\Z/(Bé +4)Z
ZE>6£ (0<p<i—2) (83, 13041 4 ( Lo e—1) .
=1 (3, 30+ S WEIGEIEEN (C)\l""éf_,_; gy €T Aem1)
’ j=1"J (¢?*T* = 1, primitive)
(13, 1362 4 3p)+ay C’™1/G, G=Z/(3(+5)Z
s (0<p<t-2) (0, 4942 ¢ oy, Ohupreved,
= ) (t3 t32+2) 2[71)\~t3(e+j>+1) (C 17-~-372<5 j7-<-7C 2—1)
) j=17i (¢35 = 1, primitive)
5+t 4 .5 7 C/G, G=17Z/9Z
Wz ) (%87 3 A5) A G, (0= 1)
@+ 1) 2
C%/G, G =7Z/11Z
W- t4, t7 + t13 t4,t7 + Atg + t13 9 .
* ( (4,17) ) ( Ht™) () = (CA, ¢, (¢ =1)
C" x O)/G, G = Z/10Z,
W, . 4,6, L2045 (4, 5 F A28 4 pg26+9) ( )/22—1 2/.4-3
(€’>1) (t»t +1 ) (/\750) ()"U')’_)(C A€ H)’
= (Clo = 1, primitive)
TABLE 3. The complex symplectic moduli spaces of uni-
modal parametric planar curve singularities.
SYMP. NORMAL FORM SYMP. MODULI SPACE
C?/G, G=12/11Z
Nao (t%, 85 + A1t® + Agt® + Agt'?) (A1, A2, A3) Hl(lc%, ¢*x2,¢%N3),
€'=1

C'/G, G=2Z/12Z
(A1, A2, Az, M) =
(€A1, ¢* A2, ¢% s, ¢ ),
(¢'2 = 1, primitive)
C°/G, G =27Z/13Z
(A1, A2, A3, Ag, As) =
(CA1,¢* A2, ¢%0s,¢% A, ¢ 05),
(C13 = 1, primitive)
C*/G, G=12/13Z
(A1, A2, Az, Ag) =
(CX1,¢8%x2,¢%3, ¢ N),
¢?=1
C°/G, G =Z/15Z
(A1, A2, A3, Mg, As) =
(€A1, €% A2, CON3, ¢1ONa, ¢HNs),
(C15 = 1, primitive)
(C*xChH/G, G=12Z/14Z
A1, A2, Az, Ag, As) —
W;:;é—l (t*, t)l\ot—;illfprg +2;\-¢2—§212+11 + Agt2ft18 4 (<2271)\17 (:2424(r1i\27 2-2£+53)\: <2€)+7)\47 C2Z+11>\5)7
AT LX) (A £ 0). (c13

Noy (5,7 4+ A1t® 4+ Aot 4+ Agt!3 4+ Agt18)

Nas  [(£%, 6%+ A1t? + Aat'2 + Aatt + X4t 7+ X5872)

Woaa (%, 62 4+ A1t10 4+ Aottt 4+ Agt?® 4 Agt10)

Wao |84, tM At 3 hat 4 At T a2+ A5120)

= 1, primitive)

In particular each symplectic moduli space of a family is a Hausdorff space
in the natural topology and it is extended to a cyclic quotient singularity.

The symplectic moduli spaces are given in Tables 2 and 3.
3.10. Symplectic rigidity. In the process of symplectic classification,

we observe a kind of rigidity. Let fy, (A € C*) be one of the symplectic
normal forms of simple or uni-modal parametric planar curve singularities.
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Since the symplectic normal form gives a mini-transversal to symplectic or-
bits in a sufficiently higher order jet space, we see that each symplectomor-
phism equivalence class is isolated in the parameter space C*. Moreover we
have stronger rigidity, symplectic rigidity, which implies Theorem 3.37. To
see that we need a series of conditions on non-linear symplectomorphisms,
which is obtained via straightforward calculations.

Then we have the symplectic rigidity:

PRrROPOSITION 3.38. Let f\ and fy be germs belonging to one of the
symplectic normal forms of simple or uni-modal parametric planar curve
singularities. If fx and fy are symplectomorphic, then they are linearly sym-
plectomorphic: If there exists a symplectomorphism equivalence (o, T) satis-
fying T o fxr = fa o o, then there exists a symplectomorphism equivalence
(3,T) such that T o fxr = froX, ¥ : (C,0) — (C,0) is a complex linear
transformation, and T : (C%,0) — (C2,0) is a complex linear symplectic
transformation.

REMARK 3.39. If two curve-germs f, g : (C,0) — (C?,0) are symplec-
tomorphic, then they are symplectically isotopic, that is, there exist C'*°
families of bi-holomorphic diffeomorphisms o5 and bi-holomorphic symplec-
tomorphisms 75 (s € [0,1]) on (C,0) and (C?,0) respectively such that
oo(t) = t, o(z,y) = (z,y) and 71(g(t)) = f(o1(t)). This fact is a feature
of the complex case and it is proved by using the fact that SL(2, C) is arc-
wise connected and the group of symplectomorphisms with identity linear
part is arc-wise connected (cf. [33]). Thus our symplectic moduli space in
Tables 1 and 2 are also moduli spaces for the symplectic isotopy equivalence

(ct. [70)).

3.11. Differential normal forms. The classification of simple singu-
larities by Bruce-Gaffney [10], cf. [26], is extended to the following:

THEOREM 3.40. Under diffeomorphism equivalences the simple and uni-
modal singularities of parametric planar curves f : (C,0) — (C2,0) are
classified completely into the following list:

AQZ :
Eﬁg .

(2,24, (1=1,2,3,...),

(t ’t3£+1 + t3(£+p)+2) (0 <p<il-— 2)’ (153’753@—%-1)7
Feryo : (t ,t38+2 + t3(£+p)+4) (0 <p</l-— 2), (t37t3€+2)7
Wia (t4 5 +17), (t4,19),

Wis : (t4, t7+t9) (4t +113), (#*,7),
W#%_l . (t t24+5)
Ny : (
Noy : (
(t°

0+ 18 L N9) (A~ N), (85,10 +19), (45,
T+ 88 M), (80,7 + 1 4 A3) (A~ )\)
AT 1), (5,47 +41%), (85,47),

+ 1), (°,15),
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Nog (t> t8 + 174 M2, (82,88 4 12+ XM (A~ N,
(t t14+)\t17) ( A~ ) (t57t8+t17) (t5 t8+t22) (t5 t8)’
W24: (t t10+)\t11) ( # )’ (t4,t9+t10+ lgtll +)\tl5)
(4,8 + ), (¢4, £+ 115), (4,17 + 19), (t419),
W30: (t tll t13+)\t14) ( )\ )\)7 (t4,t11+t14+>\t17) (A# %)?
(4t 1 4 2T+ AP (WA~ A WP = 1),
(t tll +t17), (t4 t11+t21), (t4,t11+t25), (t4,t11),
Wihe o (B 10+ 2609 4 X2 (A ~ A w2l = 1) (0=1,2,3,...).

In the list, for instance —\ ~ X means that (¢°,t% + % + \'t?) is diffeo-
morphic to (¢, % + & + A\tY) if and only if N = +\.

REMARK 3.41. Ebey [21] gave the diffeomorphism classifications of the
cases (2,20+1), (3,30+1), (3,30+2), (4,5), (4,6,2¢+5) (4,7) and (5,9). Also
he erroneously classified also the cases (4,9), (4,10,2¢ + 9) and (4,11); his
classification have several omissions and errors, which are corrected in our
classification. Also note that several cases with modality > 2 are classified
by diffeomorphisms by several authors: (5,9) [21]; (6,7) [78]; (5,11) [50];
(2p, 2q,2q + ) [51]; (6,9,10) [27].

REMARK 3.42. The classification of planar curve singularities is closely
related to the classification of Legendre curve singularities and the classifi-
cation of Goursat distributions [79, 80, 64, 62, 63|.

LEMMA 3.43. Let N denote max{r € N\ S(f)}. Then we have:

(1) For any v (t) with ord(y)) > N, there exists a holomorphic function
ha(z,y) on (C2,0) depending on A holomorphically and satisfying 1 (t) =
ha(fa(t)) and ord(hy) > 2.

(2) Any vector field v = (0, p(t)) along f is symplectically solvable, i.e.
v="tf\(&) +wf(n) for some vector fields &, n with £(0) = 0, n(0,0) =0, if
ord(p) > N —m.

Also we have

LEMMA 3.44 ([37]). Let f : (C,0) — (C2,0) be a curve-germ with the
Puiseux characteristic (m,B1,...). If m = 4 and 5, > 13, or m = 5 and
B1>9, or m > 6 then the modality of f is at least 2.

REMARK 3.45. In general, for each equi-singularity class, the symplectic
moduli space is mapped canonically onto the differential moduli space, i.e.
the ordinary moduli space. The dimension of the fiber over a diffeomorphism
class [f] is called the symplectic defect and denoted by sd(f) in [35]. It is
known that sd(f) = u(f)—7(f), where u(f) = 26(f) is the Milnor number of
f and 7(f) is the Tyurina number of f [70, 49, 18]. Let s(f) (resp. ¢(f)) be
the symplectic modality, that is, the number of parameters in the symplectic
normal form of f (resp. the codimension of the locus in the parameter space
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corresponding to germs diffeomorphic to f). Then s(f) — ¢(f) = sd(f).
Thus we have the formula for the Tyurina number (by means of Varchenko-
Lando’s formula) as

7(f) = 26(f) + e(f) = s(f)-

For example, for f = (¢4 t' +#2!) in the case of W3g, we have §(f) = 15,
c(f) =3, s(f) =5 and in fact 7(f) = 28.

