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Interior a priori estimates for the
Monge-Ampere equation

Jiakun Liu and Xu-Jia Wang

ABSTRACT. In this paper we prove the strict convexity, the interior C1¢,
C?* and W?P estimates for convex solutions to the Monge-Ampere
type equation. For the strict convexity and Ch® estimate, we assume
that the inhomogeneous term f satisfies a doubling condition. For the
C%“ and W?? estimates, we assume that f is Holder continuous or
continuous. These estimates are mainly due to Caffarelli. We also give a
brief discussion on the regularity for more general Monge-Ampere type
equations arising in optimal transportation.

1. Introduction

In this paper we consider the regularity of solutions to the Monge-
Ampere equation

(1.1) det D*u= f in Q,

where  is a domain in R”, det D?u denotes the determinant of the Hessian
matrix D?u, and f is a given function. This is a fully nonlinear, second order
partial differential equation. It is elliptic when the Hessian matrix D?u is
positive definite, namely when u is locally uniformly convex. In this paper
we always assume that the solution is convex, and the inhomogeneous term
f is nonnegative.

When f = K(1 + |Du|?)"*+2)/2 equation (1.1) is the prescribed Gauss
curvature equation, with the Gauss curvature K. The Monge-Ampere equa-
tion also arises in a variety of applications, such as in affine geometry, isomet-
ric embedding, optimal transportation, and reflector design. It has been ex-
tensively studied in the last century. Significant contributions were made by
Aleksandrov, Calabi, Pogorelov, Heinz, Caffarelli-Nirenberg-Spruck, Cheng-
Yau, Krylov, and many others before 1990s. In particular Pogorelov proved
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an interior second derivative estimate for strictly convex solutions and Cal-
abi obtained an estimate for higher derivatives. Therefore a regularity theory
in the case when f is positive and smooth has been established. We refer
the reader to [7, 8, 9, 15, 16, 17, 29, 32, 33| for more details.

In this paper we address the interior a priori estimates for the Monge-
Ampere equation, mainly obtained by Caffarelli in 1990s [3, 4, 5]. But in
dimension two, these estimates were obtained earlier [17, 28, 30]. We will
discuss the following estimates:

a) Strict convexity of solutions;

b) C1@ regularity of solutions;

c¢) Continuity of the second derivatives;

d) Holder continuity of the second derivatives;
e) W2P estimate for large p;

f) W21+€ estimate for small € > 0.

For part a), we assume that the solution vanishes on the boundary and
f satisfies a doubling condition. The strict convexity of solutions is assumed
in all the estimates b)-f). For estimate b), we assume that f satisfies a
doubling condition. For estimates c¢) and d), we assume that f is positive
and Dini or Holder continuous. For estimate e), we assume that f is positive
and continuous. By an example in [35], the continuity is needed for the
W?2P estimate for large p. But for small p > 1, it suffices to assume that
co < f < ¢ for some positive constants ¢y and c;, and that is the estimate
in f).

Among the above estimates, the main ones are the C%® and W?2P
estimate by Caffarelli [4]. However, the paper [4] is difficult to understand.
For example no details for the C>* were given. Even for the uniformly elliptic
equation, the proof of the C%® is quite complicated [2]. A simplified proof
for the C*“ estimate was later given in [19], using a perturbation argument
introduced in [37]. In [37] a simple proof for the C%“ estimate for elliptic
and parabolic equations, both linear and nonlinear, was presented. For the
W2P estimate, the proof in this paper is also simpler than that in [4], but the
basic idea is the same as that in [4]. The purpose of this article is to provide
simplified proof for Caffarelli’s work on the Monge-Ampere equation. The
presentation of this paper is based on the lectures given by the second author
at Tsinghua University in 2011. In this note we also provide a simple proof
for the existence and uniqueness of minimum ellipsoids of convex bodies.

This paper is organized as follows. In Section 2, we discuss the strict
convexity and C1® regularity of solutions. In Section 3 we outline the proof
in [19] for a continuity estimate for the second derivatives of solutions. In
Section 4, following the lines of [4] with some simplification in [38], we give
a shorter proof of the W?2P estimate, assuming f is continuous. When f is
not continuous but pinched by two positive constants, recently De Philippis-
Figalli-Savin [12] and Schmidt [30] proved u € W2'*¢ for some small & > 0.

loc
We include the proof of the I/Vli’c1JrE estimate in Section 5. Finally in Section
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6 we briefly discuss the corresponding estimates for the more general Monge-
Ampere equation

(1.2) det [D*u — A(z, u, Du)] = f(z,u, Du).

This more general equation arises in reflector design and optimal transporta-
tion. The interior C>® and W?2P estimates for (1.2) have also been obtained
recently in [23, 24], respectively, under some appropriate assumptions on
the cost function.

2. Strict convexity and C''® estimate

2.1 Minimum ellipsoid.
First we introduce a lemma, which is due to F. John, and is often used
in the study of convex bodies and the Monge-Ampere equation.

LEMMA 2.1. Let Q) be a bounded, convexr domain in R™. Then among
all ellipsoids containing §2, there is a unique ellipsoid E of smallest volume
such that

1
(2.1) —-ECQCE.
n

In this paper we denote by af2 the a-dilation of Q with respect to the
center of its minimum ellipsoid. We call E the minimum ellipsoid of Q. By
a rotation of the coordinates, we may assume that F is given by

2
B n [ x; — 2oy
E_{Zi=1<7“i ) <].}a

where g = (20,1, , Zo,n). By the unimodular linear transform 7" : = — vy,
r .
(2.2) Yi = ;(xi—.%o’i)—l—x()ﬂ', 7= 1,-" , N,

7

where r = (rq--- rn)l/”, E becomes the ball B, (xg) with
Br/n(ajO) - T(Q) - Br(xO)'

We say Q is normalized if its minimum ellipsoid is a ball (namely when T is
the identity mapping).

PROOF OF LEMMA 2.1. Let Vp = inf{|E| : E € ®}, where ® is the
set of ellipsoids containing 2. Let Ej be a sequence of ellipsoids in & with
|Ex| — V. Since Ej, contains €2, it must be uniformly bounded and converges
in Hausdorff distance to an minimum ellipsoid E.

To show that E satisfies (2.1), we assume by a linear transform that F is
the unit sphere with center at the origin. If (2.1) is not true, let zy € 9 such
that |zo| = inf,ecpq |x|. By a rotation of axes, we assume zg = (0,--- ,0, —t)
with ¢ < 1 — ¢ for some € > 0, such that the plane {z,, = —t} is a tangent
plane of 92 at xy. Then we have Q C G =: B1(0) N {z,, > —t}. It suffices to
prove that the unit ball is not the minimum ellipsoid of G.



