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ABSTRACT. This is the first of two articles in which we provide detailed
and self-contained account of the construction of a system of Kuranishi
structures on the moduli spaces of pseudo holomorphic disks, using the
exponential decay estimate given in [FOOOT|. This article completes
the construction of a Kuranishi structure of a single moduli space. This
article is an improved version of [FOOOA4, Part 4] and its mathematical
content is taken from our earlier writing [FOn, FOOO2, FOOO4,

FOOO7].
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1. Statement of the results

This is the first of two articles which provide detail of the construction of
a system of Kuranishi structures on the moduli spaces of pseudo holomorphic
disks.

The construction of Kuranishi structure on the moduli spaces of pseudo
holomorphic curves is a part of the virtual fundamental chain/cycle tech-
nique which was discovered in the year 1996 ([FOn, LiTi, LiuTi, Ru,
Sie]). The case of pseudo holomorphic disks was established and used in
[FOOO1, FOOO?2].

Let (X,w) be a symplectic manifold that is tame at infinity and L a
compact Lagrangian submanifold without boundary. Take an almost com-
plex structure J on X which is tamed by w and let 8 € Ho(X, L; Z).

We denote by My.1(X, L, J; 5) the compactified moduli space of sta-
ble maps with boundary condition given by L and of homology class S,
from marked disks with k£ + 1 boundary and ¢ interior marked points. We
require that the enumeration of the boundary marked points respects the
cyclic order of the boundary. (See Definition 1.2 for the detail of this defi-
nition.) We can define a topology on My ¢(X, L, J; 8) which is Hausdorff
and compact. (See [FOn, Definition 10.3], [FOOOZ2, Definition 7.1.42], and
Definition 4.12.) The main result we prove in this article is as follows.

THEOREM 1.1. My (X, L, J;B) carries a Kuranishi structure with
COTNETS.

See Sect. 6 for the definition of Kuranishi structure.

This article is not an original research paper but is a revised version
of [FOOO4, Part 4]. Most of the material of this article is taken from our
previous writing such as [FOn, FOOO2, FOO04, FOOO5, FOOOG,
FOOO7, FOOO3, Ful]. The novel points of this article are on its pre-
sentation and simplifications of the proofs especially in the following two
points.

Firstly we clarify a sufficient condition of the way to take a family of
‘obstruction spaces’ so that it produces Kuranishi structure. In other word,
we define the notion of obstruction bundle data (Definition 5.1) and show
that we can associate a Kuranishi structure to given obstruction bundle
data in a canonical way (Theorem 7.1). We also prove the existence of such
obstruction bundle data (Theorem 11.1).!

Secondly we use an ‘ambient set’ to simplify the construction of coordi-
nate change and the proof of its compatibility. (See Remark 7.9 (2).)

LCertain minor adjustment of the proof becomes necessary for this purpose. For ex-
ample, compared to [FOOO4], we changed the order of the following two process: Solving
modified Cauchy-Riemann equation to obtain a finite dimensional reduction: Cutting the
space of maps by using local transversal. In [FOOO4] these two process are performed in
this order. In this article we do it in the opposite order. Both proofs are correct.
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This article studies a single moduli space and constructs its Kuranishi
structure. We provide the detail of the proof using the exponential decay
estimate in [FOOOT].

In the second of this series of articles, we will provide detail of the con-
struction of a system of Kuranishi structures of the moduli spaces of holo-
morphic disks so that they are compatible. More precisely we will construct
a tree like K-system as defined in [FOOOG6, Definition 21.9].

We conclude the introduction by reviewing the definition of the moduli
space My414(X, L, J; 3).

DEFINITION 1.2. Let k,¢ € Z>o. We denote by My ¢(X, L, J; 5) the
set of all ~ equivalence classes of ((X, 2,3),u) with the following properties.

(1) ¥ is a genus 0 bordered curve with one boundary component which
has only (boundary or interior) nodal singularities.

(2) 2= (z0,21,-..,2k) is a (k+1)-tuple of boundary marked points. We
assume that they are distinct and are not nodal points. Moreover we
assume that the enumeration respects the counter clockwise cyclic
ordering of the boundary.

(3) 5= (31,---,3¢) is an f-tuple of interior marked points. We assume
that they are distinct and are not nodal.

(4) u: (¥,0%X) — (X, L) is a continuous map which is pseudo holomor-
phic on each irreducible component. The homology class u.([X, 0%])
is B.

(5) ((3,2,5),u) is stable in the sense of Definition 1.3 below.

We define an equivalence relation ~ in Definition 1.3 below.

DEFINITION 1.3. Suppose ((X,2,3),u) and ((¥,27,3"),u') satisfy Defi-
nition 1.2 (1)(2)(3)(4). We call a homeomorphism v : ¥ — ¥/ an eztended
isomorphism if the following holds.

(i) v is biholomorphic on each irreducible component.
(ii) v ov =u.
(iii) v(zj) = 2} and there exists a permutation o : {1,...,¢} — {1,
..., £} such that (v(31),...,v(3¢)) coincides wWith (35(1),---;34(¢))-
We call v an isomorphism if o = id in addition and ((%, 2,3),u) ~ (X', 27,
37),u’) if there exists an isomorphism between them.

The group Aut™((X, 2),3),u) of extended automorphisms (resp. Aut((2,
Z,3),u) of automorphisms) consists of extended isomorphisms (resp. isomor-
phisms) from ((X, 2),3), u) to itself.

The object ((3, 2,3), u) is said to be stable if Aut™((3, Z,3), u) is a finite

group.

The whole construction of this article is invariant under the group of
extended automorphisms. Therefore the Kuranishi structure in Theorem 1.1
is invariant under the permutation of the interior marked points.
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2. Universal family of marked disks and spheres

In this section we review well-known facts about the moduli spaces of
marked spheres and disks. See [DM, ACG, Ke] for the detail of the sphere
case and [FOOO2, Sect. 7.1.5] for the detail of the disk case.

s,reg

PROPOSITION 2.1. Let £ > 3. There exist complex manifolds M,

Cj’reg? and holomorphic maps

7 CR = MR, 5 MR = C)TE
1=1,...,¢, with the following properties.

(1) 7 is a proper submersion and its fiber m=1(p) is biholomorphic to
Riemann sphere S>.

(2) mos; is the identity.

(3) si(p) # s5(p) for i #j.

(4) Let 31,...,30 € S? be mutually distinct points. Then there exists
uniquely a point p € My™® and a biholomorphic map S? - = 1(p)
which sends 3; to s;(p).

(5) There exist holomorphic actions of symmetric group Perm(f) of
order (! on MZ’reg, Cz’reg, which commute with ™ and

so(1)(0(P)) = o(si(P)).
(6) There exist anti-holomorphic involutions T on M™%, C;"® such

that w and s; commute with 7. The tnvolution T commutes with the
action of Perm(?).

This is well-known and is easy to show. We can compactify the universal
family given in Proposition 2.1 as follows.

THEOREM 2.2. There exist compact complex manifolds M3, C} contain-
ing M;’reg, Cz’reg as dense subspaces, respectively. The maps ™ and s; extend
to

7 :Cp — Mj, st My —C;
and the following holds.

(1)’ 7 is proper and holomorphic. For each point x € C; at which m
1s not a submersion, we may choose local coordinates so that w
is given locally by (uy,. .., U, w1, w3) = (Ul, ..., Unp, wiws) where
m = dim¢ Mj = £ - 3.

(2) mos; is the identity. m is a submersion on the image of s;.

(3) si(p) # s;(p) fori#j.

(4) There exist holomorphic actions of symmetric group Perm({) of
order £! on M3, C;, which commute with T and

50(1)(0(P)) = o(si(p))-
(5) There exist anti-holomorphic involutions T on M3, C; such that 7
and s; commute with T. T also commutes with the action of Perm(¥).

2Here s stands for ‘spheres’.
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This is a special case of the marked version of Deligne-Mumford’s com-
pactification of the moduli space of stable curves ([DM]). We can make a
similar statement as Proposition 2.1 (4), where we replace (S2, (31,...,3¢))
by a stable marked curve (X,3) of genus 0 with ¢ marked points.

We next define the moduli space of marked disks. Let £,/ € Z>o. We
define

po:{0,1,... k+20} —{0,1,...,k+ 20}
as follows:
po(i) =i, i=0,...,k
po(k+25—1)=k+ 24, j=1,...,¢,
po(k+25)=k+25—1, j=1,...¢
po defines a holomorphic involution on M3 5, . We compose it with 7 and
obtain an anti-holomorphic involution on Mj ,,. ,, which we denote by 7.
We denote an element p € M5, 5,1 by (7 71(p),5,5(p),5 (p)). Here

3(p) = (50(P); - - -, 5k(P)),
37(p) = (5k41(P)s - -+, Sk12j-1(P), - -+, Skr20-1(P))
5 (P) = (sk42(P),- -+ 5k42i(P);s - - -, Sk42¢(P))

(Here we enumerate s; : M3 o, 1 — C} 9,y by i =0,...,k+2{in place of
i=1,...,k+20+1.)

We lift 7 to C} 5, as follows. Note C}_ 5, is identified with M} _ 5, o,
where the projection Cj ., ; — Mj 5, is identified with the map
M L opig = MG 9,1 which forgets the last marked point. We extend pg to
p1:{0,1,... k+20+1} —{0,1,...,k+20+1} by p1(k+20+1) = k+20+1.
The composition of 7: M} o, 5 — M3 _ 5, and p; is an anti-holomorphic
involution 7 on Cy ,,,, ; which is a lift of the involution 7 on Mj_ o,

Suppose Tp=p, p € MZ’ngZH. Put 5’12) = 77 1(p). The restriction of 7,
still denoted by 7, becomes an anti-holomorphic involution 7 on Sg.

Note 7(30) = 30 by definition. Therefore the fixed point set of the anti-
holomorphic involution 7 : Sf, — Sf, is nonempty. We put Cp = {z € Sf, |
7(p) = p}. Using the fact Cp is nonempty we can show that Cy, is a circle.

DEFINITION 2.3. We denote by /\/lzflgg the set of all p € Msk’fiﬂ with

the following properties.®
(1) f]p=p.
(2) Let Cp, be as above. We can decompose S?\ Cp = IntD, UIntD_,*
where D = IntD4 U Cx are disks.
(3) We require that elements of 37 are all in IntD,. (It implies that
elements of 3~ are all in IntD_.)

3Here d stands for ‘disks’.
mtD,; = {z € IntD? | Im(z) > 0}.
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(4) We orient Cp by using the (complex) orientation of IntD,. Note
30,---,3k € Cp. We require the enumeration 3o, ..., 3, respects the
orientation of Cp.

d dreg - s
We denote by Mj ., , the closure of M, " in Mj o).

We remark that by definition M‘;’f_elgg is a connected component of the

fixed point set of the 7 action of MZ’ngZ +1- We also remark that Mgfﬁe is
identified with the set of isomorphism classes of (D?, Z,3) where:

(1) 2= (20,- -+ 2k+1), 2j € OD? are mutually distinct and the enumer-

ation respects the orientation.

(2) 3= (31,---,3¢), 3 € IntD? are mutually distinct.
We say (D2, 2,3) is isomorphic to (D?,2’,3") if there exists a biholomorphic
map v : D? — D? such that v(z;) = 2/ and v(3;) = 3..

We can use this remark to show the identification:

My = Myg1e(pt, pt, J; 0).

Here the right hand side is the case of the moduli space My (X, L, J;3)
when X is a point. (L then is necessarily a point and the homology class
is 0.) Therefore an element of M% 41, 1s an equivalence class of an object
(3, 2,3) as in Definition 1.2. (We do not include u here in the notation since
it is the constant map to the point = X.)

DEFINITION 2.4. We define 8C,‘3+17e as the subspace of C} ,, which
consists of the element x such that
d
(1) n(z) € M1
(2) 7(z) = x.
[¢]
By construction it is easy to see that there exists an open subset Cg 41 Of

71’_1(/\/1%_’_17() such that, for p € Mgﬂ,f? W_I(M‘,iﬂ’g) is the disjoint union
o o

o

Clg+1,€ U %(Cl(ci-i-l,é) U 8624_174, 3iT(p) C Cl(ci+1,ev and that the enumeration of
[¢]

Z respects the boundary orientation of GC,?H’Z N 7 (p). Such a choice of

[e)

C’ngL@ is unique. We define

(o}

(2.1) Chiie=Ciii UACH

d

The restrictions of the maps T, 85, 6; above define maps

o
T Chpg = Moty 85 My — 0Ch 1, 85 My, —Ciliyy
for j=0,....k,t=1,...,¢.
Ifpe Mgﬂ,é is represented by (Xp,Zp,3p) then the fiber 771(p) is
canonically identified with ¥,. Moreover 55-1(p) = 2pj, 5;(P) = 4p,i, via this
identification.
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We denote by 6k+1€ the set of all points = € Ck 1,0 such that it cor-

responds to a boundary or interior node of ¥, by the identification of
Yp 2 (n(2)).

PROPOSITION 2.5. (1) CLy o\ Sy, is a smooth manifold with
corner.
7 is proper. The restriction of m to is a submersion.
2) mi The restricti to Cly )\ Gy, bmersi
(3) mo 5?, 7o s are the identity maps. The images of 5?, s7 do not
intersect with 62+17£.
(4) s{(p) # 57(p), s3(p) # 53(p) fori #j.
ere exist smooth actions of the symmetric group Perm({) of order
5) Th 5t th acti th tre P 14 d
£ on ./\/lgiel > Cgﬁgz, which commute with ™ and satisfy

551 (0(P)) = o(s;(p))-

Construction of a smooth structure on ./\/l‘,i 41, is explained in Sect. 3.2.
The other part of the proof is easy and is omitted.

3. Analytic family of coordinates at the marked points and local
trivialization of the universal family

3.1. Analytic family of coordinates at the marked points. We
first recall the notion of an analytic family of coordinates introduced in
[FOOOT7, Sect. 8]. Let a stable marked curve (Xq,3q) of genus 0 with ¢
marked points represent an element q of Mj and (Xp, Zp, 3p) represent an
element p of Mgﬂ,ﬁ' We put

D?={2€C|lz|<1}, D2, ={z€C]||z] <1,Imz>0}.

DEFINITION 3.1 ([FOOOY7, Definition 8.1]). An analytic family of co-
ordinates of q (resp. p) at the i-th interior marked point is by definition a
holomorphic map

@:VxDZ—C;  (resp. :VxDZ—Cil 1)

Here V is a neighborhood of q in Mj (resp. a neighborhood V of p in
k 4 ). We require that it has the following properties.

1,

(1) 7o ¢ coincides with the projection V x D2 — V.

(2) #(x,0) = si(x) (resp. p(x,0) = s;(x)) for x € V.

(3) For x € V the restriction of ¢ to {X} x D? defines a biholomorphic
map to a neighborhood of s;(x) in 7 1(x). (resp. 55(x) in 7 1(x)).

We next define an analytic family of coordinates at a boundary marked
point. Let (Xp, Zp, 3p) represent an element p of M§ 41,0~ By Definition 2.3,
M%H,Z is a subset of M3 | ,,. Let p* = (¥*, 7U3p Ujy,) be a representative
of the corresponding element of Mj , , ,,,. In other words, ¥}, admits an anti-
holomorphic involution 7 : X}, — X} and Xp is identified with a subset of
¥}, such that 33 = %,U7(3p). Moreover 0%, = Xp,N7(Xp) and 3, = 7(5p)-
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DEFINITION 3.2 ([FOOOY7, Definition 8.5]). An analytic family of co-
ordinates of p at the j-th (boundary) marked point is by definition a holo-
morphic map

QDS IVS X _Dg 4)C2+1+2€
with the following properties.
(1) V® is a neighborhood of p® in Mj_ | ,, and is 7 invariant.
(2) ¢® is an analytic family of coordinates at p* of the j-th marked
point in the sense of Definition 3.1.

(3) ¢*(7(x),2) = T(¢*(x, 2)).
Weput V = VSQM%H ;- In the situation of Definition 3.2 we may replace
¢*(v,2) by ¢°(v, —z) if necessary and may assume ¢*(V x D? ) C Cil, .
We put

(3.1) 0= lvwpz, -

Then for each x € V, the restriction of ¢ to {x} x Da o defines a coordinate
of 771(x) at j-th boundary coordinate. The existence of an analytic family
of coordinates is proved in [FOOO7, Lemma 8.3].

3.2. Analytic families of coordinates and complex/smooth
structure of the moduli space. In this subsection we use analytic fami-
lies of coordinates to describe the complex and/or smooth structures of the
moduli space of stable marked curves of genus 0.

