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The k-Yamabe problem

Weimin Sheng, Neil S. Trudinger, and Xu-Jia Wang

1. Introduction

1.1. The k-Yamabe problem. The k-Yamabe problem is a higher
order extension of the celebrated Yamabe problem for scalar curvature. It
was initially proposed by Viaclovsky [72] and also arose in the study of
Q-curvatures in [11]. Viaclovsky found that in a conformal metric, the resul-
tant k-curvature equation can be expressed as an equation similar to the
k-Hessian equation, which has been studied by many authors [77].

The k-Yamabe problem can be formulated as follows. Let (M™, g) be a
closed Riemannian manifold of dimension n > 3. It is well-known that there
is an orthonormal decomposition of the Riemannian curvature tensor

Riem =W + A, © g,

where W is the Weyl tensor and A, is the Schouten tensor. The Weyl tensor
is conformally invariant and Schouten tensor is given by
1 R
Ric, — —39
s 1L Rl Ty

Ag - g)a

where Ric, and R, are respectively the Ricci tensor and the scalar curva-
ture. For 1 < k < n, the k-Yamabe problem is to prove the existence of a
conformal metric g such that

(1.1) or(A(45)) =1 on M,

where A = (A1,...,\,) are the eigenvalues of the Schouten tensor Aj with
respect to g, or(\) is the k-th elementary symmetric polynomial,
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given by

(1.2) oA d) = Y Ay iy

1<i1 << <n

For convenience we call oj(A(Ag)) the k-scalar curvature, or simply
k-curvature, of (M, g).

Let
(1.3) g=ec g = vﬁg, (v= e_nT_zw).
By direct computation,
1
(1.4) Ag = Vw + dw ® dw — §\Vw\29+Ag.

Hence the k-Yamabe problem is equivalent to solving the following PDE
1
(1.5) oMV + dw @ dw — 5\Vw|29—|—Ag)] = e 2kw,

When k > 2, this is a fully nonlinear partial differential equation closely
related to the k-Hessian equation. Therefore techniques developed in the
study of the Yamabe problem and the k-Hessian equation may be applied
to the k-Yamabe problem.

1.2. The Yamabe problem. It is convenient to have a brief review
of the classical Yamabe problem and the k-Hessian equation. The Yamabe
problem, proposed by H. Yamabe in [80], is a higher dimensional extension of
the famous uniformization theorem, namely any two dimensional Riemann-
ian maniflod is conformally equivalent to one of constant Gauss curvature.
Yamabe’s paper [80] contains the following theorem on the existence of a
conformal metric with constant scalar curvature.

THEOREM 1.1. Let (M, g) be a compact Riemannian manifold of dimen-
sion n > 3 without boundary. Then there exists a conformal metric g =
v (=2 g of constant scalar curvature.

Yamabe’s proof is based on the variational approach. By direct compu-
tation, § = v¥ (™ 2)g is a solution to the Yamabe problem if v satisfies the
equation

4(7’L — 1) n+2

(16) —ﬁAg’U—}—RgU = ’Un72’

or equivalently v is a critical point of the functional

Joq (A=l V|2 4+ Rv?)dvol,,

n—2

(1.7) Fi(v)

n—2

(fM v%dvolg) n
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where A, is the Laplace-Beltrami operator, R, is the scalar curvature of g.
However, Yamabe’s proof is correct only when the Yamabe constant Y; < 0.
His proof contains a gap when Y; > 0, due to the lack of compactness in
the Sobolev embedding W2 — L?"/("=2)_ The second author [63] found
the gap and fixed it when Y] < € for some constant ¢, (depending on the
Sobolev constant). In [1, 2], Aubin proved the above theorem under the
condition

(1.8) Yi(g) < Yi(gsn),

where ggn denotes the standard metric of the n-sphere,
(1.9) Yi(g) = inf{F1(v) | v > 0,0 € C*(M)}

is the Yamabe constant. Aubin also verified (1.8) when n > 6 and (M, g) is
not locally conformally flat. Schoen [51] verified (1.8) for the remaining cases
by the positive mass theorem. The positive mass theorem implies a positive
lower order term in the expansion of the fundamental solution, which is the
key to verify the inequality (1.8). We refer the reader to [40, 3, 56] for a
detailed account.

The resolution of the Yamabe problem was a milestone in differential
geometry, and has stimulated great interest in the study of various prescrib-
ing curvature problems, including the k-Yamabe problem.