154 JIAKUN LIU AND XU-JIA WANG

The proof is very elementary. Let y; = z;/(1 4+ 6) fori = 1,--- ,n —1,
and y, = x,(1 + §)" !, where § = €. In the new coordinates, G is
strictly contained in the unit sphere with center at (0,---,0,h) provided e
is sufficiently small, where h = (1+6)"~! — 14 §2. We reach a contradiction
as F is a minimum ellipsoid.

Next, we prove the uniqueness. Suppose there exist two minimum el-
lipsoids F; and FEs. By a rescaling we assume E; = {> 2? < 1} and
Ey = {3 (z; — a;)?/r? < 1} with [[r; = 1, where (ay,--- ,a,) is the centre
of Ey. Then for any x € E1 N Es, we have

S [m? L (@ ai) ;2‘”)2] <2

1 (2

1+72 a; a?r?
T — + r? <1,
z@: 22 [( ol 4r? (14 172)?

That is

namely,

1+7r? a; 2 a:
2.3 . - | <1- ——— <1
e The (i) - Tate e

Hence the domain 2 C Fq N E»s is contained in the ellipsoid

1+7? a \? a?
2.4 E = C ; — <1l-— —t 5.
e = X (o) < St

K3 (2

Note that [[r; = 1. Hence
(2.5) };[1 22 = 1;[ 3 > 1,

which implies that |E| < |E}| and the equality achieves if and only if a; = 0
and r; =1 for all ¢t = 1,--- ,n. Therefore, we obtain the uniqueness. ([

The above proof of the uniqueness seems new, and is much simpler than
the known ones. The uniqueness of the minimum ellipsoid is not needed
in our treatment below. We remark that there is also a unique ellipsoid
contained in €2 with maximal volume among all ellipsoids contained in ).

2.2 Uniform and Ho6lder estimates

The rest part of this section is devoted to the strict convexity and C'®
estimate. The presentation is similar to that in [33]. Consider the Monge-
Ampeére equation,

(2.6) detD*>u=v in Q,

where €2 is a bounded, convex domain in R", v is a finite measure.
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THEOREM 2.1. (Uniform estimate) Let u be a bounded, convex solution
to (2.6) subject to the boundary condition u =0 on 0. If

W(Q) < by(%Q)
for some positive constant b, then
(2.7) CHIQ@) )" < sup |u] < C{jQlp )},

where C' is a constant depending only on n and b.
In particular if v = fdx and ¢y < f < ¢ for positive constants cg, c1,
then

(2.8) CHQP™ < sup Ju| < C|Q|*/™,
where C' depends only on n,cy, cy.

PROOF. Let E = {Y(z; — a;)?/r? < 1} be the minimum ellipsoid of
Q). The Monge-Ampere equation is affine invariant and homogeneous, by
making the changes z; — “=% and u +— u/h, where h = [(ry -- ) ()],
we may assume that

By/n(0) € Q C B1(0),

v(Q) =1, V(%Q) >b L

To prove (2.7), it suffices to prove that C~* < sup|u| < C.

To prove sup |u| < C, we use the assumption v(Q2) = 1. Assume that
sup |u| attains at & € Q. Let w be a convex function vanishing on 052
and its graph is a convex cone with vertex at (Z,u(Z)). By convexity,
Ny(9) C Nu(Q) and B, (0) C Ny(9) for r = L sup |u| as Q C By(0), where
N, is the normal mapping of u [33]. Hence sup |u|" < C|N,, ()| < C.

To prove sup |u| > C, we use the assumption I/(%Q) > b~!. For any
T € %Q,

—infu

R —
s dist(z, 09Q)
Hence v(39Q) = |N,(39)| < Csup |u|™. O

| Du(x) < 2nsup |ul.

THEOREM 2.2. (Global Hélder estimate) Let u be a generalized solution
to
detD*u=v inQ,
u=@ on .

Suppose Q is convex and contained in the unit ball By, ¢ € C*(Q) is conver,
and v(Q2) < ¢1 for a constant c¢1. Then

(2.9) u(z) —u(y)| < Clz —y|” Va,y€Q,
1

where C' depends on n,c1, and ||¢||ca ). and & = min(;, @).
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PRrROOF. First consider the case u = 0 on 0f2. We show that
Ju(x0) — u(yo)| < Clyo — xo|/™

for zg,50 € Q. Since u is convex, it suffices to prove the inequality for
xo € Q,yo € 0. For any point z¢p € €, by choosing proper coordinates,
we assume that o = de,, and Q C {x,, > 0}, where d = dist(x, ) and
en = (0,---,0,1). Then Q € Q = {z € R" : |2/| < 2,0 < z,, < 4}. Let
v and w be convex functions such that their graphs are convex cones, with
vertex at (xo,u(xo)) and bases Q and 02, respectively. Then N, () D
Ny (Q) = Ny(z0) D Ny(zo). Since w is a convex cone, one easily verifies that
| Nuw(0)| = Glu(wo)|™, namely [u(zo)| < Cldv(Q)]"/™.

When u = ¢ on 0 for a convex function ¢ € C%(Q), we let ug be
a solution of detD?u = v in Q which vanishes on 9. Then ug + ¢ is a
sub-barrier and we also obtain (2.9). O

COROLLARY 2.1. Let u be a generalized solution to (2.6) which vanishes
on OS2 Suppose v(Q) < bv(3Q) for some constant b > 0. Let € be a line
segment in Q with two endpoints 2', 2" € 0. Let z be a point on £ such that
u(z) < Linfgu. Then |2/ — z| > C|2" — 2'| for some C > 0 depending only
onn andb.

Note that the ratio &%Zz," is invariant under linear transforms. Hence by

making a linear transform we may assume that |2| = 1 and Q is normalized.
By Theorem 2.1 and the assumption v(€) < by(3€), we may assume
furthermore that infu = —1 and v(Q2) < C. Hence when u(z) < —3, by
Theorem 2.2 we have dist(z,992) > Cy > 0, and so Corollary 2.1 follows.

2.3 Strict convexity
We say a measure v satisfies the doubling condition if there exists a
constant b > 0 such that for any convex set w C €2,

(2.10) v(w) <bv(zw).