Let a stable marked curve (3q,3q) of genus 0 with ¢ marked points
represent an element q of Mj and (Xp, Zp,3p) represent an element p of
./\/121 410 We decompose Y, Xp into irreducible components as

(3.2) Yq = U Eq(a), Yp = U Ep(a)U U Ep(a).
a€Aq a€As acAg
Here ¥q(a) and Yp(a) for a € A3 are 5% and Xp(a) for a € .Ag is D2.°
We regard the nodal points and marked points on each irreducible com-
ponent as the marked points on the component. Together with the marked
points of p, q, they determine elements

d = (Zq(a). Zg(a)) € M
(33) P = (Spla)%la) € M (a e AY)
(34)  pa = (Tpla) Zp(a),5p(a)) € MU o (a € AD).
Let V, be a neighborhood of q, in M;’(f)g or p, in Mﬁiﬁ%il,e(a)~

DEFINITION 3.3. Analytic families of coordinates at the nodes of q are
data which assign an analytic family of coordinates at each marked point
of qq corresponding to a nodal point of q for each a. We require them to

5.Aq etc. are certain index sets.
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be invariant under the extended automorphisms of q in the obvious sense.’

Analytic families of coordinates at the nodes of p are defined in the same
way.

LEMMA 3.4 (See [FOOQ7, Definition-Lemma 8.7]). Analytic families
of coordinates at the nodes of p determine a smooth open embedding

35 @ ] Vax0,0m x (D3e)™ = My,  c<1/10
a€ A3 UAY
where mq (resp. ms) is the number of boundary (resp. interior) nodes of ¥p.

Analytic families of coordinates at the nodes of q determine a smooth
open embedding

(3.6) O: J[ Vax (D2e)™ = M;,  ¢<1/10
a€Aq
where m is the number of nodes of ¥q.
(3.5) is a diffeomorphism onto a neighborhood of p. (3.6) is a biholo-
morphic map onto a neighborhood of q. (3.5), (3.6) are invariant under the
extended automorphisms of p, q, in the obvious sense.

REMARK 3.5. In other words, we specify the smooth and complex struc-
tures of M7 by requiring (3.6) to be biholomorphic to the image, and specify
the smooth structure of M 41 by requiring (3.5) to be a diffeomorphism
onto the image.

PROOF. Below we define the map (3.5). See [FOOO7, Sect. 8] for the
definition of (3.6) and the proof of its holomorphicity. (We do not use (3.6)
in this article.) Let n} (¢ = 1,...,ms) be the interior nodes of ¥, and n;-i

(j =1,...,mq) the boundary nodes of ¥p. We take a3, a5, € A}, UA% and
ail, a;{Q € Adp such that

{nf} = Bp(ai1) NBp(aia), {nf} = Tp(afy) N Bp(afy).

Let ¢}, ¥} cpjl, <p§»1’2 be analytic families of coordinates at those nodal
points which we take by assumption. Suppose

(Xa)aedq: ()72 (@))€ ] Va x [0,0)™ x (D2(e)™.
a€A3UAY
We denote x, = (Xx(a), Zx(a),3x(a)) or x, = (Ex(a), Zx(a)).

We consider the disjoint union

(3.7) U =«

d
a€ASUAS

6In our genus 0 situation the automorphism group of q is trivial. However there may
be a nontrivial extended automorphism, which is a biholomorphic map exchanging the
marked points.
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We remove the (disjoint) union

U (paz, (D2(loiD) U pas , (D2 (loi])))
1=1,...,mg

(3.8)
Ul U et (D2 4(r) U s, (D2 4 (1))
Jj=1,....mq
from (3.7). Here
D2(c) ={z€C||z| < ¢}, Dg’+(c) ={z€C||z] <¢,Imz > 0}.

In case 7; = 0 or 0; = 0, certain summand of (3.8) may be an empty set.
Let

¥ =(3.7)\ (3.8).
When 21, 29 € D?\ D?(|oy])), we identify
@ajl(zl) € Ex(af,ﬂ and Pas , (22) € ZX(G?Q)
if and only if
Z129 = O0j.
When 21, 20 € D2 \ D% (|o;])), we identify
Pat (1) € Sxlady) and gy (22) € Slatly)
if and only if
Z122 = Tj.
In case r; = 0 or 0; = 0, we identify the corresponding marked points and
obtain a nodal point. Under these identifications, we obtain ¥ from X'.
The marked points of x, = (Xx(a), 2x(a), 3x(a)) or x, = (Xx(a), Zx(a))
determine the corresponding marked points on ¥ in the obvious way. We

thus obtain an element (3, 2, 3) which is by definition a representative of the
stable marked curve ®((Xa)aeAq, (75)j2s (0i)i%)- O

We use the next notation in the later (sub)sections. Let ¢ = ((Xa)acAq
(rj)?l:‘jl, (03))) and € € [|og],1], e;-l € [rj,1]. We put € = ((€), (e}i)) Con-
sider

U (@a, (DX€) Uwa, (D(€))

U ( U (%;{1(173(6?)) U%;{Q(Di(éﬁ)))

We now define

(3.10) S(r: ) = (3.7)\ (3.9).
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We write Xx(€) = X(x; €) if x = ®(r). In case ®((Xa)aeq, (1)1, (0:)i%)) =
p we denote X (€). (Note o;, ; are all 0 in this case in particular.)

|
Zp(€)

¢lin) Pia()

FiGure 1. The map 9.

3.3. Local trivialization of the universal family. An important
point of the construction of the Kuranishi structure is specifying the coor-
dinate of the source curve we use.” The construction of the last subsection
specifies the coordinate of the moduli space (especially its gluing parameter.)
We use one extra datum to specify the coordinate of the source curve.

We use the notation p, q etc. as in the last subsection.

DEFINITION 3.6. Let p be as in (3.3), (3.4) and V, a neighborhood of
its irreducible component p, in the moduli space of marked curves. A C'*°
trivialization ¢, of our universal family over V, is a diffeomorphism

Ga: Vo x Ipla) = 7 (V)
with the following properties. Here 71(V,) C Cz&ze)g orm t(V,) C Cgii;;iL ta)”

(1) The next diagram commutes.

Vo x Sp(a) —2 7 1(V,)

l [

v, —4 oy,

where the left vertical arrow is the projection to the first factor.
(2) If z; (resp 3;) is the j-th boundary (resp. the i-th interior) marked
point of ¥ (a) then

ba(X,2j) = 55(X),  ¢a(x,3:) = &5(x).
(3) ¢a(0,2) = z. Here z € ¥(a) and Xp(a) is regarded as a subset of

CZZSg or of Cg&iﬁL t(a)- © € Va Is the point corresponding to pq.

"In other words, we need to kill the freedom of the action of the group of diffeomor-
phisms of the source curves.
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DEFINITION 3.7. Suppose we are given analytic families of coordinates
at the nodes of p. Then we say that the C* trivialization {¢,} is compatible
with the families if the following holds.

(1) Suppose that the i-th interior marked point of p, corresponds to a
nodal point of Xp(a). Let ¢q; : Vo x D2 — 771(V,) be the given
analytic family of coordinates at this marked point. Then

¢a(xa ‘pa,i(ov Z)) = Pai (X7 Z)'

Here o € V, is the point corresponding to pg.

(2) Suppose that the j-th boundary marked point of p, corresponds
to a nodal point of ¥p(a). Let @q; : Vo x D2, — 7~ 1(V,) be the
given analytic family of coordinates at this marked point. (Namely
©aq,; is the map defined as in (3.1).) Then

Pa(X; $4,i(0, 2)) = Pa,i(x, 2).
Here o € V, is the point corresponding to pg.
Now we define:

DEFINITION 3.8. Local trivialization data at p consist of the following:

(1) Analytic families of coordinates at the nodes of p.

(2) A C* trivialization ¢, of our universal family over V, for each a. We
assume it is compatible with the analytic families of coordinates.

(3) We require that the data (1)(2) are compatible with the action
of extended automorphisms of p in the obvious sense. (See [Ful,
Definition 7.4].)

Let t = ((Xa)acAq (rj);n:dl, (07)) and € € [|oy|, 1], e;-i € [rj,1]. We put
€= ((€}), (e1))-
LEMMA 3.9. ® Suppose we are given local trivialization data at p and

put ®(xr) = (E¢, 2, 5¢)- Then the local trivialization data canonically induce
a smooth embedding

Pre: Tp(€) = Ty

which preserves marked points. The map </I\>g: VYV x Yp(€) = Cgﬂl defined by

~

(3.11) De(r, 2) = Tp(2)
is smooth, where V = HaeAguAgVQ x [0,¢)™d x (D2(c))™s is as in (3.5).

PROOF. By definition we can define a canonical (holomorphic) embed-
ding 3(r;€) C X;. The C* trivialization ¢, induces a diffeomorphism
¥(5: ) = (@), 0

8See [FOn, the paragraph right below (10.1)].
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REMARK 3.10. The construction of this section is similar to [FOOO4,
Sect. 16]. The only difference is that we use analytic families of coordinates
here but smooth families of coordinates in [FOOO4, Sect. 16]. The map
® in Lemma 3.4 is holomorphic but the corresponding map in [FOOO4,
Sect. 16] is only smooth. In that sense the construction here is the same as
[FOOOT7, Sect. §].

4. Stable map topology and e-closeness
4.1. Partial topology.

DEFINITION 4.1. Let X be a set and M its subset. Suppose we are given
a topology on M, which is metrizable. A partial topology of (X, M) assigns
B.(X,p) C X for each p € M and € > 0 with the following properties.
(1) p is an element of B.(X,p) and {B.(X,p) "M | p,€} is a basis of
the topology of M.
(2) For each €, p and q € B(X,p) N M, there exists § > 0 such that
B6(X7q) - Bé(‘)(vp)
(3) If €1 < €2 then B, (X, p) C Be, (X, p). Moreover

() Be(X,p) = {p}.

We say U C X is a neighborhood of p if U D B¢(X,p) for some € > 0.
We say two partial topologies are equivalent if the notion of neighborhood
coincides.

DEFINITION 4.2. We define X1 ¢(X, L, J; ) to be the set of all isomor-
phism classes of ((X, 2,3),u) which satisfy the same condition as in Defini-
tion 1.2 except we do not require u to be pseudo holomorphic. We require
u to be continuous and of C? class on each irreducible component.

We define the notions of isomorphisms and of extended isomorphisms
between elements of Xy ¢(X,L,J; /) in the same way as Definition 1.3,
requiring (i)(ii)(iii). The groups of automorphisms Aut(x) and of extended
automorphisms Aut™(x) of an element x € X1 (X, L, J; 3) are defined in
the same way as Definition 1.3.

PROPOSITION 4.3. The pair (Xi11,0(X, L, J; B)), Myy1,4(X, L, J; B)) has
a partial topology in the sense of Definition 4.1. Here the topology of
Mit10(X, L, J; B) is the stable map topology introduced in [FOn, Defini-
tion 10.3].

The proof of this proposition will be given in the rest of this section.
4.2. Weak stabilization data.

DEFINITION 4.4. An element ((3, Z,3), u) of My41¢(X, L, J; ) is called
source stable if the set of v : ¥ — ¥ satisfying Definition 1.3 (i)(iii) (but not
necessarily (ii)) is finite. We can define the source stability of an element of
Xpr1,0(X, L, J; B) in the same way.
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DEFINITION 4.5. Let I C {1,...,0+ '} with #I = £. The forgetful map
forgety, pr 1 Mpy1o4e(X, L, J; B) = Myg10(X, L, J; B),

is defined as follows. Let ((¥,%,3),u) € M1 10(X,L,J;5) and I =
{i1, ... ie}. (45 < ij41.) We put 37 = (341, - - -, 3i,) and consider ((X, 2,37), u).
If this object is stable then it is forget, . ;((X, 2,3),u) by definition.

If not there exists an irreducible component Y, of ¥ on which u is
constant and Y, is unstable in the following sense. If ¥, = S? the number of
singular or marked points on it is less than 3. If £, = D? then 2mgs+mq < 3.
Here mgq is the sum of the number of boundary nodes on ¥, and the order
of ZNX,. mg is the sum of the number of interior nodes on X, and the order
of g[ N .

We shrink all the unstable components >, to points. We thus obtain
(X, 2,31), w) which is an element of M1 ¢(X, L, J; 3). This is by definition
forget, (2, 2,3),u). See [FOOO2, Lemma 7.1.45] for more detail.

In case I = {1,...,¢} we write forget,, s, in place of forget, , ;.

We define forgetf—l—f/,f : Xk-l—l,f-‘r—@’(X? L, J; B) - Xk-‘rl,f(X? L, J; ﬁ)a and
also forget,, ;» , among those sets in the same way.

DEFINITION 4.6. Let p = ((Xp,2p:3p), Up) € Mpt10(X, L, J; ). Its
weak stabilization data are Wy = (0p1,...,Wwp ) with the following prop-
erties.

(1) Wp; € Zp.

(2) We put ;?purﬁp = (3p71, e s 3p,sp1y -y mpﬂ). Then ((Ep, Zp,ng
10p), up) represents an element of My 4o (X, L, J; 8). We write
this element p U 1op.

(3) p Uy is source stable.

(4) An arbitrary extended automorphism v : ¥, — X of p becomes
an extended automorphism of p U td,.

REMARK 4.7. (1) By definition forget, s ,(p U wp) = p.
(2) Condition (4) means that any extended automorphism v : ¥, — 3
preserve er up to enumeration.
(3) It is easy to prove the existence of weak stabilization data.

REMARK 4.8. (1) Until Sect. 3 the symbols p, q were used for
the elements of the moduli space of stable marked curves. From
now on the symbols p, q stand for elements of the moduli space
Mk+l,€(X7 L: Jﬂ 6)

(2) The symbol x (and r) stand for the elements of Xjy1 (X, L, J; §).

(3) For p, x etc. we denote its representative by ((Xp, Zp;3p), Up),
((Xx, Zx,3x), ux) and etc..

(4) For an element p = ((Xp, Zp,3p), up) etc. we call (Ep, Zp,3p) its
source curve.

(5) Sometimes we denote by p the source curve of p, by an abuse of
notation.
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4.3. The e-closeness.

DEFINITION 4.9. Let p = ((Zp, Zp,3p), up) € Mpy1,4(X, L, J; B).

(1) We fix its weak stabilization data 1y (consisting of ¢ marked
points).
(2) We fix analytic families of coordinates {5 ;}, {apg,j} at the nodes
of pUwp, in the sense of Definition 3.3.
(3) We fix a family of C'™° trivializations {¢,} which is compatible with
the analytic family of coordinates given in item (2).
(4) We fix a Riemannian metric given on each irreducible component
of ¥p.
We denote the totality of such data by the symbol 20, and call it stabilization
and trivialization data.
2, induce the data Wy 5 = (@,{goiﬁ,{goiﬁ, {¢a}), which are sta-
bilization and trivialization data of p Uwp. Note p U 1o, is already source
stable. So we do not need to add additional marked points.

REMARK 4.10. Throughout this paper we fix a Riemannian metric of X
and metrics on the moduli spaces M%H,E’ My and the total spaces Cl(ci+1,£’ C;
of the universal families. Since they are all compact the whole construction
is independent of such a choice.

DEFINITION 4.11. Let F': X — Y be a map from a topological space
to a metric space. We say that F' has diameter < e, if the images of all the
connected components of X have diameter < € in Y.

DEFINITION 4.12. Let p = ((Xp, Zp,3p), Up) € Mpt1.0(X, L, J;B) and
20, its stabilization and trivialization data (Definition 4.9). Let € be a suf-
ficiently small positive constant.”

Let x = ((Xx, Zx,3x), Ux) € Xpp10(X, L, J; ). We say x is e-close to
p with respect to Wy, and write x € Be(Xpy1(X, L, J; 5); p,Wp) if there
exists 0x = (Wx 1,...,Wx ) with the following six properties.

(1) Wx; € Yix-

(2) We put 3xUtdx = (3,15 - - - » 3x,: W0x,1, - - -, 10x 7). Then ((Ex, Zx, jx U
f0x), ux) represents an element of Xjiq¢4p(X, L, J;3). We write
this element as x U 1o.

(3) x Uty is source stable.

(4) (3x, Zx,3x U ) is in the e-neighborhood of (Xp, Zp,3p U ®p) in
MG 1

We may take e so small that (4) above implies that there exists r such
that ®(r) = (X, Zx,3x) U 9x. Now the main part of the conditions is as
follows. We require that there exists € = ((€£), (¢2)) such that the map &);;g

i1\
in Lemma 3.9 has the following properties.

IWe will specify how small it should be below.
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(5) The C? difference between the two maps
Ux O (/I\)F;gi Yp(€) = X and Upls, (e Xp(€) = X

is smaller than e.
(6) The restriction of ux to Xx \ ¥x(€) has diameter < e.

Hereafter we call ¥y \ X« (€) the neck region.

REMARK 4.13. In case ux is pseudo holomorphic, Condition (5) corre-
sponds to [FOn, Definition 10.2 (10.2.1)] and Condition (6) corresponds to
[FOn, Definition 10.2 (10.2.2)]. So Definition 4.12 is an adaptation of the
definition of the stable map topology (which was introduced in [FOn, Defi-
nition 10.3]) to the situation when uy is not necessarily pseudo holomorphic.