Note that the differential moduli space is not a Hausdorff space, while
the symplectic moduli space is, at least for 0-modal and 1-modal cases, as we
clearly observe in Theorems 3.40 and 3.37. Therefore the symplectic moduli
space can be called a Hausdorffication of the differential moduli space.

REMARK 3.46. The adjacency of simple and uni-modal singularities of
parametric planar curves is generated (as an ordering) by Aoy < Agpio,
Eep < Eorr2 < Egore ((=1,2,...), Aps—2 < Fr2s—6, Ass < F12s, Ags—2
Eros—4, Agst2 < Fiasio (s = 1,2,...), Eg < Wig « Wig, Wi Wfﬁ,

Ery « W)« Wis, Wiy | < Wihe (6= 1,2,...), Wi « Ny «
Nz;i < Nog, Wig ]?;7247 Way <—#N28, Wig <= Way = Wao, Eg <= Way
W2’1, Eoy +— Wgo, W272£_1 < W272£+1 (6 = 1, 2, A )

REMARK 3.47 (Classification of curves with characteristic (6, 7)). Let
f:(C,0) — (C2,0) be a plane branch of characteristic (6,7),m = 6, f; = 7.
The quotient O/ f*Oy has the monomial basis

£ 42 43 A 4B 4B 49 410 411 415 416 417 422 423 429
The symplectic normal form is given by

a(t) = (15,67 + Mt? + Xot1 + Aatt 4 Agt10 4 Nt T 4 A6t®),

(A1, A2, A3, A1, A5, Ag) € CO. Moreover we can check that fy and fy are
symplectomorphic if and only if there exists a ¢ € C with ('3 = 1 satisfying

>\/1 = gg)\b >\/2 = C3>\27 )\é = C4>\37 )‘21 = Cg)‘4a )\g’) = Clo)‘fn )‘,6 = <16>\6'

Thus the symplectic moduli space Mgymp(6,7) is homeomorphic to C%/G
for G = Z/13Z with the representation G — GL(6, C) given by

¢ (A1, A2, Az, A, Asy Ag) = (A1, Ca, CHAs, ¢, 1005, CHON6).

As a by-product we get the exact diffeomorphism classification of planar
curves of characteristic (6,7) due to Zariski using our symplectic method:
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THEOREM 3.48 (Zariski [78]). Any planar curve-germ f : (C,0) —
(C2,0) of Puiseur characteristic (6,7) is diffeomorphic to one of the follow-
ing normal forms:

Z9 o (0T 87 A0 ptth), A AT B (A ) ~ (A ),

z,: (tﬁ t7 + 10 M0 (SN2 4 Byl 1Ty (2N v) ~ (A, v),
Z% 0 (@ T+ 0 M), WA~ N wd =1,

Zi : (t + A WA~ N Wt =1,

Z3 o (5T + 10+ M), wA ~ N W =1,

Z4: (5,47 +117),

75 (15,7 + 123,

78 (15,¢7).

4. Symplectic invariants of mappings

4.1. Symplectic equivalence. Let w = > | dp; A dz; be the stan-
dard symplectic form on K?* = T*K", where K = R or C. Mappings are
assumed to be real analytic or C*° for K = R and complex analytic for
K = C. Multi-germs f : (K™, S) — (K?",0) and f' : (K™, 5') — (K?",0)
to the symplectic space are called symplectomorphic (resp. diffeomorphic,
homeomorphic) if the diagram

(K™, S) L (2,0

ol T
(K™, 8 5 (K2, 0)
is commutative for some diffeomorphism-germ ¢ and some symplectomor-
phism-germ 7, 7*w = w (resp. for some diffeomorphism-germs o, 7, for some
homeomorphism-germs o, 7). Here S, S’ are finite sets.

For a map-germ f : (K™, S) — (K?",0), the diffeomorphism class of the
pull-back form f*w on (K™, S) of the symplectic form w is an obvious sym-
plectic invariant of f: If f and f’ are symplectomorphic, then f*w and f’*w
are diffeomorphic, that is, for a diffeomorphism o : (K™, S) — (K™, S’), we
have o*(f'*w) = f*w. We call f*w the geometric restriction of w by f. In
this connection, we mention a theorem which contains the classical Darboux
theorem as the special case m = 0:

THEOREM 4.1 (Darboux-Givental [6]). Two immersion-mono-germs
£, f (K™, 0) — (K, 0) are symplectomorphic if and only if the geometric
restrictions f*w and f'*w' are diffeomorphic.

Thus in the non-singular case (the case of immersion-mono-germs), the
classification problem is reduced to that of the geometric restrictions of
the symplectic form to the sources. Note that the pull-backs of symplec-
tic forms are not arbitrary. To explain this, recall the standard notions: A
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submanifold M in the symplectic space (K?",w) is called coisotropic (resp.
isotropic, symplectic) if the skew-orthogonal in K?" to each tangent space
T,M,p € M, to M contains T,M (resp. the geometric restriction w|ys is
zero, w|ps is symplectic). By the classical Darboux theorem, for a coisotropic
submanifold, the local diffeomorphism class of the geometric restriction w|as
is determined by just the dimension of M. Moreover, we know that a non-
singular hypersurface is coisotropic. Then we have

COROLLARY 4.2. All non-singular hypersurface-germs in K" are sym-
plectomorphic. All coisotropic (resp. isotropic, symplectic) submanifold-germs
of fized dimension in K2" are symplectomorphic.

Note that all immersion-germs on a fixed dimensional source are diffeo-
morphic in our sense.

In the singular case, however, even if f and f are diffeomorphic and f*w
and f*w are diffeomorphic, f and f’ are not necessarily symplectomorphic.
Therefore the symplectic classification is very different from the differential
classification.

A mapping f is called isotropic if f*w = 0, that is, if > ;" | d(p; o f) A
d(z;o f) = 0. If m = 1, then any germ f : (K,S) — (K?",0) is isotropic.
Moreover if f : K® — K" m = n, then we often call isotropic f Lagrangian.

For the class of Lagrangian map-germs f : (K", 0) — (K2, 0), the basic
theory is established by Givental [25].

Let N C (K?",0) be a germ of analytic variety. We assume the regular
locus of N is dense in N. Consider de Rham complex (A3, , d), the algebra of
germs of differential forms on (K?",0) and the exterior differential d : A3, —

5n- Then de Rham complex (A*(N),d) for N is defined as the quotient
cochain complex of (A%, d) by the differential graded ideal I*(NN) consisting
of differential forms vanishing on the regular locus of IV and the cohomology
algebra H*(N) = H*(A%,,,d) from the cochain complex (A*(N),d).

We say (N,w) is Lagrangian if dim N = n and the restriction of a sym-
plectic form w to the regular locus of N vanishes. If (IV,w) is Lagrangian
and w = da, then we have the well-defined cohomology class [a] in H'(N),
which is called the characteristic class of (N,w).

We call N reduced if it is not a product of an analytic set and a non-
singular manifold of positive dimension. Then we have:

THEOREM 4.3 ([25]). Let (N,w) be a reduced Lagrangian variety for a
symplectic form w = da on (K?",0). Then any Lagrangian variety (N,w')
is symplectomorphic to (N,w), provided the symplectic form «' = do’ is
sufficiently near w and [o/] = [a] € HY(N).

In general (N,w) and (N',w’) are called symplectomorphic if there exists
a diffeomorphism-germ T : (K?",0) — (K?",0) satisfying T(N) = N’ and
T = w.
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Moreover Givental [25] shows that, if N is quasi-homogeneous (for a
positive weight), then de Rham complex (A*(NV),d) is acyclic (see also [17]).
Therefore we have

THEOREM 4.4 ([25]). Suppose N C (K2",0) is reduced and quasi-homo-
geneous. Then any Lagrangian varieties (N,w) and (N,w") are symplecto-
morphic, provided K = C.

Suppose, in the parametric form, two map-germs f, f" : (K™,0) —
(K?",0) are diffeomorphic by (o,7). If f, f' are symplectomorphic for a
fixed symplectic form w, then (f(K"),w) and (f(K"),7*w) are symplecto-
morphic. Moreover, under the condition that f is a normalization of the
image, if (f(K"),w) and (f(K"),7*w) are symplectomorphic, then f and f’
are symplectomorphic (cf. [36]).

COROLLARY 4.5. Suppose two isotropic map-germs f, f' : (C",0) —
(C2?",0) are diffeomorphic. Assume that f is a normalization of the image,
which is reduced, and f, ' are quasi-homogeneous for the same weight. Then
f and f' are symplectomorphic.

ExAMPLE 4.6 ([32]). Let f: (K2,0) — (K*,0) be isotropic. Suppose f
is diffeomorphic to

fou(tv U) = <t27 u, ut, §t3> = (xla x2ap1>p2)'
Then f is symplectomorphic to fo, (Whitney’s open umbrella). Moreover for
any n there exists a class of open umbrellas characterized by the symplectic
structural stability, and for them the Darboux-type theorem holds.
Note that the Darboux-type theorem follows from Givental’s theory
(Corollary 4.5) directly in the case K = C. The method is applied also
to the case K = R.