This condition is invariant under affine transforms. We always assume that
v(Q) > 0. For x5 € Q,h > 0, denote

S9 u(@0) = {o € Q| u(z) < (x) + h},

where ¢ is the supporting function of u at xp. Sometimes we drop the
subscript u if no confusion arises, and also write Sy (xo) as Sy if z¢ is
the minimum point of u. First we consider the strict convexity of solutions.

THEOREM 2.3. (Strict convexity) Let u be a generalized solution to (2.6).
Assume that v satisfies the doubling condition (2.10). Then for any point
xo € Q, either the contact set C = {x € Q : u(x) = l(x)} is a single point,
where £ is a supporting function of u at xg, or C has no extremal points in €.
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PrOOF. By subtracting the supporting function, we assume that C =
{u =0}, u>0in Q. If the claim is not true, by contradiction we assume C
is not a single point and z € ) is an extremal point of C.

By a transform of coordinates we may assume that z = (0,---,0,6) for
a small constant 6 > 0, and Gy = CN{z, > 0} is compactly contained in 2.

Let Ge = {z € Q : u(x) < exy,}, where ¢ > 0 is a constant. Denote
w(z) = u(z) — ex,. When ¢ is sufficiently small, we have 0G. C €. Hence
w vanishes on 9G,. Let 2’ € G. such that the three points 0, z and 2’ lie on
a straight line. Observing that G shrinks to the set Gg as € — 0, we have
|z' — z| = o(]7/|) and moreover, infg, w > 2w(z) = —2e6. Applying Corollary
2.1 to w we reach a contradiction. O

Next we rule out the possibility that extremal points of C lie on the
boundary 02 under some appropriate boundary assumptions.

THEOREM 2.4. Let u be a generalized solution to (2.6) in a convex
domain ). Assume that v satisfies the doubling condition (2.10). Suppose
that either

(i) u=0 on 09Q; or
(i) u = @ on O for some p € CH* and 00 € CH* with a > 1 — %,
and v > c¢g for a positive constant cg.
Then u is strictly convex in Q.

The exponent o > 1 — % in (i7) is optimal, as shown by Pogorelov’s

example
(2.11) w(@) = (1 + 22)]2/[20-).
The function satisfies the equation
detD?*u = 28" 1 (1 4+ 22)" (B — 1 — (B + 1)z2),

where = 2—2/n. The right hand side is an analytic positive function when
ENR =2

PROOF OF THEOREM 2.4. Case (i): For any point zp € , let £ be a
supporting function of u at zg. If u is not strictly convex at xg, by Theorem
2.3 all extremal points of the contact set C = {u = ¢} lie on the boundary
€. By convexity u = 0 in €, which is a contradiction to v(£2) > 0.

Case (ii): For any point 2y € 2, by subtracting a hyperplane we assume
that > 0 in Q and u(zg) = 0. Let hy = sup{h | S € Q} and let
h = hg + 6, where the constant 6 > 0 will be determined below. Choose
a point xp € 90N 8320. By a linear transform of the coordinates we
assume that g = 0 and z, = (0,---,0,1). By the conditions ¢ € C'*te
ad 0Q € C'*, we have u = ¢ < h on 90 N B,(x3), where r = §1/(1+) By
the convexity of u, we have u < h in the cone C = {z € Q: =, > L|2/|}.
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Let v be the solution to detD?v = v in S} and v = h on dS). By the
first estimate in (2.7), we have

2(n—1)
inf(v — h) < —C|C|¥/™ < —C§nTFa)
Sh
By the comparison principle, v < v in 5’2. Hence
2(n—1)

—hp—6=—h= inof(u —h) < —CnFa),
Sh

When a > 1 — %, 5?;;)) < 1. Hence when 6 > 0 is small, we obtain

2(n—1)
ho > CénC+a],
This inequality implies not only the strict convexity of u but also give an
estimate for the modulus of convexity for w. O

REMARK 2.1. Combining the strict convexity with a normalisation
argument one can obtain the following estimate, which is dual to the C1®
estimate in §2.5.

COROLLARY 2.2. [33] Under the hypotheses of Theorem 2.4, there exists
G >0, depending on n and b, such that for any xy € €2,

(2.12) U(x) > C’x - $0’1+ﬁ + Lz (2),

where £y, is a support function of u at o, and C > 0 is a constant depending
onn,b,Q v, and dist(x, ).

PRrROOF. The proof was given in [33]. We include it here for completeness.
By subtracting a linear function, we assume xy = 0, u(0) =0, u > 0 in .

By the strict convexity, 52 is compactly contained in Q if h > 0 is
small. Make a linear transform y = Tz and v(y) = wu(z)/h such that
By, C T(S)) € Bi. When h < Cp, v = 1 on T(9S},). The doubling
condition (2.10) and the uniform estimate (Theorem 2.1) implies that
v[T(SP)] < Cs. Hence by the Holder continuity of v (Theorem 2.2), we have
dist(T(Sg/Q),T(852)) > (3, where Cy, C5 depends only on n,b. Changing
back we obtain

(2.13) u(fz) > —u(zx)

for any x € 9S), where § =1 — %03. As h is any small constant, it follows
that for any x near the origin,
u(z) > 27 *Fu(0 ")

provided 6%z € Q. Hence we obtain (2.12) with 3 given by 8'78 =1/2. O

N | =

2.4. Strict convexity in dimension two
In dimension two, we have the following stronger result.
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THEOREM 2.5. Let u be a convex function in B1(0) C R? satisfying
detD*u > ¢y > 0, where ¢y is a positive constant. Then u is strictly convex

in ).

PROOF. By subtracting a linear function we may suppose that u(1,0) =
u(—1,0) = 0, and infepp, [u(x) + u(—z)| is attained at x = (1,0). We need
only to show that u(0) < —C.

By convexity we have 0 > u(z1,0) > —2|u(0)| for z; € (—1,1) and for
any x € By,
u(z1,0) = Claa| = =2[u(0)| — Claa],
u(z1,0) + Claa| < Clas|.

u(xy,xe) >
u(xy,xe) <

It follows that for any = € (—%, i) X (—i, i%

1
O, u(z) < 8(u(3,
Similarly we have 0, u(z) > —16(|u(0)| + C|z2]).
Approximating by smooth functions, we may assume that u is smooth.
Hence we have uj1ugg > ¢g. Hence

1/4 1 o 1/4 39
/ o < / undan < 22 (u(0)| + Claa]).