We remark that in various other references, in place of Condition (6), the
condition that the energy of uy is close to that of uyp, is required'” to define a
topology of the moduli space of pseudo holomorphic curves. In the case when
ux is pseudo holomorphic this condition on the energy is equivalent to (6)
(when (5) is satisfied). To include the case when uy is not necessarily pseudo
holomorphic, Condition (6) seems to be more suitable than the condition on
the energy.

LEMMA 4.14. Let p and 2, be as in Definition 4.12. Then for any
sufficiently small € > 0 the following holds.

Let q € Myy10(X, L, J; B) N Be(Xiq1,0(X, L, J; 8); p, Wp) and Wy its
stabilization and trivialization data (Definition 4.9). Then there exists 6 > 0
such that:

(41) B&(Xk+1,f(X7L7 ']7 6)7 q, an) C Be(Xk+1,€(X7 L: ‘]ﬂ B)a p7mp)'

This is mostly the same as [Ful, Lemma 7.26] and can be proved in
the same way. See also (the proof of) [Fu2, Lemma 12.13]. We prove it in
Sect. 13 for completeness’ sake.

PROOF OF PROPOSITION 4.3. We take 20, for each p € My (X, L,
J; ) and fix them. We then put

BE(Xk+1,Z(X>L7 Ja B)a p) = BE(‘Xk-‘rl,f(Xv La Ja B)a pawp)'

Lemma 4.14 implies that this choice satisfies Definition 4.1 (2). Definition 4.1
(3) is obvious from construction.

From the definition of the stable map topology on My 1 (X, L, J;[3)
([FOn, Definition 10.3] and [FOOOZ2, Definition 7.1.42]) we find that the
totality of all the subsets My.y1¢(X, L, J; 8) N Be(Xi11,0(X, L, J; B); P, Wp)
moving €, p, Wy, is a basis of the stable map topology. Then Lemma 4.14 im-
plies that when we fix p — 0y, the set { M1 (X, L, J; B)NBe(Xyi1,0(X, L,
J;8);p,Wp) | p, e} is still a basis of the stable map topology. This implies
Definition 4.1 (1). O

108ych a topology (using energy condition in place of (6)) is sometimes called ‘Gromov
topology’. We use the name ‘stable map topology’ in order to distinguish it from ‘Gromov
topology’.
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REMARK 4.15. Lemma 4.14 also implies that the partial topology we
defined above is independent of the choice of p — 20}, up to equivalence.

5. Obstruction bundle data

DEFINITION 5.1. Obstruction bundle data of the moduli space M1 (X,
L, J;B) assign to each p € Myy14(X, L, J;8) a neighborhood %, of p in
Xpy1,0(X, L, J; B) and an object Ep(x) to each x € %,. We require that
they have the following properties.
(1) We put x = ((Xx, Zx,3x), ux). Then Ep(x) is a finite dimensional
linear subspace of the set of C? sections

Ep(x) C C*(Sx;uiTX @ A%,

whose support is away from nodal points. (See Remark 5.7.)
(2) (Smoothness) Ep(x) depends smoothly on x as defined in Defini-
tion 8.7.
(3) (Transversality) { Ep(x)} satisfies the transversality condition as in
Definition 5.5.
(4) (Semi-continuity) Ep(x) is semi-continuous on p as defined in Def-
inition 5.2.
(5) (Invariance under extended automorphisms) Ep(x) is invariant un-
der the extended automorphism group of x as in Condition 5.6.
For a fixed p we call x — Ep(x) obstruction bundle data at p if (1)(2)(3)(5)
above are satisfied.

We now define Conditions (3)(4)(5). (2) will be defined in Sect. 8.

DEFINITION 5.2. We say Ep(x) is semi-continuous on p if the following
holds.
If g € % N Mpg10(X, L, J; ) and x € Uy N Uy, then

Eq(x) € Ep(x).

We require the transversality condition for x = p only. We put p =
((Xp; Zp, 3p): up). We decompose ¥ into irreducible components as

Yp = U Yp(a)U U Yp(a)
acAs, aEA%

See (3.2). Let up q be the restriction of up to ¥p(a). The linearization of the
non-linear Cauchy-Riemann equation defines a linear elliptic operator

Duy o0 :Liy 11 (Bp(a), 0Zp(a); up, o TX, ugy ,T'L)

5.1 P

> = L2,(Spla); uf 7X@ A%

for a € Ad and

(52) Upa6 Lm—&—l(E ( )’ paTX) 4)L2 (E ( )a paTX@AOl)
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for a € Aj,. Here L2, .1 (3p(a),08p.4(a); u p.a T X, up, /TL) is the space of all
sections Of the bundle ug ,T'X of L2, .- class whose boundary values lie in
up o I'L. Other spaces are approprlate Sobolev spaces of the sections. Take

m sufficiently large. We take a direct sum

@ Lm+1 7 paTX ® AOl)
acA;,

® P L1 (Zp(a), 05p(a); uf, ,TX, ufy ,TL).

» Yp.a
aEAd

(5.3)

We also consider

(5.4) P Li(Ep(a);u;,TX @A),
aGA;UAg

DEFINITION 5.3. We define L7, (Ep; u, T'X ® A°!) to be the Hilbert space
(5.4).
We define a Hilbert space W2 1+1(Zp, 08p; up T X, upT'L) as the subspace
of the Hilbert space (5.3) consisting of elements ), 4o, 4a Va (where V, is a
P P

section on ¥ (a)) with the following properties. Let p € ¥, be a nodal point.
We take a;(p), az(p) such that {p} = Xy(a1(p)) N Ep(az(p)). We require

Var(p)(P) = Voo () (P)-
We require this condition at all the nodal points p.

The operators (5.1), (5.2) induce a Fredholm operator
(5.5)  Duyd: Wi 1 (Sp, 05p;up TX, ub TL) — LZ (Spiup TX @ A™).

REMARK 5.4. We define L2, (Sx;uxTX ® A%), W2 1 (Ex, 08x; uiTX,
uiTL) and the operator D, 0 between them for x € Xit10(X, L, J; B) in
the same way. (Here uy may not be pseudo holomorphic but is of L2, 11
class.)

Now we describe the transversality condition. When x = p we require
Ey(p) consists of smooth sections as a part of Definition 5.1 (2). (See Defi-
nition 8.5 (1).)

DEFINITION 5.5. We say that {Ep(x)} satisfies the transversality condi-
tion if

Im(5.5) + Ep(p) = L2, (Sp;upTX @ A°).

By ellipticity this condition is independent of m.

We next describe Definition 5.1 (5). Let v : ¥x — ¥x be an extended
automorphism. It induces an isomorphism

L C (S uiTX @ A%) = C? (S uiTX @ A%

since v 1s blhOlOmOI‘pth and uy o v = ux. In case x = p the group Aut™(p)
acts also on the domain and target of (5.5) and the operator D,,,0 is invariant
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under this action. Let aut(¥p, Zp,3p) be the Lie algebra of the group of
automorphisms of the source curve (Xp, Zp,3p) of p. We can embed it into
the kernel of D,,,0 by differentiating up, so that it becomes Aut(p) invariant.

CONDITION 5.6. We require v, (Ep(x)) = Ep(x) for any v € Aut™(x).

We also assume that the action of the group of automorphisms Aut(p)
of p on (Dy,0) H(Ep(p))/awt(Sp, Zp, 3p) is effective, where D, 0 is as in
(5.5).

REMARK 5.7. Note an element of Xy (X, L, J;B) is an equivalence
class of objects x = ((Xx, Zx, 3x), ux). Therefore for the data Fp(x) to be
well-defined we need to assume the following.

(*) Ifv : ¥x — Xy is an isomorphism from x to x’ = ((Xx/, Zx, 3x/), Ux’)
then v, (Ep(x)) = Ep(x').

We include this condition as a part of Definition 5.1 (1). In particular
(*) implies that Ep(x) is invariant under the action of Aut(x). The first
half of Condition 5.6 is slightly stronger than (*). We add the second half of
Condition 5.6 so that orbifolds appearing in our Kuranishi structure become
effective.

(*) and Condition 5.6 imply the next lemma. Let v : ¥, — X, be an
extended automorphism. Let x € %,. We may write x = ®(r). Here ® is
the map in Lemma 3.4. The map v induces a map

ver I Vax[0,0mx (D2e))™ = [ Vax[0,6)™ x (D(c))™.
aCARUAL ac Ay UAY

We put v.(x) = ®(v4(x)). v — v, determines an action of the group Aut™(p)
of extended automorphisms on %,.

By Definition 3.8 (3), Definition 4.6 (4) etc. v induces a biholomorphic
map 9 : Xx — X, (x) such that u, ) 00 = ux, 9(2x;) = 2y,(x),; and
0(3x,i) = dv,(x),0(i)- Here o is the permutation such that v(3pi) = 3p 0(i)-

Therefore the map v induces an isomorphism

(5.6) bs 2 Loy (T usx TX @ A1) — L2 (B, (03 Uy (0 TX @ A).
LEMMA 5.8. 94(Ep(x)) = Ep(vs(x)).

6. Kuranishi structure: review

The main result, Theorem 7.1, we prove in this article assigns a Kuranishi
structure to each obstruction bundle data in the sense of Definition 5.1. We
refer readers to [FOOQOS5, Sect. 15] for the version of the terminology of
orbifold we use.!! (We always assume orbifolds to be effective, in particular.)
In this article we consider the case of orbifolds with boundary and corner.

To state Theorem 7.1 later we review the definition of Kuranishi struc-
ture in this section. Let M be a compact metrizable space.

1gee also [ALR] for an exposition on orbifold.
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DEFINITION 6.1. A Kuranishi chart of M is U = (U, E,1,s) with the
following properties.

(1) U is an (effective) orbifold.
(2) & is an orbi-bundle on U.
(3) s is a smooth section of £.
(4) 1 : s71(0) — M is a homeomorphism onto an open set.
We call U a Kuranishi neighborhood, £ an obstruction bundle, s a Kuranishi
map and 1 a parametrization.
If U’ is an open subset of U, then by restricting &, 1 and s to U’, we
obtain a Kuranishi chart, which we write U|y and call an open subchart.
The dimensionU = (U, E,1), s) is by definition dim¥/ = dim U —rank €.
Here rank £ is the dimension of the fiber £ — U.

DEFINITION 6.2. Let U = (U,&,4¢,s), U = (U',&',',s") be Kuranishi
charts of M. An embedding of Kuranishi charts : U — U’ is a pair (¢, D)
with the following properties.

(1) ¢ : U — U’ is an embedding of orbifolds.

(2) ¢: & — &' is an embedding of orbi-bundles over ¢.

(3) Gos=sogp.

(4) 9" o =1 holds on s71(0).

(5) For each x € U with s(x) = 0, the derivative D ,)s" induces an

isomorphism
!/
(6.1) LU o)
(Da)(T:U)  p(Ex)

If dimU = dim U’ in addition, we call (¢, ) an open embedding.
DEFINITION 6.3. Let Ul = (U1,€17¢1;31)7 UQ = (U2,52,¢2,82) be Ku-

ranishi charts of M. A coordinate change in weak sense from U; to U is
(Ua1, 921, p21) with the following properties (1) and (2):

(1) Uy is an open subset of Uj.
(2) (@21, %21) is an embedding of Kuranishi charts : U |, — Ua.

DEFINITION 6.4. A Kuranishi structure U of M assigns a Kuranishi chart
Uy = (Up, &y, 1y, sp) with p € Im(1),,) to each p € M and a coordinate change
in weak sense (Upg, ¢pqg, Ppg) : Uy — Uy, to each p and ¢ € Im(z)),) such that
q € Yq(Upg N s, 1(0)) and the following holds for each r € 1hg(s;1(0) N Upgy).
We put Upgr = @5 (Upg) N Upr. Then we have

(62) (Ppr‘qur = Ppq © (qu|qura @pr’wil(qur) = @pq © ¢qT‘W71(UPqT).
We also require that the dimension of U, is independent of p and call it

the dimension of . When U, has corner, we call !l a Kuranishi structure
with corner.

So far in this section, we consider orbifolds, orbibundles, embeddings
between them, sections of C*° class. The notion of Kuranishi structure we
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defined then is one of C'*° class. By considering those objects of C™ class
(1 < n < o0) instead, we define the notion of Kuranishi structure of C™
class.

REMARK 6.5. The definition of Kuranishi structure here is equivalent
to the definition of Kuranishi structure with tangent bundle in [FOOO2,
Section A1],'? where certain errors in [FOn] were corrected.

DEFINITION 6.6. Let I be a Kuranishi structure of M. We replace U,
by its open subchart containing v, 1(p) and restrict coordinate changes in
the obvious way. We then obtain a Kuranishi structure of M. We call such
a Kuranishi structure an open substructure

We say two Kuranishi structures Z/l I’ determine the same germ of Ku-
ranishi structures, if they have open substructures which are isomorphic.'*

DEFINITION 6.7. Let I be a Kuranishi structure of M.

(1) A strongly continuous map ffrom (M,Z:i) to a topological space Y
assigns a continuous map f, from U, to Y to each p € X such that
fp o ¥pg = fq holds on Up,.

(2) In the situation of (1), the map f : M — Y defined by f(p) =
fp(p) is a continuous map from M to Y. We call f: M — Y the
underlying continuous map of f R

(3) When Y is a smooth manifold, we say f is strongly smooth if each
fp is smooth.

(4) A strongly smooth map is said to be weakly submersive if each f,
is a submersion.

7. Construction of Kuranishi structure

7.1. Statement. We say two obstruction bundle data ({%;}, { Ep(x)})
and ({%,},{E,(x)}) determine the same germ if Ep(x) = E(x) for every
X € Up N\ Uy,

THEOREM 7.1. (1) To arbitrary obstruction bundle data of the mod-
uli space Myy10(X, L, J; B) we can associate a germ of a Kuranishi
structure on Myq10(X, L, J; 8) in a canonical way.

(2) If two obstruction bundle data determine the same germ then the
nduced Kuranishi structures determine the same germ.

(3) The evaluation maps ev; (5 = 0,1,...,k), evi®® (i =1,...,¢) are
the underlying continuous maps of strongly smooth maps.

12T here is no mathematical change of the definition of Kuranishi structure since then.

13None of those errors affect any of the applications of Kuranishi structure and virtual
fundamental chain.

Here two Kuranishi structures 4 = ({Up}, {(Upq> ©pqs Ppas )}, U’ = = ({Up}, {(U}qs
©pq> Ppqgs )} are isomorphic if there exist diffeomorphisms of orbifolds ¢, : U, — U,
between the Kuranishi neighborhoods, covered by isomorphisms of obstruction bundles
ap : & — &, such that, Kuranishi maps, parametrizations and coordinate changes com-
mute with them. (We also require ¢q(Upq) = Up,.)
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In this section we prove Theorem 7.1 except the part where smooth-
ness of obstruction bundle data (Definition 5.1 (2)) concerns, which will be
discussed in Sects. 8, 9, 10.

7.2. Construction of Kuranishi charts. Let ({%,}, {Ep(x)}) be ob-
struction bundle data at p. We will define a Kuranishi chart of My (X, L,
J;B) at p using this data.

DEFINITION 7.2. We define Uy, to be the set of all x € %, such that
(7.1) Oux € Ep(x).
(7.1) is independent of the choice of representative x because of Remark 5.7
(*). We also put
Ep = U Ep(x)/Aut(x) x {x}.
x€Up
Here the group Aut™(x) acts on Ep(x) by Definition 5.1 (5). We have a
natural projection 7 : &, — Up.15 We define a map sp : Up — &p by
5p(x) = [Jux, x| € &Ep.
(The right hand side is independent of the choice of representative of x.)
LEMMA 7.3. After replacing %y by a smaller neighborhood if necessary,
Up has a structure of (effective) smooth orbifold. £, becomes the underlying

topological space of a smooth orbi-bundle on Up and m : &, — Up 1is its
projection. sp becomes a smooth section of &p.

We use smoothness of Ep(x) (Definition 5.1 (2)) and [FOOO?7, Theorem
6.4] to prove Lemma 7.3. See Sect. 9.

We define ¢p : s51(0) = Mpy1(X, L, J; 8) as follows. If x € s,1(0)
then Ouyx = 0 by definition. Therefore x represents an element of M et1,0(X,
L, J; B). We define ¢, (x) to be the element of M4 ¢(X, L, J; ) represented
by x.

LEMMA 7.4. (Up, &p, Sp, ¥p) is a Kuranishi chart of My41(X, L, J; B)
at p.

This is immediate from Lemma 7.3 and the definition.

7.3. Construction of coordinate change.

SITUATION 7.5. Let ({%}, {Ep(x)}) be obstruction bundle data. Sup-
pose q S %pka—&-l,Z(Xv L7 J’ B) Let (Up7 gp75p7 sz)p) (resp. (qu gquq) T/Jq))
be the Kuranishi chart at p (resp. q) obtained by Lemma 7.4. ¢

We put Upq = Ugq N %. Let x € Upq. Then by Definition 5.1 (4) and
Definition 7.2 we have

Oux € Eq(x) C Ep(x).