Another generalization of the Darboux-Givental theorem [6] to the sin-
gular case is given by the following result:

THEOREM 4.7 ([18]). For any N, N’ C K*" quasi-homogeneous, (N,w)
and (N' W) are symplectomorphic if and only if the algebraic restrictions
[w]n and [W'|N: are diffeomorphic.

The algebraic restriction [w]y is defined as the residue class of w modulo
the differential ideal J*(N) C A%, generated by functions vanishing on N.
Note that J*(N) C I"(N). We set A}, (N) = A3,/J*(N) and Hj,(N) =
H*(A;),(N),d). Therefore [w]n € Hglg(N). Note that there exists the canon-

ical surjection m : A7), (N) — A*(N) of cochain complexes.

For the classification of curves in a symplectic space K?* (m = 1, n > 2),
Arnold initiated the investigation on the difference between diffeomorphism
and symplectic classifications [3]. Then Kolgushkin [47] has completed the
symplectic classification of simple multi-germs (C, S) — (C*",0). Moreover
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Domitrz [15] has given several results on symplectic classification of multi-
germs of curves by the method of algebraic restrictions.

Restricting ourselves to the case m = n = 1, namely to planar mono-
curves (K,0) — (K2,0), we have given both symplectic and differential
exact classifications of differentially simple and uni-modal planar curve sin-
gularities, and clarified the difference between the differential and symplectic
classifications [35, 37, 39]. In our formulation, we do not fix diffeomorphism
types but fix homeomorphism types of planar curve singularities. Actually
we fix Puiseux characteristics and then we have symplectic classification
results in a unified manner (Section 4.4).

4.2. Basic invariants for classification. For the exact classification
problem of singularities, the notion of codimension is the most basic one
to measure the complexity or degeneracy of singularities. For instance, the
classification of a class of singularities of mappings proceeds from small
codimension to large. In general, for a map-germ f : (K", S) — (KP?,0), the
Ac-codimension of f is defined by

Ae-cod(f) = dimg Vi /[f(Vs) +(Vp) o f],

the dimension of the quotient of the infinitesimal deformations of f by those
induced from right-left equivalences [54, 72]. We often write cod(f) =
Ac-cod(f) briefly. The codimension Ac-cod(f) is finite if and only if f
is finitely A-determined. Moreover the codimension is estimated by other
geometric invariants such as O-stable invariants in terms of “disentangle-
ment” [44, 59, 60]. For instance, the A.-codimension of an A-finite germ
f:(C,8) — (C2%0) is estimated as

(%) | Ae-cod(f) < 6(f) —r+1,

where r = #5 and 0(f) = dimk Og/ f*O2, the number of double points of f.
Here Og (resp. O,) denotes the K-algebra of C*° or holomorphic function-
germs on (K, S) (resp. (K"™,0)). Moreover the equality holds if and only if
f is quasi-homogeneous [61]. See also [14, 28|.

In [35], we introduced the notion of symplectic codimension sp-cod(f)
for a germ f : (C,0) — (C2,0) of planar branch under the symplecto-
morphism equivalence and showed that sp-cod(f) coincides with §(f) (See
Theorem 3.20). The result is easily generalized to multi-germs and in fact
we have

sp-cod(f) = 8(f) =7 + 1,
for a multi-germ f : (C,S) — (C?2,0). Therefore the inequality (x) is rewrit-
ten as

Ac-cod(f) < sp-cod(f),

and the difference sp-cod(f) — Ae-cod(f) represents the difference of sym-
plectomorphism and diffeomorphism classifications of planar curves, as well
as the grade of non-homogeneity u— 7, the difference of Milnor and Tyurina
numbers.
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Let f: (K", S) — (K?" 0) be a multi-germ of isotropic mapping (or
Lagrangian immersion with singularities). Then we set

sp-cod(f) = dimg VI;/[f+(Vs) + (V Han) o f],

and call it the symplectic codimension (or the symplectic-isotropic codimen-
sion) of f : (K", S) — (K?",0). Here VI; is the space of infinitesimal
isotropic deformations of f:

V[f :{U : (Kn,S) —>TK2TL | U*wzo,ﬁov:‘f}7

for the natural symplectic lifting & of w on TK?*", & = >°1 | dy; A dx; +
dp; A d§; for the coordinates (z,p; €, ¢) of TK?", and 7 : TK?" — K?2" is the
bundle projection. Moreover we denote by V Hs, the space of holomorphic
Hamiltonian vector fields over (K2",0), and by Vs the space of holomorphic
vector fields over (K™, S). The symplectic codimension sp-cod( f) is regarded
as the minimal number of parameters for “the symplectically versal isotropic
unfolding” of f, if f is of corank one.

4.3. New symplectic invariants in higher dimensions. For n > 2,
there is no such simple relation between the A.-codimension and the sym-
plectic codimension, because the symplectic-isotropic codimension indicates
the codimension in a subspace of map-germs of an orbit of a subgroup of A.
To measure the difference between symplectomorphism equivalence and dif-
feomorphism equivalence for isotropic map-germs we introduce another sym-
plectic invariant diff-cod(f) = diff-cod;(f), the differential-isotropic codi-
mension instead of the symplectic-isotropic codimension sp-cod(f) =
sp-cod;(f) of f. Then we set

sd(f) = sp-cod(f) — diff-cod(f).

We give an algebraic description of sd(f) and show that both sp-cod(f)
and diff-cod(f) are A-invariants, hence so is sd(f). Moreover, we show an
example of quasi-homogeneous isotropic map-germs f : (C2,0) — (C*,0)
with sd(f) > 0.

In this subsection, we consider new geometric symplectic invariants of
isotropic mappings for K = C. If a multi-germ of isotropic mapping f :
(C",8) — (€C?",0) is of corank < 1, and sp-cod(f) < oo, then f can be
perturbed to a symplectically stable isotropic mapping f whose singulari-
ties consist of open umbrellas and transverse self-intersection points (double
points). See Section 5.1. The number of transverse self-intersection points
of the perturbation f does not depend on the perturbation. It is called the
number of isotropic double points of f and denoted by 07 = 67(f). Note that,
forn =1, o;(f) = o(f).

We give a relation between the two symplectic invariants sp-cod(f) =
sp-cod;(f) and d;(f) for isotropic map-germs f : (C", S) — (C*",0). More-
over, we introduce another invariant u;(f), the number of open umbrellas,
for isotropic map-germs f : (C2,S) — (C*,0) and provide a relation of §;(f)
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and uy(f) with the Segre number of the image variety of f using Gaffney’s
result [23].

Let f: (K,S) — (K2%,0) be a multi-germ of planar curve. We assume
that the base point set S consists of r points.

THEOREM 4.8 ([40]). Let f : (K,S) — (K2,0) be an A-finite planar
curve with r components. Then sp-cod(f) and 6(f) are both finite and we
have

spcod(f) = 8(f) =1 +1,
where r = #S and 0(f) = dimc Og/ f*O2, the number of double points of a
stable perturbation of f.

REMARK 4.9. If we set
Gy ={h€Os|dhe{d(zof)dpof) o}

then we have

o
Ac-cod(f) = dimk =5,
Gy
Moreover

. Gy
sd(f) = dimg —r+ 1
) J*Oq
Note that Og, Ry and gf are defined via the exterior derivative and any
locally constant functions belong to them, which is not the case for f*Os.

In general, for each homeomorphism class of planar curves, the symplec-
tic moduli space is mapped canonically onto the differential moduli space.
The dimension of the fiber over a diffeomorphism class [f] equals sd(f). It is
known that sd(f) = u(f) — 7(f), where u(f) = 26(f) is the Milnor number
of f and 7(f) is the Tyurina number of f [70, 49, 17]. Let s(f) be the sym-
plectic modality, that is, the number of parameters in the symplectic normal
form of f. Moreover let ¢(f) be the codimension of the locus in the parameter
space corresponding to germs diffeomorphic to f. Then s(f) —c(f) = sd(f).
Thus we have the formula, even for multi-germs, for the Tyurina number
(by means of Varchenko-Lando’s formula): 7(f) = 25(f) + c(f) — s(f). See
[37, 39] for details.

In particular, for the planar branch, differential classifications of planar
curves are obtained by [21, 78, 10, 50, 51, 27|, and so on.

4.4. Puiseux characteristics. Let f : (C,0) — (C2%0), f(t) =
(z(t),y(t)), be a germ of a holomorphic parametric planar curve. Let m
be the minimum of the order of x(¢) and that of y(¢) at ¢ = 0. Then, using
a re-parametrization and the symplectomorphism (z,y) — (y, —x) if neces-
sary, we see that f is symplectomorphic to (¢, > 7 ayt®). Suppose m > 2,
that is, f is not an immersion.

Set f1 = min{k | ap # 0,m { k} and let e; be the greatest common
divisor of m and f;. Inductively set 5; = min{k | a; # 0,e;_1 1 k}, and let ¢;
be the greatest common divisor of 8 and ej_1, 5 > 2. Thene;—1 > 1, ¢, =1
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for a sufficiently large ¢, and we call (m = o, b1, B2, ..., B,) the Puiseux
characteristic of f. The Puiseux characteristic is a basic diffeomorphism
invariant, and it determines exactly the homeomorphism class of f [78, 69].
For example, setting eyg = m, we have the number of double points §(f)
described by 0(f) = 5 >°9_, (85 — 1)(ej—1 — ¢;) [58, 73].

Then f is symplectomorphic to a germ of the form

oo
™ 7+ Y bet®).
k=p1+1

As is stated already, in [39], we characterize simple and uni-modal sin-
gularities by means of their Puiseux characteristics using an infinitesimal
method.