—1/4 U22(Z -1/4
We obtain
1/4 1/4
[ wm@den = ([ de) ™z 2 (u(0)] + Claal)
—1/4 4 —1/4 UQQ(.%) 128

It follows that

1/4 1/4
C Z / / UQQ(w)d{BQ] d.%'l

1/4
1/4 1/4
= / / U22 d.fL‘l dl‘Q
1/4
> .
> o= 0 " ()] + Claa)) s

Hence u(0) < —eq for some €y > 0 depending only on ¢y and the gradient of
u in Bj. O

The above strict convexity was due to Aleksandrov, but the above proof
was first given in [33].

2.5 C1° regularity

First we note that by the Legendre transform, if u is strictly convex at 0,
then u* is C'' smooth at any point in N, (0). Moreover, if u satisfies (2.12),
then u* is C** with a = 1/ (see Lemma 3.1 in [23]).
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THEOREM 2.6. Let u, ) and v be the same as in Theorem 2.4. Then
there exists o € (0, 1], depending on n,b such that for any xo € €2,

(2.14) u(z) < Ol — x| + £y, (2),

where Ly, is a support function of u at xo, C is a constant depending on
n,b,Q, v, and dist(zg,00).

PROOF. By subtracting a linear function, we assume xg = 0, u(0) = 0,
u > 0 in Q. By the strict convexity of u, the set S) = {u <h} € Qif h >0
is small. Suppose there exists ¢ > 0 depending only on n and b such that
for any small & > 0 and any z € 95},
1 l-0

Define a by 1 — o = 27, Then for any = € 9S) and any ¢ € (2k1+1 , 2%),

u(te) < 2781 — o)ku(z) = 27F)Fu(e) < 21 u(x).

Hence u € C1,

Inequality (2.15) follows from (2.13) with ¢ = 1%9. Indeed, consider
the convex function ¢(t) = u(tz), t € [—1,1]. Replacing g by g/g(1), we
may assume that g(1) = 1. Let ¢(t) = g(t + ) — ¢'(3)t — g(3). Then by
the convexity of g, ¥(0) = 0, v» > 0. If g(%) > %, by convexity we have
1+e>g(3) > 1—¢€and (—3) < e. Applying (2.13) to 1), we have
Y(—3071) < 2¢(—3) < 2e. Hence g(—3607 + 1) < 0 when € < 1;59, we
reach a contradiction as u > 0. O

The CL* regularity is not true if the measure v does not satisfies the
doubling condition. See examples in [35]

3. C?% estimate

3.1. Statement of the result. In order to state the main results,
let us first introduce some notations and terminologies. Let u be a convex
function in 2. For any point y € € and constant h > 0, denote

(3.1) Sgu(y) ={zr e Q : u(x) < ly(z)+h},
where /, is a support function of u at y. The modulus of convexity of u is a
nonnegative function given by

— inf
pu(’l“) ;Ielg pu,y("")a r> 07

where
puy(r) =sup{h >0 : S} (y) C B:(y)}
if there exists h > 0 such that S} (y) C By (y); or puy(r) = 0 otherwise. A

convex function u is strictly convez if p,(r) > 0 for all r > 0.
Denote

wy(r) = sup{[f(z) = f(y)| : |z -yl <r}.
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For any r1,re > 0, apparently
wi(r) +wp(ra) > we(rr +r2).
In particular, we have
wi(Cr) < Cwy(r).
We say f is Dini continuous if

/1 Lf(r)dr < 0.
0

,
THEOREM 3.1. Let u € C? be a strictly convex solution of (1.1). Assume
that f satisfies
Ci<f<C

for some constants C1,Cy > 0. Then for all z,y € ' € Q, we have the
estimate

(3.2)  |[D*u(z) — Du(y)| gc[d+/0d”f(’”)+d/dl “’f(r)],

r r2

where d = |z — y|, C > 0 depends only on n, p,,Q and Cy,Cs. It follows
that

(i) If f is Dini continuous, then (3.2) gives an estimate for the modulus of
continuity of D*u.

(it) If f € C(Q) and « € (0,1), then

Il
(33) lullczeqe < |1+ &)

(iii) If f € COL(Q), then

(3.4 Du(e) ~ D?u(y)] < Cd 1+ | flos | logd] ).

Note that the constant C' depends in the modulus of convexity of wu,
which implies that C' also depends on oscqu. The C? estimate in (i) and
the C*% estimate in (ii) were proved in [19] and [4], respectively. Here, the
estimate of the form (3.2) is from the paper [19]. A similar type estimate for
the Laplacian and heat equations was previously obtained in [37]. The proof
is based on a perturbation argument, which was inspired by the original idea
of Caffarelli [4].

3.2. Proof of Theorem 3.1. Let us collect some relevant facts and
results [19] which will be needed in the subsequent proof.

Let ©Q be a bounded convex domain and let T be a unimodular lin-
ear transformation such that 7'(2) is normalized. Choose an appropri-
ate coordinate system such that the minimum ellipsoid of 2 is given by

E= {Z?:lé < 1} with a; > -+ > ap. Then

a;

T('T) - ()\11:17 e 7)‘nl‘n)
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with ]
)\i:—(al--ﬂn)l/”, i:1,2,~--,n.
a;
Note that A\; and A, are the least and largest eigenvalues of T'. For conve-

nience we say €2 has a good shape if

(3.5) An SN

for some constant ¢* under control. If 2 has a good shape, then there exist
two concentric balls B, and Br with R < nc*r such that B, C Q C Bpg.

LEMMA 3.1. Let u be a convex solution of detD*u =1 in Q and u =0
on OS). Suppose that u attains its minimum at the origin and D?u(0) is the
unit matriz (or uniformly bounded), then the domain 2 is of good shape.

In the following, we call the set Sp . (y) in (3.1) the sub-level set of u

at y with height h and denote Sy, ,(y) = dS% (y) its boundary. When no
confusion arises we will sometimes drop the subscript u, and when y is the
minimum point of u, we will simply write the sub-level set as 52.

LEMMA 3.2. Let u;, i = 1,2, be two convex solutions of detD*u = 1
in 57, Suppose that |Juillcs < Co, |ur — uz| < & for some small constant
6 >0, and By, C S?m C Bi1 is normalized. Then we have, for 1 < k < 3,
(3.6) |DF(uy —ug)| < C6  in S§/4,u17
where C' depends only on n and Cy.

We are now ready to present the proof of Theorem 3.1.

PRrROOF OF THEOREM 3.1. By subtracting a linear function we suppose

u(0) =0, Du(0) =0,

so that the origin is the minimum point of u. Choose h > 0 small such that
the sub-level set 52 is compactly contained in Q. Let T} be a unimodular
linear transform such that 7; h(Sg) is normalized. Hence by making the change
x — Tpaz/vVh and v — u/h, we may suppose h = 1, S is normalized, and

le
(3.7) /0 ) o,

where w(r) = ws(r), € can be as small as we want, provided h is sufficiently
small.
Let ug, k=0,1,---, be the solution of

detD%*u;, = f(0) in Sé(l]*’“,u’

u, = u(=47% on 3Sg,k7u.

