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Global methods of solving equations on manifolds

Kefeng Liu and Shengmao Zhu

ABSTRACT. We survey our recent works on certain global methods of
solving equations on complex manifolds and present several geometric
applications.
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1. Introduction

In [21], we developed a global method to deal with various problems re-
lated to variations of complex structures. These problems can be reduced to
solving certain O-equations over complex manifolds. With the help of Hodge
theory, we change the d-equation into an associated integral equation, the
novelty is that we use the Banach fixed point theorem or the quasi-isometry
formula to obtain a global solution of the associated integral equation. These
global solutions have many geometric applications. In this survey, we present
several results in [21] and describe some geometric applications of our meth-
ods. In most cases we will only outline the main ideas of proofs and refer
the reader to [21] for details.

1.1. A simple approach to classical deformation theory. The
first 0-equation which we deal with is the famous Maurer-Cartan equation
arising from the deformation theory of complex structures. In the classi-
cal deformation theory developed by Kodaira et al. [22, 14], in order to
construct a complex analytic family of compact complex manifold M, the
starting point is to solve an integrable equation, i.e. Maurer-Cartan equa-
tion. When H?(M,T'°M) = 0, Kodaira et al. showed that the deformation
is unobstructed and constructed the solution of Maurer-Cartan equation by
formal power series. Then they showed the convergence of this series through
comparing with an artificial majorant series.

In our new approach [21], the existence and convergence of the solution
is directly derived from the classical Banach fixed point theorem. We think
that this is the elementary proof which Kodaira looked for (cf. the open
problem asked in page 55 of [22]). As a consequence, we also present a
simple proof of the unobstructed theorem for Calabi-Yau manifold due to
[29, 30]. The method is global in nature and can be applied to more general
deformation problems.

1.2. Variations of pluricanonical forms and deformation coho-
mology. The second J-equation is from the variation problem of holomor-
phic pluricanonical form which is closely related to Siu’s conjecture on the
invariance of plurigenera [26].

Let (M,w) be a compact Kéhler manifold of complex dimension n with
Kihler form w, and ¢ € A% (M, TY9M) be an integrable Beltrami differ-
ential. Let m be a positive integer. We consider a pluricanonical form o
which is a holomorphic section of Kf\%m over M, where Kj; denotes the
canonical line bundle of M. An important question is how to construct the



GLOBAL METHODS OF SOLVING EQUATIONS ON MANIFOLDS 243

pluricanonical forms o(y) on M, such that o(0) = o¢. In fact, for projec-
tive manifolds, the existence of this variation was proved by Y.-T. Siu. In
general there is a famous conjecture due to Siu [26], about the invariance of
plurigenera for compact Kéahler manifolds.

In our approach, Siu’s conjecture is reduced to solving the variation
equation (4.5). By using Hodge theory, we can provide a closed formula for
the solution of this variation equation under certain conditions. A related
new deformation cohomology theory is also introduced.

More precisely, let (£, h) be an Hermitian holomorphic line bundle over
(M,w). Let V = V' + 0 be the Chern connection of (£,h) with curvature
©. We introduce an operator

™V = 9" oV’

where G is the Green operator associated to the Laplacian [z = 99" +

9"°9. We consider the holomorphic line bundle £y, = Kfa(m_l) over (M, w)
with the induced Hermitian metric h,, = det(g)~ ("1
Kahler metric associated to the Kéahler form w.

Let ¢ act on differential forms by contraction i, = ¢ and the denote
the exponential operator p, = e'¢. We will establish the following result in
Section 4 to which we refer the reader for precise definitions of the notations

in the following theorem.

, where g denotes the

THEOREM 1.1. Suppose (Lys, hy,) is a positive line bundle over a compact
Kdéhler manifold (M,w) with curvature /—10 = pw for a constant p > 0,
let o € A%V (M, T'OM) be an integrable Beltrami differential satisfying two
conditions divg = 0 and Log-norm ||¢|lec < 1. Then, for any holomorphic
pluricanonical form og € A™°(M, L),

0(0) = pp (I + TV 9) o)
is a holomorphic pluricanonical form in A™°(M.,, L)

Note that Theorem 1.1 is global in the sense that it does not depend
on the local deformation family. Theorem 1.1 can be used to construct the
closed variation formula for pluricanonical forms of Kahler-Einstein manifold
of general type, see Definition 4.12.

Indeed, let m : M — B, be a local Kuranishi family of compact Kéahler-
Einstein manifolds of general type over a small disc. For t € B, we assume
My = 7w 1(t) = M), where o(t) € A% (Mo, THOMy) denotes an integrable
Beltrami differential satisfying the Kuranishi gauge 9 ¢(t) = 0. As an ap-
plication of Theorem 1.1, we obtain

COROLLARY 1.2. Given a local Kuranishi family of compact Kdhler-
Einstein manifolds of general type, and any holomorphic pluricanonical form

oo € An’O(Mo, ﬁMO),
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we have that
(L.1) o(t) = pi(I + TV () o0)

is a holomorphic pluricanonical form in A™0(My, Lyr,) with o(0) = oo, where
Pt = Pyp(t)-

Corollary 1.2 implies the invariance of plurigenera for K&hler-Einstein
manifolds of general type, which has been obtained in [27]. The new feature
of formula (1.1) is that it provides a simple closed explicit formula for the
variation which will have interesting geometric applications, such as cur-
vature computations for L?-metric on the vector bundle of pluricanonical
sections.

Next, motivated by our approach to Siu’s conjecture of invariance of
plurigenera, we introduce a new cohomology theory on compact Kahler man-
ifold M. Let us define an operator

Dyo = 9o+ V'(po) — (m—1)dive Ao

for any o € A™*(M, Lyr). Then we show that D?O = 0. We therefore obtain
the following D,-complex on M

0 — APO(M, Lar) 28 AWM, Lag) 25 - 28 Ann (M, L) — 0.

We define the p-th deformation cohomology Hg’f (M, Lyr) as the p-th coho-
mology group of the complex (A™*(M, L), D). Then we can reformulate
Siu’s conjecture [26] to terms of the deformation cohomology in the following
equivalent form.

CONJECTURE 1.3 (Invariance of plurigenera). Let M be a compact
Kihler manifold, and ¢ € A%Y(M,TH°M) be an integrable Beltrami dif-
ferential comes from the local Kuranishi family of M, then there exists an
isomorphism

(1.2) Hp(M, Lag) = HY°(M, La).

By using Hodge theory on the compact Kéhler manifold M, we will show
that the harmonic projection map actually gives an explicit injection map
from Hgf (M, L) to Hg’O(M, L), see Lemma 4.19. Therefore, the proof of

Conjecture 1.3 is reduced to construct an injective map from Hg’O(M L)
n,0
to HDLP(M’ Lr).

1.3. Canonical families for compact Kihler manifolds. Then we
specialize the above discussions to the special case of m = 1. Namely, we
study the variations of canonical forms, such as the holomorphic (n, 0)-forms
over compact Kahler manifolds. In this case, we have the following global
variation formula.
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THEOREM 1.4. Given any integrable Beltrami differential ¢ with ||¢||ec <
1, and any holomorphic (n,0)-form Qo on M, we have that

(1.3) Qp) = po((I + Tep) ™)
is a holomorphic (n,0)-form on M, with (0) = Qq.

Next, we apply the above variation formula (1.3) to construct canonical
families of holomorphic (n,0)-forms on Calabi-Yau and hyperkédhler mani-
folds. Assume that M is a Calabi-Yau manifold, and let )¢ be the nonwhere
vanishing (n, 0)-form on M.

For the local Kuranishi family {M;}1ea, of the Calabi-Yau manifold M
as constructed in Theorem 3.8, the global variation formula (1.3) implies
that

(1.4) Q(t) = py(z) (S0)

is a canonical holomorphic (n,0)-form on M, for t € A.. Then, we compute
the cohomology class [Q2¢(¢)], and show that it has the following expansion:

N N
(15)  190°0)] = [20] + S [ lti + 5 S [Elnins Qo) + O
i=1 ij=1

where O(|t|3) denotes the terms in D H"™33(M) of orders at least 3 in
t. Here {n;} is an orthonormal basis of the space of harmonic Beltrami dif-
ferentials HO' (M, T10M). By using formula (1.5), we immediately get that
the above expansion gives a local normal coordinate for the Weil-Petersson
metric of the Teichmiiller space T of polarized Calabi-Yau manifolds.
Then we consider hyperkahler manifolds. By definition, a hyperkéhler
manifold M carries a trivial canonical bundle. We still denote by T the Te-
ichmiiller space of polarized hyperkahler manifolds, then we have the follow-
ing polynomial expansions for the canonical families of holomorphic forms.

