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ABSTRACT. A new formulation of the Anomaly flow in the case of van-
ishing slope parameter is given, where the dependence on the global
section of the canonical bundle appears only in the initial data. This
allows a natural unification of the Anomaly flow with the K&hler-Ricci
flow.

1. Introduction

The idea of using a geometric flow to implement a cohomological con-
straint on a metric in the absence of an analogue of the 99 lemma was
introduced in [14, 15]. The specific case of the conformally balanced con-
dition arising from supersymmetric compactifications of the heterotic string
was considered there and generalized further in [18]. Many other conditions
and flows have been introduced since, including dual Anomaly flows [6] and
flows motivated by Type II A and Type II B string compactifications in
[13, 4]. Anomaly flows appear to be a flexible and powerful method, as they
have led to new proofs of major results in geometry such as Yau’s theorem
[23] on the existence of Kéhler Ricci-flat metric and the Fu-Yau solution
[8, 9] of the Hull-Strominger system [16, 17, 5].

A flow is usually given by a vector field on the configuration space and
the prescription of an initial data. In the Anomaly flows considered in [14,
15, 17], the underlying manifold X is complex and equipped with a non-
vanishing top holomorphic form 2. The form ) appears explicitly in the
vector field on the space of Hermitian metrics defining the flow (see [15],
eq. (1.9)). This explicit appearance of € seems to set Anomaly flows apart
from more familiar flows such as the Kéahler-Ricci flow, and prevent the
direct use of many powerful techniques which had been developed for these
flows.
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The main purpose of the present note is to show that, in the simpler case
with parameter o/ = 0, the dependence of the vector field of the Anomaly
flow on €2 can be eliminated by a suitable rescaling of the evolving metric:

THEOREM 1. Let X be a complex manifold of dimension m > 2 equipped
with a nowhere holomorphic (m,0)-form Q. Assume that t — w(t) is a flow
of Hermitian metrics satisfying

(1.1) (|| ww™ 1) = i00w™ 2
and d([|Q|u@w ()™ 1) = 0 for each t. Set for each t
(1.2) n(t) = [QUw@w(®)-

Then the Hermitian metrics n(t) satisfy the conformally balanced condition
d(||QH72777m*1) =0, and they evolve according to

1 ~ 1 _
(1.3) on(t) = —m(REj(ﬁ) + Q(TOT)EJ')-
Here qukj = —8q(gkm8pg,;j is the curvature of the metric n := ig,;:jdzj A
dz*, R,;j = RP 1 = —gpqg,;maq(gmfapggj) is its Chern-Ricci tensor, and

(T o T),;j 1= Ty, Tj", where T = id0n = %T,—gpqdzq A dzP A dZF is its torsion
tensor. In our convention, the Ricci tensor Ry; is defined by Rgy = Ry

The form €2 has cancelled out from the vector field 0y, as desired. From
the point of view of 7(t), the only dependence on 2 of the Anomaly flow
resides now in the conformally balanced condition for the initial data 7(0).
Thus the flow defined by the right hand side of (1.3) with an arbitrary
initial Hermitian metric can be viewed as a generalization of the Anomaly
flow with @’ = 0 to arbitrary complex manifolds X. When X is compact,
it is not difficult to see, as we shall show in detail later, that the flow (1.3)
preserves the Kahler property and reduces to the Kéahler-Ricci flow if the
initial data is Kéhler. We can then formulate the following theorem, which is
essentially Theorem 1 combined with the uniqueness of solutions of parabolic
flows on compact manifolds, and which unifies the Kéahler-Ricci flow with
the Anomaly flow:

THEOREM 2. Let X be a compact complex manifold of dimension m > 1.
Consider the flow t — n(t) of Hermitian metrics defined by

(14) on(t) = —(Fg () + (T o T)py)

with initial data a Hermitian metric n(0)

(i) The flow is parabolic, and for any initial data n(0), it admits a unique
smooth solution in some mazximal time interval [0,T) with T > 0.

(i) Ifn(0) is Kdhler (this includes the general case in dimension m = 1),
then n(t) remains Kdhler for all time t € [0,T), and the flow reduces to the
Kahler-Ricci flow,

(1.5) Oy = — Ry (n)-



UNIFICATION OF THE KAHLER-RICCI AND ANOMALY FLOWS 91

(iii) Assume that m > 2, and X admits a nowhere vanishing holo-
morphic (m,0)-form Q. If n(0) is conformally balanced in the sense that
d(||QH%(O)77m*1(O)) =0, then n(t) remains conformally balanced for all time

€ [0,7), and the flow reduces to the Anomaly flow (1.1), after rescaling

t— (m—1)t.