Denote

v(t) = sup{lf(z) = fF()| = 2,y € Sp,(2)},

z€Q
Vg = V(Q_k)a
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which is invariant under unimodular linear transformation of x. If S?%t has
good shape, then we have v(t) < w(Ct) < Cw(t).

Since S(f’u has a good shape, by the classical solvability of Dirichlet
problems [15], ||u0||c4(5§/47u) < C. Note that

detD*(1 — Cvp)u < detD*uy < detD?(1+ Crp)u  in S(ﬂu,

for some constant C, and u = ug = 1 on the boundary. By the comparison
principle, we have

(1+ Cuo)(u—1) Cup— 1 < (1 - Crp)(u— 1).

It follows that |u — ug| < Crp. Similarly we have |u — u1| < Cvy. Hence
we obtain |u; — ug| < Cuy. Since S%u has a good shape, so does S{_; . It

follows ||“1||C4(S§ < C. By Lemma 3.2 we obtain

/16,u1)
|D*ug(z) — DFuy(2)] < Cig

0
for x € S4_2,u1’
a good shape.
By induction we assume that 5’2, k-1, has a good shape with the constant

where 1 < k < 3. Lemma 3.1 then implies that 52_2 w has

¢* in (3.5) independent of k. Applying the same argument to g := 4kuk(2%)
and 4 := 4kuk+1(2%), we obtain, for x € Sg

—k—2’uk+17
|Dug(z) — Dugyr (2)] < C2 %y,

(3.8) |D?uy(x) — D*upir(z)| < Cup,
|DPup(z) — DPupia(z)| < C2Fuy,

where 2% in (3.9) is the scaling constant. Hence

k
|D?ug(x) — D?upr (2)] < C Y v
=0

1
<C

(3.9)

w(r)dr < Ce

2—k T

for x € Sg_k_2 o where C' > 0 is independent of k. Therefore, D?u(0)

is uniformly bounded. This implies that equation (1.1) is uniformly elliptic
and Theorem 3.1 follows from [37]. O

REMARK 3.1. Instead of applying the estimate for uniformly elliptic
equation in [37], one can directly prove the estimate (3.2) as in [19]. For
any given point z near the origin,

|D2U(Z) — D2u(0)| < Il =+ 12 + Ig =:

(3.10) |D2uk(z) _ DQUk(O)’ + ]D2uk(0) _ DQU(O)’ + |D2u(z) — DQUk(Z)’
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Choose k > 1 such that 47%=% < u(z) < 47573, Then by (3.8),

(3.11) I < Ciyj < o/lz w(r)
0

, r
j=k

To estimate I3, we consider the sub-level sets SE_]- ,(2) of w at z. Similarly
0 (3.11) we have

|2l
(3.12) I = | D?u(z) — D?uy(2)| < c/ AT
0
To estimate I, denote hj = u; — uj—1. By (3.8),
(3.13) |D?hj(z) — D (0)| < C27v;2|.
Hence
(3.14) I < |D’upa(z ) Dguk 1(0)] + [ D2y (= ) DRy (0)]
< |D%ug(2) - |+Z D?hj(2) = D?h;(0)]
< Clz 1—}—2 QJUJ

IN

2

1
w(r
C’|z|(1+/ (2))
| r
Hence we obtain (3.2). Note that (3.3) and (3.4) follows readily from (3.2).

4. W?2P estimate

4.1. Statement of the result. In this section we prove the W?2P
estimate by following Caffarelli’s approach [4] with some simplification. The
basic observation is that when f is continuous, the sub-level set 52 is a
small perturbation of a ball (after normalization), and the solution is a
small perturbation of a quadratic function. It implies that in a sufficiently
dense set, the second derivative is close to that of the quadratic function.

The main result in this section is the following

THEOREM 4.1. Let u be a strictly convex solution of
(4.1) detD*u = f in Q.
Then for any p > 1, there exists € = €(p) > 0 such that when
(4.2) 1< f<l+e
we have D*u € LP(Q)) and the estimate
(4.3) e

where ' € Q, C depends on n,p,e, Q,Q, and the modulus of convexity of
U.
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COROLLARY 4.1. Let u be a strictly convex solution of (4.1). If 0 <
C1 < f<Cyand f € C°Q), then D?>u € LP(Y) for any 1 < p < oo, and
we have the estimate (4.3), where C depends on n,p, Q,Q, and the modulus
of converity of u.

Note that the condition (4.2) cannot be removed. There exists a function
f satisfying C~! < f < C such that u ¢ W?P? for large p [35].

4.2. Proof of Theorem 4.1. We recall a Calderén-Zygmund type
decomposition from [4, 16] which is needed in our proof.
Covering Lemma: Let A, B € € be two subsets of (). Let F = {ngu(m) :

x € B} be a family of sub-level sets such that A C U:ceBS;?x,u(ﬂU) Then
there exists a sequence {S;, i = 1,2,---} satisfying that A C US;, where
Si = S,Olzw(xi), and there exists a constant K such that any two sub-level
sets in {Sgi/K("Ei)} are disjoint.

Moreover, we assume the following additional assumption, whose proof
is postponed to the next subsection.
Assumption H: For any N > 10 and 6 > 0, there exists ¢ > 0 such that
for any convex solution u of (4.1) satisfying u(0) = 0, u > 0 and S is
normalized, we have |D| > (1 — 6)|S?| where

1
(44 D = {yes : u@) =)+ gloe—y* VreSy)}
= {yes) : Siy) C B zz(y) Yhe(0,1)}
where /, is the tangent plane of u at y.

Now, let u be a convex solution of (4.1) defined in Bj/(0) for a large
M > 1, with the properties that u(0) = 0, v > 0, and the set S9 is
normalized. Denote

Dy ={xeS},: D?u(x)>2N""I}
={z € S%u : 3 hy > 0 such that SY(z) C B (@) ¥ h < hg},
Ak :S?,U_Dlw k:1727"'7

where h, depends on x. In the following lemma we show fast polynomial
decay of the measure of Aj, which implies an LP estimate of D?u.