THEOREM 1.5. Fizxp € T, let (M, L) be the corresponding polarized hy-
perkéhler manifold and Q*° be a nonzero holomorphic nondegenerate (2,0)-
form over M and {n;}}¥.; be an orthonormal basis HL(M,T*OM) with re-
spect to the Kahler Ricci-flat metric. Then in a neighborhood U of p, there
exists a local canonical family of nondegenerate holomorphic (2,0)-forms,

720(1) = p)(920),

which defines a canonical family of (2,0)-classes

N N
3 1
[Qe20(8)] = [2*°] + E 1[771'492’0]@ +5 E l[mﬂljJQQ’O]titj
i= i,j=

Moreover, let Q = A"Q%0 be the canonical (2n,0)-form on M, then in
a neighborhood U of p, the canonical family of holomorphic (2n,0)-forms
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Q°(t) = pye) () defines a canonical family of (2n,0)-classes

N N

[Qc(t)]=[9]+Z[mﬁ]ti+~-+ﬁ D iy i, oty iy - L,

i=1 i1yeion=1

We also present a criterion about when 7 is locally Hermitian symmetric
under the Weil-Petersson metric. See Definition 6.3 and Proposition 6.4 for
the definition of locally Hermitian symmetric manifolds and precise results
there.

1.4. Solving the Beltrami equations. Finally, we present a global
method to solve the classical Beltrami equation which is very important in
the development of complex analysis and moduli theory of Riemann surfaces
and also has many important applications in other subjects. There is a huge
literature on the Beltrami equation. See, for examples [1], [3] and [9]. In
particular the construction by Ahlfors in [1] depends on rather deep analysis
and estimate of Calderén-Zygmund. The method of [3] is by using local
integral operators and their regularity theory. Our method is global in the
sense that we use L?-Hodge theory.

Given a measurable function g on the unit disc D C C, suppose
sup |po| < 1, let p = MO% ® dz be a Beltrami differential on D with coordi-
nate z. Recall that solving the Beltrami equation is equivalent to finding a
function f on the unit disc D, such that

Of = uof.

Our observation is that the Beltrami equation can be easily solved by using
the L2-Hodge theory on D. We will see that the L?-Hodge theory holds on
disk D with the Poincére metric wp. So we also have the operator T' = 9GO
with norm [|T]| < 1.

Note that the Loo-norm of p is independent of the Hermitian metric on
D and is equal to sup |uol, i-e. ||p]lc < 1. Similarly, we show that for a
holomorphic one form hg on D, the equation

Oh = —0uh
has a solution
h=(I+Tu) he.

As a corollary we can directly get a solution of the Beltrami equation for
any measurable pg. In particular, we have,

THEOREM 1.6. Assume that ||u||sc = sup|po| < 1, if po is of regularity
C*, then the Beltrami equation

of = pdf

has a solution of reqularity C*+1.
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The rest of this paper is organized as follows. In Section 2, we briefly
review the Hodge theory on compact complex manifolds and the quasi-
isometry formula for compact Kéhler manifolds. Then in Section 3, we
present a very simple and global method to solve the obstruction equation
for variation of complex structure by using the Banach fixed point theo-
rem. As a consequence, this gives a much simpler treatment of the local
deformation theory of Kodaira-Spencer-Kuranishi. Next, in Section 4, we
construct a closed formula for the variations of holomorphic pluricanonical
forms under certain conditions. A new deformation cohomology theory is
also introduced.

We discuss the variations of canonical forms in Section 5, and apply this
variation formula to the cases of Calabi-Yau and hyperkéhler manifolds in
Section 6, and obtain the corresponding canonical families which are sim-
ply given by polynomial expansions in certain canonical local coordinates.
In Section 7, we present our result in [21] about solving the famous Bel-
trami equations with measurable coefficients by using L?-Hodge theory on
Poincaré disk. Section 8 is devoted to discussing various further applications
and extensions of our method.

Acknowledgements. The research of the first author is supported by
NSF. The second author would like to thank CSC to support his visit in
UCLA.

2. Hodge theory on compact complex manifolds

In this section, we briefly review the Hodge theory on compact complex
manifolds and fix the notations used in this article.

Let (E,h) be a Hermitian holomorphic vector bundle over a compact
complex manifold M with Hermitian metric g. Let V = V' 40 be the Chern
connections of (E,h). The Hermitian metrics on £ and M induce an L?
inner produce on the space AP?(M, E) of E-valued (p, q)-forms on M. We
set the Laplacians

;=00 +99 and O =V'V* 4+ V"V

Hodge theory implies that there are Green operator G (resp. G’) and har-
monic projection H (resp. H') in the Hodge decomposition corresponding to
05 (resp. ).

PrOPOSITION 2.1. We have the following identities:
0;G=G0s=1-H, 0G =G, §G=G8', HG = GH = 0.

Moreover, OH = HO = 0, O'H = HO = 0. The similar identities holds
among the operators G', H', V' and V'*.

Then we suppose (M, w) is an n-dimensional compact Kéhler manifold
with Kéhler metric w, and || - |2 be the L?-norm on the space AP(M) of



248 KEFENG LIU AND SHENGMAO ZHU

smooth differential forms induced by the metric w. We set
O5 =00 +8 0, Oy=00"+09"0 and Ay = dd* + d*d,

where d = 0 + 0. On AP(M), we have the equality of the Laplacians
Uz = Uy = %Ad. We also let H to be the orthogonal projection from
AP4(M) to the harmonic space HP*(M) = ker O. Then the corresponding
identities in Proposition 2.1 hold. Furthermore, since [l5 = [y on compact
Kahler manifold, we can derive the following quasi-isometry formula. For
any g € AP9(M), we have

10°Gog||7. = (0°Gdg,d" Gdg) = (00" Gdg, Gdg)
= (05Gag,Gdg) — (8" 8Gdg, Gdg)
= (0g,G0g) — (0GDg, 0GIg)
= (g,0sGyg) — (g,00"Gg) — |9Gag| %
= (9,9 — Hg) — (0*g, G0*g) — | 0G0y
= llgll72 — I[Hgl}> — ("9, Gd*g) — [0Gg||3
< llgl7--

The last inequality holds since the Green operator G is a non-negative op-
erator. We introduce the operator T' = 9" G9. Therefore,

(2.1) ITgll 2 = 110" Ggll 2 < llgll 2

which is referred to as being a quasi-isometry in [18].

3. A simple approach to classical deformation theory

The classical deformation theory of complex structures was developed
by Kodaira-Spencer and Kuranishi in 1960s [14, 22, 10, 11]. In this section
we present a simple and global method to solve the obstruction equation for
variation of complex structures by using the Banach fixed point theorem, the
details is given in [21]. As a consequence, this method also gives a much sim-
pler treatment of the general local deformation theory of Kodaira-Spencer-
Kuranishi, for example, two classical unobstructed deformation theorems
due to [14] and [29, 30] will follows easily from our method.

3.1. Beltrami differentials. Let M be a complex manifold with
dimg M = n, and we denote by X the underlying real manifold of M of
real dimension 2n. The associated almost complex structure of the complex
manifold M gives a direct sum decomposition of the complexified tangent
bundle,

TeX =TYYM & T M.
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Let J be another almost complex structure on X. Then, J gives another
direct sum decomposition,

TeX =TYM; & T™ M.
Denote by
v TeX = TYOM, 19 : TeX — TO'M,
the two projection maps.

DEFINITION 3.1 (cf. Definition 4.2 [12] ). Let J be an almost complex
structure on X, we say that J is of finite distance from the given complex
structure M on X, if the restriction map

ulprop, : THOMy — TVYOM
is an isomorphism.

Therefore, if J is of finite distance from M, one can define a map
@:TYOM - T%'M
by setting
() = =120 (nlrron,) " (v):
This map is well-defined since ¢1|71.0y/, is an isomorphism. It is clear that
TYOM,; = {v—p@)v e Tl’OM}, T M, = {v—9p)ve To’lM}7
and their corresponding dual spaces are
(3.1)
AYON, = {w + p(w)|w € ALOM}, AN, = {w+p(w)|w € AO’IM}.
In this way, the complex conjugate
o: T M — THYOM,
defined by ¢(v) = B(7) determines a 70 M-valued (0, 1)-form which is also
denoted by ¢ € A% (M, T OM) for convenience. By the condition
TYOM & TMM = Te X = T°M; o T My,
the transformation matrix
(%)
—p Iy

from a basis of TYOM @ TO'M to a basis of TVOM; @ TO'M; must be
nondegenerate. Therefore det(l,, — ¢®) # 0. In fact, we have

PROPOSITION 3.2 (cf. Proposition 4.3 [12]). There is a bijective cor-
respondence between the set of almost complex structures of finite distance
from M and the set of all ¢ € AYY(M,T'OM) such that, at each point
p € X, the map

0@ TYOM — T (M)

does not have eigenvalue 1.