Parts (i) and (ii) of Theorem 2 are elementary, and have been noted by
Streets and Tian [20] who proposed the family of flows of the form

(1.6) Oy = —(Rg; + Qg (T, 7))

as generalizations of the Kéhler-Ricci flow to arbitrary complex manifolds,
where Q(T,T) is a (1, 1)-form which is linear in each factor 7 and T. Among
these, Ustinovskiy [22] has identified the same combination ) = %T oT as
in (1.3) as a flow that preserves the Griffiths positivity and the dual Nakano-
positivity of the tangent bundle. In the case of the Kéahler-Ricci flow, the
preservation of the positivity of the bisectional curvature was proven by
Bando [1] and Mok [12] and is a particularly important property of the
flow with many applications, see e.g. [19]. Ustinovskiy’s result [22] suggests
that some generalizations in (1.6) may be better behaved than others. With
Theorem 1, we see that the Anomaly flow with o/ = 0 also singles out the
particular combination ) = %T oT.

We note that many other generalizations of the Kéhler-Ricci flow to the
non-Kéhler setting have been proposed in the literature, including in [10],
[2], and [21].

2. Proof of Theorem 1
First, we note that the rescaled metric n = [|Q||,w satisfies
(2.1) 15 = 1el3,  I1Qlew™ " = Q5™

and hence the Anomaly flow (1.1) can be expressed in terms of 7 as
(2.2) a(IQ5n™ ) = 00 (1Ql3n™ ).
2.1. Elimination of atHQH?,, Carrying out the differentiation in time
gives
(23) Q5@ log 12]70™ " + (m — 1) An™2) = i0d(||Ql70™ )

Let A be the usual Hodge operator, which is the adjoint of the operator
¢ — w A ¢. Its precise expression in components and normalization can be
found in Appendix C. Since

(2.4) dylog Q12 = dylogn™™ = —g/*dygr,; = —(AD)
we obtain

(25) QU= A3m)n™ ™" + (m = 1)am A" %) = 00(| Q70" ?).
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We take now the Hodge x operator of both sides, using the formulas in
Appendix B. We find

(2.6) uﬂn%{ ~ (m— D)NAm) + (m — 1)(m — 2}~ + (Aamm}
— 0B )

The term (A0yn) cancels out from the left hand side, and we obtain the
following equation

(2.7) (m — |70 = — % 00(|QU7n™ ).

2.2. Elimination of [[Q|2. It is now easy to see that the explicit ap-
pearance of the term HQH% can be eliminated from the flow, using the torsion
constraints. Indeed, before taking the Hodge * operator, the right hand side
of the flow can be expressed as

(2.8) 09(|2fl7n™?)
= i0(]|2]|70og |70 + 1QI[;0n™ )

= IIQH%{Z'@ log |25, A dlog [|2[ A 7™ 2 + 00 log | 2[5 A n™ 2

— i0log [|Q70n™? + idlog ||Q||Z0n™ > + i88nm2}
However, from Lemma 4 in [15], with a = 2, we have
(2.9) 7 = g'* Ty = O log |27

and in general, Ric(n) = 00 log HQH?7 Thus the above equation can be rewrit-
ten as

(2.10)
206(||Q||2 m=2) = HQH%{ZT AT AN™2 4+ iRic(n) A2 + iddn™ 2

— T AT 4T A 5777”_2}.

Returning to the Anomaly flow, it reduces now to the following simpler
expression

(2.11)  (m —1)10m = — % {iT AT A2 4 iRic(n) An™ 2 4 i00n™ 2
— T AT T A 5nm—2}.
Next, we note that

o™ 2 = (m—2)an A" = —i(m —2)T Ay™ 3

2.12 _ _
(212) o™ 2 =i(m —2)T Ay™3
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and

(2.13)  i90n™ % = (m — 2)id(dn A" 3)
= (m — 2)(i00n An™ 3 —i(m — 3)On A O A" )
= (m —2)(i0dn An™ 3 —i(m — 3)T AT An™™%).