LEMMA 4.1. For any q < oo, there exists € = e(q) > 0 such that if
|f — 1| <e, then

(4.5) |Ax N B, (0)] < N9,
where r1 = %, rEo1 1S given by
k
Thr1 =71 — N 20-7.

where (3 is the constant in (4.11) below.
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PrRoOOF. We divide the proof into three steps.
Step 1: For y € Ay, let

(4.6) hy =inf{h>0: Sp(y) C Bz (¥)}-
By our definition of Ay, we have ﬁy > 0 for any y € Ay.
Let )
u(z) = —[u — 4](Ty(x)),
hy

where T, is a linear transform such that u satisfies the conditions in
Assumption H.
By Assumption H, there exists a set D = Dy C S} satisfying |D| >
(1- 6)|S?’ﬁ| and for any z € D,
() > L(2) + —lo— 22 Vae S0 (2)
= tz N 1,a ’

where 7, is the tangent plane of @ at z.
Note that if g € Dj_1, then after normalization, the sub-level set
SP . (wo) cannot have a good shape, in the sense that

(4.7) Sha(20) ¢ B /5 (wo)

when h is sufficiently small.
Scaling back to u in the set S]g u(y), we see that there is a set F, C
Yo

O .
Shyyu(y) with

89 (6)— B,

— <4
O _—
S Wl

and for any x € I, there exists h, > 0 such that

(4.8)

Shu(x) C B sy (z) ¥V h < hy.
Hence
(4.9) Ey C Diy1,  ice. By Apyy = 0.
Moreover by (4.7), if x € Ey, then « ¢ Dj,_;. Hence we also have
(4.10) E, C Ap_1.
Step 2: Let y and By be as in (4.6). Subtract a linear function such that

u(y) = 0, Du(y) = 0. By the strict convexity, there exists a constant 3 > 2
such that u(z) > C|z|® near x = 0. Hence

hy > C[N*h,)"?,
that is,
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We obtain

k

i =2 2k __k_
(4.11) N¥hy < CBF2N 52 <N B2
when N is chosen large. That is

diam(S9 (y)) < N_2(ﬁk—2>_

hy,u

By our choice of 74, we see that if y € Ax11 N By, (0), then
(4.12) Sg u(y) C By, (0).
Y

We point out that (4.12) can also be derived from the C1% regularity of
generalized solutions [24].

Step 3: The set of all sub-level sets {5191 (y), y € Ax} is obviously

v/ Ku
a covering of Ay N By, (0), where h,, is given by (4.6) and K is the constant
in the covering lemma. By the covering lemma, there exists a countable set
{yi} C Ay N B, (0),i=1,2,---, such that
(P1), A, N By, (0) C Usgy ,(wi); and
0
by, | K

Denote S; = Sgywu(yi) and S} = Sgyi/K@i)' From (4.7), there exists a

set Iy, C S; such that

(P2), any two sub-level sets in {S (yi)} are disjoint.

‘Sl _Ey¢|

(4.13) A

<,

and E,, satisfies (4.9), (4.10).
Since Agy1 C Ag, by the covering property (P1) we have

|Aks1 N Bryyy (0)] < [Agn N(USH] <) [Aka NSyl

(2

By (4.13) we have
(4.14) |Ak+1 N S;| < 6|Si|.
By the convexity of u we have
|Sif < K™|.5j].
By (4.8)
|S; — By, | <618 < K™6|5j].
Writing S, = (S — E,,) U (Ey, N S}) we then have

S| < By, N S)| <2/

1—K"6 |
when K6 < %, where S; = S/ N E,,. We therefore obtain

|Ak+1 N BTk-H (0)’ < 2Kn62 ’Sl‘



168 JIAKUN LIU AND XU-JIA WANG

By (4.10), E,, C Ap_1, and by (4.12), S/ C B,, . Hence S; C (Ax_1NB,, ;)
and so

| Ap41 0 Bryy, (0)] < 2K76 ) |95 N (Ag—1 N By, ).

Tk+1
By property (P2), S; are mutually disjoint. Hence

’AkJrl NB (O)‘ < 2KH6I(U;§Z) N (Ak,1 N BTk—l)"

Tk+1
But US; C Ap_1 N B, ,. We finally obtain
|Ak+1 N Brk+1 (0)| < 2Kn5|Ak_1 NnB

Tk71|'

Therefore for any given ¢ < oo, we can choose ¢ small enough such that
20K™ < N~24, We obtain the desired estimate (4.5). O

Theorem 4.1 now follows from Lemma 4.1 easily.

PROOF OF THEOREM 4.1. It suffices to prove Theorem 4.1 on a sub-

level set which after proper rescaling satisfies the conditions in Assumption
H.
Denote A} = Aj, — Aj+1. Then in A}, we have |D?u| < CN®=Dk Hence

/ |D*ufPde < C Y N DR 4L
B1/2n(0)
< CZN(n—l)kp N—kq.
Letting ¢ > (n — 1)p, we obtain u € W2P(Q'). O

4.3. Proof of Assumption H. Given u € C°(Q), denote
(4.15) I'u] = supw,

where the sup is taken in the set of all affine functions v satisfying v < u in Q.
Then I'[u] is convex, and is called the convex envelope of u in Q. Apparently

Iul] < wu.

LEMMA 4.2. Let u € C%(Q) be a convex solution of (4.1) and v € C?(12)
be a convex function. Suppose f < 1+ €. Then for any Borel set E € €},
(4.16) pr(E) < / [(1 +e)Y/" — det'/" Dy ! dx,

CNE
where T' := T'[u — v], ur is the Monge-Ampére measure associated with T
[4, 16, 33] and C ={z € Q : T'[u—v|(z) = (u—v)(x)} is the contact set.

PROOF. From the smoothness of u,v, we have I' € Cb! and pur =
det 9°T" dz, see for example Section 2 in [33]. For any point x € C where
I" is twice differentiable, we have

DT (z) < D?*(u — v)(x).
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By the concavity of det'/”
det"/"[D%*u — D*v] < det'/" D2y — det/" D%y
< (14 &Y™ — det'/"D?v.

Hence at x,
(4.17) detD?T < [(1 4+ )/ — detV"D2]" .
Recall that pur =0in Q —C [4, 16, 33]. We obtain (4.16). O

LEMMA 4.3. Let u be a C* solution of (4.1) such that S := S5, € Q.

Let w be a solution to detD*w = 1 in S such that w = u on 0S. Suppose
1< f<1l+e. Then

(4.18) ‘{F[u—%w] :u—%w}ﬂS‘ > (1-Co)ls],

where the constant C' > 0 depends only on n.