15T4 get an obstruction bundle we divide Ep(x) by Aut(x) not by Aut™t(x).
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Thus Upq C Up. (Note both are subsets of Xjy1¢(X,L,J;5).) Let ¢pq :
Upq — Up be the inclusion map.
To define the bundle map part of the coordinate change we introduce:

DEFINITION 7.6. We consider a pair (((X, 2,3),u), V) where (%, Z,3), u)
is a representative of an element of Xj+14(X, L, J; 8) and V € L3(Z; u*TX ®
AOl)‘

We say (((2,2,3),u),V) is equivalent to (((X',z7,3"),u), V') if there
exists a map v : ¥ — ¥/ which becomes an isomorphism ((3,2,3),u) —
(X', 2,3"),u) in the sense of Definition 4.2 and

U*(V) - V/.
Note v induces a map v : L3(XZ;u*TX @ A%) — LE(X'; (u/)*TX @ A).

We denote by EX110(X, L, J; 5) the set of all such equivalence classes
of (((%,2,3),u),V).

There exists an obvious projection 7 : EXj110(X, L, J; B) = Xip1,0(X,
L,J;B). If x is represented by ((¥x, Zx,3x);Ux) then the fiber 771(x) is
canonically identified with L3(Zy; uiTX @ A°!)/Aut(x). Here the action of
Aut(x) is defined in the same way as (5.6).

Let (Up, Ep, Sp, ¢¥p) be a Kuranishi chart as in Lemma 7.4. By definition
the total space of £, which we denote also by &, by an abuse of notation, is
canonically embedded into X1 (X, L, J; B) such that the next diagram
commutes.

<5‘p — ng+1,f(X7L> ‘]’ 5)

(7.2) lwp l”

Up —— Xpp10(X, L, J; )

Let q € ¥p(s5*(0)). Then by definition Eglr,, (= mq'(Upg) C &) is a
subset of £, when we regard them as subsets of EX 41 (X, L, J; B).
We define @pq to be the inclusion map Eqlv,, — Ep-

LEMMA 7.7. The pair (¢pq, Ppq) is a coordinate change from (Uq, Eq, $q,
¥q) to (Up,Ep,5p, ¥p)-

This is nothing but [FOOO7, Theorem 8.32], once the notion of smooth-
ness of Fp(x) will be clarified. See Sect. 10.3.

7.4. Wrapping up the construction of Kuranishi structure.

LEmMA 7.8. Let p, q € Im(yp), r € wq(sal(O) NUpq).- We put Upgqr =
SOer(qu) N Upr. Then we have
(7'3) (Ppr’qur = ¥pq © (qu’qur, cﬁpl“w*l(qur) = @Pq © Sbfu“w*l(qur)'

PROOF. If we regard the domain and the target of both sides of (7.3)
as subsets of Xy1 (X, L, J; ) or of EX )41 0(X, L, J; ) then the both sides
are the identity map. Therefore the equalities are obvious. ([l
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REMARK 7.9. (1) The orbifold we use are always effective and maps
between them are embeddings. Therefore to check the equality of
the two maps it suffices to show that they coincide set-theoretically.
This fact simplifies the proof.

(2) The proof of Lemma 7.8 given above is simpler than the proof in
[FOOO4, Sect. 24] etc. This is because we use the ambient set
Xk-‘rl,ﬂ(X) L,J; ﬂ)

Note however we do not use any structure of Xj1 (X, L, J; §).
The ambient set is used only to show the set-theoretical equality
(7.3). It seems to the authors that putting various structures such
as topology on Xj41¢(X, L, J; ) is rather cumbersome since this
infinite dimensional ‘space’ can be pathological. Using it only as a
set and proving set-theoretical equality seems easier to carry out.
Since it makes the proof of Lemma 7.8 simpler, it is worth using
this ambient set.

The proof of Theorem 7.1 (1) is complete. The proof of Theorem 7.1 (2)
is immediate from construction and is omitted.

7.5. Evaluation maps. We study the evaluation maps in this subsec-
tion.

LEMMA 7.10. The evaluation maps ev; : Myy14(X, L, J;8) — L and
evil® : My i14(X, L, J; ) — X are strongly continuous.

PROOF. An element of Uy as defined in Definition 7.2 consists of x =
((Xx, Zx,3x), ux). We define evp ;(x) = ux(2x,5), eviﬂ-(x) = ux(3x,i). It is
obvious that they are compatible with the coordinate change. O

It follows from the construction of smooth structure of Up (in Sects. 9
and 12) that evy j(x) and evy'}(x) are smooth. So ev; and ev]™ are strongly
smooth.

CONDITION 7.11. We say that Ey(p) satisfies the mapping transversality
condition for evg if the map

Evo : (D, 0) ' (Ep(p)) — Tevo(p) L

is sur_jective. Here Ev is defined as follows. Let >V, be an element of
(Duyp @)1 (Ep(p)). Suppose z is in the component q,. Then Evo(}" V) =
Vao (Zo).

LEMMA 7.12. If Condition 7.11 is satisfied then evg : Myyy (X, L,
J;B) = L is weakly submersive.

PROOF. It is easy to see that Evg induces the differential of the map
evp,o at p. The lemma is an immediate consequence of this fact. O

We can define the mapping transversality condition for other marked
points and generalize Lemma 7.12 in the obvious way.
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8. Smoothness of obstruction bundle data
In this section we define Condition (2) in Definition 5.1.
8.1. Trivialization of families of function spaces.
REMARK 8.1. We choose a unitary connection on 7'X and fix it.

SITUATION 8.2. Let p € Mj414(X,L; 3). We take stabilization and
trivialization data 2p, part of which are the weak stabilization data 19, at p
consisting of ¢’ extra marked points. We assume Ep(x) satisfies Definition 5.1

(DB)(). <

Note p Uy, € Myy1o10(X,L; 8). Let y = ((Zy, Zy,3y), uy) be an
element of Xy 1 o1 (X, L; ) which is €y-close to pUtdy,. We apply Lemma 3.4
to p U9, and obtain b, an element of the domain of ® in (3.5), such that
®(y) = (ZyaZy’gy)' R

By Lemma 3.9 we obtain a smooth embedding @,z : X, 5 (€) —
Yy which sends Zp, 3p U 10y to Zy, 3y, respectively. We remark Xy (€) =
@075(21,(6’)). We put x = forget,, s ,(y) and obtain Ep(x) C C?*(Ex; ufTX ®
A®). Note ¥y = Xy and ux = uy. We also remark YU, = Zps Upuis, = Up-

We define a linear map

(8.1) Py : C*(Sy(€);uy TX @ A%) — C*(Sp;upTX @ A1)
below. We first define a bundle map
(8.2) uyTX — upgTX

over the diffeomorphism (i)n_ é Let z € Y5, (€). By our choice, the distance

between uy(ci)mg(z)) and up(z) is smaller than ey. We may choose €y smaller
than the injectivity radius of the Riemannian metric in Remark 4.10. There-
fore there exists a unique minimal geodesic joining uy(@n7g(z)) and up(2).
We take a parallel transport by the connection in Remark 8.1 along this
geodesic. We thus obtain (8.2). This bundle map is complex linear, since the
connection in Remark 8.1 is unitary.

We next take the differential of (i)mg to obtain a bundle map A(2y(€)) —

Al(ZpU,BP (€)). We take its complex linear part to obtain
(8.3) A(Sy(8) = A (pu, (6))-

This is a complex linear bundle map over &); el In case y = p U 0 this is
the identity map. So if we take ¢; sufficiently small, (8.3) is an isomorphism.

Taking a tensor product of (8.2) and (8.3) over C we obtain a bundle
isomorphism

(8.4) wTX @A — wiTX @ A%

over (i)g_é Roughly speaking the smoothness of Ep,(x) means that Py (Ep(x))
depends smoothly on y. We will formulate it precisely in the next subsection.
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8.2. The smoothness condition of obstruction bundle data.

DEFINITION 8.3. Suppose we are in Situation 8.2. We say Ep(x) is in-
dependent of ux|neck if the following holds for some ¢, €.

Let y,y’ be elements of Xy ¢4 (X, L; ) which are ep-close to p U 9.
We put x = forget, p ,(y) and x' = forget,, » ,(y'). (Note Xy = Xy, ¥y =
¥y.) We assume that there exists v : £x — ¥y such that

(1) v is biholomorphic and sends 2y, 3y to 2y, 3y, respectively.

(2) v(2y(€)) = Xy/(€) and the equality uy o v = uy holds on Xy (€).
Then we require that all the elements of Ep(x) (resp. Ep(x’)) are supported
on T4 (&) (resp. By/(&)) and Py (Ep(x)) = Pyr(Ep(x)).

This is a part of the definition of the smoothness of obstruction bundle
data, that is, Definition 5.1 (2). To formulate the main part of this condition
we use the next:

DEFINITION 8.4. Let H be a Hilbert space and {E(&)} a family of fi-
nite dimensional linear subspaces of H parametrized by £ € Y, where Y is
a Hilbert manifold. We say {E(&)} is a C™ family if there exists a finite
number of C™ maps: ¢; : Y — H (i = 1,..., N) such that for each £ € Y,

(e1(§),...,en(&)) is a basis of E(E).

Suppose we are in Situation 8.2. In particular we have chosen 20,. We as-
sume Fp(x) is independent of ux|neck. We take € which is sufficiently smaller
than the one appearing in Definition 8.3. We put p™ = p U 19, where o, is
a part of 20,. We consider the map (3.5)

(85) D H V(j x [Ovc)md X (Dg( ))mb - Mk+1 0>
a€ALUAY

for p*. Here we decompose (Ep+, Zp,3p U t0p) into irreducible components

and let V" be the deformation parameter space of each irreducible compo-
nent (Sp(a), 2 (a).3p(a) U p(a)). Here

Zp(a) = (Zp N Ep(a)) U {boundary nodes in ¥p(a)}
3p(a) = (3p N Xp(a)) U {interior nodes in ¥y (a)}
wp(a) = wp N Xp(a).

Now we take the direct product

(8.6) vipe = [ Vix H ) x HD2

acAs, UAd

Note we have already taken ¢y, ;, goa’j, ¢q as a part of Wp,.
To each y € V(pT;€) we associate a marked nodal disk (2, Z,3,) by

Lemma 3.4. We also obtain a diffeomorphism (/I\)U’g D X+ (6) = Ey(€) by
Lemma 3.9.
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Let .2, be a small neighborhood of u,+ ‘Ep+ @ In L2, ((Ep+(6), 035+ (6));
X,L). We will associate a finite dimensional subspace Ep.ay,(n,u’) of
L2 (Sp+ (8); u TX @ A") to (,u') € V(pT;€) x L below.

We assume Ep(x) is independent of ux|neck and consider

u”:u/oi‘;é:EU(Z)%X.

We can extend «” to X, (by modifying it near the small neighborhood of
the boundary of ¥,(€)), still denoted by u”, so that u”|5, \s, (¢ has diameter
< 60.16

We now take y = ((y, 2,3y U wy),u”) and x = forget,, » o(y). Then
using Ep(x) we define

(8.7) Epan, (,u') = Py (Ep(x)).

Since Fp(x) is independent of ux|neck this is independent of the choice of
the extension of u”. As a part of our condition, we require

Epau, (0, u) C L2, (Sp;upTX @ A%).

See Definition 8.5 (1). This is a finite dimensional subspace of L2,(3p;
upTX ® A"Y) depending on p, 20, and v, u’.

DEFINITION 8.5. We say Ep(x) depends smoothly on x with respect to
(p, W) if the following holds. For each n there exists mg such that if m > mg
and € is small then:

(1) Elements of Ep(x) are of L2, class if uyx is of L2, class.

(2) If x = forgety p ,(y), (Xy,2y,3y) = ®(y) (where y and y are as
above) then the supports of elements of Ey(x) are contained in
2y(@).

(3) Epgy,(9,u’) is a C™ family parametrized by (9,') in the sense of
Definition 8.4.

REMARK 8.6. Let r = ((Zr, Zp,3r),ur) € Xiy14(X, L, J;5) be an ele-
ment of %4, such that u, is smooth but not necessarily pseudo holomorphic.
We can still define the notion of stabilization and trivialization data 20, in
the same way as Definition 4.9.

DEFINITION 8.7. We say Ep(x) depends smoothly on x if:
(1) Ep(x) is independent of ux|neck-
(2) Ep(x) depends smoothly on x with respect to (p,2p) for any
choice of 20y,.
(3) Let r = ((X¢, Zr, 3r), ur) € Xpt10(X, L, J;B) be as in Remark 8.6.
Then for any (r,20,), the same conclusion as (2) holds.

We will elaborate (3) at the end of this subsection.

16Note /|53, (¢ has diameter < ¢ (in the sense of Definition 4.11) with €’ < ¢, and
€o is smaller than the injectivity radius of X. We can use these facts to show the existence
of u”.
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REMARK 8.8. In our previous writing such as [FOn, FOO04, FOOO7]
we defined the obstruction spaces Ep(x) in the way we will describe in
Sect. 11. We will prove in Sect. 11 that it satisfies Definition 8.7.

On the other hand, the gluing analysis such as those in [FOOO7] works
not only for this particular choice but also for more general Ep,(x) which
satisfies Definition 8.7. In fact, in some situation such as in [FOOO3, Ful]
(where we studied an action of a compact Lie group on the target space), we
used somewhat different choice of Ep(x) where Definition 8.7 is also satisfied.
(See [Ful, Sect. 7.4] and [FOOO3, Appendix], for example.) Other methods
of defining Fp(x) may be useful also in the future in some other situations.

Therefore, formulating the condition for Ep(x) to satisfy, such as Defi-
nition 8.7, rather than using some specific choice of Ep(x) is more flexible
and widens the scope of its applications.

We now explain Definition 8.7 (3). We can construct a Kuranishi struc-
ture of C™ class for any but fixed n without using this condition. This
condition is used to obtain a Kuranishi structure of C'*° class. See Sect. 12.

Let r be as in Remark 8.6. We can define the notion of stabilization
and trivialization data 20,. We also define V(r U td,; €) in the same way as
(8.6). Then, for each n € V(r U w,;€), we can associate (X, 2y, 3y) in the
same way and obtain a diffeomorphism </I;,,,g D X0, (6) — Xy(6). Let 2,
be a small neighborhood of u, g, |5, 5 (& In L2, (208, 0505, (9); X, L).
Now for each u' € %, and n € V(r U m,;€) we use Ep(x)'7 for x =
forgety pr (Ppu, () in the same way as above to define Epay, (v,u’) C
L2, (3,05, (6); usTX @ A%). Definition 8.7 (3) requires that this is a C™ fam-
ily parameterized by (y,u’) for any 20, if m is large and € is small.

9. Kuranishi charts are of C" class

In this section we review how the gluing analysis (especially those de-
tailed in [FOOO7]) implies that the construction of Sect. 7 provides Kuran-
ishi charts of C"™ class. In other words we prove the C"™ version of Lemma 7.3.

9.1. Another smooth structure on the moduli space of source
curves. As was explained in [FOOO2, Remark A1.63] the standard smooth
structure of M% 41, is not appropriate to define smooth Kuranishi charts

of M%H,Z(X? L; B). Following the discussion of [FOOO2, Subsection Al.4],

we will define another smooth structure on Mck,l +1,¢ in this subsection. (The
notion of profile due to Hofer, Wysocki and Zehnder [HWZ, Sect. 2.1] is
related to this point.) We consider the map (3.5).

Let rj € [0,¢) (j = 1,...,mq) be the standard coordinates of [0, ¢)™d
and o; € D%(c) (i = 1,...,ms) the standard coordinates of (D2(c))™s. We

17This is Fp(x) and is not Fx(x). The later is not defined.
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put

(9.1) Tjd:—logrj € Ry U{oo},

We then define
(9.2) s;= 1/Tjd €[0,—1/loge), p; =exp(;vV—1)/T; € D?*(—1/logc).

Composing these coordinate changes with the map ® in Lemma 3.4, we
define

(93) @sp: [ Vax[0,-1/loge)™ x (DZ(—1/logc))™ — My,

d
a€A; UAG

LEMMA 9.1. There exists a unique structure of smooth manifold with
corners on M%HZ such that ®, , is a diffeomorphism onto its image for

each p € M2+17£.

Note in this subsection p, q are elements of M%H’Z and not of./\/l%+17€(X,
L, J; B).

PRrROOF. During this proof we write ®P etc. to clarify that it is associated
top € /\/l§c1 10 We denote by v} an element of the first factor of the domain
of (9.3) for p.

Suppose q € Im(®P). Then mdq < mdp, mg < m¥. We may enumerate
the marked points so that the j-th boundary node (resp. the i-th interior
node) of ¥ corresponds to the j-th boundary node (resp. the i-th interior
node) of ¥q for j = 1,...,mg (resp. i = 1,...,md). Then we can easily
prove the next inequalities:

1 0 a d —e T
Vn 1 (T:p_T’q) <C e Cndt;
d,q V" Jo Jo -
or,
d s,q
_1 d: d7 - nT
o) an o711 (Tjop o Tjoq) < Cpe™ i
7
3} s,q
|7t i - )] < e
7
for jo =1,...,m3. Here V"~ ! is the (n — 1)-th derivatives on the variables
og, Tjd’q 779, 0 and || - || is the C° norm.