250 KEFENG LIU AND SHENGMAO ZHU

DEFINITION 3.3. If o € A% (M, T1OM) satisfies the condition in Propo-
sition 3.2, we say that ¢ is a Beltrami differential. If ¢ satisfies the integra-
bility condition

= 1
we call ¢ an integrable Beltrami differential. The equation (3.2) is usually
referred as Maurer-Cartan equation.

In conclusion, a Beltrami differential ¢ determines an almost complex
structure of finite distance from M. We denote the corresponding almost
complex structure (i.e. almost complex manifold) by M. An integrable Bel-
trami differential ¢ gives a new complex structure on X by the Newlander-
Nirenberg theorem [23], the corresponding complex manifold is denoted
by M.

3.2. Deformation theorems. In this section we first present a simple
method to solve the Kuranishi equations and the Maurer-Cartan equations
in deformation theory, by using the Banach fixed point theorem and Hodge
theory on compact complex manifold. As corollaries, we give simple and
global treatments of the two unobstructedness theorems, due to Kodaira-
Nirenberg-Spencer [14] and Bogomorov-Tian-Todorov [29, 30]. We will only
describe the proofs briefly, and refer the reader to [21] for details.

First note that in order to prove the existence of deformations, we only
need to show that for any n € H'(M,T'OM), there exists a family of
Beltrami differentials o(t) € A%Y(M, THOM) satisfying the Maurer-Cartan
equation (3.2). We consider the following integral equation

1—
(3.3) p=1n+30 Gle, ¢]

which is usually referred as the Kuranishi equation.

By using the Banach fixed point theorem and Hodge theory on holo-
morphic tangent bundle T79M , we provide a simple proof for the following
results in the classical papers [14, 22]. We think that this is the elementary
proof which Kodaira looked for (cf. the open problem asked in page 55 of
22]).

ProrposiTioN  3.4. Given an orthonormal basis mn1,....,mny €
HY(M, T'YOM). Let n(t) = Zf\;l niti, then there is a positive constant €,
which depends on a positive integer k, such that the Kuranishi equation (3.3)
with initial value n(t) has a unique solution p(t) which analytically depends
on t for |t| < eg.

PROPOSITION  3.5. For the above solution o(t), if it satisfies
Hlp(t), p(t)] = 0, then
(1) there exists € > 0 such that p(t) is smooth in (z,t) and analytic in
t for |t| <e,
(ii) the solution ¢(t) satisfies the Maurer-Cartan equation (3.2).
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In conclusion, in order to prove the existence of deformations, we only
need to prove that for the ¢(t) constructed in Proposition 3.4, satisfies the
equation

(3.4) H(le(t), (t)]) = 0.
Therefore, it immediately implies that

THEOREM 3.6 (Kodaria-Spencer-Nirenberg, 1958). For a compact com-
plex manifold M with H*(M,TYOM) = 0, its deformation is unobstructed.

Furthermore, if M is a Calabi-Yau manifold, then as a easy consequence,
we can also prove that H[p(t), p(t)] = 0. Therefore, we obtain

THEOREM 3.7 (Bogolomov-Tian-Todorov). For a Calabi- Yau manifold,
its deformation is unobstructed.

Indeed, let 2 be a nonzero holomorphic section of K ;. The key property
of Calabi-Yau is that the contraction operator

Qg AYF (M, TYOM) — A" VR(M) is an isomorphism.

Furthermore, if we choose the Ricci-flat Kéhler metric (i.e. Calabi-Yau met-
ric) g on M, 1€ induces an isomorphism between the two Hodge theories
on A%F(M,TYOM) and A"~1*(M). Hence H[p(t), o(t)] = 0 if and only if

H([p(t), o(t)]£2) = 0.
By the so-called Tian-Todorov Lemma which is a direct consequence of
the Cartan formula for Lie derivatives [16], we have

[p(t), ()] 200 = —0(p(t) 3p(t) 220) + 20(t) 10(p(t) 120).

Since HO = 0, in order to prove H([p(t), ¢(t)]282) = 0, we only need to
show

O(p(t)20) = 0.
Applying 10 to equation ¢(t) = n(t) + %E*G[g@(t), ©(t)], we obtain

(610) = 1000 = (37" Glo(0) (0] ) 0
= 25°C([p(0) (1)) )

= TG (1) 20(0(1) 5)) — 55 GO (1) sp(1) ).

Note that the harmonicity of 7(¢) implies the harmonicity of 7(t) £, hence
d(n(t)_2) = 0 by Kéhler condition. Let ¥ = ¢(t) 10, we have

(3.5) U =38 G(p(t)200) + 0 (%5*(; (@(t)w(tmo)> .

Applying the 0-operator to equation (3.5), we obtain 0¥ = 85*G(90(t)J8\I').
Hence

(3.6) 10T = 100" G((1) 50| < Cille(®)]lr: - 0]k
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Therefore, 0¥ = 0 when ¢ is small enough.
Furthermore, the above proof immediately implies the following result
of Todorov.

THEOREM 3.8. There exists € > 0, for t € A, there is a unique p(t) €
AQY(M, TYOM) satisfies o(t) = n(t) + %E*G[go(t),go(t)], and @(t) has the
following properties:

(1) d(t) = 5le(t), 0(1)];
(2) 8" p(t) = 0;
(3) (@(t) - sz\i1 mti) Qg is 0-exact, and O(p(t)2Qy) = 0.

4. Variations of pluricanonical forms

In this section, we will introduce a global method to construct a closed
variation formula for the pluricanonical form. A new deformation cohomol-
ogy theory will also be introduced, which is closely related to Siu’s conjecture
on the invariance of plurigenera for compact Kéhler manifolds [26].

In Section 4.1, we derive the variation equation for variation of pluri-
canonical forms over compact Kéhler manifold. In Section 4.2, we introduce
the quasi-isometry formula for Hodge theory of positive line bundle. Then we
solve the variation equation in Section 4.3. In Section 4.4, we present a closed
formula for the variation of pluricanonical forms over the Kéahler-Einstein
manifolds of general type. The new deformation cohomology is introduced
in Section 4.5 which sheds some new light on Siu’s conjecture on invariance
of plurigenera for compact Kahler manifolds.

4.1. Variation equations. Let (M,w) be a compact Kahler manifold
of dimension n, let ¢ € A% (M, THOM) be an integrable Beltrami differ-
ential. Then ¢ determines a new complex manifold denoted by M,. Given

a positive integer m, we introduce the line bundles Ly = K?}(m_l) and
Ly, = K?}E&m_l). For a Lys-valued (n,0)-form o on M, we can deform it via
. We define the map
pp  AMO(M, Lar) — A (M, Lag,)
as follows. For any € M, one can pick a local holomorphic coordinate
system {z!,..., 2"} near z, we write the integrable Beltrami differential ¢ as
= gp%d?k ® 0;.

Let 0 = f(2)dz' A Adz" ® e, where e = (dz! A -+ Ad2™)™ L we define
(41)  polo) = F(2)((dz! +p(d2")) Ao A (dz" + p(dz"))) ™.

Equivalently we denote the contraction map by ¢ as i, = ¢, then one can

write

Pp = e'?

as the exponential operator of .
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Let {w!,...,w"} be a local holomorphic coordinate system of M,,. Then
dw' = d;w'dz! + 8]—-wid2j = 0jw'(dz? + p(d2?))

by the definition of the Beltrami differential ¢. Indeed, if we let a = (a;;) =
(0jw') and a~! = (a¥), then

gp% =a¥ 0ij and ¢ = go%d?k ® 0;.
Hence, the formula (4.1) can be rewritten as

pp(o) = deigczz;m (dw! A A dw™)®™.

LEMMA 4.1. Given o = f(2)dz' A+~ Ndz" @ e € A (M, L)), then
po(0) is holomorphic in A™0(My, Lag,) if and only if for j =1,....n,

(4.2) 9;f = L0 f +mfoigt.