PROOF. By subtracting a constant we assume that u = w = 0 on 95.
By the comparison principle we have (1 + Ce)w < u < w. Hence

1 1 1
- <wu—-w< =w.
(2+C’6)w_u 2w_2w

Since w is convex, we have
1 1
(5 +Cew <T'< S

where I' = T'[u — 3w]. As S is convex and u = w = 0, we also have I' = 0 on
0S. Hence

(% + Ce)Dw(S) 5 DI(S) 5 %Dw(S).
From the second inclusion we have
pr(S) = 1y, (5)-
On the other hand, by Lemma 4.2,

1 n
ur(S) < / {(1+e)1/”—det1/"D2(w)] dzx
snc 2

[ oot

27"+ Ce)lSNC]|

where C = {I' = u — 3w}, and C depends only on n. Since detD?w = 1, we
have

IN

() = 27713,
It follows that
S| < (14 Ce)|SNC|.
Note that C C S. Hence |C| > (1 — Ce)|S|. O
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Proor or AssuMPTION H. Let u,w,C be as in Lemma 4.3. If S?M is
normalized and w is a solution of (4.1) in £ which encloses Bj;(0) for some
large M, then S9 , is compactly contained in Bj;(0) and lwllgzgo y < C
for some C' > 0 depending only on n. ’

For any point y € C, let £, be the support function of I' at y. Then

{ (u— %w)(:z:) >/{(x) in Sgyu,
(u— Fw)(y) = (y).

That is
> 1 in S9
w19 { )20+ jute) i 5,
u(y) = £(y) + zw(y).
Let D=Cn S?,u' Since w is smooth and uniformly convex, we obtain (4.4)
for some N > 0 depending only on [[wl|c2(g0 ). O

Note that in the proof of Theorem 4.1 (§3.2), we used only the affine
invariance of the Monge-Ampere equation and the strict convexity of solu-
tions. The condition 1 < f < 1+ € is used in the proof of Assumption H.
This condition can be weakened to the following VMO type condition, that

is,
1
/|f—1|da:<e
wl S,

for any convex subset w C 2 with nonempty interior (see [18]).

5. W2lte estimate

5.1. Statement of the result. For strictly convex solution u of (1.1),
if f solely satisfies

(5.1) 0<C1<f<Cy<oo inQ

for some constants C1 and Co, Caffarelli proved [5] that u € CIIO?(Q) for
some « € (0,1). For the regularity of the second derivatives of u under the
assumption (5.1), counterexamples in [35] show that u ¢ W2P for large
p > 1 depending on the ratio =2. By taklng 2 large enough, p can be
chosen as close to 1 as desired. Recently, De PhlhpplS—Flgalh Savin [12] and

Schmidt [30] proved u € Wﬁ)cl *¢ for some small & depending on n,C; and

C5. The main result can be stated as follows:

THEOREM b5.1. Let u be a strictly convex solution of (1.1), where f
satisfies (5.1). Then we have the estimate

(52) ||UHW2,1+5(Q/) < C,

where Q' @ Q, e,C > 0 depends onn, ', Cy,Cy and the modulus of convezity
of u.
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5.2. Proof of Theorem 5.1. The proof follows from some modifica-
tions of the strategy in §3. We divide the proof into four steps.
1. Let u be a strictly convex solution of (1.1) such that «(0) = 0,u > 0, and
S9 € Q is normalized. Denote by | D?u| the largest eigenvalue of the Hessian
matrix D?u. The W?! estimate is straightforward by integration by parts

(5.3) / |D?u(x)| dx < / Au(z)dx < dyu < Cs,
S0 50 859

where v is the unit outer normal of 85? , the first inequality holds since wu is
convex and the last inequality follows from the interior estimate of Du.

Inequality (5.3) implies the following density estimate (comparing to
Assumption H in §3): there exists a large constant N > 0 depending only
on n,C7 and Cs such that

~ 1
(5.4) D={z €S : D*u(x) >2N 11}‘ > i /SO |D?ul,
1

where || denotes the Lebesgue measure and K is the constant in the covering
lemma.
To prove (5.4), note that at z € D, by equation (1.1) and assumption
(5.1)
|D?u(z)| < C4N™! for a constant Cy = C3(n, Cy, Cs).
Let A = S?/K —-D={x¢€ S?/K : |D?u(z)| > C4N™1}. By contradiction, if
(5.4) is not true, then |A| > |S?/K| - ﬁ fsf | D?ul. Since

CAN"L[A| < / |\ D2u(z)| de,
8%k

from (5.3) we obtain

C4N”_1|S?/K| < / |D?u(z)| dx + C4/ |D2u(z)| dz < (14 Cy)Cs.
VK S
This gives a contradiction by choosing N large.

Choosing a larger constant Ny > C4N"~! (5.4) implies that

(5.5) /SO |D?u(z)| dz < Ny ‘{x € Sk No 'T < D*u(x) < NoI}|.
1

We remark that by subtracting a linear function, one can obtain (5.5) in
any normalized sub-level set 7, (y) C Q' € Q.

2. Recall the definitions of “good” sets Dy and “bad” sets Ay in §3.2. In
this section we write them in a slightly different form. For a large constant
M > 0 which will be determined later, define

(5.6) Ay ={z € Sy : |D%u(z)| > M"Y,
D, = S? — A = {33 € S? : |D2u(x)\ < Mk},

where k = 1,2, - --. Note that when M = CN"~! with N in Assumption H,
definition (5.6) is the same as in §3.2.
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Denote A} = Ay — Ay for k =1,2,---. Observe that MF < |D%u| <
MF+1in Aj.. From the proof of Theorem 4.1 one can see that the polynomial
decay of measures

C
ki At
(5.7) MM AL < ey

implies u € W2P' for all p’ < p. Similarly, for some £ > 0
C
(5.8) MF|AL] < S
implies u € W2t¢ for all ¢’ < e. In fact,
) ’D2u|1+€l < Z M(k+1)(1+5’)|A§C|
(5.9) 51 k
<CMYEN T MHE <
k

3. We claim that (5.8) can be deduced from the following induction formula

(5.10) / |D?u| < 7'/ | D?u for a constant 7 € (0,1).
A1 Ak
To see this, by (5.3) [, |D%u| < C, thus (5.10) implies that
/ |D2u| <Cr itk <cort for k£ > 1.
Ag

Let ¢ = log7~!/log M. Noting that M*|A4}| < fAk |D?ul, then we obtain
the desired estimate (5.8) from (5.10).
4. Therefore, it suffices to prove (5.10). The proof is a modification of that
of Lemma 4.1. For each y € Apy1, let