Collecting all the terms, we obtain

(2.14) (m—1)1om = —* {(ZT AT+ iRic(n)) An™ 2
+ (m —2)(i00n —F AT —7 ANT) A" 3
—(m—=2)(m =3)iT AT A nm—4}
2.3. The Hodge * of the individual terms. Applying the formulas

for the Hodge x operator given in the appendices, we obtain immediately

* [(iT AT + iRic(n)) A2
= (m —2)![— (it AT + iRic(n)) + (A(iT AT+ iRic(n)))n]

and
(2.15) *[(m —2)(i0dn — 7 AT — 7 ANT) A™ 3]
= (m—2)![-A@@00n —FAT — 7 AT)
+ %A2(i8577—7_'/\T—T/\T)T]]
and
(2.16)

*[(m—=2)(m=3)iT AT A" 4] = (m — 2)![—%A2(iT AT) + éAg(iT AT)n)

The appearance of a common factor (m — 2)! in all the terms of the right
hand side allows us to cancel this factor, and obtain a generalization of the
Anomaly flow including to dimension m = 2, defined by

(2.17)
—(m —1)0m = —(it AT+ iRic(n)) + (A(iT AT+ iRic(n)))n
— NG9O —7 AT —7AT) + %AQ(iagn—%/\T—T/\T)n
- %AQ(iT AT) + éA?’(z‘T AT)n
= A+ Bn
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where we have defined the (1,1)-form A and the scalar function B by
(2.18)

_ _ 1 _
A= —(it AT+ iRic(n)) — A(i00n — T AT — 7 AT) — §A2(2‘T AT)
1 = 1 _
B = A(iT AT+ iRic(n)) + 5A2(z'8817 —FAT —7AT) + 6A3(iT AT).
2.4. Evaluation of i00n. We quote from [15], eq. (2.52)

(2.19)  (1090)ksm = Rijom — Rimij + Remks — Rejim — 9™ TrjmTone
It follows that
(2:20) (Aidn)g,, =i g™ (10050 = i (Ri + R — 97 9 T To1)

or, in terms of forms,

(2.21) Aiddn = —iRic(n) — iRic(n) + i(TT)

where the (1,1)-form TT) is defined by

(2.22) TT = (TT);,dz" NdZ, (T, = 97 ¢ TrjmTis
As a consequence, the Ricci-Chern terms cancel and we obtain
(2.23) iRic(n) + Aiddn = —iRic(n) + i(TT).

Similarly,

(2.24) A%*900n = —2R + |T|?

and the scalar curvature cancels between the terms AiRic(n) and A2id0n,
1 = 1
(2.25) AiRic(n) + §A2i88n = §|T]2.

It is then convenient to isolate torsion and non-torsion terms in the
coefficients A and B as follows

~ _ _ 1 _
(2.26) A =iRic(n) —i(TT) — it AT+ ATAT+7AT) — 5A2(z‘T AT)
1 1 - 1 =
= 5|T\2 + |7)? — 5AQ(% AT +7AT)+ 6A3(z‘T AT).
2.5. Evaluation of iT AT, A(iT AT), A*(iT AT). The components
of T' AT can be expressed as, upon antisymmetrization,
(227) (T ATD)ijsare = —1(TrjeTugs — TradTzs
—TriaTypy — Tﬁ]ET ky t TﬁaeT ky t TﬁgaTem
- T T ofk + TvaZTJﬁk + TwaTEﬁk)

It follows that
(2.28)

(MT AT)gjg0 = ~9 TijeTupy — TraeTips) + 97 (= Tp50Tars + TharLjis)
+97T5ja gt — Trja s + TpjaTh = TiTagk + 7aTipm
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Note that
(2.29) T AT = Tod2% N % Bl?:dz AdzP A d2
212( oTign — 7T, 57)d2" ANdZP A d2 A dzF
and hence
(2.30) (T ATD)iiga = TaTian — 7Tk

It follows that

(2.31) (AT A T)Ba = iflgjk(TaTjB]; — TjTaBE) = iToﬁ'B + Z'gjijTaB];,
and

(2.32) A2 AT = 2|7

Returning to the earlier identity, we can now compute A%T AT,

(233)  (AUTAT)5, = z’gf’“{g“(T;;jeTam — TraiT35)

+g"7(- T5i¢T oy + ToauTjin) + 9 Twaka}
+ (A(TAT+%AT))—
97 (T oy + 75T 500) = 1(T 0 T) 5, — 20(TT) 3,
+ (A(T AT +7 AT))ga
where we have defined the (1,1)-form T o T by
(2.34) (T oT)go = 976" T3 T i
In intrinsic notation, this can be expressed as
(2.35) (A%MTAT) =207 AT +7AT)—2it AT —iT oT — 2TT.
We shall also need
(2.36) AT AT = 6|7|* — 3T %,

2.6. Evaluation of the coefficients A and B. It is now easy to
assemble all the terms and arrive at the final formula B = 0 and A is given
by
(2.37) A = iRic(n) + %T oT.