Let f be of Puiseux characteristic (m, 81, ..., ;). A monomial basis of
01/ f*O2 can be calculated by considering the order semigroup

S(f) = {ord(k) | k € f*Os} C N.

In fact {t" | r € N\ S(f), r > 0} forms a monomial basis of O;/f*O,.
Then we have the following general result [39] on symplectic classifica-
tion via the order semigroup:

THEOREM 4.10. Let f : (C,0)—(C?,0), f(t)=(t"t7 + 332 5 byt"),
be a germ of Puiseux characteristic (m,B1,...,Bq). Let ri +m,...,rs +
m(ry < --- <rg) be all elements of N\ S(f) withr; > p1(1 < j <s). Then
f is symplectomorphic to

Fat) = (8™, 7 4 At 4 Dot™ - AGET)
for some A = (Aq,..., ) € C*.

A family fi(t)(A € C?), is called a symplectic normal form for the
Puiseux characteristic (m, f1,..., ) if any planar curve-germ of Puiseux
characteristic (m, f1,. .., ) is symplectomorphic to fy(t) for some A € C”.
And those A € C? for which f) is symplectomorphic to a given plane branch
form a discrete subset of C?.

If there exists a symplectic normal form, then we have a surjective map-
ping of C? into the space of symplectic moduli with discrete fibers.

Then we have the following results on symplectic normal forms

ProOPOSITION 4.11. Under the same notation as in Theorem 4.10, we
have the following:
(1) If the Puiseux characteristic is (m, 1), then the family

Fat) = (87 7 4 At e AT,

A= (A1,...,As) € C%, is a symplectomorphic normal form.

(2) If the Puiseux characteristic is (4,6,20 +5), then s = £ + 1 and
ri="T,10=09,...,r0-1 =204+3, rp =20+ 5, rgy1 = 20+ 7. Within the
family
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the subfamily
A= (A1, X2) € C%, A1 #0, is a symplectic normal form.

(3) If the Puiseux characteristic is (4,10,20 +9), then s = £+ 4 and
ri=11,rg =13, r3 =15, ...,rp_1 =20+ 7, ry = 2049, 1931 = 20 4+ 11,
royo = 20413, roy3 =20+ 17, 1o g = 20 + 21. Within the family

fc(t) — (t4,t10 + Cltll 4 C2t13 + C3t15 et C[_1t2£+7
+C€t2e+9 +Cf+1t2z+11 +Cg+2t2z+13 +Cf+3t2€+17 + C[+4t2£+21)7
the subfamily

f)\(t) — (t4,t10 + A1t2€+9 + )\2t2€+11 + )\3t2€+13 + )\415254*17 + )\5t2e+21),
A= (A1, X2, A3, A0, A5) € C°, A1 # 0, is a symplectic normal form.

The above Proposition 4.11 implies the following exact list of normal
forms under symplectomorphic equivalence:

THEOREM 4.12. A simple or uni-modal singularity f : (C,0) — (C2,0)
is symplectomorphic to a germ which belongs to one of the following families
(called “symplectic normal forms” ):

Age (t2, 12041,

Eey : (3,836 4 ST A3,

FEgoio (t3,t3“2 + Zﬁ;i )\jt3(€+j)+1)’

Wi (t4, 85 + A7),

Wis (7 + X9 + pt!?),

Wl,%—l (t4,t6 + )\t2€+5 + Mt2£+9)7)\ 7& 0(6 _ 1,2, o )7
Nog: (15,48 + Ait® + Mot + Agt™),

Nag (5,17 + Mt® + Aot + Agt!3 4 A4218),

Nog (2,83 4+ Aat? + Aot?? + Agt!d + Mgt!7 + Ms5t?2),
Wa : (14,49 + Apt10 o Agt!d 4 Agt15 4 A\gt19),

Wso : (t4, 81 A 13 4 Mot 4 Agt!T 4 Ngt2l 4 A1),
Wiheoy o (B4 110 4 A2 p Ngr2HIL o \gp2H18 2600y 52621,

M A0 (0=1,2,...).

Considering the symplectomorphism equivalence, we have given the clas-
sification of uni-modal planar curve-germs and we observe that there exists
the difference (or “quotient”) between differential and symplectic classifica-
tions:

THEOREM 4.13 ([37]). For planar curves f : (K,0) — (K2,0), sym-
plectic moduli appear from A.-codim =5 on (E12); while differential moduli
appear from A.-codim =8 on (Nap).

We can say that symplectic moduli appear earlier than differential mod-
uli.
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For a detailed symplectic classification of planar-mono-germs see [37,
39].

5. Symplectic-isotropic codimension

Let k be a germ of 2-form on (K™, S), S being finite. Then we denote
by O, 5, the set of map-germs f : (K™, S) — (K*",0) with the geometric
restriction f*w = k.

A deformation f; of fo = f € OF ,  is called isotropic if f; € OF ie.

m,2n m,2n’
fiw= f*w (= k). Then we set
sp-cod(f) = dime VIy/[f+(Vsx) + (VHzn) © f],
and call it the symplectic codimension (or the symplectic-isotropic codimen-
sion) of f: (C™,S) — (C?",0), where VI; = {v: (K", S) = TK*" | v*& =
0,mov = f}. Here we set

Vsrx ={§ € Vs | Ler = 0},

the space of vector fields which leave x invariant. Note that Vg, = Vg if
Kk =0.

ExXAMPLE 5.1. A germ f is coisotropic if and only if f*w = g*n for some
g: (K™ S) = (K?,0). A coisotropic map-germ f : (K™, S) — (K?",0) is
a coisotropic map-germ with reqular reduction if g can be taken to be a sub-
mersion. Then x = ¢g*n is of constant rank and the coisotropic deformation
of f is investigated by studying the space O}, ,,,. The characteristic foliation

F is generated by the kernel field defined b7y f*w = g*n. Then any vector
field in Vg, preserves Fry.

Now, for an isotropic f : (K", S) — (K?",0), we define
Vi

diff-cod(f) = dimk FVs) + (Vamo AV}

while -
. f
cod(f) = d ,
sp-cod(f) = dimse s o 7
and
Vy

Ae-cod(f) = dimgk Ve iV o

Moreover we set
sd(f) = sp-cod(f) — diff-cod(f) (> 0),

the symplectic defect or symplectic multiplicity of f.

Note that, for n = 1, we have VI; = V;: any infinitesimal deformation
is isotropic.

We define subspaces Og 2 Ry 2 Gy D f*Oay, by

Rf = {6605|d6605'f*(‘/\%n)}a
Gy = {e€Os|dec f*(A3,)},
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where de is the exterior differential of the function e, A} is the space of
1-forms on (K?",0). Then we have algebraic formulae for symplectic invari-
ants.

THEOREM 5.2 ([40]). Letn > 2. Let f : (K", S) — (K?",0) be isotropic.
If f is a normalization of its image and the codimension of non-immersive
locus codcX(f) > 2, then

Ry
sp-cod = dim —r4+1,
diff-cod(f) = dimgk R
Gr
. Gy
sd = dim —r+1,
1) = dime

where r = #5.
REMARK 5.3. The mono-germ case of Theorem 5.2 is proved in [36].

Since Ry, Gy are defined independently of the symplectic structure, we
have:

COROLLARY 5.4. For isotropic map-germs f : (K", S) — (K?",0),
sp-cod(f) and diff-cod(f) are differential invariants. Namely, if f, [’ are
diffeomorphic, then sp-cod(f) = sp-cod(f’) and diff-cod(f) = diff-cod(f’).

5.1. Symplectic codimension and double points. In what follows
we suppose K = C.

We recall the Artin-Nagata formula (Mumford’s formula) [7]: For an A-
finite map-germ f : X = (C",S) — Y = (C?,0), the number of double
points is given by 0(f) = 3 dimc e, where € = Ker(Oxx, x — Ox) is the
kernel of the induced morphism from the diagonal map X — X xy X to
the fiber product of f. For a map-germ f : (C" 0) — (C?",0), we have as

in [23]:

<HJ1 — .fl, ey — jfn>(92n

(fi(@) = f1(Z), .-, fon(2) = fon())0s,

Also we have §(f) = 3 dimc Ox ®-0, (Ox/f*Oy). See also [46].

For n > 2, the inequality Ac-cod(f) < §(f) —r + 1 does not hold in
general.

d(f) = dime

EXAMPLE 5.5 ([7]). Let f : (C%,S8) — (C* 0) be an immersion whose
image consists of three planes intersecting transversely to each other at
0 € C* Then A.-cod(f) =2, §(f) =3, #S =r =3,

Originally, the above Mumford example is for §(f) # dimc O,/ f*(Oay,).
In fact, dimc O,/ f*(O2y) = 4 for that example.
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On the other hand, Gaffney [23] showed the following: For an .A-finite
map-germ f : (C",0) — (C?",0),

5(F) = 5[ Semres, (fi(x) = L@, foule) = fon()o,
—Whitney(r o f : (C",0) — (C*"~1,0)) |,

half of [the Segre number of the ideal defining the double points in Og, =
Ocgnxcr minus the number of Whitney umbrellas of a generic projection
7 : C" — C?~ composed with f].

Now we consider symplectic-isotropic singularities: If an isotropic map-
germ f : (C", S) — (C?",0) is of corank one and is stable among isotropic
perturbations under symplectomorphisms, then f is symplectomorphic to an
open umbrella, which can be explicitly represented as a polynomial normal
form, and projects to the Whitney umbrella (Theorem 6.3, [32]). Note that,
though the result was stated in the real C*° case, even in the holomorphic
and local case, similar results follow.