PROOF. Since a local smooth function h is holomorphic on M, if and
only if

Oh = ¢.(0h),
ie for j=1,..,n,

z)

Therefore, p, (o) is holomorphic i.e. de{EW is holomorphic on M, if and

2 f@) N _ i, f(Z)
o (o)~ (i)
which is equivalent to
(4.3) (gjf - mfaikgjaki> = (@é—&f - mf@%aplaialp)

through a straightforward computation.
We claim that

only if

(4.4) aikgja;m- — @%apl@-alp = Z(p;—
In fact, we have
&-goé—. = 8¢(aik5jwk) = 6iaik5jwk + aikaﬁjwk
= —aipaiaplalkgjwk + a“@jaki
= —aipalapigoé—. + a™9;ax;

which gives (4.4). Therefore, substituting (4.4) into (4.3), we obtain
(4.2). O
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Let D = D' + 0 be the Chern connection of the holomorphic bundle
TYOM over M. The connection matrix is given by 6§ = (9gg~!), where
g = (gﬁ) denotes the Kéhler metric matrix associated to the Kahler form

w. We define the divergence operator div as tr o D'. For ¢ = gpé—.d?j ® 0; €
A%Y(M, THOM), we have
D'p = 0(¢%dz")8; — ¢tdz’ (999" )} 8,
= ak@%dzk AdZ0; — go%d?jakgﬂgbdzkap.
Therefore
divp =troD'(p) = 8i<p§—,d§j + go%@kgizglkdij
= (01 + ¢LDigyg" )7
= (9ig + 50 log det(g))dz’

where we have used the Kéhler condition dyg; = 0;g,;-

Let V' be the (1,0)-component of the naturally induced Chern connec-
tion on the holomorphic line bundle £y = K ?}(m_l). The induced Hermitian
metric on £y is given by (det g)~(m=1)
we have

. For a holomorphic section e of Ly,

Vie=29 ((det g)*(m*1)> (det g)™ Ve
= —(m — 1)9;log(det g)dz' ® e.

PROPOSITION 4.2. Given o € A™Y(M, L), then py(o) is holomorphic
in A" (M, Lnr,) if and only if

(4.5) do = —V'(pa0) + (m — 1) divp Ao.
PROOF. Let 0 = fdz' A+ Ad2"® e € AW (Mo, Lay,), then
puo = (—1)n+ifg0;¥.dzl Ao Adzi A ANd2 A dE ® e,
by a straightforward computation. We have
V'(pa0) = (~1)"0(feb)dzt Ao Adzi Ao N d" A dF @
+(—1)ifgo;;dz1A---AcfZiA---/\dz"/\dszv’e
= —8i(fgp;—.)d2j ANdzP A~ ANdZ" Qe
+ (m — 1)fgo;;.ai log(det g)dz? Adz' A--- Nd2" @ e.
We also have

(m—1)divoNo=(m—1)f (3“0%. + cp;%((?i log(det g)) dZNd2'A- - ANd2" @ e,

0o = (0;f)dz Ndz' N+ Nd2" @ e.
Therefore, identity (4.5) follows from Lemma 4.1. O
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REMARK 4.3. Note that ¢ € A™°(M, L)) can also be regarded as a
smooth section of the holomorphic line bundle K™ since A™%(M, Lys) =
AYO(M, K™). The equation (4.5) is called the variation equation of the
pluricanonical form, which gives the criterion when the variation pluricanon-
ical form is holomorphic under the new complex structure.

On the other hand, if we let V/ be the (1,0)-part of the Chern connection
on Kf@m, it is easy to see that the variation equation (4.5) is equivalent to
the equation

0o = gm@'a +mdivp Ao.

4.2. Bundle-valued quasi-isometry over compact Kahler man-
ifold. In this section, we first refine the bundle-valued quasi-isometry for-
mula obtained in [18]. Let (E, h) be a Hermitian holomorphic vector bundle
over the compact Kihler manifold (M,w) and V = V' + 0 be the Chern
connection of (E, h). With respect to the metrics on £ and M, we set

05 =08 +9 0 and 0 = V'V'* + V"V

Accordingly, we have the Green operator G (resp. G') and harmonic
projection H (resp. H') in the Hodge decomposition corresponding to [y
(resp. ). Then we have the Proposition 2.1.

Let {z*}™_, be the local holomorphic coordinates on M and {e,}%,_; be
a local frame of E. Let h = (h,3) where h 3 = h(eq,€s), and the inverse

matrix h~! = (h®?). By the curvature formula of Chern connection © =
9(0hh™1), we obtain

) _

ijo 0207 0z o7
Let Rz =3/, @%a, we define the Chern-Ricci form of (E, h) by

. v—1 i —j
Ric(E,h) = TRﬁdz NdZ.
In particular, when E = T19M, the corresponding Chern-Ricci form is given
by
v—1_
Ric(w) = T&? log(det g).
Let ©,5 = @:’%ahvﬁ’ we obtain
2, _
0. ——_ haﬁ + RO Oh,5 ah’?ﬁ
GeB T 9zigE 0zt 07
DEFINITION 4.4. An Hermitian vector bundle (F, h) is said to be semi-
Nakano positive (resp. Nakano-positive), if for any non-zero vector u =
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u0; ® ey,

Z G)ﬁagumﬂjﬁ >0, (resp. > 0).
/Z:7j7a76

In particular, for a line bundle, we say that it is positive, if it is Nakano-
positive.

PROPOSITION 4.5 (cf. Theorem 1.1(2) in [18]). If (£,h) is a positive
line bundle over a compact Kéahler manifold (M,w) and /—10 = pw for a
constant p > 0, then for any f € A" 1*(M, L), we have

(4.6) [0°GV'FI < £

For reader’s convenience, we provide the proof of Proposition 4.5 here.

ProoF. By the well-known Bochner-Kodaira-Nakano identity

Os =0+ [V—10,A,],
and [w, A,] = (k —n)I on A*¥(M), we have
O5(V'f) =0 (V') + pa(V'f) = (O + pg) (V' f),
for any f € A"~19(M, L). Hence
Ker[l5 C Ker my
which implies that HV'f = 0. Thus
OG(V'f)=V'f=0G(V'f)

by H'(V'f) = 0 and the Hodge decomposition for V’f. Then

(V'f,G(V'f))

(V'£,051( 1))

(V' f,(@ + pg) (V')
(V'£,O07HV' 1)

= (V'f,G"(V'[)).

IN
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Therefore,

18" GV f||? = (@ GV'f,0"G(V'f))
= (GV'f,00"G(V'f))
= (GV'f,(O5 -9 9)G(V'f))
= (GV'f,V'f) — (OGV' f,0GV' f)
(V'f,G(V'f))
(V'£,G"(V'f))
= (f,V"V'G'f))
=(f,.f—H(f)-V'V"Cf)
= [IFI? = B (NI = (V"* £, G'V"* )
< |IF1%. .

<
<

We introduce the operator
™V =9°GV'.

The quasi-isometry formula (4.6) implies that TV is an operator of norm
less than or equal to 1 in the L? Hilbert space of the £-valued forms. So we
have

COROLLARY 4.6. Let (L,h) be a positive line bundle over a compact
Kdéhler manifold (M,w), with v/—10 = pw for a constant p > 0. Let
o € AYY (M, TYOM) be a Beltrami differential acting on the Hilbert space
Ly* (X, L) by contraction such that its Loo-norm |||l < 1. Then the oper-

ator I +TY ¢ is invertible.

ExXAMPLE 4.7. We will consider the holomorphic line bundle L, =

K j\g/)[(m_l) over the compact Kéahler manifold (M, w), the corresponding Her-

mitian metric is given by h,, = (det g)~(™~1_ In this case, the curvature of
the Chern connection of L, is given by

O = —(m — 1)dd1og(det g).
Therefore
(4.7) V=10 = —2(m — 1) Ric(w).

In particular, if (M,w) is a K&hler-Einstein manifold of general type as
defined in Definition 4.12, i.e. Ric(w) = —w, then we have

V=10 =2(m — 1)w.
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4.3. Solving the variation equations. As discussed in Section 4.1,
in order to construct the variation of a pluricanonical form over M, we need
to solve the variation equation (4.5).

Before going further, we need the following lemma.

LEMMA 4.8. Let o € A%Y(M, T M) be an integrable Beltrami differen-
tial and let o € A™O(M, Lyy), we set

(4.8) U = 0o + V'(pi0) — (m—1)divy Ao,
then we have the identity:
(4.9)
(V' (o) —(m—1)dive Ao) = — (V' (pa¥) — (m — 1) divp A T).
PrOOF. Locally, we write ¢ = goj—.dzj ®0; € AYV (M, T'OM), o = fdz' A
o ANd2" ®@e € AMO(M, L) where e = (dz' A -+ Adz™)®"=1), Then
divp = (8230 + s078 log det(g))dz".