We note that a simpler version of some of these identities when m = 3
appeared in [6] and was instrumental in the proof of an upper bound for
|2]|w. Altogether the evolution equation for 7 is

1 ~ 1 =
(2.38) 875"7123' S (Rl_cj + i(T °© T)ch) .

This is the flow (1.3) stated in Theorem 1. Q.E.D.
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3. Proof of Theorem 2

Part (i) follows immediately from the fact that the Chern-Ricci tensor
Ry; can be expressed in local coordinates as

where - - - denote terms with fewer derivatives. Part (ii) follows from the fact
that, if 7(0) is Kéhler, then the Kéhler-Ricci flow 9i) = —Rp;(7) admits a
solution 7(¢) which is Kéhler for any ¢ in a small time interval near ¢ = 0.
Since T'(77) = 0 and R,;j (1) = Rpg;(n), the same 7j(t) satisfies the flow (1.3) if
we take the same initial data 1(0) = 7(0). By uniqueness of the solution of
the flow (1.3), it follows that n(t) = 7(¢) for all time, and 7(t) is a solution
of the Kéhler-Ricci flow, as claimed. Part (iii) follows in the same way,
using now Theorem 1. Indeed, if (0) is conformally balanced in the sense of
Theorem 2, then the corresponding w(0) is conformally balanced in the sense
of [15]. By Theorem 1 of [17], the Anomaly flow (1.1) for w admits a unique
smooth solution w(t) for some small time interval near 0. By Theorem 1,
the corresponding 7(t) is a smooth, conformally balanced solution to the
flow (1.3). By uniqueness, this solution coincides with the solution known
to exist by parabolicity. In particular, the conformally balanced condition is
preserved for all n(t). Q.E.D.

4. Remarks

It may be interesting to find another, more direct, proof of Part (iii) of
Theorem 2, namely that the flow (1.3) preserves the conformally balanced
condition, instead of appealing to Theorem 1 and the uniqueness of solu-
tions. This does not appear evident, although it can for example be done for
Part (ii). By deriving the flow for |T'|? and applying the maximum princi-
ple, we can indeed show directly that the Kahler property is preserved. We
reproduce the key calculations below, as the flow of the torsion is crucial
in non-Kéahler geometry, and the resulting formulas may be useful in other
contexts. They are also comparatively simpler than the formulas for the flow
of the torsion derived in [15] under the conformally balanced condition.

4.1. The flow of the torsion. Consider then the flow (1.3), for general
metrics 7, not necessarily Kéhler or conformally balanced. Introduce the
notation 7 = igj;dz’ N dz*, and write the flow (1.3) as

(4.1) o = R 12‘(Rz’c(77) + %(T oT))

Since T' = i0n, this implies immediately
1 ~ 1 -
For general Hermitian metrics, we have the following Bianchi identity

(43)  Rpuij = Rijim + Vilkjm = Bijim + ViToiz + Vilkjm
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and hence

By Bochner-Kodaira formulas (see Appendix D), we have

_ 1 ~
(4.5) Ny = —V"Tyjp + 7" Tijn — 5 (T o Ty

Since the form Ric(n) is closed and the form V;7; is J-exact, the right
hand side of the equation (4.2) can be expressed in terms of TT and the

differentials of 7Ty, and (T o T)z; alone. We find that (4.2) becomes

(4.6) T = ﬁ(—am:r +a(F-T))

where we have introduced the notation 7 - T for the (1, 1)-form defined by

Since T is O-closed, the operator 99" on T can be equated with the Hodge
Laplacian O = 09" + 919 on (2,1)-forms, so we have obtained a parabolic
diffusion equation for T.

To show that the K&hler condition is preserved by the flow (1.3), we need
the evolution of |T'|2. For this, we again use a Bochner-Kodaira formula to
convert the Hodge-Laplacian O into the Laplacian A, = ¢?7V;V,,, modulo
lower order terms,