If an isotropic map-germ f : (C",S) — (C?",0) is of corank < 1 and
sp-cod(f) < oo, then f can be perturbed to a symplectically stable isotropic
mapping f whose singularities consist of “open umbrellas” (singularities of
codimension 2) and transverse self-intersection points (double points). The
number of transverse self-intersection points of the perturbation f does not
depend on symplectically stable perturbations. It is called the number of
isotropic double points of f and denoted by o7 = d7(f).

We set

B. = {z € C™||z| < ¢}.
Then we have

PROPOSITION 5.6. Let f : (C™, S) — (C?",0) be a multi-germ of an
isotropic mapping of corank <1 and sp-cod(f) < co. Then a representative
f: f7YB:) — C?® can be perturbed to a symplectically stable isotropic
mapping f : fﬁl(Be) — C?" whose singularities consist of open umbrellas
and transverse double points. The number of double points is independent of
the perturbation, provided € > 0 is sufficiently small.

EXAMPLE 5.7. Let f : (C",S) — (C?",0), S be a set of transverse
double points, #S = r = 2. Then dimc R/ f*Oay, = 1.

EXAMPLE 5.8. For an open umbrella f : (C%,0) — (C*,0) (Theorem
6.3), f is of corank one and its singular locus is of codimension 2. Moreover
we have A.-cod(f) =1, 6(f) = 1. The open umbrella is symplectically stable

under isotropic deformations. Therefore we have diff-cod(f) = sp-cod(f) =0
and d7(f) = 0.

We have the following inequalities.
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THEOREM 5.9 ([40]). For an isotropic map-germ f : (C",S) — (C?*,0)
of corank one and with sp-cod(f) < oo, we have

. Ry
> .
dimg O = or(f)

Therefore we have

diff-cod(f) < sp-cod(f) > d6;(f) —r+ 1.

Again we remark that, in the inequality sp-cod(f) > 0;(f) —r + 1,
equality holds in the case n = 1, but not in general for n > 2. Therefore,
setting

i(f) = sp-cod(f) — (6:(f) =7+ 1),
it is natural to ask for the interpretation of i(f) in symplectic terms. We

remark that the numbers 0(f)—r+1 and é;(f)—r+1 have a clear topological
meaning.

PROPOSITION 5.10. For A-finite f : (C",S) — (C?,0), the disentan-
glement (the image of a stable perturbation) is homotopically equivalent to
the bouquet of 6(f) —r + 1 circles. For an isotropic f : (C",S) — (C?",0)
of corank < 1 with sp-cod(f) < oo the isotropic disentanglement (the im-
age of an isotropically stable perturbation) is homotopically equivalent to the
bouquet of 67(f) —r + 1 circles.

REMARK 5.11. Any open umbrella V' C (C?",0) has local trivial topol-
ogy: (C?",V,0) is homeomorphic to (C?*,C",0).

5.2. Symplectic invariants of surfaces. First we observe

LEMMA 5.12. For an isotropic map-germ f : (C%,8) — (C%,0) of corank
< 1, sp-cod(f) < oo if and only if Ae-cod(f) < oo.

REMARK 5.13. The similar result to Lemma 5.12 for f : (C",S) —
(C?",0) with n > 3 never hold. In fact the three dimensional open um-
brella f : (C3,0) — (C%0) has 1-dimensional singular locus, therefore
Ac-cod(f) = oo, while sp-cod(f) = 0 [32]. Note that map-germs (C",S) —
(C?",0) with Ae-cod(f) < oo must be immersive off S.

For an isotropic f : (C2,8) — (C*,0) of corank < 1, we can define “the
number of open umbrellas” u; = wuy(f), in addition to 6; = d7(f). Then
the sum of the number of open umbrellas u;(f) and the number of isotropic
double points d;(f) is equal to the number of double points 6(f):

01(f) +ur(f) = o(f),

because § = 1 for each open umbrella. Moreover, by the isotropic nature of
f, we have
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LEMMA 5.14. Let f : (C2%,S) — (C*0) be an isotropic map-germ of
corank < 1. Here corank(f) = maxseg coranks(f). Then,

ur(f) = Whitney(r o ),

the number of Whitney umbrellas of a generic projection = : C* — C3
composed with f.

Therefore we have, by Gaffney’s formula,

PROPOSITION 5.15. For an isotropic map-germ f : (C%,0) — (C%,0)
with sp-cod(f) < oo, we have

Segre, = 267 + 3uy.

ExAMPLE 5.16. Consider the isotropic map-germ
2
fou = ($15$27p17p2) — <t27 u, Ut) §t3) : (0250) — (C470)

(see also Theorem 6.3 below). Then we have Ry = Gy = f*O4. Moreover we
have sp-cod(fou) = 0, sd(fou) =0, 6y =0, uy =1, § = 1, Segre, = 3.

EXAMPLE 5.17 (Multiple open umbrella). The isotropic map-germ

4
has isolated singularity at 0 and is quasi-homogeneous for the weights w(t) =
1 and w(u) = 2. By Corollary 4.5, sd(f£,,) = 0. In fact, we have Ry 2 Gy =
f*Oy, and sp-cod(fE, ) = 1. Moreover fi_ is isotropically perturbed into
two open umbrellas and one double point, and therefore ; = 1, uy = 2,

0 =3, Segre, = 8.

REMARK 5.18. An algebraic formula for the number u; of open umbrellas
is known [34]: For f: (C%,0) — (C*,0), we have
Oy
— dimg -2
ur 1mcg Jf,

where J¢ is the ideal generated by the 2-minors of the Jacobi matrix of f.

6. Residual algebraic restrictions

6.1. Classification problem of symplectic forms over subsets.
A real or complex symplectic manifold (M, w) has the local model (K?",w),
by Darboux theorem,

w= Z dx; N dyj,
i=1
K=RorC.
A diffeomorphism v : (M;j,w;) — (Ma,ws) between symplectic mani-
folds is called a symplectomorphism if ¢*we = wy.
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Let N1 and N3 be germs of subsets of (M1, w;) and (Ms, we) respectively.
We call them symplectomorphic if 1»(N1) = Ny for a germ of symplectomor-
phism 1/) : (Ml,wl) — (MQ,(A)Q).

Let S be s smooth submanifold of a symplectic manifold (M,w). Then
we consider the geometric restriction w|g := w|rg. By the following theo-
rem of Darboux-Givental, the geometric restriction is a complete symplectic
invariant.

THEOREM 6.1 (Darboux-Givental). Germs of submanifolds S, S2 of
symplectic manifolds (M, w1), (Ma,ws) are symplectomorphic if and only if
the germs of geometric restrictions wi|rs, and wa|rs, are diffeomorphic, i.e.
there is a diffeomorphism germ W : S; — Sy such that V*(wa|rs,) = wi|Ts, -

COROLLARY 6.2. All non-singular hypersurface-germ in (K", w) are
symplectomorphic. All coisotropic (resp. isotropic, symplectic) submanifold-
germs of fized dimension in K*" are symplectomorphic.

In the papers [17, 18], the notion of algebraic restrictions of differen-
tial forms is introduced and established its basic properties. The spaces of
algebraic restrictions of contact forms and symplectic forms are effectively
applied to contact and symplectic classifications of singularities [80, 15, 16,
19, 20, 67].

The difference of geometric restrictions and algebraic restrictions are
compared with the following general situation: A “variety” Z in a manifold
M is regarded as the image of a mapping (parametrization) f : N — M,
f(N) = Z, while Z is regarded as a zero-set of a mapping (a system of
defining equations) F : M — RP, F~1(0) = Z. If f and F satisfy certain
conditions respectively, then the space of geometric restrictions is described
in terms of f and the space of algebraic restrictions is described in terms
of F.

Of course it is a fundamental but a difficult problem to give a general
method choosing f and F' as above from an arbitrary subset Z C M. Nev-
ertheless we give the general framework of the theory and provide several
useful observations for general Z to be effective in concrete calculations of
residual modules for important examples which are shown also in this paper.

A pair (f,w) is called isotropic if f*w = 0. Then f is called isotropic
with respect to w. If m = 1, then any pair (f,w) is isotropic. Moreover if
f:R™ = R?" then we call (f,w) Lagrangian.

In the case m = n = 2, we have

THEOREM 6.3 ([32]). Let f: (R%,0) — (R*, w) be isotropic. Suppose f
is diffeomorphic to
2
fou(tau) = (Ut7t27 gt?’,u) = (pl,q17p2?q2)-

Then, for any symplectic form w, the pair (f,w) is symplectomorphic to
(fou, wst). (Darboux-type theorem). Moreover, for any n, there exists a class
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of open umbrellas, characterized by the symplectic structural stability, and
for them, Darboux type theorem holds.

We refer to a generalization of Darboux-Givental case to singular case.

THEOREM 6.4 ([18]). For any quasi-homogeneous N,N' C R®" and
for any symplectic forms w, w' on R*", the pairs (N,w) and (N',w') are
symplectomorphic if and only if their algebraic restrictions [w]y and [W']n
are diffeomorphic.

COROLLARY 6.5. Algebraic restrictions of symplectic forms to an open
umbrella are diffeomorphic to each other at least in analytic category.

6.2. Geometric and algebraic restrictions. Let N, M be mani-
folds. Given f € C*°(N, M), two differential forms w, w’ are called geomet-
rically equivalent for f, if f*w = f*u/, i.e. if they have the same geometric
restriction for f.