In fact, to prove the 2nd and 3rd inequalities of (9.4), we use the fact
that O’ZP, a? are holomorphic functions defining the same divisor to show
that of /o is a nowhere vanishing holomorphic function. Then in the same
way as [FOOO7, Sublemma 8.29] we obtain the 2nd and 3rd inequalities of
(9.4). The 1st inequality is proved in the same way by taking the double as

in Sect. 2.
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We can prove the same inequality with @%’p—@%’q replaced by E%p—ﬂzq,
0p — 0, (o = 1,...,mE), sj, (jo > mg), oiy (io > m4') or coordinates of
5.

In fact, the estimates for sj, (jo > mg), oi, (io > mg) or coordinates of
ve are proved using the fact that they are smooth functions of 7, vg and

These facts combined with strata-wise smoothness of (®%,)7! o 2, im-
ply that the coordinate change (q)gp)_l o @, is smooth. The lemma is a
consequence of this fact. O

Hereafter we write Mi;rl({gg when we use the smooth structure given in

Lemma 9.1.

9.2. Gluing analysis: review. We review the conclusion of the gluing
analysis of [FOOO7, Theorem 6.4] in this subsection.

We take m sufficiently larger than n. Especially it is larger than my
appearing in Definition 8.5. Let {Ep(x)} be obstruction bundle data at
pE€ M%H,Z(X? L, J;B). We fix the stabilization and trivialization data 20,

and put p™ = p U t,. We decompose Yp+ into irreducible components

Yot = U Zp+(a)U U Zp+(a).

a€A3, aeAg
Let pS be as in (3.3)(3.4)!% and V; a neighborhood of the source curve of
+ - s,reg d,reg
p, in Me(a) or Mk(a)+1,£(a)' We put

vi=T[v'

For v € V' we obtain (X(v), Z(v),3(b)) = ®(v) with the same number of
irreducible components as ¥,+. (Namely we put all the gluing parameters
to be 0.) Using the given trivialization data we obtain a diffeomorphism
D, : Yp+ — %(v) which preserves the marked and the nodal points.

DEFINITION 9.2. By ¥ (p; Ep(-);€0), we denote the set of pairs (v, u’)

such that:
(1) v e VT .
(2) v : (2(v),0%(v)) — (X,L) is an L2, map such that the L2 -

difference between u' o ®, and u is smaller than ¢q.
(3)
(9.5) Ou' € Ep(v,u).
Here Bp(o,u') = Ep(forgety,  ,(®(0), /) C L2,(S(0); () TX ©
A%) is the case of Ep(x) when x = forget, o o(y), ¥y = ((X(v),
Z(0),5(v)),u').

18Note we consider p* here in place of p in (3.3)(3.4).
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We define maps
(96) Ppysource . 4//(p’ 60 — H MS reg X H Md reg+1 o(a)’

acAs, aEAd

Pr 7/ (p; Ep(-); €o)
(9.7) = I e+ (@); X) x [ Lo(Ep+(a), 0%p+ (a); X, L)
acAs, GE-Ad
by
Prsource(n’ u/) —bv and Prmap(t), u’) — (u’ o ZI\)U|EP+ (a) 0 € .Ai) U .Adp) .

LEMMA 9.3. There exists a unique C™ structure on ¥ (p; Ep(-); €0) such
that (Pr®°" ¢, Pr™@P) is a C™ embedding.

Moreover the action of Autt(p) is of C™ class and (Prs°"*°® Pr™aP) g
Aut™ (p)-equivariant.

Proor. This is a consequence of Definition 5.1 (2)(3), Lemma 5.8 and
the implicit function theorem. In fact Definition 5.1 (3) implies that hypoth-
esis of the implicit function theorem is satisfied. [l

Y (p; Ep(+);€0) is a part of the ‘thickened’ moduli space consisting of
elements that have the same number of nodal points as p. We next include
the gluing parameter. Recall from Definition 7.2 that Upy+ for pt = p U Op
is the set of all x € %+ such that

(9.8) Oux € Ep(x).

Here %+ is Bey(Xpt1,0(X, L, J;3),p U tﬁp,ﬂﬂpuﬁp) for some small €.
We define a map

(9.9) PrP Ups = Lo (Spus, (6, 080, (€); X, L)

below. We first observe that p U i, has no nontrivial automorphism. (It
may have a nontrivial extended automorphism.) Therefore if x € %,,+ and
¢o is sufficiently small there exist unique v € VT and (s;)72), (p;);2 such
that

(Exy Zx,f?x) = (I)&P(Ua (Sj)v (Pi)),
where @, , is as in (9.3). We put y = (v, (s;), (p;)). Then by Lemma 3.9 we
obtain a smooth embedding: C/Isn;e : Xp+(6) = Xy = Ex. We define

(9.10) Pr"?P(x) = ux o (I)U;gi pt(€) = X.

We also define Pr*" : U+ — ./\/l(,iiol%#/ by Prio"(x) = [Ex, Zx, 3x]-
They together define :
(9.11) (Pré™ree, Pr™®) : Upy — M, x L2, (Sp+ (€), 05+ (8): X, L).

The target of the map (9.11) has a structure of Hilbert manifold since it is
a direct product of a Hilbert space and a smooth manifold.



164 K. FUKAYA, Y.-G. OH, H. OHTA, AND K. ONO

PRrROPOSITION 9.4. If m is large enough compared to n and €y, € are
small, then the image of the map (9.11) is a finite dimensional submanifold
of C" class.

Moreover the map (9.11) is injective.

PROOF. Below we explain how we use [FOOO7, Theorem 6.4] to prove
Proposition 9.4. [FOOO7] discusses the case when ¥ has two irreducible
components. However the argument there can be easily generalized to the
case when it has arbitrarily many irreducible components. (See also
[FOOO4, Sect. 19] where the same gluing analysis is discussed in the general
case.) We consider

(9.12) V =7 (p; Ep(-); €0) X H[O,e}i) X ﬁDg(ei’)
j=1 i=1

We change the variables from r; € [0, e;l), o; € D%(e¥) tos; € [0,—1/ log(e‘ji)),
pi € D2(—1/log(e$)) by (9.2). We write V'°¢ when we use the smooth struc-
ture so that s;, p; are the coordinates.

REMARK 9.5. The identity map V'8 — V is smooth but V — VI8 is
not smooth.

In [FOOO7, Theorems 3.13,8.16] the map Glue : V' — U+ is con-
structed as follows.

Let ((v,u'),(r)), (0;)) € V8. We put (Sx,Zx,3x) = (v, (r5), (7).
(Namely we glue the source curve ¥, = ®(v) by using the gluing parameter
(). (¢)-)

Using v’ : ¥, — X and a partition of unity we obtain a map u(g) :
Yx — X (In other words, this is the map [FOOO7, (5.4)] and is the map
obtained by ‘pre-gluing’.) The map u() mostly satisfies the equation (9.8).
However at the neck region gum) has certain error term. We can solve the
linearized equation of (9.8) using the assumption Definition 5.1 (3) and the
‘alternating method’. Then by Newton’s iteration scheme we inductively
obtain ue, (a = 1,2,3,...). By using Definition 5.1 (2) we can carry out
the estimate we need to work out this iteration process ([FOOQO7, Sect. 5]).
Then lim,—, 00 u(q) converges to a solution of (9.8), which is by definition ux.
We define

Glue((v, '), (17), (7)) = (x> Zs 3x) Usc)-

Replacing V'°8 by its open subset, the map Glue defines a bijection between
V¢ and Up+. (This is a consequence of [FOOO7, Sect. 7].)

To prove Proposition 9.4 it suffices to show that (Pr*°"°, Pr™#P) o Glue
is a C" embedding. Note the smooth coordinates we use here are s; and p;
given in (9.2). By definition and Lemma 9.1, the map Pr*°""® o Glue is a
smooth submersion with respect to this smooth structure.
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We use the coordinates Tjd, T? and 6; in place of s; and p; for the gluing
parameter and denote

(Pr™*P(Glue((v, u'), (T}), (T3, 6)))(2) = ul((v,)), (T}), (T7, 6:)); 2).

Here z € X5, (€) is the domain variable of Pr'*P(Glue(v, (Tjd), (T7,0:))).
Then the conclusion of [FOOO7, Theorem 6.4] is the next inequalities:

vnlilid(u(((t% Ul), (Td)7 (,—Tisv 02))7 )) S Cne_CnT]d
oT; ’ )
men’
013) |V (0., (), (T7.00))|| < Cue
6117;5 J LQ ,
v (o), (), (17000 )| < G
00; J 2
for j =1,...,mJ and n’ < n. Here V*'~Lis the (n/ — 1)-th derivatives on

the variables b3, Tf’q 9, 6.
From these inequalities it is easy to see that Pr'® o Glue is of C" class.
We now fix (v, (Tjd), (T7?,0;)) and consider the map

(9.14) = (0,0, (T3), (T3, 6:)); )

This is a map
L = L2,(Sps (8), 0%+ (€): X, L)

where £ is the set of v/ satisfying Definition 9.2 (2)(3).

To complete the proof of Proposition 9.4 it suffices to show that (9.14) is
a C™ embedding. Using (9.13) again it suffices to prove it in case ®(v, (Tjd)7
(T7,0;)) = (Xp+, Zp+,3p+) (by taking a smaller neighborhood of p if neces-
sary). In that case (9.14) is nothing but the restriction map. Therefore by
the unique continuation (9.14) is a C™ embedding. O

LEMMA 9.6. The group Aut™(p) of extended automorphisms of p has
C™ action on Up+. The map (9.11) is Aut™ (p) equivariant.

Proor. This is immediate from Lemma 5.8. O

Thus we obtain a C™ orbifold U+ /Aut(p) with p* = p U wp,.

9.3. Local transversal and stabilization data. The C" orbifold
Up+/Aut(p) obtained in the last subsection is not the Kuranishi neighbor-
hood appearing in the Kuranishi chart we look for. In fact it still contains
the extra parameters to move (¢ + 1)-th, ..., (£ + ¢')-th interior marked
points. To kill these parameters we proceed in the same way as [FOn, ap-
pendix] to use local transversals. We use the same trick in Sect. 11 to prove
the existence of obstruction bundle data.
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DEFINITION 9.7. Let p = ((Xp, Zp,3p), Up) € Mit10(X, L, J; 3). Stabi-
lization data at p are by definition weak stabilization data W, = (wp1,...,
tp ) as in Definition 4.6 together with Ny = {Np; | @ = 1,...,¢'} which
have the following properties.

(1) Np,i is a codimension 2 submanifold of X.

(2) There exists a neighborhood U; of ty,; in ¥ such that up(U;) in-
tersects transversally with Np ; at unique point up(wp ;). Moreover,
the restriction of up to U; is a smooth embedding.

(3) Suppose v : ¥p — X is an extended automorphism of p and
v(mw) = 10p ;. Then Np,i = Np,i’ and U(UZ) = Uy.

We call My, ; a local transversal and A7p local transversals.

Local transversals are used to choose ¢/ additional marked points in a
canonical way for each x € X1 ¢(X, L, J; 8). Lemma 9.9 below formulates
it precisely.

SITUATION 9.8. Let p = ((£p, Zp,3p),up) € Miy14(X,L,J; ). We
take its stabilization data (ﬁp,ﬁp). We also take {5 ;}, {cpg’j}, {¢a} so that
Wy, = (Wp, {¥5 1} {apg’j}, {¢a}) become stabilization and trivialization data
in the sense of Definition 4.9. We call (Qﬂp,/\_fp) strong stabilization data. ©

LEMMA 9.9. Suppose we are in Situation 9.8. There exists ¢g > 0 and
o(e) with lim¢_,g o(€) = 0 that have the following properties.

If x € Be(Xpp10(X,L, J; 8);p; Wp), € € (0,€0), then there exists 1oy
such that:

(1) xUniy € Boo)(Xiy1,040(X, L, J; 6);pUh3p;§ZﬂpU5p). Note the right
hand side is defined in Definition 4.12.
(2) ux(wx;) € Npi fori=1,...,0.

Moreover 1oy satisfying (1)(2) is unique up to the action of Aut(p).

Elements of Aut™(p) preserve 19y as a set.

PROOF. According to Definition 4.12, x € B(Xy410(X, L, J; B); p; Wp),
implies that there exists 1) such that

XU 8% € By(e)(Xpy1,040(X, L, J; 8); p U Bp; Wii,)-

We use the implicit function theorem and the fact that uy is C? close to Up
to prove that there exists 1y in a small neighborhood of 159 such that (2)
is satisfied. It is then easy to see that (1) is also satisfied.

In case x = p, the uniqueness of Wy up to Aut(p) action is obvious. We
can use the C? small isotopy between uy and up (defined outside of the neck
region) to reduce the proof for the general case to the case x = p. O

9.4. C" structure of the Kuranishi chart. We now prove the C"-
version of Lemma 7.3 using the construction of the last two subsections.
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Suppose we are in the situation of Proposition 9.4. In addition to the stabi-
lization and trivialization data 20, we have already chosen local transversals

/\7p so that (Qﬂp,/vp) are strong stabilization data.

DEFINITION 9.10. We define V;, to be the subset of Up+ (with p* =
p U tdp) consisting of x = ((Xx, Zx, 3x), ux) such that

(9.15) Ux (3x.04i) € Npiy fori=1,...,0.

We remark that the points 3x ¢4, ¢ = 1,..., ¢, correspond to the addi-
tional marked points tvy,.

LEMMA 9.11. V}, is a C™ submanifold of Uy if €9 and € are sufficiently
small.

PRrROOF. By definition
(916) ux(ﬁx,ﬁ-{—i) = Prmap(x) (mp,i)'

Therefore x — ux (3x,¢+i) is a C™ map by Proposition 9.4. It suffices to show
that this map is transversal to Np ;.

By taking ey and € small, it suffices to show the transversality for p™ =
p U oy, Note that if wy, is sufficiently close to 1w, then p U}, € Up+.
In fact since Qup is not only an element of Ep(p U o,) but also zero, the
element p U t?);) still satisfies the condition gup € Ep(pU tﬁ{o) after we move
1y,. Therefore Definition 9.7 (2) implies that the map x — ux(3x,¢1i) i
transversal to Np ;. O

LEMMA 9.12. V,, is invariant under the action of the group Aut™(p).

Proor. This is a consequence of Lemma 9.6 and Definition 9.7 (3). O

The set Up, as in Definition 7.2 is an open neighborhood of p in V}, /Aut(p)
by Lemma 9.9. Therefore it has a structure of C™ orbifold. We remark that
the tangent space of Vp at p contains (Dy,0)" (Ep(p))/aut(Sp, Zp, 5p)-
Therefore the second half of Condition 5.6 implies that V,/Aut(p) is an
effective orbifold. We thus have proved the C" version of the first statement
of Lemma 7.3.

We next study the bundles. On L2 (X,(€), 0Xp(€); X, L) there exists a
bundle of C™ class whose fiber at h is L2,(3p(6); *TX @ A'). We pull
it back to V, by Pr'®P. Then the bundle whose fiber at x € V,, C Up+
is Ep(forgety 4 (x)) is its C™ subbundle by Definition 8.5. Let &p be this
subbundle. We can show that the Aut™(p) action on V}, lifts to a C™ action
on &, by Lemma 5.8. We thus obtain a required C™ (orbi)bundle &, =
Ep/ Aut(p).
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It is easy to check that x — §(x) = Jux € Ep(x) is a C™ section. We
have thus proved the C" version of Lemma 7.3. (I

10. Coordinate change is of C" class
10.1. The main technical result.

SITUATION 10.1. Let p € My (X, L; 5). We take its strong stabiliza-
tion data (Wp, Np), where W, = (1B, {eaihs {goi’f}, {¢R}) are stabilization
and trivialization data. 1y, consist of ¢ additional marked points and so pU
0 € Myt +0(X, L; B). Suppose q € Myy10(X, L; 8) is e-close to p and
take its stabilization and trivialization data Wy = (Wg, {7}, {@2:?}, {od}).
g consist of ¢ additional marked points and so q U ¥g € Myt p4em (X,

L;B). o
By the definition of e-closeness there exist ¢/ additional marked points
= +
ptvg on Xq and q € HaeA;uAi+ VY x [0,¢)™ x (D2(c))™s such that

(Xq» Zg; Zq U prﬁq) =Dy ().
Here @+ is the map @ in (3.5). (Here we apply Lemma 3.4 to pt =pUrw,
in place of p there to obtain the map ®,+.) By Lemma 9.9 we may assume

Uq(pg,i) € Np,i
in addition. By Lemma 3.9 we obtain a smooth embedding
o St (&) = Zq

whose image is by definition Xq(€). Here and hereafter we include p* in
the notation ® We do so in order to distinguish (10.1) from (10.2) for
example.