(00" T)gjn = Vin (0T gy = V(01T )y + T (0T
= _ACTEjm + Tlfclelm - TEmZle + QSt(RflEmTlsj - RflEjTlsm)
+0(T - T)I_cjm
1 — oF a7 —
+ 2 (lem (ToT)p+yg tgpq(TmfévaEsp - EfqvaEsp))
+ QStgqul_csp(qufm - qut_j)’
Using the flow (4.6), we find
(4.8)  ((m—1)0 — AT
_ 1 _ L
= =|VTP = |VT|* = [T o T + (T o T,TT)
— 2Re(TH"™(g* g™ 1T,V T + 215, R .+ 2T, RY°)).
In particular,
(4.9) ((m = 1)8 — A)|T|* < CITI*(ITI? + |[Rm)),

for some constant C. The maximum principle implies that 7" = 0 if initially
Ty = 0, i.e., the Kéahler condition is preserved.
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We observe that it is easy to derive from the flow of T" the flows of 7 as
well as of the primitive component of T'. For example, we have

1
(4.10) (m—-1)01; = —-0O1+V; (\T!Q + §\T]2> +T1%,R'%

+ gpng(Vij — Vij + TSpst).

In the conformally balanced case, we have O = 0 and R’ = 0, and this
flow reduces to

1
(4.11) (m —1)8yr; = —Or; + V; <|T|2 + 5yT|2> .

This results in the following flow for |7|?,

((m = 1)3; = Ac)|r[?
- 1 —
= —|V7|* = |Ric|* + (Ric — Ric + 5T oT it A7)
1 R T i
+ 5 VITE) + 5 VITE) + ¢ (RT3 + TR

The right hand side can only be bounded above by O(|7|), which indicates
that, unlike the vanishing of the full torsion 7', the vanishing of 7 is not
preserved. Indeed one can verify that the balanced condition 7 = 0 is not
preserved by running the Anomaly flow on generalized Calabi-Gray mani-
folds [5] with balanced initial data.

4.2. Shi-type estimates and long-time existence of the flow.
Shi-type estimates for the original Anomaly flow were derived in [15]. For
the present version (1.3) in terms of the rescaled metric 7, they become
simpler to establish, and the same arguments as in [15], or the general
results in [20], imply the following statement: the flow in 7 will continue to
exist, unless there is a time 7' > 0 and a sequence (z;,t;) with ¢t; — T', with

(4.12) [Rm(2) 2y + 1T ) ey + VT (29) [,y — 00

Now under a conformal change of metrics wy = efw, the torsion and curva-
ture transform as follows

T ji(wr) = T jr(w) + f;8'% — fud’,
Rléqu(wf) = ef(R];,jﬁq(w) + f]}jwﬁq)-
In the case at hand, n = ||Q|,w, so it is easy to work out the previous

conditions, and find that the flow will continue to exist unless there is a
time 7" and a sequence (z;,t;) with ¢; — T satisfying

]Rm(zj)]i(tj) n ’T(Zj)ﬁ(tj) N IVT(ZJ')ﬁ(tj)
1120, 1926w 19I5,

This is a more succinct, and perhaps more natural formulation of the cri-
terion for the appearance of singularities found in [15], which involved the

(4.13)

(4.14) — o0.
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four quantities | Rm(2;)|ut;)s 1T (25) ko) IVT (25) |we;) and [1€2(z5) [l ) sep-
arately.

4.3. Two questions by Ustinovskiy. In Ustinovskiy’s thesis [22],
he raised two questions (Question 6.15 and Problem 6.16) about periodic
solutions and stationary points of Hermitian curvature flow. As a result of
our Theorems 1 and 2, we can answer these questions.

PropPOSITION 1. All periodic solutions are stationary, which are Ricci-
flat Kdhler metrics.

The proof goes as follows: Suppose that we have a periodic solution. It
follows from the results of Ustinovskiy and Theorems 1 and 2 that the flow
is exactly the Anomaly flow with o/ = 0 and with conformally balanced
initial data. Therefore we have monotonicity formulae as introduced in [6].
More precisely, a direct calculation in [6] gives

1 1 2(n — 3)
P L e a U

This implies for any a > 2,

(4.15) W|Qw =

(4.16)
2 1 2(n —3) w"
0 Qo1 — _ T2 _ AT 0) W
a/u I35 = [ el s IR - it - 2
and hence, in view of the definition of the scalar curvature,
wh . 5 wnfl
we find
(4.18)
o [ 19155
(a— -2 _y 5 w !
= ——_ ||QH5 llalogHQHi/\510g||9\\2/\m
2 2\ wW"
- 5 /WM| (TP + 2(n — BIr) 2
Each term on the right hand side is negative. This implies that [ [|€Q]|3% is

monotone decreasing. Periodic solutions imply that all the monotone quan-
tities are actually constants in time, which in turn gives us an equation from
the monotonicity formula. This equation can only be satisfied by Ricci-flat
Kahler metrics, which are the only stationary points of the Anomaly flow.
Note that the second part of this proposition has been established in several
different ways in the literature, including by an integration by parts, and by
many authors including [3], [7], [11], and [17].
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Appendix A. Conventions and preliminaries