A finer equivalence relation on A%, is introduced in [80, 17, 18]. Two
differential p-forms w, w’ are called algebraically equivalent for f, if they
have the same algebraic restriction for f, namely, if there exist a p form «
and a (p — 1) form 8 on M such that a(x) =0, S(z) =0 for any = € f(NV)
and

w—w =a+dp,
where d means the exterior differential. If w, w’ are algebraically equiva-
lent, then they are geometrically equivalent. The converse does not hold in
general.

Let A®(M) = >, A¥(M) denote the totality of differential forms on a
C* manifold M and (A®*(M),d) de Rham complex on M. Here e indicates
the natural graduation. We set A¥(M) = 0if k < 0 or dim(M) < k. Given a
subset Z C M, then the notion of algebraic restrictions of differential forms
is introduced in [17]. Let A% (M) denote the subspace of A®(M) consisting
of differential forms vanishing on Z. Note that A% (M) is not necessarily
d-closed. Let A®*(Z, M) denote the differential ideal of (A®*(M ), d) generated

by A% (M):
AR(Z, M) ={a+dB | a e Ay (M),Be Ay (M)}
For an w € A*(M), the residue class [w]}, € A*(M)/A*(Z, M) is called the
algebraic restriction of w to Z.
We introduce the notion of geometric restriction for any subset Z in a
C™ manifold M as follows: Define
G*(Z,M) ={weA*(M) | ffw=0forany f: N — M with f(N) C Z}.

Note that G°(Z, M) = A°(Z, M) = {h € A°(M) | h|z = 0}.

For an w € A®(M), the residue class [w], € A*(M)/G*(Z, M) is called
the geometric restriction of w to Z.

Accordingly we introduce the vector space

A%(Z) = A*(M) ] A*(Z, M)
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of algebraic restrictions to Z, and the vector space
G*(Z):=A*(M)/G*(Z,M).
of geometric restrictions to Z.
LEMMA 6.6. For any subset Z in a C*° manifold M, we have
(1) G*(Z, M) is d-closed.
(2) G*(Z,M) > A*(Z, M).
Consider the ideal I(Z) := {h € A°(M) | h|z = 0} in the R-algebra
A°(M). Then we have

LEMMA 6.7. A*(Z, M) is the d-closed graded ideal in A®*(M) generated
by I1(Z), i.e.

A.(Z, M) = {Z hio; + Z(dh])ﬁj ’ Oéi,ﬁj € A.(M)}
i J

Now we introduce the quotient module of residual algebraic restrictions
(cf. [41])
R*(Z) :=G%(Z, M)/ A*(Z,M) (C A*(Z)),

which consists of algebraic restrictions with null geometric restrictions to Z.

DEFINITION 6.8. The R*(Z) is called the space of residual algebraic
restrictions.

Then there arises the natural exact sequence
0—R*Z)— A*(Z)— G*(Z) — 0.

The space A®*(Z) of algebraic restrictions of differential forms to Z has
the natural module structure over de Rham exterior algebra A®(M), which
is defined by

BAlelZ =B Aaly,
with the differential
d: A%(Z) — AT 2)
defined by d[a]% := [da]% and satisfying
d(B A [a)y) = dB Aa]g + (1) B Ad[alg,
whenever 8 € A*(M).

Also the space G*(Z) (resp. R*(Z)) has the natural module structure
over the de Rham exterior algebra A®(M) as well.

REMARK 6.9. The non-zero algebraic restrictions of symplectic forms
to a curve in a symplectic space was called “ghosts” according to [3]. The
symplectic forms has null geometric restrictions on parametric curves. Since
we are regarding all algebraic restrictions with null geometric restrictions of
differential forms, we may call our residues “pure ghosts”.
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6.3. Symplectic classification of map-germs. Let w be a symplec-
tic form on R®*, and f : (R™,a) — R?" a C*® map-germ. We consider
the classification problem of the pair (f,w) fixing m and n: The pair (f,w)
is called symplectomorphic to another pair (f’,w’) if there exist a diffeo-
morphism-germ o : (R™,a) — (R™,d’) and a symplectomorphism-germ
7: (R?", f(a)) — (R*™, f'(d’)), 7"’ = w, such that f' oo = 7o f, namely
that the diagram

R™a) L ®™ f(a), w
ol T
®™a) L (R (), o

commutes.

If the above condition is satisfied just for a diffeomorphism-germ 7, (not
necessarily a symplectomorphism-germ), then we say that f and f’ are dif-
feomorphic.

First we mention again Darboux-Givental theorem in the form:

THEOREM 6.10 (Darboux-Givental [6]). For any immersion-germs f, ' :
R™ — R?" and for any symplectic forms w, W' on R*", (f,w) and (f',w")
are symplectomorphic if and only if two forms f*w and f'*W' are diffeomor-
phic; for some diffeomorphism-germ o on R™, o*(f"*w') = f*w.

Thus in the non-singular case (the case of immersion-germs), the classi-
fication problem is reduced to that of pull-back forms to the sources. Note
that the pull-backs of symplectic forms are not arbitrary. In particular we
have

COROLLARY 6.11. All non-singular hypersurface-germs in R?" are sym-
plectomorphic. All coisotropic (resp. isotropic) submanifold-germs of fixed
dimension in R?" are symplectomorphic.

Note that all immersion-germs (on a fixed dimensional source) are dif-
feomorphic in our sense. In the singular case, however, even if f and f’ are
diffeomorphic and f*w and f'*w’ are diffeomorphic, (f,w) and (f’,w’) are
not necessarily symplectomorphic.

In fact, in the case m = n = 1 (planar curves), we have given both sym-
plectic and differential exact classifications of differentially uni-modal planar
curve singularities, and clarified the difference of differential and symplectic
classifications [35, 37, 39]. For the classification of curves (m =1, n > 2),
see [3, 4, 47, 17, 18, 15]. See Section 3.

EXAMPLE 6.12. Let fy(u,t) := (5 4+ ut® + M?t, t2, %tf’ + %)\ut3, u) =
(p1,q1,p2,92), N\ # %. Then the family f) of isotropic map-germs with
respect to wg is trivialized by diffeomorphisms, but A gives the “symplectic
moduli”.
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There is the notion of symplectic codimension sp-codim(f,w) also for
an isotropic pair (f,w). The number sp-codim(f,w) is characterized as the
minimal number of symplectically versal unfoldings of f.

THEOREM 6.13 ([36]). sp-codim(f,w) is a diffeomorphism invariant for
isotropic normalization f : (R™ 0) — (R?*™,w): If f and f' are diffeomor-
phic, then sp-codim(f,w) = sp-codim(f’,w’) for any symplectic forms w, &'
with f*w =0, f'*w' =0.

In the complex analytic case, if codimX(f) = 2, then
sp-codim(f,w) = dimc R/ f*Oap,
where
Ry:={h € O,|dheO,-df}.
In the case n = 1, we have
sp-codim(f,w) = dimc O1/f*Oa.
Moreover the difference of differential /symplectic classification is given by
gh(f,w) := dimc G/ f* Oy,
symplectic defect or ghost number, where
Gri={he€O,|dhe fA},}={he€O,]|dhe f Oy df}.
Remark that
Ry 2Gr 2 fO2y, 5 Op <= Ogp.

EXAMPLE 6.14. For the open umbrella
2
fou = (ut, 12, §t3,u) : (R%,0) — (R,0),
we have that

2
dh(t,u) € (d(t?), du, d(ut), d(§t3)>02 = (tdt, du, udt)o,

if and only if h = a(t?, 3, ut,u) for some C* function a. Therefore Ry =

Gr = f*0s.

PROPOSITION 6.15. Let f : R? — R* be isotropic map-germ of corank
< 1 for a symplectic form w. If sp-codim(f,w) < 1 then (f,w) is symplecto-
morphic to (fou,wst) the open umbrella, or to (fif  , ws) the multiple open
umbrella, where ff, (t,u) = (t3 + u?t, 1%, Jut’, u).

Moreover (fif ., wst) is not symplectomorphic to (fi,ou, wst)- In fact fif,
and fLo. are not diffeomorphic.

REMARK 6.16. For the multiple open umbrella, Ry 2 Gy = f*Oap:
There is no ghost in this case. For the map-germs f) in Example 6.12, we
have that sp-codim(fy,ws;) = 2, and that Ry, 2 Gy, 2 f1"Og,.
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6.4. Symplectic classification of Whitney umbrellas. Now we
consider the symplectic classification of generic map-germs f : R? — R4
as a typical example of our classification problem.

As for the differential classification, it is known that a generic map-
germ f : R?® — R* is diffeomorphic to an immersion or to a Whitney
umbrella (cf. [11]). A map-germ f : (R3,a) — R* is called a Whitney
umbrella if f is diffeomorphic to the map-germ (R3,0) — (R*,0) given by
(u,v,w) = (p1,q1,p2,q2) = (wv,u?, w,v).

The double point locus D(f) (resp. singular point locus S(f)) of the
(normalized) Whitney umbrella, designated also as f, is given by {v = 0}
(resp. {u = v = 0}). In fact, the points (+u,0,w) are mapped to the same
point by f. Thus we have the canonical stratification of R3 associated to
f: R®* D D(f) D S(f). Moreover note that the kernel field K(f) of the
differential f, : TR? — TR* along S(f) = {u = v = 0} is given by
K(£)(0,0,w) = £

On the other hand, for a generic symplectic form w, the pullback f*w on
R? is of rank 2. Then the kernel field of f*w is called the characteristic filed
of (f,w) and we have the characteristic foliation F = F;,, on R3. The
relative position of the characteristic foliation of (f,w) and the canonical
stratification of f is clearly a symplectically invariant character of (f,w).