We take €, ¢ sufficiently small compared to € and €. Let x € Xj11 0(X,
L; 3). Suppose xUqWx € Xji1.0407 (X, L; B) is €'-close to g = qUwg. Then

there exists rq such that (Xx, 2, 3x UqWx) = P+ (tq)- Again by Lemma 3.9
we obtain a smooth embedding

~ —
/

(101) (I)q+;Iq,€7 : 2q+ (6) — Ex

ptig,€

pPT;q,€

—

whose image is Y (€’) by definition.
By Lemma 9.9 there exists a unique #'-tuple of additional marked points
pWx on Xy such that:

CONDITION 10.2. (1) x U ptox is (o(€) + o(€'))-close to p U rop.
(2) ux(ptox,i) € Np,-

(3) (I)qu;;qJ(qu,i) is o(€’)-close to piox ;.

In fact the existence of pWy satisfying Condition 10.2 (1)(2) directly
follows from Lemma 9.9. Such x U p0x is unique up to the Aut(p) action.
With Condition 10.2 (3) in addition it becomes unique.
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FIGURE 2. p, q and x.

Now by Lemmas 3.4 and 3.9 we obtain 1y, € s Ad Véﬁ x [0, ¢)™d x
P a€AZUAS
(DZ(c))™s with x U ptox = @+ (rp) and a smooth embedding

(10.2) o St (&) = Ok

p+ 72:}3 7€ :

whose image is by definition X« (€).
Since ¢’ is sufficiently small compared to € we have

(10.3) S (&) C Sy ().

(The right hand side is the image of ¥+ (¢) by (10.1) and the left hand side
is the image of ¥+ (€) by (10.2).) Now we define a map

~_ 4 ~ -
(104) ‘ij,q;xuq\*ﬁx = (I)Cl"',}fq,g; o (I)er’z;p’g: Ep+ (a — Equ (6/).

This is a family of smooth open embeddings parametrized by x U o0y, with
the domain and target independent of xUgtx. Proposition 10.4 below claims
that it is a C™ family if m is sufficiently larger than n. To precisely state it
we need to choose a coordinate of the set of the objects x U qtox. The way
to do so is similar to Definition 8.5 and the paragraph thereafter. The detail
follows.

We take the direct product (Compare with (8.6).)

(10.5) V(gh;é) = H Ve x H [0, €/ x HDg(ef).
i=1

a€Ag UAd

and consider the map @4+ : V(g™ e_;) — ./\/l‘,;lJrqug,,7 where Vflﬁ is the de-
formation space of an irreducible component of q* = q U t94. (This is the
map (8.5) by taking q* in place of p in (8.5). V is V§+ here.) We denote
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its image by
(10.6) V(g e) = g (V(ah5e)) € My gy
This is a neighborhood of the source curve of q* in Mg 100
Let a = (34, Za,3a) € V(qt;¢). We put (Sq, Za,30) = ®y+(n) and ob-
Yo+ (€) = 3q(€), by Lemma 3.9.
in the space L%L((Eq+(e_”),

tain a diffeomorphism @+ 4 = = iqﬂﬁ:
Let % be a small neighborhood of u

-

0¥+ (€)); X, L).
For (a,u') € V(q; e_;) x 2 as above, we consider

(10.7) =1 od ! ¥ (d) > X.

qt,a,é

qt

+] 3
A"z 4 (¢)

We can extend u” to ¥, (by modifying it near the small neighborhood of the
boundary of ¥4(¢')) so that u”|2a\2u(e~,) has diameter < €. See footnote 16.

Put x Uty = (a,u”) and consider W, o ., as in (10.4). We remark
that during the construction of (10.4) the map ux is used only to determine

pWx by requiring Condition 10.2 (2). Therefore the way to extend u” to the

neck region does not affect Wy, o1y .-

DEFINITION 10.3. We define W, 4 : V(q*; €) x £3 x Yp+(6) = 2q+(e7)
by
\IIPM(a7 u/7 Z) = lij,q;xuq\{ix (Z)
ProprosITION 10.4. If m is sufficiently larger than n then Vp 4 is a C"
map.

We will prove this proposition in Sect. 10.2. Proposition 10.4 is used in
Sect. 10.3 to show the C™ version of Lemma 7.7. We also use it in Sect. 11
to prove the existence of obstruction bundle data. We also use Lemma, 10.6.

DEFINITION 10.5. We define Z, 4 : V(qt;€) x Z3 — Mo by

Epalau’) = (Ix, Z, 5x U ptox).
Here x U gy = (a,u”), u” is the extension of (10.7) as above, and pty is
determined by Condition 10.2 from x U 4.

LEMMA 10.6. If m is sufficiently larger than n then Zp q is a C™ map.
Lemma, 10.6 is proved in Sect. 10.2.

REMARK 10.7. Note we use the smooth structure on V(q™; ) 2 V(qT; ¢)
whose coordinates of gluing parameters are r; € [0,6;-(1) and o; € D2(€F).
We use s; and p; as in (9.2) to define an alternative smooth structure on
V(q*;e_”), and write it as V(q*;e_;)log. We remark that Proposition 10.4
and Lemma 10.6 imply the same conclusion with V(q*;e_;) replaced by

V(qt; Q)log and Mgﬂ oo DY Mzﬂgﬂgv As for Proposition 10.4 this follows

from the fact that the identity map V(q*;¢)°8 — V(qT;¢) is smooth. As
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for Lemma 10.6 the proof that the ‘log’ version follows from the original
version is similar to the proof of Lemma 9.1 using a formula similar to (9.4).

10.2. Proof of Proposition 10.4. In this subsection we prove Propo-
sition 10.4 and Lemma 10.6. We use the notation of Sect. 10.1. In this sub-
section we use V(q*;¢) but not V(q*;é)le.

We first define a map =; : V(q+;e7) X L — Bq for i =1,...,¢ by the
equality:

(10.8) Ei(a,0) =071 (prox).

at,a¢
Here ptox is determined by Condition 10.2 from x U gtk = (a,u”).
LEmMA 10.8. =; is a C™ map.

PROOF. Let {; be a neighborhood of Ny ; in X and h = (hy, he) : 4; —
R? a smooth map such that A~1(0) = Ny ; and dhy is linearly independent
to dho on ;.

Let U; be a neighborhood of ptog;; in Xg. We define a map 2 V(at; e_;) X
LA % Uy = R? by Z4(a, v/, 2) = h(u”(2)) where v is as in (10.7). For each
fixed (a,u’) the element 0 € R? is a regular value of the restriction of Z; to
{(a,u')} x U;. Moreover Z; is a C" map if m is sufficiently larger than n.
Lemma 10.8 then is a consequence of the implicit function theorem. ([

We pull back the universal family 7 : Cg ERWAY s M% 41.¢4ems Dy the

inclusion map V(q*; ¢ ) — Mg 1,00 and take a direct product with Z.
We thus obtain

(10.9) C(qt) = V(qT;€) x £4.

It comes with k£ + 1 sections 58, . ,52 corresponding to the k + 1 boundary

marked points and £ + (" sections s3,...,5}, ,, corresponding to the £ + ¢”
interior marked points.

We consider sections &1, ..., &y defined by Z; (i = 1,...,¢). Then (10.9)

together with k+ 1 sections s, ..., s and £+ ¢ sections s3, ... 050,615, &

becomes a family of nodal disks with k£+1 boundary marked points and £+ ¢’
interior marked points. Therefore by the universality of 7 : Cg e

d . . .
M1 ¢4 We obtain the next commutative diagram.

I
C(q™) E— Cl(ci+1,€+€/
(10.10) J<10.9> lw
V(q+;€7) X L R M%-ﬁ-l,@-é’

Here the horizontal arrows F', F' are C" maps satisfying: a 05? = 5;1 o F for
j=0,... k: Fosf =sioF fori=1,..., ¢ Fo&:52+ioFfori: 1,...,0"
(10.10) is a Cartesian square: F' is fiber-wise holomorphic.
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We can prove the existence of such Fand F by taking the double and us-
ing the corresponding universality statement of the Deligne-Mumford moduli
space of marked spheres.

REMARK 10.9. In our genus 0 case, we can use cross ratio to give an
elementary proof of the fact that F', F' are C™ maps. A similar facts can be
proved for the case of arbitrary genus.

Proor or LEMMA 10.6. Ep  is nothing but the map F' in Diagram
(10.10). O

Proor oF ProproOSITION 10.4. We consider the next diagram.
V(@ é) x Lk x i (€) —2 C(a7) —— Cliyppp 22— VX 50 (9)

Here ®; is the map which is <T>q+ oo (see (10.1)) on the fiber of (a,u) €
V(qT; 6_;) X Zm. V is a small neighborhood of p* = pUt,, in M‘,Ll rrer- P2

is the map which is &)p+7ip75n (see (10.2)) on the fiber of @5+ (rp)-
By (10.3)

(Fo®1)({(a,u)} x gt (€)) D a({(a,u)} x Tp+ (&)

Therefore we take fiber-wise inverse to FoCI)l on the image of ®5 and compose
it with ®5 to obtain a C™ map, that is,

Sp+ (8) X LB x S0 (8) = St ().
This is nothing but the map ¥y, 4 in Definition 10.3. (]

10.3. Proof of the fact that coordinate change is of C™ class.
In this subsection we will prove the C" version of Lemma 7.7 using Propo-
sition 10.4.

For given n, let m1, ms both be sufficiently large and €,e so small that
we obtain Kuranishi charts of C™ class by the argument of Sects. 9.2, 9.4.

LEMMA 10.10. The C™ structures on a neighborhood of p in Vy obtained
in Sects. 9.2, 9.4 using L2, space with m = my coincides with one using L2,
space with m = ma.

PROOF. We first observe that the solution of (9.5) is automatically of
O class. This is a consequence of standard bootstrapping argument. (v’ €
L2, implies Ep(a,u’) consists of L2, sections and so by (9.5) v’ € L2, ,.)

d,log
k+1,04

L2, (3p+(8),05,+(6); X, L) becomes a C™ submanifold of Mﬁflg,wf X
L2, (3,+(8),05,+(6); X, L) by the obvious embedding. Therefore the two
C™ structures of U,+ coincide. Vj, is a €™ submanifold of Uy+ and so its two
C" structures coincide. O

Let mq1 > ms. Then a finite dimensional C™ submanifold of M o X
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LEMMA 10.11. Let My, Mo, X be finite dimensional C™ manifolds and
Ky C My,Ks C Ms relatively compact open subsets and let A be a Hilbert
manifold. Let ¢ : A x My — My be a C™ map. Suppose mi,mg — mq are
sufficiently large compared to n. We assume:

(1) For each a € A, z — (a,z) is an open embedding My — M.
(2) Y(A x K1) C Ks.
Then the map . : A x L2, (K9, X) — L2, (K1, X) defined by

(«(a,h))(2) = h(¢(a, 2))
is a C™ map between Hilbert manifolds.

Proor. This is easy and standard. We omit the proof. (|

Suppose we are in Situation 10.1. We use notations in Sect. 10.1. We
consider the next diagram.

(Przource,PrgaP)

Ug V(gt; )98 x L2, (Sqe (¢), 084+ (€); X, L)

(10.11) Jw l(Ep,q,w)

(Prsource ,Prgap)

d,1 .
Up+ p—> Mk‘+01g,f+f' X L72TL1 (Ep"" (6_>7 azp+ (a7 Xa L)

See Sect. 9.2 for the definition of the horizontal arrows. (Note V(q*; €)l°8 is
an open neighborhood of g™ in Mz,Jlrong o)

The map ¥ in the right vertical arrow is defined by

(10.12) Yla,u’)(z) = o' (Tp g(a, v, 2)),

where U, 4 is defined by Definition 10.3. The map Zp,  in the right vertical
arrow is as in Definition 10.5.
The left vertical arrow ¢ is defined by

(10.13) xUgx —  xUplx,

where pWy is determined by Condition 10.2. The commutativity of the dia-
gram is immediate from the definitions.

The horizontal arrows are C™ embeddings by Proposition 9.4. (We use
the smooth structure V(q; ¢ )18 here.) The right vertical arrow is a C™ map
by Proposition 10.4 and Lemmas 10.6,10.10. Therefore ¢ is a C™ map.

Now we take local transversals A7q such that (Qﬂq,ﬁq) is a strong sta-
bilization data. We define V4 C Uy+ by using it. (See Definition 9.10.) Us-
ing Condition 10.2 (2), which we required for pmx, the image of ¢ is in
Vp C Up+ and the restriction of ¢ to Vg induces the map ¢pq : Vyq/Aut(q) —
Vp/Aut(p). Therefore ppq is a C™ map. Note Uy = Vg/Aut(q), Up =
Vp/Aut(p).

ProPoOSITION 10.12. The C™ map ¢pq : Uq — Up becomes a C™ embed-
ding if we take a smaller neighborhood Ug of [q] in Ug.



174 K. FUKAYA, Y.-G. OH, H. OHTA, AND K. ONO

PROOF. The proof is divided into 5 steps. In the first 3 steps we assume
P = q. We take two different choices of strong stabilization data (Qﬂ;’,,/\/}?)
(0 =1,2), and obstruction bundle data EJ(x) (0 =1,2) at p with Ell)(x) C
E2(x). We then obtain U3, Vi and a1 : UL — UZ. We proved already that
21 is a C™ map. We will prove that it is a C" embedding.
(Step 1): The case p = q, (QU%,,/\_G) = (QU%,,/\_/?). It is easy to see that @
is an embedding in this case.
(Step 2): The case p = q, Eé(x) = EIQ’(XZ’ but (QU%,,N&) # (QB%,NS). In
this case we can exchange the role of (2, N}) and (205, NV3) and obtain ¢15.

Then in the same way as the proof of Lemma 7.8 we can show that @91 019
and 19 0 @91 are identity maps. Therefore they are C™ diffeomorphisms.

(Step 3): The case p = q in general. Note if we have three choices 0 = 1,2,3
then we can show ¢33 0@a1 = 31 in the same way as Lemma 7.8. Therefore
combining Step 1 and Step 2 we can prove this case.

(Step 4): Suppose we are given a strong stabilization data (Qﬂp,ﬁp) at
p. Let q be sufficiently close to p. We also assume that we are given ob-
struction bundle data Ep(x) and Eq(x) at p and q respectively, such that
Eq4(x) = Ep(x) when both sides are defined. We will prove that there exist
strong stabilization data (Qﬂq,ﬁq) at q such that the map ¢pq is an open
embedding.

The proof is based on the next lemma. We take weak stabilization data
0y = (vg;) at q such that Condition 10.2 (1)(2) with x replaced by q is
satisfied. Note ¢ = #wp, = #1w0q = ¢’ in our case.

LEMMA 10.13. We can choose {¢g , ;1 {gpg’a’j}, {pq,a} so that the next
diagram commutes.

(PrsourCCVPrgap) quIOg
—>

! N k41,040
kS XLfnl (Equrﬁ'q (6/)7aEqU1ﬁq (E/);XvL)
(10.14) l l
source map d,log
U, (Pr ,PrpP) Mk+1,14+/z’
P % L2, (Spuiiy (9:0p0s, (@X0L)

The left vertical arrow is the inclusion map.
There exists a smooth embedding ¢ : ¥ 5. (€) = Squs, (€') such that

(a,u') = (a,u’ 0 @)
d,log )

k+1,0+0""
The number m' can be arbitrary large. Here Uéﬁ 18 a neighborhood in

is the map in the right vertical arrow. (a € M

U,

o+ of @ which depends on m’. ¢ depends on m’' also.'?

19The last part of lemma is not used here but will be used in Sect. 12 .
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Postponing the proof of the lemma until Sect. 10.4 we continue the proof.
We take Ng,; = Np . Since wq satisfies Condition 10.2 (1)(2), this choice of
Ny, satisfies the conditions of Definition 9.7.

The commutativity of Diagram (10.14) implies the next:

COROLLARY 10.14. Consider Diagram (10.11) and Vg C Ug+. If (a,u’) €
(Preouree PrP)(Vy) then Epq(a,u') = a and Y(a,u’) = u' o ¢. Here ¢
is the map in the right vertical arrow of Diagram (10.11) and ¢ is as in
Lemma 10.185.

PROOF. Let x U otox € Vg C Uqg+- Note by shrinking Ug+ we may
assume Ug+ C Up+. Then Ng; = Np; implies x U g0y € Vp. In other words
qx = ptox. Therefore p(x U ¢t0x) = x U ¢10x. Here ¢ is the map in the left
vertical arrow of Diagram (10.11). (See (10.13).)

Put (a,u’) = (Pr*"Prg?)(x U qyx). The commutativity of Diagram
(10.11) implies (Pry™¢, Prp®P)(x U gtox) = (Epq(a,u’),9(a,u')). On the

source

other hand the commutativity of Diagram (10.14) implies (Pry™,
Pry®)(x U qt0x) = (a,u’ o ¢). The corollary follows. O

The injectivity of the differential of (Ep g, %) on the tangent space of Vg
is now a consequence of Corollary 10.14 and unique continuation.
(Step 5): The general case follows from Step 3 and Step 4 using
Lemma 7.8. O

The proof of the fact that @pq is a C™ embedding of (orbi)bundles is
similar. Definition 6.2 (3)(4)(5) are clear from construction.