For brevity, we introduce the notations dZ = dz* A --- A dz™ and dZ¥ =

dz' A --- Adzk A -+ A dz™, where the hat indicates that the corresponding
term is to be dropped.
By the computations in the proof of Proposition 4.2, we have

V'(pao) — (m—1)divp Ao = — <(81f)<,0%+ mf@l¢%) dz NdZ @ e.

Therefore
(4.10)

(V' (pa0) — (m —1)divp A o)
=0 ((@-f)ap% + mfaicp;'—) dZNdZ NdZ @ e

= 3 (@0:f5 - 0i0:h) + i (D — Dugsh)
1<i<j<n
—l—m(gjfai(p% — 51f82<p;—) + mf(@@zgp% — 5[(91@;—)) dZ'NdZ NdZ @ e.
On the other hand side, since
U =00+ V' (pio)—(m—1divpAo
_ (Ejf —ioif - mfaigo;;.) A7 NdZ @ e,
we have

ol = (hdz' © 0. (Ejf — QLo — mfopt) dF N dZ @ e

Z 8 f = go%")f mf(")lcp )dz! ANdZ A dZW @ e.
k=1
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Thus
V' (pa®)

a(}n:( D* (D, f — 201 f — mf@w))d?l/\dfj/\dZ[k]@e

k=1

HHZ 8f @3f mfazso)dz ANdZ N dZM A Ve

i (goz (@if = ¢50uf = mfdhgh)) dz' ndI N dZ @ e
+ gollc <5jf — (p%@if - mf@icp%) (m — 1)0 log(det g)d?l NdZ NdZ  e.
We also have
—(m—=1)dive ANV =—(m—1) (c'?chl + <pl8 log det(g ))

: (Ejf —gioif - mf8¢¢%> A2 N d7 NdZ @ e.
Therefore
(4.11)

— (V'(pa®) — (m— 1) divp A T)

= m(Oeh) (9;F = ¢0uf = mfouet) + ohon (9,f — PLouf — mfoiet)
CdZNdFANdZ @ e

= > (m (0605 f - 0uiAs ) + (wk0ndsf — SrDif )

0<i<ji<n

+ (FEondioif — eiorio f ) +mf (oot — coiet) )
CdZ AN dF AN dZ @ e.

Since ¢ is integrable, i.e. Oy = l[go, ¢, we obtain
0F Ot — POkt = Bt — B¢},
and
d; (5z<ﬁ§ — 53«0%) =0 (@?Gks% - w?c‘?kso;)
= @%@'&c@% - @?31‘31@@%-

Comparing the two expressions in formulas (4.10) and (4.11), we finally
obtain the identity (4.9). O

PROPOSITION 4.9. Suppose that (L, hy) is a positive line bundle over
a compact Kdihler manifold (M,w) with /=10 = pw for a constant p > 0,
let o € A%V (M, T OM) be an integrable Beltrami differential which satis-
fies the conditions that dive = 0 and Loo-norm ||¢||s < 1. Then for any
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holomorphic oo € A™Y(M, L), a solution of the following integral equation
(4.12) o —09=—-0 GV'(¢l0)

is a solution of the equation

(4.13) 0o = —V'(p0).

PROOF. Suppose that o € A™O(M, L)) satisfies the equation (4.12).
First, by using the positivity condition for £;;, we have

do = —90 GV (p0)
= (870 — O5)GV'(p0)
= (090G — I +H)V'(p0)
= —V'(pa0) + 9 GV (pa0).
Let ® = 9o + V/'(pJ0), then under the condition div ¢ = 0, we obtain
V' (pao) = =V'(pa®)
by Lemma 4.8. Therefore
® = 9o + V'(pu0)
= 5 0GV' (p.0)
= 9 GOV (p0)
= -0 GV (pu®).
By quasi-isometry formula (4.6) and the condition ||¢||s < 1, we have
121 < [loa@|” < [lellool@]* < [|@]|
and we get the contradiction ||®||? < ||®||? unless ® = 0. Hence,
Jo = —V'(puo0). 0
REMARK 4.10. When (L, h,,) is semi-positive, we can obtain the same
conclusion as in Proposition 4.9, if we substitute the global condition ||¢|ec <

1 by requiring that ¢ (with the Holder norm as in [22]) is small enough. We
leave further discussion of the variation equation (4.5) to another paper.

By Corollary 4.6, it is easy to see that the integral equation
o—00=—0GV'(pi0) =T o
has a unique solution given by
c=UT+TV¢) lop.

In conclusion, we obtain
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THEOREM 4.11. Suppose that (Lar, hy) is a positive line bundle over a
compact Kihler manifold (M,w) with curvature /—10 = pw for a constant
p >0, let o € AL (M, TYOM) be an integrable Beltrami differential satisfy-
ing the two conditions div = 0 and Log-norm ||¢||lco < 1. Then, given any
holomorphic pluricanonical form oo € A™°(M, L),

() = po((I + TV )~ a9)
gives a holomorphic pluricanonical form in A”’O(M@, L)

Theorem 4.11 gives a closed formula for the variation of pluricanonical
forms. Note that the above construction is global in the sense that it does not
depend on the local deformation theory of Kodaira-Spencer and Kuranishi
[22]. Some application of Theorem 4.11 will be discussed in the following
section.

4.4. Applications to Kahler-Einstein manifold of general type.
The invariance of plurigenera for Kahler-Einstein manifold of general type
has already been known, see for example [27]. Here we derive an explicit
and closed formula as a direct application of Theorem 4.11.

Let (M,w) be a Kéhler manifold. Denote the associated Kéhler form by
w= @ gﬁdzi A dz’. The corresponding Chern-Ricci form Ric(w) is given
by

V1
Ric(w) = T@@ log(det g).

DEFINITION 4.12. We say (M, w) is a Kéhler-Einstein manifold of general

type if Ric(w) = —w.

In the following discussion, we assume that (M, w) is a Ké&hler-Einstein
manifold of general type.

PROPOSITION 4.13 (cf. Theorem 1.1 in [27] ). Let p € A% (M, T1OM)
be an integrable Beltrami differential, then 5*g0 =0 if and only if divp = 0.

Now we assume that
m: M — B

is a Kuranishi family of K&hler-Einstein manifolds of general type. Let ¢
be the holomorphic coordinate on B.. For t € B, we let M; = 7 '(t) be
the fiber with the complex structure induced by the integrable Beltrami
differential p(t) € A% (Mo, TOMy), which satisfies

— 1

Ip(t) = 5lp(t), ¢ (t)]

d'p(t) =0,
where 8,89 are the operators on My and @ is defined with respect to
the Kahler-Einstein metric gg. We can choose € small enough, such that

() lloo < 1.
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Let Ly, = j\%m*l) be the holomorphic line bundle over My, and the
corresponding Hermitian metric be given by hg = (det gg) ="V Let V =
V' + 0 be the Chern connection of (Lyy,,ho). We have /=10 = —2(m —
1)Ric(wp) by formula (4.7). Recall the operator TV = 8 GV’ we introduced,
we have

COROLLARY 4.14. Given any holomorphic pluricanonical form oy €
A0 (Mo, Lg,), we have that

o(t) = p((I + TV (1) o0)

is a holomorphic pluricanonical form in A™0(My, Lyy,) with o(0) = oo, where
Pt = Po(t)-

PROOF. Since (Mj,wp) is Kéhler-Einstein of general type, i.e. Ric(wg) =
—wp. Hence /~10 = 2(m — 1)wy. Thus (L., ho) is a line bundle which
satisfies the conditions in Theorem 4.11. Then Corollary 4.14 followed by
Theorem 4.11 and Proposition 4.13. (|

By using Corollary 4.14, one can write down the curvature formula of
the induced L? metric on the generalized Hodge bundle over the base B,
with fiber HO(M;, K?}T) as shown in [27].

4.5. Deformation cohomology. Let us fix the same notations as in
Section 4.1, and let (M,w) be a compact Kdhler manifold of dimension n.
For a positive integer m > 1, we let L := K?}(m_l) and V := V' +0 be the
Chern connection of £j; with the induced Hermitian metric. In particular,
when m = 1, V = d is the ordinary de Rham differential operator.

Motivated by the variation equation (4.5) for varying a pluricanonical
section under the deformation of complex structure. We introduce the de-
formed differential operator D, as follows:

DEFINITION 4.15. For any o € A™* (M, L), we define
Dyo = do + V' (pao) — (m — 1) divep A o.
According to the proof of Lemma 4.8, we have D?p = 0 on o €
A™*(M, Lyr). Therefore, we obtain the following D,-complex on M
n,0 Do yn1 Dy Do nn
0— A" (M, Lyr) —> A (M, Lpg) — -+ —> A (M, L) — 0,
which induces a new cohomology on M.