For example, the standard symplectic form wg = dp1 A dg1 + dps A dgo,
pulled back by f,

frwse = d(uv) A d(u?) + dw A dv = d(w — gu?’) A dv
is of rank 2. In this example, the characteristic foliation is given by w— %u?’ =
const., v = const.. Therefore each characteristic curve is contained in the
singular locus S(f) = {v = 0}, and that situation is never generic.

Note that the kernel field K(f) of the differential f, coincides with the
characteristic field along S(f). Hence each characteristic curve is necessarily
tangent to the locus D(f) of double points along S(f).

Generically, each characteristic curve contacts with the double point
locus D(f) in the second order along S(f) except isolated points of S(f),
and, in the third order at those isolated points.

Define ¢ : R*> — R? as the symplectic reduction determined by the
characteristic foliation of f (which is determined up to left equivalence).
Consider the map g|p(s) : D(f) — R?. If each characteristic curve contacts
with the double point locus D(f) in the second order along S(f), then g|p(y)
has a fold singularity along S(f) and it is a two-to-one mapping off S(f),
which induces an involution 7(f) : D(f) — D(f) on the surface D(f).
Moreover, f|p() : D(f) = R? is also two-to-one off S(f). It also induces an
involution n(f) : D(f) — D(f) on D(f). So we have a pair of involutions
(7(f),n(f)) on the surface D(f). If a characteristic curve contacts with
D(f) in the third order at a point S(f), then g|ps) : D(f) — R? has a
more degenerate singularity than the fold singularity.
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Similar situation appeared in the classification of glancing hypersurfaces
due to Melrose [55, 56]. See also [2, 71].

Consider (not a mono-germ but) a bi-germ f=f1 [[ fo : (R3,0) [[(R3,0)
— (R*,0) and the standard symplectic form wg on (R*,0). Suppose fi
and fo are transversal immersion-germs. Then the self-intersection forms a
smooth surface S in (R*,0). Consider the characteristic foliations F; on
M; = f1(R3,0) and F» on My = fo(R3,0). Then the relative position of
F1 and F, with respect to S is a symplectically invariant character. If F is
transversal to S in M7, then F5 is transversal to S in Ms. Then the pair is
symplectomorphic to the standard one: M; = {p; = 0} and My = {q1 = 0}.

M; and Ms are said to be glancing at a point in S if the both char-
acteristic curves through the point are tangent to S in the second order
[65]. Generically M; and Mj are glancing along a smooth curve in S and at
isolated points the tangency becomes of higher order.

Melrose [55] showed that any glancing pair is C*° symplectomorphic to
the pair {p; = p3} and {g2 = 0}. On the other hand, in [66], Oshima gave
a counter example to the uniqueness result for the analytic classification.
(A counter example to Sato’s conjecture [65]). In fact it is known that the
analytic symplectic classification of glancing pairs has a functional moduli.

Actually we announce the following result:

THEOREM 6.17. For a generic pair (f,w) of a C> mapping f : R> — R*
and a C*® symplectic form w, at any singular point a € R> of f, (f,w) is
symplectomorphic to the normal form

w1 =dp1 Adqi +dpz A d(g2 — q1),
or to
wy = dpy Adgqy + dpy AN d(q2 — qp2 — ¢(a})),
for a functional moduli ¢, (p(0) = ¢'(0) = 0) with the normal form
(u,v,w) — (p1,q1,p2,q2) = (uv,u?, w,v).

Note that, for the normal forms in Theorem 6.17, the pull-back form

turns out to be
2 3 2 2 3 2 2 5 2

d(w—gu ) Ad(v—u”), or d(w—gu YA d(v—u w+gu — p(u)),

REMARK 6.18. There appears a difference between C° and analytic
classification in Theorem 6.17 arising from the conjugate classification of
map-germs (R?,0) — (R2,0) with 3-jets of type (u,w) — (u,w + u3): In
the sense of Voronin [71], the Bs-classification problem arises. In fact the
composition n(f) o 7(f) : D(f) — D(f) is of this form. Remark that the
symplectic classification of swallowtails corresponds to the Bs-classification
problem.

REMARK 6.19. The above classification is also regarded as the classifica-
tion of coisotropic pairs. A pair (f,w) of a map-germ f : (R™,0) — R?*" and
a symplectic form-germ w on R*?, (m > n), is called coisotropic if f lifts
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to an isotropic map-germ f : (R™,0) = (R2™,0) = (R2",0) x (R2(m=") ()
with a symplectic form 7fw — 75 on (R2™,0).

Any coisotropic immersion (R™,0) — (R?",0) for any symplectic form,
in the ordinary sense, w lifts to a Lagrangian immersion into R?™, so
coisotropic in the above sense.

Then we define the symplectic codimension of coisotropic pair (f,w) by

sp-codim(f,w) := dimgr Ry/(f*O2n + 9" Oo(mp—p))-
For the normal forms of Theorem 6.17 we have
sp-codim(f,w1) =0

and
sp-codim( f,ws) = 00.

6.5. Geometric and algebraic restrictions via a mapping. Let
f: N — M be a C* mapping from a C*° manifold N.

Let w € A*(M) a differential form on M. Then we call the pull-back
f*w the geometric restriction of w by f. Then, regarding the morphism
f*: A*(M) — A*(N), we consider the subspace consisting of differential
forms with null geometric restrictions by f:

(Kerf*)® :={w e A*(M) | ffw = 0}.
Then we have
(Ker f*)* © G*(f(N), M).

The space of geometric restrictions by f of differential forms, which is
identified with

G*(f) == A*(M)/(Kerf)®,
has the natural module structure over the de Rham exterior algebra A®(M).

In the case Z = f(N), we describe A*(Z, M) in terms of mapping f.
First we introduce the space

AR(f)

= {B: N — A¥(T*M) | B covers f via the projection 7 : A¥(T* M) — M},
the space of differential k-forms along f, and a morphism wf : A*(M) —
A®(f) defined by a +— « o f. Here AF(T*M) is the exterior product of

the cotangent bundle T*M. The notion wf is used, based on the classical

Mather’s notation. As for Mather’s notation, we define also a morphism
t*f : A*(f) = A*(N), by

(" F(8)(x) = A*(fua)* (B(2))
where AF(fup)* /\kT]t(x)M — AFT*N is the wedge of the dual linear map
of the differential map fiy : To N — Ty M.
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We have the commutative diagram for k > 1,

wkflf t*kflf
AN M) —= AN —= AFLH(N)
dl 1 d
wk *k
A S Ak S AR,
Note that t**f gives the identification of A°(f) and A°(NV), which is the

space of sections of the trivial line bundle.
The following is clear by the definition of A(f(N), M):

LEMMA 6.20. Let f : N — M be a C'*° mapping. Then we have, for any
k>0,
Ker w”f 4 d(Ker w1 f) = A*(f(N), M).

We study the quotient space
RE(f) = (Ker f5)*JAR(F(N), M) = (Ker f*)*/(Ker w"f + d(Ker w*~1f)),
the space of algebraic restrictions to the image of f with null geometric
restrictions by f.

The above constructions are localized naturally, i.e. they are formulated
in terms of sheaves. The following is clear:

LeEmMA 6.21. If f: (R™,0) — (R™,0) is an immersion-germ, then
RE(f) = Ker f**/(Ker w* f 4 d(Ker w*~1f)) =0,
for k> 0.
Moreover we have

PRrROPOSITION 6.22. Let f : (R™,0) — (R™,0), 2n < m, be a finitely
determined map-germ, Z the germ of the image of f. Then the R-vector
space R*(Z) = R*(f) is of finite dimension.

Let Z C (R™,0) be a subset-germ in R™ at 0. The embedding dimension
of Z is defined as the minimum of the dimensions of submanifold-germs
S c (R™0)with ZC S.

LEMMA 6.23. Suppose the embedding dimension of Z C (R™,0) is equal
tor. Let S C (R™,0) be a submanifold-germ of dimension r with Z C S.
Let h : (R™,0) — R be a function-germ vanishing on Z. Then we have
dh|r,s = 0. Therefore the tangent space TpS to a submanifold-germ S of
(R™,0) of dimension r containing Z is uniquely determined. In fact TpS
coincides with the Zariski tangent space (T*Z)§ of Z at 0 in R™.

LEMMA 6.24. For any k = 1,2,...,r, and any k-form « in A*(Z, M),
o vanishes on N¥(T*Z)3.

Let f: (R™,0) — (R™,0) be a germ of a proper mapping. Then the germ
of the image of f is well-defined as a subset-germ in (R™,0). Therefore the
embedding dimension of f is defined via the image of f.
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PROPOSITION 6.25. Let f : (R™,0) — (R™,0) be a proper map-germ.
Suppose the embedding dimension of f is equal to v > n. Let S C (R™,0)
be a minimal dimensional submanifold-germ containing the image of f with
dimS = r. Then, for any k = 1,2,...,7, any k-form in Ker wFf +
d(Ker w*=1f) vanishes at ToS. In particular we have R"(f) # 0.