10.4. Proof of Lemma 10.13. To complete the proof of Proposi-
tion 10.12 and of C™ analogue of Lemma 7.7 it remains to prove
Lemma 10.13.

PrOOF OF LEMMA 10.13. Commutativity of the first factor (Pr®°"*°)
is obvious. The commutativity of the second factor (Prmap) is an issue. Put

V(pT;é) = H % xH ><1_ID2

a€ A3 UAY
(10.15) .
vighd) = [ v x H [0, x T D2(ep).
beALUAS i=1

An element x U 0y in a neighborhood of its source curve (an element of
M%+17£+Z,) is written as
x U oy = Dyt (rq) = Pp+ (p),

where rq € V(q™; ¢) and Ip € V(pT;€). Also there exists qp € V(p™;€) such
that q* = ®,+(qp). Pp+, Py+ are defined by Lemma 3.4 using 2,2y,
respectively.
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SUBLEMMA 10.15. We can choose {goal,’i},{tpg’b,j},{qﬁq’b} so that the
next diagram commutes.

)] .
_/’ qt anyél

Vg (€) S (€)
(10.16) <i>p+7qp’4 T

@ T @

The right vertical arrow s an inclusion and other arrows are as in
Lemma 3.9.

It is easy to see from definition that Sublemma 10.15 implies
Lemma 10.13. In fact the smooth open embedding ¢ : Epu‘g (€) = Bquisg (€)

mentioned in the statement of Lemma 10.13 is the map <I>p+ 4p,¢ APpearing
in Diagram (10.16). O

Proor orF SUBLEMMA 10.15. The proof is similar to the discussion of
[FOOO4, Sect. 23]. We first define ¢f,; and ¢, ;, analytic families of

coordinates at the nodal points of ¥q. An irreducible component ¥+ (b)
of ¥4+ is obtained by gluing several irreducible components {¥,+(a) | a €

A(b)} of Sp+. Here A(b) C A5 U AL We may identify

(10.17) V;ﬁ C H V£’+ x Some of the gluing parameters.
acA(b)

Here the second factor of the right hand side consists of the gluing pa-
rameters of the nodes n of X+ such that {n} = ¥ +(a) N X+ (a’) with
a,a’ € A(b). We will define an analytic family of coordinates at a node n/

in X+ (b). It is a family parametrized by Vlfﬁ. There exists a € A(b) such
that n’ corresponds to a nodal point n’ of X+ in ¥+ (a). Then using ¢}, , ;
or <pp ai We can find a Va parametrlzed family of coordinates at this nodal

point . We regard it as a Vq parametrlzed family using the identification
(10.17). We thus obtain ¢, , ; and goqm

We next define ¢qp. This is a trivialization of the universal family of
deformations of ¥+ (b) (equipped with marked or nodal points on it). The

parameter space of this deformation is V;}Jr. In other words if ¥,(b) together
with marked points is an object corresponding to v € V;ﬁ, the datum ¢gq
must be a diffeomorphism

(10.18) St (b) 22 5o (b).

Note the data {¢pa | a € A(b)} and {¢} ,;}, {¥}.,} determine a
smooth embedding X+ (b) N X+ (€) — Xyu(b) uniquely such that Diagram
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Ep+ (a) Eq+ (b)
Lg+ (b)) N Eg+(€)

o+ (d y
pt ( ) n 11 /
+

P q+

FIGURE 3. p' and q*.

(10.16) commutes there. (This family of embeddings is parametrized by
[1.c A(b) Ve +.) We extend the family to the required family of diffeomor-
phisms (10.18) as follows.

We remark that Xq+(b) \ X+ (€) is a union of the following two kinds of
connected components. (See Fig. 3.)

(I) A neighborhood of a nodal point of ¥+ contained in ¥4+ (b).
(IT) A neck region in ¥4+ (b). It corresponds to a nodal point of ¥+
which is resolved when we obtain X+ from X+ .

To the part (I) we extend the embedding X+ (b) "X+ (€) — Xy (D) using
the analytic families of coordinates g ,; or gpg’b,i we produced above. In
fact requiring Definition 3.7 to be satisfied makes such an extension unique.

We extend it to the part (II) in an arbitrary way. We can prove the ex-
istence of such an extension by choosing V;ﬁ small. (The extension depends
not only on the first factor but also on the second factor of (10.17).) See
[FOOO4, Remark 23.5] for example for detail.

The commutativity of Diagram (10.16) is then immediate from construc-

tion. In fact if vq = ((Ub)beAguAg; 0,...,0),(0,..., 0)) (namely if all the
gluing parameters are 0) then this is the way how ¢q; is chosen. Then by
the way how ¢ ,; and gofl b are chosen Diagram (10.16) commutes when

gluing parameters are nonzero as well. We thus proved Sublemma 10.15 and
the C™ analogue of Lemma 7.7. O

REMARK 10.16. In the proof of Lemma 10.13 and Sublemma 10.15 we
never used the pseudo holomorphicity of ug. Therefore Lemma 10.13 and
Sublemma 10.15 still hold if we replace q by r = ((Xy, 2, 3r), ur) such that
uy is smooth and r is e-close to p.

11. Existence of obstruction bundle data

In this section we prove:
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THEOREM 11.1. There ezists an obstruction bundle data {Ep(x)} of the
moduli space Myy1,4(X, L, J; B). We may choose it so that Condition 7.11
is satisfied.

11.1. Local construction of obstruction bundle data. Let p €
Mp10(X, L, J; ). We will construct an obstruction bundle data Eg.p(x)
at q when q is in a small neighborhood of p.

LEMMA 11.2. There exists a finite dimensional subspace Eg(p) of
C®(Sp, u TX ® A%) (the set of smooth sections) such that:

(1) The supports of elements of Eg(p) are away from nodal points.
(2) ES(p) satisfies the transversality condition in Definition 5.5.
(

0
EP
3) EY

0 (p) is invariant under the Aut™(p) action in the sense of Con-
dition 5.6.

We may choose Eg(p) so that it also satisfies Condition 7.11 and the second
half of Condition 5.6 holds.

This is a standard consequence of the Fredholm property of the operator
(5.5) and unique continuation. We omit the proof.

We next take a strong stabilization data (Qﬁp,ﬁp) as in Situation 9.8.

Let x € Apy14(X, L, J; ) be eclose to p. Using Lemma 9.9 and the
definition of e-closeness, we can find px such that x U prox is o(e)-close to
p Uy, and ux(px i) € Np ;. Moreover the choice of such pWy is unique up
to Aut(x) action. (We also remark that Aut(x) is canonically embedded to
Aut(p).) )

Now we proceed in the same way as Sect. 8.1. We put y = x U ptox and
obtain y with ®,+(y) = y. We then obtain the map (8.1).

(11.1) Py : C*(Sy(€);u TX @ A%) — C*(Sp;upTX @ A%).
Note the image of Py is C*(Ep(€);ufpTX ® A°'). We may take € so that
E)(p) is contained in the image of (11.1).
DEFINITION 11.3. We define
(11.2) EY(x) = Py (ES ().
Since the choice of oy is unique up to Aut(x) C Aut(p) action, Lemma 11.2

(3) implies that the right hand side of (11.2) is independent of the choice of

—

pMx.
We also define

(11.3) Fap(x) = FS(x)
if g € Myy14(X, L, J; ) is sufficiently close to p and x is e-close to q.

PROPOSITION 11.4. If q is sufficiently close to p then {Eqp(x)} is an
obstruction bundle data at q.
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PRrOOF. By Lemma 4.14, Eq.p(x) is defined if x is d-close to q for some
small §. We will check Definition 5.1 (1)(2)(3)(5). (1) is obvious from defi-
nition. (5) follows from Lemma 11.2 (3). (3) holds if q = p by Lemma 11.2
(2). Then using Mrowka’s Mayer-Vietoris principle it holds if q is sufficiently
close to p. See [FOOO2, Proposition 7.1.27]. We will prove (2) (smoothness
of Eq.p(x)) in the next subsection.

11.2. Smoothness of obstruction bundle data. In this subsection
we prove that Ey.p(x) (which is defined in Definition 11.3) is smooth in the
sense of Definition 8.7. The proof is based on Proposition 10.4.

Let q € My414(X, L, J; 5) and take stabilization and trivialization data
Wy In other words (together with the strong stabilization data at p which
we have taken in the last subsection), we are in Situation 10.1. We use the
notations of Sect. 10.1.

We remark that the role of p in Definition 8.7 is taken by q here.

We take V(q*t;€’) as in (10.5) and V(q*;¢€) = @4+ (V(qT;¢)). For y €
V(qt;€) and v € Z3 we obtain v = u’ofl\)(}1 W ¥y(€) = X asin (10.7).

K 76
We want to prove that the family of linear subspaces Py (Eq;p(x)) (see (8.7)
and (8.1)) is a C™ family when we move y,v'. Here x € Xj41 (X, L, J; 5)
and y = x U qW0x = ((Xy, 7, 3y), u”). We take pt0x so that Condition 10.2 is
satisfied. In view of Definition 11.3, we will study the composition:
(1) | et Py | O (Spt (8 upTX ® A™)

' — L2(Sy(); utTX @ A%) = L2 (Sqr (6); ufTX @ A%
and study C™ dependence of the image of Eg (p) by this map.

REMARK 11.5. Note when we define Py, 5. we take q and x U qiox in
place of p and y in (8.1). When we define Pyupi, We take p and x U px
in place of p and y in (8.1).

We remark that Definition 8.5 (1)(2) and Definition 8.7 (1) is obvious

from construction. To prove Definition 8.5 (3) (and so Definition 8.7 (2)) it
suffices to prove the next lemma.?’

LEMMA 11.6. If e € C™(Ep;upTX ® A% is a smooth section which
has a small compact support in X+ (€), then the map (n,u’) — (Pxugi, ©

,P;thﬁx)(e) s a Cn_l map21 to L%l(zq<6_;)7uleX ®A01).

PRrROOF. Let UP be a support of e and 2P its coordinate. Let ¥y, 4 be as

in Definition 10.3. We may assume ¥, (V(q™; ) x £3 x UP) is contained
in a single chart U9 and let 29 be its coordinate.

20In fact we can use partition of unity to reduce the case of general e supported away
from node to the case of one with small support.
21Recall that in Proposition 10.4 we obtain a C™ map ¥p 4.
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We may also assume that «/(U?) for any v’ € £ and up(UP) are
contained in a single chart U¥X of X and denote by ey, ..., ¢4, sections of the
complex vector bundle X on U¥ which give a basis at all points.

We put a = @+ () € V(qT;¢). During the calculation below we write
Up,q(2) = ¥p q(a, v, 2) for simplicity. By definition the map Py 5, OP;UIPEX
is induced by a bundle map which is the tensor product of two bundle maps.
One of them (See (8.2)) is a composition of the parallel transports
(11.5) T p(\l’;,h(zq))X — Tu/(zq)X — T’LLq(Zq)X'

U

The other is (See (8.3).)

(11.6) AYor ayZp = A Bk — AL,

at,n,e

(29)

The arrows in (11.6) are the complex linear parts of the derivatives of

D+ y°¥pqand of (i);t)g’ In fact, by Definition 10.3 and (10.4), o
Upq = &\)p+7;p7g7 where rp is defined by x U piox = @+ (1p).

If h =), hie; is a section of uyT'X on UP then (11.5) sends h to the
section

29 Z hi(Vp.q(a, v, 29))Gij(uq(2),u'(29), up(¥p,q(a, u', 29)))e;
.3

-0
qt,n,e

Here G;; is a smooth function on UX xUX x UX.
We take a 1 parametrized (smooth) family of complex structures j, on

U9, which is a pull back of the complex structure on ¥y = X, by @q ol

Then (11.6) is a composition of
(DUp )" A?I};L () UP A% (U9, j,) and
()0 5 A% (U, 5y) - AL (U9, o).

(Here jo is the complex structure of U4 C 3q.) Therefore using Proposi-

tion 10.4 there exists a C"~! function f(,’, 29) such that (11.6) is written
as

dzP — f(y,u’, 29)dz9.
We put e = ), e;(2P)e; ® dzP. Here e; are smooth functions. Then
(quqnﬁx °© P;Jprax)(e)
= f(y,u, 29)
x> ei(Upgla, ', 29)Gij(ug(z%), v/ (29), up(Vp q(a, v/, 29)))e; ® dz9.
2
Since e;, up, uqg, Gji; are smooth, f is of C™ 1 class, Vp.q is of C" class,

and a = @+ (n) with @4+ smooth, this is a C"~! map of (y,u/,29), as
required. [l
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Definition 8.7 (2) is now proved. We remark that we never used the
fact that uq is pseudo holomorphic in the above proof. Therefore the proof
of Definition 8.7 (3) is the same.?? The proof of Proposition 11.4 is com-
plete. ([l

11.3. Global construction of obstruction bundle data. In this
and the next subsections we prove Theorem 11.1. The proof is based on
the argument of [FOn, page 1003-1004]. For each p € M1 (X, L; ) we
use Proposition 11.4 to find its neighborhood (p) in M1 (X, L; B) such
that if q € U(p) then Eqp(x) is an obstruction bundle data at q. We take
a compact subset K (p) of {(p) such that K(p) is the closure of an open
neighborhood K,(p) of p.

We note that during the construction of Eq.p(x) we have chosen a linear
subspace E(p) (See Lemma 11.2.) as well as strong stabilization data at p.

Since My41,4(X, L; B) is compact, we can find a finite subset {pi,...,
p#} of Myi14(X, L; B) such that

P
(117) UKo(p’L) = Mk-‘rl,f(X’L;ﬁ)'
=1

For qc MkJrl,@(XaL;B) we put I(q) = {Z € {L B ‘@} ‘ qc K(pz)}

LEMMA 11.7. We may perturdb Egi (p:) by an arbitrary small amount in
C? norm so that the following holds. For each q € Mpq10(X, L; B) the sum
Yici(q) Fap.(a) of vector subspaces in C“(Zq(e_;); ur TX @ A%) is a direct
sum

(11.8) @ Eqp,(q)-

i€l(q)

Postponing the proof of Lemma 11.7 to the next subsection we continue
the proof of Theorem 11.1.

Note we may choose E;;?, the perturbation of ng sufficiently close to
ng so that for q € K(p;) the conclusion of Proposition 11.4 still holds after
this perturbation.

For each x sufficiently close to q we define Eq(x) = @, 1(q) Eap: (%)
(Since x is sufficiently close to q the right hand side is still a direct sum by
Lemma 11.7.)

Now we prove that {Eq(x)} satisfies Definition 5.1 (1)-(5). (1)(2)(5) are
immediate consequences of the fact that Eq p,(x) satisfies the same property.
(3) is a consequence of I(q) # () (which follows from (11.7)) and the fact
that Eqp,(x) satisfies (3).

We check (4). Let q € My41,4(X, L; B). Since K(p;) are all closed sets,
there exists a neighborhood U(q) in M1 (X, L; 8) such that ' € U(q)

22The proof of Lemma 9.9 we gave in this article uses the fact that up there is pseudo
holomorphic. We however never take local transversals to q in this subsection and so the
pseudo-holomorphicity is not needed here.
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implies I(q') C I(q). Therefore Eq (x) C Eq(x) when both sides are defined.
This implies (4).

11.4. Proof of Lemma 11.7. To complete the proof of Theorem 11.1
it remains to prove Lemma 11.7. The proof here is a copy of [FOOO4,
Sect. 27]. We begin with two simple lemmas. (All the vector spaces in this
subsection are complex vector spaces.)

SITUATION 11.8. Let V' be a D dimensional manifold, V; (i = 1,...,1)
open subsets of V and K; C V; compact subsets. m; : & — V; is a d;
dimensional vector bundle on V; and F is a d dimensional vector space.
Suppose F; : & — E is a C' map which is linear on each fiber of &.
Let Grq(FE) be the Grassmannian manifold consisting of all a dimensional
subspaces of F.

LEMMA 11.9. In Situation 11.8 we assume
(11.9) a+D> di<d

Then the set of Ey € Grq(FE) satisfying the next condition is dense.

(*) For any v € V we consider the sum of the linear subspaces
Fi(r7Y(v)) C E fori with v € K; and denote it by F(v). Then

F(U) N EO = {O}

PRrROOF. The proof is by induction on a. Suppose Ej € Gr,_1(FE) satisfies
(*). It suffices to prove that the set of e € E'\ {0} such that Ce N E{, = {0}
and E| + Ce satisfies (*) is dense.