If n is a Hermitian metric on X, its curvature is defined by Rj;Pq =
—05(g"™0jgmq)- Its Ricci curvature Ry, (n) is defined by

(A1) Ry;(n) = —8;0; log 1™ = 9,0 log |||
and the Ricci form Ric(n) is defined by
(A.2) Ric(n) = Rg;(n)d2? A dz* = 0,0 log ||Q||2d2" A dz* = 90 log ||Q]]7.

As in [15], the other notions of Ricci curvature are defined by R,;;j = RP
Ry = RiPpj, R, = RPjp,. Our conventions for the torsion of 7 are

pkj»

1 .
(A.3) T =i0n= §T,-€jmdzm Ndz? N dZ™

In particular T™;, = ' — T, with T, = ¢"70;gg,. We set
(A.4) n = g" Ty

The norm ||€2]|2 with respect to a given Hermitian metric is defined as usual

as
m

O A G = Q2
(A.5) MUAQ = Q=

Appendix B. The Hodge operator A
We define the operator A? from (p, p)-forms to (p — ¢,p — q)-forms by

p
— 7 kaia - -
(Bl) (Aq¢)31k1m3p7qk‘p7q =i 1 H g J q)j1k:1~~~jpk‘p
a=p—q+1
for
1 - 4
(B.2) P = ch;lkl..;pkpdz’% Adz? A - d2® A dEn
p:

Note that A maps real forms to real forms, and that AP® = (&, nP) = Tr .
In terms of A, the previous torsion component 7 can be written as 7 = iAT.

Appendix C. The Hodge x operator

Let a, ®, and ¥ be (1,1)-forms, (2,2)-forms, and (3, 3)-forms respec-
tively. Then we have the following identities (the detailed derivations can be
found in [17])

*(a A 77"%2) =(m—2)!(—a+ (Aa)n)
©1) @AY= (m - 3)(-AD 4 (A R)y)
1

*(U AP = (m — 4)!(—%A2\I/ - 6(A?wp)n)
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Let 7 and T be (1,0)-forms and (2,1)-forms respectively. Then we also
have

*T A2 = —i(m —2)IT A

(C.2) e
(T ANy =i(m—=3)(=AT An+T)

Appendix D. The operator 9" and Bochner-Kodaira formulas

First we work out the operator &7 on various spaces of forms. The basic
formula is the following integration by parts formula for general Hermitian
metrics

(D.1) /vjvjwnz/ mVIw"
X X

where V7 is a vector field. ' o

To get e.g. the ' on (1,0)-forms, we take VI = firg?* where f and
1y, are respectively an arbitrary scalar function and an arbitrary (1,0)-form.
Then

(D.2) / Vi(forgF ) = / 75 Tk R
X X
which can be rewritten as
(D.3) / (Vi f)Prg’Fu™ + / FgrIVipw" = / fgriTsppw”
X X X
This means that
(D-4) Ot = —g" V5t + ¢ T
for any (1,0)-form . More generally, we have

LEMMA 1. Suppose « is a (p,q)-form, then

p+1
(0a);. 1 = (=) 10, 0p ¢ =
tg...t1Sp+1.--51 - Sk “tq...t18p4+1..-8k-..81
k=1
p+1
_ E k—1 o
- (_1> Vskatq,_,tlsp+1,,,§;,,_sl
k=1
S ATty
818k ~tq---t1Sp41---Sk---S|+1881—-1---51)
i<k
and
Ty - _ sk _ . sk=___  _
(a a)tq...tlsp_l...sl = —9g vkatq...tlsp_l...sls+g Tkatq...hsp_l...sls

—1
1 X Il ed
+ 5 Z(_l) Tslc afq...t_1cdsp71...§l...sl'
=1
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: - 1 ;
(D.5) (0")ap = =" Vivbasy + 97 T50apy — =Tjmbarsg™ g
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For example, we have:
o If o is a (1,0)-form, then

(Oa)pg = Veap — Vpag + 17,0,
o = —gka,-cap + gpkﬂ;ap.
o If 5 is a (2,0)-form, then
_ - 1. R
(@81 = —g""Viby + ¢ B — 5 TiapBeag™g™.
e If ¢ is a (2,1)-form, then

om

2
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