DEFINITION 4.16. We define the p-th deformation cohomology on M as
follows
Ker(Dy : AMP(M, Lyr) — AMPEY (M, L))
Im(Dgo : An,p—l(M’ L) — A™P(M, L) ’

HRP(M, L) =
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Let o € A%Y (M, T1OM) be an integrable Beltrami differential. On the
complex manifold M, we have the corresponding 0, -complex

0 A™O(My, L) 22 AP (My, L) 22 - 25 AN (M, Lag) — 0

which gives the Dolbeault cohomology Hg:’ (Mg, Lyr,) on M.

By the definition of the map p,, given in (4.1) and the variation equation
(4.5), we have

LEMMA 4.17. The map p, gives an isomorphism

H (M, Lar) = Hg;O(MSO,L‘Mw).

Now, we can reformulate Siu’s conjecture [26] of invariance of plurigenera
as follows:

CONJECTURE 4.18 (Invariance of plurigenera). Let M be a compact
Kihler manifold, and ¢ € A%Y(M,T'9M) be an integrable Beltrami dif-
ferential comes from the local Kuranishi family of M, then there exists an
isomorphism

Hp(M, Lag) = Hy° (M, La).
In order to prove Conjecture 4.18, we need to find an isomorphic map
from Hgf(M, L) to Hg’O(M, Lar).

Let
H: A™* (M, Lyr) — HY (M, L)

be the harmonic projection map. By using Hodge theory, we have

LEMMA 4.19. Let p € A%Y(M,TYOM) be an integrable Beltrami differ-
ential coming from a local Kuranishi family, then H gives an injective map

70 ,O
H: H2L)¢(M’ ﬁM) — Hg (M, ﬁM)
PROOF. Given any o € Hgf(M, L), then
(4.14) Dyo = 8o + V'(puc) — (m —1)dive Ao = 0.

It is clear that Ho € Hg’D(M, Lyr). In order to show that H is injective, we
only need to show that if Ho = 0, then ¢ = 0.

We assume Ho = 0 in the following. Applying the operator 8 G to
formula (4.14), we obtain

' Goo = -8 G(V'(pa0) — (m —1)divep A o).
Since
9 Gdo =0 0Go = (05 - 90" )Go = O5Go — 0Gd 0 =0 —Ho = o,
We get
o0=—0 G(V'(pio) — (m—1)divpAo).
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Consider the Holder norm || - || as in [22], by the standard estimates of the
operator a GV’ , there is a constant C, such that

lollx < Crllellkllollx-

Therefore, if ||¢||x < Cik, we must have o = 0. O

Therefore, the proof of Conjecture 4.18 is reduced to find an injective
map from Hg’O(M, L) to Hgf(M, Lar).
Lemma 4.19 is clearly stronger than the semi-continuity relation

. 0 . 0 . 0
dim Hg(p (M, Ly,) = dim Hg(p (M, L) < dim Hg (M, L)
for small . We refer to [33] for a more general discussion of the deformation

cohomologies and applications.

ExXAMPLE 4.20. If m =1, for any o9 € Hg’O(M), we construct the map
®(09) = (I +T) " (00)-

Then Proposition 5.2 shows that ®(oq) € Hg’S(M ). It is clear that ® is an
injective map form Hg’O(M) to Hgf(M).

5. Variations of holomorphic canonical forms

In this section, we consider the special case m = 1. Namely, we study
the variations of holomorphic canonical forms over compact complex mani-
fold. We emphasize that the results in this section do not need the Kéhler
condition.

Let ¢ € A%Y(M, T"°M) be an integrable Beltrami differential. Recall
the definition of the map

(5.1) pp AY(M, Kyr) — AY (M, Ky,)

n (4.1). Then py(Q) = f(2)(d2t +@(dzt)) A A (dz" + (dz™)) if we write
Q= f(2)dz' A--- Adz" in local coordinate (U, z).

5.1. Variation equations for holomorphic canonical forms.

ProrosITION 5.1. Given an integrable Beltrami differential ¢ €
A% (M, TYOM), for any (n,0)-form Q on M, the corresponding (n,0)-form
pe(2) on My, is holomorphic, if and only if

(5.2) 00 = —0(pQ).

PROOF. By Lemma 4.1, for Q = f(z)dz! A--- Ad2" € A™O(M, Ky),
then p,(£) is holomorphic in A™%(M,, Ky, ) if and only if for j =1,...,7n,

o;f = @gaif + fais%- = 3i(f80§*-)

which is equivalent to equation (5.2) obviously. O
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One can also derive the variation equation (5.2) by using more direct
method, see [18, 21]|. The solution of the equation (5.2) can be used to
construct the variation of a holomorphic canonical form from M to M. See
[21] for more details.

5.2. Closed formulas for variations of canonical forms. From the
discussions in Section 5.1, we know that, given an integrable Beltrami dif-
ferential ¢ on M, in order to find an (n,0)-form €2 on M such that the cor-
responding (n,0)-form p,(€2) = e’ is holomorphic on M,, we only need
to find an (n,0)-form © on M such that €2 satisfies the variation equation
(5.3) 00 = —0(pQ).

In [21], we will show that the equation (5.3) can be solved by using the Hodge
theory on M and the quasi-isometric formula (2.1) reviewed in Section 2.
The method is the same as discussed in previous section, and we have

PROPOSITION 5.2. Let ¢ be an integrable Beltrami differential of M with
Loo-norm ||¢||cc < 1. Given a holomorphic (n,0)-form Qo on M, if Q is a
solution of the equation

(5.4) Q=0Qy— 0 G (pQ) = Qo — T,
then § is the solution of the equation (5.3).
Conversely, we have

PROPOSITION 5.3. If the (n,0)-form Q satisfies the equation (5.3), then
there exists a unique holomorphic (n,0)-form Qq, such that ) satisfies the
equation (5.4).

Furthermore, it is easy to show that the equation (5.4) has a unique
solution. Indeed, if we assume that the equation (5.4) has two different
solutions Q and €, i.e. 2 — Q' # 0. Then

Q-0 =-Tp(Q Q).
By quasi-isometry (2.1), we have
12 = ) = [[Te(@ - Q)| < lo(@— D) < [lolloc]lQ = ) < |2 =Y,
which contradicts to Q — Q' # 0.
Moreover, this unique solution of the equation (5.4) is given by
Q= (I+Tp) ',

which is a smooth (n,0)-form, since € is holomorphic.
In conclusion, we have

THEOREM 5.4. Given any integrable Beltrami differential ¢ with ||¢||ec <
1, and any holomorphic (n,0)-form Qo on M, we have that

Qp) = po((I +T)"' Q)
is a holomorphic (n,0)-form on M, with (0) = Q.
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Applying Theorem 5.4 to the integrable Beltrami differential () from
the local Kodaira-Spencer-Kuranishi deformation theory, one can choose t
small enough such that ||¢(t)||cc < 1, we immediately obtain

COROLLARY 5.5. For any holomorphic (n,0)-form Qo € A™°(M), and

the Beltrami differential ¢ = @(t) with |t| < € small, there is a holomorphic
(n,0)-form Q(t) on M,

Qt) = pe((I +Tp) ™),
where pr = py(r), with Q(0) = Qo.

6. Applications to Calabi-Yau and hyperkahler manifolds

In this section, we apply the above closed formula in Theorem 5.4 to
construct the canonical families of holomorphic forms over Calabi-Yau and
hyperkéhler manifolds, and give several geometric applications. As applica-
tion we give a characterizition when the Teichmiiller space of Calabi-Yau
manifold with Weil-Petersson metric is locally symmetric under the Weil-
Petersson metric. In Section 6.3, we construct the canonical families over
hyperkahler manifolds, as an application, we deduce that the Teichmiiller
space of hyperkéhler manifolds is locally Hermitian symmetric with the Weil-
Petersson metric.

6.1. Canonical family of classes on Calabi-Yau manifolds. Fix-
ing a nowhere vanishing holomorphic (n,0)-form Q¢ on M, we consider the
Kuranishi family {M;};ca, constructed by Theorem 3.8. Then Tp(t)Qy =
E*Gﬁ(go(t)JQO) = 0. As a direct application of the Theorem 5.4, we obtain
that the holomorphic canonical form on M, is given by

(6.1) pote) (T +T(£) ™ Q0 ) = ().

Let Q°(t) := py(1)(£20) denote this holomorphic family of canonical forms
on M; for t € A., we have the following result which was first observed in a
joint project of the first author with X. Sun, A. Todorov and S.-T. Yau by
using the Kodaira-Spencer-Kuranishi local deformation theory.