EXAMPLE 6.26. Let f : (R,0) — (R?,0), f(t) = (5%, 5;t*, £t°). Then
the embedded dimension of f is equal to 3. Then, in fact, the geometric
restriction [dzq A dxg A dxs)9 = 0 and the algebraic restriction [dx; A dzg A
dx3]® # 0. Therefore the residue of volume form [dz; A dxg A dxs]” # 0 in

R3(1).

6.6. Residues of planar curves. Classification of R?(Z)-residues for
the planar curves Z = {z € R?" | H(x1,73) = 0,2; = 0,i > 3}, with H
being one of the singularities Ay, Dy, Fg, F7, Eg were done in [18].

EXAMPLE 6.27. Let us consider the case of Ag-singularity. Z = Ay =
{r e R™ | H =2l —23 =0 =253 =0}, (k> 1). In this case an
algebraic restriction of any two-form to Aj can be represented by a two
form on the plane f(z1,z2)dz1 Adze. As we have the conditions: [dH]|, =0,
[dH A dxl]%k =0 and [dH A d:vg]%k = 0, then fdxy A dxo € A%(Ay, R?™)
iff f belongs to the Jacobi ideal of H, f € AH = (xo,2%). Thus R?(A;) =
{Zi-:ol ciwtdry A drg, c; € RY.

If we apply the group of symmetries of the curve Z = {H =0} C R? to
the algebraic restrictions

R2(Z) = A (R?)/A(Z,R?), G*(Z,R?) = A*(R?)

then we get the classification of residues [f(z1,z2)dx1 A dxa]% given in the
Table 4 (see, [18], p. 214).

REMARK 6.28. The classification of Table 4 can be applied to symplectic
classification of planar curves diffeomorphic to A, D, E classes. If n > 1 then
the residues [f;(z1,x2)dx1 A dxa]% can be realized by the symplectic forms
w; = fidri ANdxo+dxi Ndxs+dxo ANdrs+drs Adzg+. .. +dro,—1 Aday,. Each
form w; can be brought, by a local diffeomorphism ®;, to the fixed Darboux
form wg = dp1 Adgr + ... + dp, A dg,. Then any singular curve in the
symplectic space (R?",wg) which is diffeomorphic to Z, say Ag-singularity
is symplectomorphic to one and only one of the curves A% = <I>Z-_1(Ak).

THEOREM 6.29 ([18]). Fiz a function H = H(x1,x2) as in Table 4. Any
curve in the symplectic space (R*",wg), n > 2, which is diffeomorphic to the
curve Z : H(z1,x2) = >3 = 0 can be reduced by a symplectomorphism to
one and only one of the normal forms

. P2
Z'={(p,q) € R* | H(p1,p2) =0 =q1 — fi(p1,t)dt = q>2 = pgeqz = 0},
0

1=0,..., 41,
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TABLE 4. Classification of residues for A, D, E singularities.

H(xl,xg) fi(xl,xg), iZO,l,...,/L
Aki.l‘lf+1—$% f(): 1'
k> 1 fi=ali=1,... k-1
fe =0
Dk:x%xg—ngl fo=1 ‘
k>4 fi=bri+x5,1=1,...,k—4

fr_3 = (:l:l)kxl + bmg_?’,

fk—2 = x]2€737 fk—l = 1171572, fk =0

Eﬁ:x:{’—x% fo=1, flzix2+bx1,f2:x1+ba:§,

f3 = 2%+ bxixa, f1=Ltx129, f5 =123, f6=0
E;: xil)’ - xlxg fo=1, fi=x2+bxy, fo=xx1+ bx%,

f3 = a3 + briza, f1 = tx120 + b2},

Fy =13, fo=1x3, fr=0

Eg: a3 — 23 fo==1, fi = zo 4 bx1, fo = 21 + bia3 + oz
f3 = £a3 + brixo, fi1 = tx120 + bad,

f5 = a3 + bx123, fo = 2123, fr = x123, fs =0

where f; are the functions in Table 4 and p is the multiplicity of H. The
parameters b, by, by are the symplectic moduli. The codimension of the sym-
plectic singularity class defined by the normal form Z' in the class of all
curves diffeomorphic to Z is equal to i.

We study on RY(Z) for a germ of planar curve Z in R?, as a special case
of arguments discussed in the previous section. We also treat R'(f) on the
parametric case f : (R,0) — (R?,0).

Now our idea to treat parametric planar curves is to fix a symplectic
form (an area form) Q on R?, say,

Q = dxq Ndxo,

and apply the classification established in [35, 39]. We conclude the paper
by showing several examples from our previous classification result. Though
the classification was performed in complex analytic case in [39], we can
give the real classification by adding necessary + to the lists.

REMARK 6.30. In the case of Ag, g : t — (t2,13), dimrR'(Z) = 2,
RY(Z) = R'(g) and it is generated over R by the classes of Euler form:
E' = —3x9dx; + 2x1dxo and z1 EF.

6.7. Residues for hypersurfaces. Let F' : (R™,0) — (R,0) be a
non-zero analytic function-germ and consider the set-germ Z C (R™,0).
Suppose the ideal I := Az(R™,0) C Oy, := A°(R™,0) of function-germs
vanishing on Z is generated by F (cf. [75]). Then we have on the residues
of top degree:
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PROPOSITION 6.31. R™(Z) = O, /(F,2E ... 2E Yy . In particular

Y 0x1° """ Oxm

dimg R™(Z) is given by the Tyurina number of F at 0.

PROOF. Let a be any m-form on M = (R™,0). Then o € G¥(Z, M). We
have that o € A¥(Z, M) if and only if there exist an m-form 8 and an (m—1)-
form «y such that « = F3+d(Fy). Take the volume form w = dzi A+« - Adxy,.
There exists a unique h € O, with a = hw. Then a € A¥(Z, M) if and only
if he (F,2£ .. 9F),  Thus we have the result. O

> dxy " ) m
For the residue of degree 1 of hypersurface, we have:

PROPOSITION 6.32. Let F': M = (R™,0) — (R,0) be a C* function-
germ. Let Z denote the germ of zero-locus of F in (R™,0). Suppose the
ideal I(T9Z) of function-germs on (TR™, (0,0)) vanishing on the geometric
tangent bundle T9Z C TR™ is generated by

; v,g—z(x) and F(x).

Here (xz,v) denote the system of coordinate functions on TR™. Then we
have RY(Z) = 0.

By the similar proof of 6.32, we have:

PROPOSITION 6.33. Let Fy,...,F, : M = (R™,0) — (R,0) be a C
function-germ. Let Z denote the germ of zero-locus of F = (Fy,...,F,) :
M — (R",0) in M. Suppose the ideal I(T9Z) of function-germs on
(TR™,(0,0)) vanishing on the geometric tangent bundle T9Z C TR™ is
generated by

Z”ia (z),1 <j<r and Fj(z),1 <j<r
p xX;
=1

Then we have RY(Z) = 0.

6.8. Residues for Lagrangian varieties. Now we suppose M is a
symplectic manifold of dimension 2n with a symplectic form 2. A subset
Z C M is called a Lagrangian variety if the geometric restriction [Q], = 0
and the maximal rank of the geometric tangent bundle 797 C T M is equal
to n.

We describe RY(Z) in terms of vector fields via the symplectic duality.
The space of vector fields V(M) over M corresponds to the space of 1-forms
AL(M) by

X = XF:=ixQ e AY(M), (X e V(M)).

The inverse of the correspondence is written, for any a € A'(M), by a
o € V(M). If a = dH for some H € A°(M), then Xy := (dH)’ is the
Hamiltonian vector field with the Hamiltonian H.
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If M = R?" with the symplectic coordinates (z,p), then a vector filed
X=>" aia%JrZ?:l bj% corresponds to the 1-formw = — 377, bjdz;+
> e aidpi.

The tangent bundle T'M is identified with the cotangent bundle T* M.
Therefore to any subset S C T'M, there corresponds a subset S C T*M.

Similarly the space of 2-vector fields V(M) corresponds to the space of
functions AY(M) by

XAY = iyixQe A°(M), (X AY e VEM)).

The space of O-vector fields (i.e. functions) VO(M) corresponds to A%(M)
simply by
h— hQ € A2(M), (h e VO(M)).

Let Z C M be a Lagrangian variety. Let w € A'(M). Then w € G*(Z, M)
if and only if the corresponding vector field X = w” (satisfying ixQ = w) is
tangent to Zyeg. In fact 0 = w(71,2) = ixUT,Z) = QX,T,Z), so X(p) €
T,Z, for any regular point p € Z,s. A vector field X over M is called
logarithmic if it is tangent to Zyg. The 1-form w belongs to AY(Z, M) if
and only if W’ = X 4+ Xy for a vector field X vanishing on Z and the
Hamiltonian vector field Xz of a Hamiltonian function H vanishing on Z.
In fact w € AY(Z, M) if and only if there exist a 1-form « vanishing on Z and
a function H vanishing on Z such that w = a + dH. Then ’ = o’ + (dH)"
and o vanishes on Z if and only if a vanishes on Z. Moreover we have
(dH)’ = +Xp (depending on the convention). Thus we have:

PROPOSITION 6.34. The residue R'(Z) of first order is isomorphic as
A°(M)-modules to the space of logarithmic vector fields modulo Hamiltonian
vector fields restricted to TM|yz.

In the recent paper [42], we have studied more on algebraic, geometric
and residual restrictions via a mapping and related cohomology theories of
de Rham type. In particular we have developed analogous theory to [17,
18] and have given the vanishing theorem on the residual cohomology for
“contractible” map-germs.
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