(5.11) hy = inf{h > 0: S}(y) € B/ (0)}

where Ny is the constant in (5.5). By our definition of A1, ﬁy > 0 for any
y € Agy1. The family {Sg ()} is obviously a covering of Aji1. By the
Yy

covering lemma, there exists a sequence {y; € Axy1} such that Ax1 CJS;
and {S/} are mutually disjoint, where S; = Sg (y;) and S} = S? (yi)-

. i } ;U hy, [ Ku
For each i, make a normalization
- 1 N 1
r=—7>Tx, U= —u,
e
Yi Yi

where T' is an n X n matrix such that S?,a = ﬁ;il/2T(Si) is normalized. By
(5.11), |T| < \/NoMF¥. Since D?>u = T*o Do T, we have | D?u| < |T|?|D?
and

(5.12) M* < |D*u(z)] < N¢M*, if Ny 'I < D%u(i) < Nol.
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Applying (5.5) to @ in 5’?771,
/ |D?u(z)| dE < Ny )a; €S ka: No ' < D*a(E) < Nol|.
50 ’

By rescaling back,

1 \detT|/ \D?u(x) da

NOM’“ n/2
detT
< Ml /2’ o € 502 M < |D%(a)| < N3MH

thus we obtain

(5.13) / |D%u(x)|de < NEM* ({m € 8l M* < |D%u(z)| < NZM*
S;

Since Agy1 C US; and {S!} are mutually disjoint, setting M = NZ and
summing over ¢ we have

/ |D?u(z)| dx < NEM* ‘{ﬂz € 8V Mk < |D%u(z)| < Mk"'l}‘
Apqa

< Ng/ |D?u(x)| dz.
Ar\Agt1

Adding N} fAk+1 | D%u| to both sides, we finally obtain

2 N2 2
5.15 / |D7u| < / | D%ul.

Therefore, (5.10) is proved for the constant 7 =

(5.14)

< 1. Theorem 5.1 is

1+N2
then proved by a standard covering argument.
6. Monge-Ampeére equations of general form
In this section we consider the Monge-Ampere equation
(6.1) det [D*u — A(x,u, Du)] = f(z,u, Du)

arising in optimal transportation [27] and reflector antenna design [36, 20].
It is known that the optimal mapping 7' = T}, (x) is determined by a potential
function u by

Du(z) = Dyc(x,T),
where c¢(z,y) is the cost function. Differentiating the above formula gives
D*u(z) = Dic(x,T) + D}, c- DT.

Hence

det [D2u - D?Cc] = |det DiycHdet DT| = |det Diydp*(pT)’
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where p, p* are two probability densities over the initial domain 2 and
the target domain 2*, respectively. Hence the potential function u satisfies
equation (6.1) with the matrix A and the right hand side f given by

(6.2) A(z, Du) = D?Ec(x, Tu(x)),
_ p(z)
(6.3) f = |det Dgycyp* T

We say a solution u of (6.1) is elliptic if the matrix {D?*u — A} is positive
definite. The potential function is an elliptic solution due to its c-convexity,
namely at each point zg € §2 there exists a c-support of u of the form

o(x) = c(x,y0) + ao,
where ag is a constant and yo € R™ such that
u(zo) = ¢(xo),  u(z) > ¢(x), Vze.

A notion of c-convexity of domains was introduced in [27]: a set U C R"
is c-convex with respect to another set V' C R™ if the image D,c(U,y) is
convex for any y € V. Similarly, V is called c¢*-convex with respect to U if
Dgc(x,V) is convex for any =z € U.
In the special case when c(z,y) = x -y, the matrix A = 0, equation
(6.1) reduces to the standard Monge-Ampere equation (1.1), the notion of
c-convexity coincides with that of convexity, and a c-support is just a support
hyperplane.
When p, p* > 0, p € CHL(Q), p* € CHL(Q¥), and Q* is ¢*-convex with
respect to €, the C3 regularity of potentials has been established in [27]
under the following assumptions:
(A1) For any z,p € R™, there is a unique y € R" such that D,c(x,y) = p;
and for any y,q € R", there is a unique x € R" such that
Dyc(a:, y) =q.

(A2) For any (z,y) € R" x R", det{D3 c(z,y)} # 0.

(A3) For any z,p € R", and any &,n € R"” with £ L n,

(6.4) Aijr(x, p)&imem > 0,
where Ajj = ngpzAij and A is given by (6.2).
If the Cb! smoothness of p, p* is removed, the C! regularity and strict

c-convexity of u has also been obtained in [34]; and the C%* regularity
obtained in [22, 25]. Hence one can define the sub-level set S} | of u, namely

S’gu(wo) ={x € Q : ulx) <p(x)+h},
where h > 0 is a constant, ¢ is a c-support of u at xg. Under assumptions
(A1)-(A3), it was proved [22] that S = S)) (o) is c-convex with respect to
Yo, where yo = T, (), see also [14]. Therefore, by the coordinate transform

x — Dyc(x,yo) we can make 5’2 convex. By the techniques in Sections 2 and
3 as well as some new estimates, the following results have been obtained.
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THEOREM 6.1 ([23]). Let u € C?(Q) be an elliptic solution of (6.1) with
A and f given by (6.2) and (6.3), respectively. Assume that (A1)-(A3), f
is Dini continuous and satisfies C1 < f < C9 for some positive constants
Cy,Cy. Then for all z,y € Q' € Q, we have the estimate (3.2). Furthermore,
if f € CY or CO', we have (3.3) or (3.4), respectively.

THEOREM 6.2 ([24]). In the hypotheses of Theorem 6.1, if f is only
continuous and C; < f Cy for some positive constants Cp,Co, then
D%y € LP(Y) for any 1 < p < oo, ¥ € Q, and we have the estimate
(4.3).

<
<

The proof of Theorem 6.1 is similar to that of Theorem 3.1. However,
one needs to deal with c-convex functions instead of convex functions, and
to establish an interior C? estimate of Pogorelov type for solutions of (6.1).
We refer the readers to [23] for more details.

Theorem 6.2 can be proved using the steps in Section 4, but is more
complicated. A crucial part is to understand the local geometry of the
potential function and the cost function, in a blow-up process. Namely we
show that they converges to quadratic functions in the blowing-up, and that
means locally equation (6.1) is very close to the standard Monge-Ampere
equation. In other words, we show that equation (6.1) behaves very like the
standard Monge-Ampere equation locally. We stress that these properties
are established under assumption (A3), or a weak form of it. In general they
may not be true. See [24] for a detailed proof.
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