THEOREM 6.1. The cohomology class [Q2°(t)] has the following expansion:

N N
(62)  10°0)] = [20] + S [ lti + 5 S [Flnins Do)t + O
i=1 ij=1

where O(|t|3) denotes the terms in D H""33(M) of orders at least 3 in t.

PROOF. Let us consider the Taylor expansion of ¢(t), by Hodge theory,
we have

N
[Q°(t)] = [Qo]+ Y _[H(miQ0)]t: + > [Hpr2Q0)]t + Z% [H(w(t)kﬂo) .
i=1 |I]>2 E>2
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Since 7, € is harmonic and that ¢ is J-exact for |I| > 2, we have
[Q°(8)] = Q0] + Z meSlti + 3 o [Hlp(F200)]
k>2

It is obvious that the degree two terms in Y, & [H(¢(t)F 1€)] is given
by -

L\D|>—~

N
Z ;15 —‘QO

O

2. Weil-Petersson geometry of the Teichmiiller space of
Calabi-Yau. Let (M, L) be a polarized Calabi-Yau manifold. Recall that
a basis of the quotient space (H,(M,Z)/Tor)/m(H,(M,Z)/Tor) is called
a level m structure on the polarized Calabi-Yau manifold with m > 3. It is
a well-known fact that there is a quasi-projective space Z,, parameterizing
the polarized Calabi-Yau manifold with level m structure. We define the Te-
ichmiiller space T to be the universal cover of the base space Z,,. One can
look at [28, 19] for more details about the construction of the Teichmiiller
space T.

PROPOSITION 6.2. The Teichmiiller space T is a simply connected
smooth complex manifold, and there is a versal family U — T containing M
as a fiber, is local Kuranishi at each point of the Teichmiller space T .

Let p € T, we denote the corresponding polarized Calabi-Yau manifold
by (M, L). Then the holomorphic tangent space of 7 at p is given by

H (M, T"°M) = {p € HY(M, T M), [pow] = 0},
where w is any Kahler form in the polarization L. Clearly, we have
HE (M, T M) = HY (M, T M)

by the condition H?(M,Oys) = 0 in the definition of Calabi-Yau manifold.

By Theorem 3.8, there is a normal coordinate ¢ in the neighborhood U
of p, such that ¢(p) = 0. The Weil-Petersson metric of the Teimiiller space
T in local coordinate (U,t) is given by

2

o ~ _
WP _ _ ] Q°(t), Qc(t
97 " B0, og Q(Q°(t), Q<(t)),

where Q(+,+) = (vV=1)"Q(-,-) and Q is the Poincaré bilinear form

Q(o,7) = (—1)@ /MO'/\T.

for any d-closed forms o,7 on M.
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By using the definition of Q¢(¢) and the expansion formula (6.2), one
can show that

N N
(6.3) 95" = bij + 0y D itk +tidi — Y g 5tets + O,
k=1

r,s=1

where g;, = = QH (1 212, H(1;m52Q0)). Formula (6.3) immediately im-
plies that the Weil-Petersson metric is Kahler and the coordinate t is a
normal coordinate at ¢ = 0.

Therefore, the Christoffel symbols at point ¢ = 0 is zero, i.e. F%(O) =0.
So the full curvature tensor at ¢t = 0 is given by

2 WP
(6.4) RYE(0) = 99 (0) = 640k + 0itdk; — q;p. =
. 7kl = (‘3t,~8¥j — 0450Fkl ilVkj qikﬂ'l.

Note that the above expression of the Weil-Petersson curvature formula (6.4)
first appeared in [31].

Let V be the Levi-Civita connection associated to the underlying Rie-
mannian metric g, and J be the complex structure of M.

DEFINITION 6.3. An Hermitian manifold (M, g) is called locally Hermit-
ian symmetric if

VR=0=VJ.

If the metric is complete, then (M, g) is an Hermitian or locally Hermit-
ian symmetric space.

PROPOSITION 6.4. Let T be the Teichmiiller space of polarized and
marked Calabi-Yau manifolds and Q°(t) the canonical form given by (6.1).
If the Weil-Petersson potential Q(Q°(t), Q°(t)) is a polynomial in terms of
the normal coordinate t, then T is locally Hermitian symmetric with respect
to the Weil-Petersson metric.

PROOF. By the theorem of Nomizu and Ozeki [24], if V¥R = 0 for some
positive integer k, then VR = 0. Therefore, if ¢ is a Kéhler metric on M, in
order to prove (M, g) is locally Hermitian symmetric, we only need to show
that VFR = 0 for some positive integer k.

If the Weil-Petersson potential Q(Q¢(t), Q¢(t)) only has finite terms, i.e.
it is a polynomial of the normal coordinate t = (t1,..,tx), then the coeffi-
cients of the Weil-Petersson metric and its curvature tensor

92 ~ —
WP _ _ _ ] Q°(¢), Qe(t
9ui 90,9T og Q(2°(2), (1))
we _ 995 09 %%
ikl 8tk8tl 8tk 87fl

is a polynomial in the variables t = (t1,..,tn, t1,...,tn). On the other hand,
from formula (6.3), the coordinate ¢ is a normal coordinate at the point
t = 0. So we have that the Christoffel symbols at the point ¢ = 0 vanish,
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ie. Ff'j (0) = 0. Thus at the point ¢t = 0, the covariant derivative V;T" = 0;T
for any (0, m)-tensor T'. Therefore, for a large enough integer k, we have
V™R(0) = 0. Thus the Teichmiiller space T is locally Hermitian symmetric
with respect to the Weil-Petersson metric. O

If the Weil-Petersson metric is complete, then as a consequence, we know
that the Teichmiiller space 7 is an Hermitian symmetric space under the
assumption in the above theorem.

6.3. Canonical families on hyperkihler manifolds. First let us re-
call the definition of hyperkéhler manifold. Let M be a compact and simply-
connected Kéahler manifold of complex dimension 2n > 4, if there exists a
non-zero holomorphic nondegenerate (2,0)-form Q2% on M, unique up to a
constant such that det(Q) # 0 at each point z € M and H'(M,Oy;) =0,
then M is called a hyperkéhler manifold.

By its definition, the (2n,0)-form A"Q?Y gives a nonzero holomorphic
section of canonical line bundle Ky, hence Ky is trivial. Similarly, we also
denote by T the Teichmiiller space of the polarized hyperkahler manifolds.

First we review the following well-known result,

PROPOSITION 6.5 (Bochner’s principle). On a compact Kdhler Ricci-
flat manifold, any holomorphic tensor field (covariant or contravariant) is
parallel.

The proof rests on the following formula, which follows from a straight-
forward computation [4]: if 7 is any holomorphic tensor field,

(6.5) A([l1?) = [Ivr]*.

From this it follows immediately that 7 is parallel.
For Q%0 by using the following formulas

(6.6) @) a, a3, = (VP _ Vaty 3,

@), 5, = (D" Va5
a?ﬂ

and their conjugates, which can be found in [22], we obtain
(6.7) A(1n20*%) = a0, 9" (naQ*0) = 3 nu020,
for n € A%* (M, T OM). Therefore, the map ¢ given by

L) = ¢

is an isometry with respect to the Hermitian metrics on both spaces induced
by g. Moreover, ¢ preserves the Hodge decomposition.

Let us assume that {n;} , is an orthonormal basis H} (M, T10M) with
respect to the Kéhler Ricci-flat metric. Then we have the following result.
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THEOREM 6.6. Fizp € T, let (M, L) be the corresponding polarized hy-
perkéhler manifold and Q*° be a nonzero holomorphic nondegenerate (2,0)-
form over M. Then in a neighborhood U of p, there exists a local canoni-
cal family of nondegenerate holomorphic (2,0)-forms Q20(t) = p. ) (Q2*°)
which defines a canonical family of (2,0)-classes

N
1
2,0 20 20 e 1020144
68)  [Q920(1)] = [0 +Z§1 702 t+2;]j1[mmjm Jtit.