Let £ C {1,...,1} and Uz = ;. Ui. Let £ be the total space of the
Whitney sum bundle @, & on Uz. We define FL :Cx E\x& — E as
follows. Let w; € 7; *(v) C &, then

Fr(r,z, (wi)iec) = r(z+ Z Fi(wy)).
€L
This map is C' and the dimension of the domain is strictly smaller than
d. Therefore the image of F, is nowhere dense. On the other hand if e is
not contained in the union of the images of F ¢ for various £, then E{ + Ce
satisfies (*). In fact suppose Y Fj(w;) + v+ ce = 0 with w; € 7, ' (v), v € E
and ¢ € C. If ¢ = 0 the induction hypothesis implies ), Fj(w;) = 0, v = 0.
If ¢ # 0, then e = Fr(—1/c, v, (w;)), a contradiction. O

We use the equivariant version of Lemma 11.9.

SITUATION 11.10. Let I' be a finite group of order g and d' > 0. In
Situation 11.8 we assume in addition that E is a I' vector space such that
any irreducible representation W, of I' has its multiplicity in E larger than
d'. Let Rep(T") be the set of all irreducible representations of I over C.
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Let G7(q,:0erep(r)) (F) be the set of all T' invariant linear subspaces Ey
of E such that Ej is isomorphic to € Wi as I' vector spaces. Let

a = sup{ay}.

o€Rep(T")

LEMMA 11.11. Suppose we are in Situation 11.10. We assume
(11.10) a+gD> di<d.

Then the set of all Ey € GT(q,.0erep(r))(E) satisfying the Condition (*) in
Lemma 11.9 is dense in GT (4 .ocRep(T)) (F)

Note we do not assume I' equivariance of V', & or F; in Lemma 11.11.

PROOF. Let m, > d' be the multiplicity of W, in E. Then there exists
an obvious diffeomorphism

(1111) GT(GUZUGRGP(F))(E) = H Gradamv'

Here Grg, m, is the Grassmanian manifold of all a, dimensional subspace
of C™<. Let C[I'] be the group ring of the finite group I'. We put:

(11.12) Er=&ocClle P &acW.
7€Rep(T)

Here d,, is the multiplicity of W, in C[I']. Note d, < g. (11.12) is an iso-
morphism of I' equivariant vector bundles. F; induces a I' equivariant map
Ef — FEp. It then induces I' equivariant fiberwise linear maps F; , : & ®c
Wg" — W' by decomposing into irreducible representations. The map
F; - can be identified with a fiberwise C-linear map Fz}a 1 & @c Cle — C™Mo
by Schur’s lemma. (11.10) implies a, + Dd, Y d; < m,. Therefore using
(11.11) we apply Lemma 11.9 for each o and prove Lemma 11.11. (I

ProOOF OF LEMMA 11.7. We take {pi,...,p2}, U(p:i), K(pi) as in
Sect. 11.3. We also have taken Egi (pi) so that the conclusion of Lemma 11.2
is satisfied. Let d be the supremum of the dimension of EJ (p;) and g
the supremum of the order of Aut™(p;). For each i we take ET(p;) in
C®(Sp,, up, TX ® A%) such that:

(1) Lemma 11.2 (1)(3) are satisfied.
(2) Ep,(pi) C E*(ps).
(3) For any irreducible representation W, of Aut™(p;) the multiplicity
of W, in E*(p;) is larger than d*. Here d* is determined later.
We will prove, by induction on I = 1,..., 2, that we can perturb Egi (ps)
in E*(p;) in an arbitrary small amount to obtain Ell)i (p;) so that statement
(I) holds.

(I) Forany J C{1,...,I} and q € ;c; K(p:), thesum ), ; B, (q)
is a direct sum. Here we define ., (q) in the same way as Fqp,(q),

using E}, (p;) instead of EJ (p;).
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Suppose (I — 1) holds. We choose a weak stabilization data 1, and a
neighborhood A (p}) C Xgy1.040(X, L; B) of pf = pr U wy,. We define
obstruction bundle data { Ep, (x)} at p; by using Ep (ps). Proposition 11.4
and Lemma 9.11 then imply that

U(py) = {x € A (p;) | dux € Ep,(x)}

has a structure of a finite dimensional orbifold V (p;)/Aut(p}).?* Let D be
the supremum of the dimension of V(p;r) forI=1,..., 2.

We apply Lemma 11.11 as follows. Put V = V(p}), E = E*(p;), ' =
Aut(p}). Fori < I—1, we define K; as the inverse image of Kp,NKp, U (p})
in V(p}F) and take a sufficiently small neighborhood V; of K;. For y € V;
we take its image y € U(p}). Put &(y) = E} (forget,,  ,(y)) and define a

vector bundle & = (Jjcy, £(¥) x {¥} on Vi. We consider an isomorphism

Py L?n(zy(g%U;TX ® Aol) - szn(zpf(g);U;,TX ® AOI)

fory € V; withy = [y] € U(p}F) and compose Py with the orthogonal
projection IT : L2 (p,(€); uf,, TX © A°') — E*(p;) = E. The restrictions
to & (y) of the composition II o Py for various y € V; defines a C! map
We may take d* depending only on £, g, 0, D so that (11.10) is satisfied.
By Lemma 11.11, we obtain (I) as an immediate consequence of (I — 1) and
Lemma 11.9 (x).
The claim (I), in the case I = &2, implies Lemma 11.7. O

12. From C"™ to C*°

In Sects. 9 and 10 we have constructed a Kuranishi structure of C™ class
for arbitrary but fixed n. In this section we provide the way to construct one
of C* class. The argument of this section is a copy of [FOOO4, Sect. 26].
We use Condition (3) in Definition 8.7 in this section.

12.1. C* structure of Kuranishi chart. We study the map (Pr°"™°,
Pr@) and also Vj, C Up+. (Up+ is defined in Definition 7.2. V}, is defined
in Definition 9.10.) In Sect. 9 we proved that the image of U,+ by the map
(Prsowree PraP) is a C™ submanifold if m is sufficiently larger than n and

also the image of V}, is a C™ submanifold. We first remark the following:

LEMMA 12.1. The images of U+ and Vy by the map (Prée"e, PraP)
are O submanifolds at p™.

PRrROOF. It suffices to show that they are of C™ class for any n'. It is
obvious from the construction of Sect. 10.3 that for any n’ we can find m’

23We use E}, (x) here only to cut down .4 (p}) to a finite dimensional orbifold. So we
do not need to use any particular relation of this space EgI (x) to the obstruction bundle
data Ep(x) we finally obtain.
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such that for an open neighborhood U ;) . of ptin Up+ and ¢ the next
diagram commutes.

, N (Prsource 7Prmap) M:iﬁ%g.;gl
p xL2 , (Zpusp (€),05pu, (€):X,L)

(12.1) J J

U + —)(Prsource,Prmap) Miii%wrz,
P XL?n(Epuﬁp(avazpuﬁp(g)%xaL)
where vertical arrows are inclusions. Moreover the first horizontal arrow is
of C" class and the image of Vp by the first horizontal arrow is also of cm
class. (See Lemma 10.10.)?* Therefore the image of the second horizontal
arrow is of C™ class at the image of p and that the image of Vp by the
second horizontal arrow is also of C™ class at the image of p*. The lemma
follows. [l

Note the size of the neighborhood Ur/> . may become smaller and converge

to 0 as m/ goes to infinity.?” So the above proof of Lemma 12.1 can be used
to show the smoothness of Up+ and V;, only at p*. We fix m, U and V,
and will prove:

PROPOSITION 12.2. The image of Vp by the map (Pr®°" ¢ Pr™) is q
submanifold of C*° class.

COROLLARY 12.3. The Kuranishi chart (Up, Ep, Sp,Yp) we produced in
Sect. 9 is of C*° class.

It is easy to see that Proposition 12.2 implies Corollary 12.3.

PROOF OF PROPOSITION 12.2. Letrt € V,, C Up+. We put rt = rUro,
where r = ((Xy, 2, 3r), ur). We apply Lemma 10.13 with q replaced by r
(See Remark 10.16.) and obtain 20, = (ﬁ"ra{SOi,a,i},{‘Pg,a,j}a{wr,a})- (See
Remark 8.6.)

We write Prp® etc. in place of Pr™ hereafter. We recall that the
map Prp® (resp. Pry"*?) depends not only on the weak stabilization data
0, (resp. 1) but also on the stabilization and trivialization data, 20, =

(Bp, {Phai}s {Ppat {0pat) (resp. We = (W, {9} 4 i}, {4 i }s {(¥ra}))-
We consider Diagram (10.14) with q replaced by r. For each n’ we can
choose m’ such that the image of the first horizontal arrow is of C™" class.
(Here we use Definition 8.7 (3) for r and apply the C™ version of Lemma 7.3
(which is proved in Sect. 9.4) at r.) The right vertical arrow is smooth. In

24Note the map Pr™* depends only on the embedding Uiy (€) — k. (Here x €
Up+.) Therefore it depends only on the stabilization and trivialization data 20, we use
and is independent of the Sobolev exponent m in L2,.

25This is because the size of the domain of the convergence of the Newton’s iteration

scheme we explained in Sect. 9.2 may go to 0 as m goes to co.
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fact this map is f — f o ¢ for an open smooth embedding ¢ mentioned in
Lemma 10.13.

Therefore the commutativity of Diagram (10.14) implies that the image
of (Pr**"®, Pry®?) in Diagram (10.14) is of C™ class at rT. We can also
prove that the image of V}, under the map (Pr*"¢, Prp®P) is of C" class
at r™. Since n’ and r* are arbitrary, Proposition 12.2 follows. The proof of
Proposition 12.2 and Lemma 7.3 (the C™ version) are now complete. I

12.2. Smoothness of coordinate change. In this subsection we
prove that the coordinate change we produced in Sect. 10 is of C™ class
with respect to the C'° structure we defined in the last subsection.

We first consider the case q = p. We take two strong stabilization data
(W, N3) (j = 1,2) at p. Moreover we take two obstruction bundle data
{E}(x)} (j = 1,2) at p. We obtain two Kuranishi charts (U3, p, sp, ¢) for
j = 1,2 using them. We assume Erl,(x) C Eg(x).

Then by the construction of Sect. 7.3 we obtain a coordinate change
(¢21,P21), where @o1 : Ugl — Ug is an embedding of orbifolds from open
subset Uf,l of Ug. The map @91 is an embedding of orbibundles 511)|U31 — Eg.

LEMMA 12.4. @o1, ©o1 are of C™ class at p.

PROOF. The proof is similar to the proof of Lemma 12.1. For any n’ we
can use L%l, space to show that a1, P21 are of C"™ class on Ugl N U;N where
UI’) is a neighborhood of p in Ull) and depends on m/,n’. This is a consequence
of Sect. 10.3. Since n’ is arbitrary o1 is of C*° class at p. The proof for P
is the same. O

Suppose we are given obstruction bundle data {Ep(x) | p,x} and are in
Situation 10.1. We also take local transversals /\7p, ./\7q such that (Qﬁp,./\_fp),
(QUq,A?q) are strong obstruction bundle data.

We then obtain Kuranishi charts (Up, &p, 5p, ¥p) (resp. (Uq, £q,5q, Vq))
at p (resp. q). We assume q is close to p. Then by the construction of
Sect. 7.3 we obtain a coordinate change (¢pq, Ppq) of C™ class.

PROPOSITION 12.5. (¢pq: Ppq) i of C™ class.

PRroOF. Let r € Upq. We will prove ¢pq is of C° class at r.

We define strong stabilization data (p20y, p/\_fr) at r as follows. We first
take pt0y so that Condition 10.2 (with x replaced by r) is satisfied. We then
apply Sublemma 10.15 to obtain analytic families of coordinates and smooth
local trivializations. We thus obtain p20,. We put pN;; = Np ;. We define
(¢, qA_fr) in the same way replacing p by q. We also put p Ey(x) = Ep(x)
and o By (x) = Eq(x).

LEMMA 12.6. Using (;20, pNy) and pEr(x) = Ep(x) (resp. (D, ¢Nr)
and qEy(x) = Eq(x)) we can construct (U, p&r, pSr, p¥r) (resp. (qUr, ors
oSrs q¥r) ), which is a Kuranishi chart at r.
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PROOF. We have completed the construction of smooth Kuranishi charts
in the last subsection. The only difference here is the fact that r may not
be a point of the moduli space M1 ¢(X, L; §). In other words, u, may not
be pseudo holomorphic. On the other hand, it is smooth. The construction
of a Kuranishi chart goes through?® in this case except the following point.
During the proof of Lemma 9.11 we use the fact that dup, = 0.

However we can prove the conclusion of Lemma 9.11 in our situation as
follows.

We used dup = 0 to prove that the map x — ux(3x.¢+:) (See (9.16)),
which is a map from Up+ to X, is transversal to Np,i at p™. We prove that
the same map pUp+ — X is transversal to pAy; at rt as follows.

By our choice of z20, and pFEr(x), the set LU+ is a neighborhood of
r* =rUp; in Up+. Moreover pN;; = Np ;. Therefore we use the fact that
X > Ux (3x,0+4) is transversal to ./\/pﬂ- at p™ and r™ can be chosen to be close
to pT to show the required transversality at r*. The case when we replace
p by q is the same. O

We now consider the following commutative diagram.
aUy —— Upq

(12.2) l l

pUr — Up

Here Uy is a small neighborhood of r in qUy. All the arrows are coordinate
changes. The commutativity of the diagram follows from Lemma 7.8.

We first observe that two horizontal arrows are smooth at r. This is
the consequence of our choice of (20, p2Wy) and (¢2Wr, W) (and of L Ey
and gFEy). In other words it is nothing but Proposition 12.2 and its proof.
Moreover they are open embeddings.

We next observe that the left vertical arrow is smooth at r*. This is
a variant of Lemma 12.4 where u, (which corresponds to up) may not be
pseudo holomorphic. The proof of this variant is the same as the proof of
Lemma 12.4.

Therefore the right vertical arrow, which is nothing but the map ¢pq,
is smooth at r. The proof of smoothness of Ppq is the same. The proof of
Proposition 12.5 is complete. U

13. Proof of Lemma 4.14

PrROOF. The proof is divided into 4 steps. In the first two steps we
consider the case p = q. We write 205, = (w7, {¢;}, {Lpgg}, {¢9}) (0 =1,2).
We will prove

(13.1)  Bs(Xp1,0(X, L, J; B); p, W) C Be(Xpi14(X, L, J; B); p, W?),

for sufficiently small 4.

26We use Definition 8.7 (3) in place of Definition 8.7 (2).
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(Step 1) We assume 1! C 12 or 192 C 1v': Suppose 10! C 10?2 and #w! = ¢,
#1902 = ' + (". We consider the next diagram:

o2
. é d ™ d
Uto?2 X EpUmQ (g) —_— Ck+1’e+€/+€// Mk+1,£+el+ell

l l lfﬂfge’%—e’u”,uz’

oL
. L ¢ d G d
Ut X Bpupt (¢) ? Ck+1,£+£' ? Mk+1,€+£’

Vo

V,

P

Here the right half of the diagram is one induced by the forgetful map in
the obvious way. We put

(13.2) Vouse = [ Ve x[0,¢)™ x (D2(c))™.

See (3.5). The second and the third factors of the right hand side of (13.2)
are the gluing parameters of the nodes. VY is the deformation parameter of
the a-th irreducible component of the source curve of p U m0°.

The map C/I\Dé (resp. ‘5?7) is the map (3.11) defined using 20" (resp. 20?).

The left vertical arrow is defined as follows. X, 52(€) — ZPU@(Q ) is

the inclusion. (The inclusion exists if ¢ is sufficiently small compared to €.)
The forgetful map of the marked points induces a map V2 — V1. This map
together with the identity map of the second and the third factors of (13.2)
defines the map in the left vertical arrow.

The maps appearing in the diagram are all smooth. The right half of
the diagram commutes. Note the left half of the diagram does not commute
since we use different stabilization and trivialization data to define @é and

Note however that the left half of the diagram commutes if we restrict
it to the fiber of p U ' Therefore choosing V, gz small the left half of
the diagram commutes modulo a term whose C? norm is sufficiently smaller
than e. (13.1) is an easy consequence of this fact. The proof of the case
02 C ! is the same.

(Step 2) We consider the case p = q in general, where !, 12 have no
inclusion relations. Let 207, (0 = 1,2) be as above. We take a weak stabiliza-
tion data 12 such that w! N3 = ©2 N3 = . We take stabilization and
trivialization data Qﬁf’), QU%;O’, Qﬂf;q‘ , so that their weak stabilization data are
given by 3, 9 U3, 12 U3, respectively. Now we can apply Step 1 to
the following 4 situations. (20, 20.%), (W5}, 253), (W3, W3%), (W2, 03).
Combining them we obtain the conclusion (13.1) of our case (QU%,, QU%)

(Step 3) The case p # q. In this step we prove that given 20, we can
find 24 such that (4.1) holds: We first use the fact that q is sufficiently
close to p to find Wq such that q U g is sufficiently close to p U wp.
We then apply Sublemma 10.15 to obtain {¢g ,;}, {gog’a’j}, {¢q,a}- We put
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Wy = (Wq, {950} {cpdq’w-}, {¢q,a})- Diagram (10.16) commutes. (4.1) is its
immediate consequence.

(Step 4) Now the general case follows by combining Step 2 and Step 3. O
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