PROOF. By using the Beltrami differentials ¢(t) constructed in Theorem
3.8, we have

N
1
pw(t)(QQ’O) =020 + E 171‘_192’0&' + E(ni_lnj_IQQ’O + Qp(ij)_lQ2’0)titj
i=1

1
+ Z ((,01492’0 + 5 Z (pJ_l(pK_:Q2’O> tr
11]>3 J+K=I
In order to prove the expansion (6.8), we only need to show the following:
(a) 7;2Q%*0 is harmonic for 1 <i < N;
(b) For any multi-index I with |I| > 2, ¢; 02?9 is 9-exact, which im-
plies that H(p;.02%) = 0;
(c) For any multiple-index J, K with |.J| > 2, H(¢ 0k Q%Y%) = 0.
Indeed, (a) follows directly from the isomorphism (6.7) of two corre-
sponding Hodge theories, and that 7; is harmonic. As to (b), since Q29 is a
nowhere vanishing holomorphic (2,0)-form, we can define Q20 ¢
(M, A2TYOM) by requiring Q**°_.02% = 1 pointwise on M. Actually, in a
coordinate chart {,2717 29, .., Zon }, We can assume

*2,0 __
S S IR

with a;; = —aj; and bj; = —bj;. Then, if we define matrices A = (a;;) and
B = (bi;), then det(A) # 0 and

<QQ’O, Q*Q 0 Z a” = ABT>

Therefore, locally, the matrix B can be defined by B = %(A_I)T. It is
easy to check that this definition is independent of the local coordinates and
V20 = 0 by the Bochner’s principle. Then, by Theorem 3.8, we have

ra A" Q¥ = 9y, |I] > 2,
which implies that
(,OIJQ2’0 — AnilQ*ZO—'(SOI—‘ AT 92,0) — /\anQ*ZO_‘anI _ 8(/\”719*2’0_ﬂﬁ1).
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As to (c), we first assume that H(pjipx 10%0) = ¢- Q20 for some con-
stant ¢, then we need to show ¢ = 0.
From Hodge decomposition, we have

00K 00 = ¢ Q20 4 doy + d¥ o

for ay € AY(M) and ay € A3(M). By Bochner principle 6.5, formulae (6.6)
and their conjugates, which can be found in [22], we obtain

dag A AP0 A ATIO20 = d(ag A ATQEO A ATTIQ20)
d*as A AMQP0 A ATTIO20 = @*(ap A APQP0 A APTLO20) = 0.

Thus, we have

(6.9) (@r00K020) A A"QZ0 A APTI020

= c A" Q2O AAQ20 + d(ay A AMQEO A ATTI020),
On the other hand, since
0=wja ((cpK_nQ2’0) A /\”QQ’O)
= (pspr 10 AN - (i 2P0) A (@0 A QP)

we have

/M(QDJ_IQDK_JQ2’O) A APQE0 A APTIQ20

= /M(WJ A" Q2O A (@ aQ20) A APTIQ20

=— /M Oy A (o2 AAPTIO20  (since o020 is D-exact)
__ /M D1y A (prc020) A AT~ 1C20)

== [l o 020) A D)
M
where in the last “=", we have used that
Vg A (pr2Q20) A ATTIQ20

is a (2n — 1,2n)-form which is 0-closed.
Therefore, by using Stokes formula and formula (6.9), we obtain

0= / (720K 020 A AQ2O A APTI020 = ¢ / AT A ATQ20,
M M

So we have ¢ = 0. The proof is completed. O

Again assume that {n;}Y, is an orthonormal basis H} (M, T10M) with
respect to the Kihler Ricci-flat metric, and let Q = A"Q?9. The we deduce
the following corollary.



272 KEFENG LIU AND SHENGMAO ZHU

COROLLARY 6.7. Fiz p € T, let (M, L) be the corresponding polarized
hyperkéhler manifold and Q%° the nondegenerate holomorphic two form over
M. then in a neighborhood U of p, then there exists a canonical family of
holomorphic (2n,0)-forms Q°(t) = py () (§2) which defines a canonical family
of (2n,0)-classes

N N
c 1
[©2 (t)]:[Q]+Z[77iJQ]ti +oee @n)! Z [Miy -+ Mgy AQ iy iy -+ iy, -
i=1 T i1,.ian=1

PROOF. First, we know that the harmonic projection on M, H(p,)(€2))
e H?™0(M;) and H(py ) (2*°)) € H*(M;). Then, we have

H(A"H(py(r) (7)) € H™O(My).
Since dim H?"9(M;) = 1, there exists A € C such that

H(pyp() () = AH(A"H(pg() (227))).
On the other hand, by Theorem 6.6, we have

Prigznoan (H(ppey () = Pregzno o (H(AH(pyq (22°))) = Q.

Hence A\ = 1, and we obtain

N N
C n 1
[Q(1)] = [pp)(2)] = |A 00 + ZmJQQ’Oti + B} Z (miomj o> 0) i,

i=1 i,j=1
N 1 N
= [+ Qi+ + ) > g Mg oty iy,
i=1 Tty ion=1
which is a polynomial in terms of the coordinate ¢ = (¢, t2, ..., tn). [l

As a direct consequence of the Proposition 6.4, we obtain

COROLLARY 6.8. The Teichmiiller space T of polarized and marked hy-
perkdhler manifold is locally Hermitian symmetric with the Weil-Petersson
metric.

7. Solving the Beltrami equations

In this section, we briefly review a global method given in [21] to solve
the Beltrami equation by using the L?-Hodge theory on complete manifolds.

7.1. L?>-Hodge theory on Poincaré disk. First, it is not hard to
show that the L?-Hodge theory [13] holds on the disk D with Poincare
metric gp. So there exists a bounded operator G on LYY(D, gp), called the
Green operator such that

(7.1) 05G = GOy = I —H,HG = GH = 0,
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Moreover, the Poincaré metric is Kahler, we have the identity
1
(7.2) Us =0y = §Ad.

We consider the operator
T=9Gd
in L2-Hodge theory. Therefore we have the following quasi-isometry formula

in L?-Hodge theory. Its proof is completely the same as in the case for
compact Kéhler manifold as given in Section 2.

PROPOSITION 7.1. For g € Dom(d) C LYY (D, gp), we have that
ITgl* < llgll*.

Proposition 7.1 tells us that 7" is an operator of norm less than or equal
to 1.

7.2. Beltrami equations. Beltrami equations are very important in
the development of complex analysis and moduli theory of Riemann surfaces.
It also has many important applications in other subjects. There is a huge
literature on the topic. See, for examples [1], [3] and [9]. In particular the
construction by Ahlfors in [1] depends on rather deep analysis and estimate
of Calderén-Zygmund. The method of [3] is by using local integral operators
and their regularity theory. Our method is global in the sense that we use
L?-Hodge theory.

Given a measurable function pg on the unit disc D C C, suppose
sup |uo| < 1, let p = uo% ® dz be a Beltrami differential on D with coordi-
nate z. Recall that solving the Beltrami equation is equivalent to finding a
function f on the unit disc D, such that

Of = uof.

Our observation is that the Beltrami equation can be solved by using the
L?-Hodge theory and quasi-isometry Proposition 7.1 with the same method
as in Section 5.

Note that the Lyo-norm of p is independent of the Hermitian metric on
D and is equal to sup |uol, i-e. ||pt]lc < 1. Similarly, we show that for a
holomorphic one form hg on D, the equation

Oh = —0uh
has a solution
(7.3) h=(I+Tp) he.

As a corollary we can directly get a solution of the Beltrami equation for
any measurable pg. In particular, we have,
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THEOREM 7.2. Assume that ||u||ec = sup|po| < 1, if po is of regularity
C*, then the Beltrami equation

of = udf
has a solution of reqularity C*+1.

PRrOOF. First note that the solution A is a (1,0)-form of regularity C*
on D. Recall the definition of the map p in formula (5.1), it follows that

d(py(h)) = Oh + dph = 0.

According to Poincaré lemma, there is a function f of regularity C*+1
on D, such that

pu(h) = df = 3f + 0f.
Since
pu(h) = h+ ph,
by considering the types, we obtain
h =0f and puh = 0f.
Therefore

Of = uof. O

8. Conclusions and generalizations

Our method have several generalizations and interesting geometric ap-
plications. First, the method used in Section 3 can be applied to treat the
deformation theory of many other structures, such as pseudogroup struc-
tures [15], holomorphic vector bundles [7], and general differential graded
Lie algebra [8] etc.

In [21], by using the construction briefly reviewed in Section 5, we pro-
vide a closed formula for certain canonical sections of Hodge bundles on
marked and polarized moduli spaces of projective manifolds. Especially, for
the case of Teichmiiller space of Riemann surface, this gives a very clean
formula which should have applications in geometry of moduli space of Rie-
mann surfaces. Furthermore, although we only consider canonical form i.e.
holomorphic (n, 0)-forms in this paper (cf. Section 5), our method also works
for a general (p, ¢)-form oy with dog = 0. In [32], we construct the variation
formula for d-closed (p, q)-forms on compact complex manifolds with mild
condition which simplifies the approach in [25].

Finally, an interesting problem is to prove the invariance of plurigenera
for compact Kéhler manifolds [26] by using the method in Section 4.
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