An interesting problem, raised by Schoen, is the compactness of the solu-
tion set when the manifold is not conformally equivalent to the unit sphere.
The compactness problem has drawn much attention in recent years. For the
1-Yamabe problem, this problem has been completely resolved. Schoen first
proved the compactness in the case when the manifold is locally conformally
flat. He also developed a series of local estimates and fine local analysis for
possible blow-ups of solutions to equation (1.6) [52, 53, 54, 57]. Some of his
estimates can be found in [35]. His estimates were used by many researchers
in the study of semilinear elliptic equations, including the compactness prob-
lem, and eventually led to the resolution of the compactness of the solution
set for dimensions n = 3 in [47], n = 4,5 in [17], n = 6,7 in [45, 49], and
also the compactness when n < 11 under the assumption of positive mass
theorem in [46]. Recently, Khuri, Marques and Schoen [34] established the
compactness for dimensions n < 24, and Brendle and Marques [6, 7] found
the compactness does not hold when the dimension n > 25.

1.3. The k-Hessian equation. When 2 < k < n, (1.5) is a fully
nonlinear partial differential equation. It is closely related to the k-Hessian
equation,

(1.10) ox[AND*u)] = f inQ,

where Q is a bounded domain in R”, D?u is the Hessian matrix of u, and A
denotes the eigenvalues of D?u. When k = 1, (1.10) is the Poisson equation,
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when k& = n it is the Monge-Ampere equation. For 2 < k < n, the k-Hessian
equation is elliptic when restricted to the space of admissible functions, just
like the Monge-Ampere equation when restricted to convex functions.

The k-Hessian equation has been studied by many authors. The regu-
larity of k-admissible solutions was established by Caffarelli, Nirenberg and
Spruck [10]. See also Ivochkina [33] for some special cases, and Trudinger
[65] for Hessian quotient equations. According to Caffarelli, Nirenberg and
Spruck [10], a function is k-admissible if the eigenvalues of the Hessian
matrix D?u lie in the convex cone

(1.11) If={zeR"|oj(x)>0forl<j<k},

and equation (1.10) is elliptic when w is k-admissible. For some k& > 2, R"
contains other cones in which the equation (1.10) is elliptic but in these
cases the regularity is unclear at the moment.

The k-Hessian equation is of divergence form. A Sobolev type inequality
for k-admissible functions was proved by Wang [75], and a Moser-Trudinger
type inequality was proved by Tian and Wang [61]. The corresponding
variational solutions, based on gradient flow approach, were obtained by
Chou and Wang [16]. Furthermore, various potential theoretic results have
also been obtained for the k-Hessian equation by Trudinger and Wang
[66, 67, 68] and Labutin [39], just like those for the Laplacian operator.
See also [77] for details.

1.4. Admissibility of metrics. Following Caffarelli, Nirenberg and
Spruck [10], we say a metric g € [g] k-admissible (or simply admissible) if
AMAg) € T Hence g is 1-admissible iff > A; > 0 and g is n-admissibe iff
Ai > 0 for all 7. As in [10], one can show that equation (1.5) is elliptic if the
eigenvalues \(Az) € F:. For simplicity we also call the functions v and w
k-admissible if the metric g in (1.3) is k-admissible. Denote

[9] = {T=0Y""Dg | v>0,0 € C®(M)},

(1.12) . .
9k = {9 € [9] | g is k-admissible},

where [g] is the conformal class of [g] and [g]; is the set of k-admissible

metrics.

Based on the progress in the study of the k-Hessian equation, we wish
to prove related results for the k-Yamabe problem, such as the existence of
k-admissible solutions to the k-Yamabe problem when the initial metric g
is k-admissible, and related variational properties. However, we would also
like to draw the reader’s attention to various differences between these two
equations. See Remarks 3.1, 4.1 and 4.2.

1.5. Plan of this paper. Assuming the initial metric g is k-admissible
for some 2 < k < n, the k-Yamabe problem has been solved in the following
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cases:

e (M, g) is locally conformally flat, using the moment map of Schoen
and Yau;
e k =2, by the variational structure of equation (1.5) in this case;

e k> %, in which case, the Ricci curvature is nonnegative.

Resolution of the k-Yamabe problem in these cases is built upon the a priori
estimates and the Liouville theorem. This paper is arranged as follows.

§2. Liouville theorem

The Liouville theorem for the case k = 1 was obtained in [9]. Under certain
asymptotic assumptions at infinity, the Liouville theorem was proved in [19]
and also follows from [50]. A. Li and Y. Li [41, 42] extended the Liouville
theorem to the cases 2 < k < n. The Liouville theorem was also obtained in
[13] for k£ = 2 in lower dimensions.

§3. A priori estimates

By the regularity theory of Evans and Krylov for fully nonlinear, uniformly
elliptic equations, it suffices to establish second derivative estimates for solu-
tions of (1.5). If the solution is uniformly bounded, the second derivative
estimate can be obtained by differentiating the equation (1.5) twice and
applying the maximum principle [73]. But as with the Yamabe problem, a
key issue is to establish the uniform estimate. For this purpose, one needs
to prove the local gradient and second derivative estimates.

For equation (1.5), the local second derivative estimate can be obtained
as in [28, 76]. Indeed after a proper change of the function w, the matrix
(1.4) corresponds to that in the equation arising in the reflector design prob-
lem. The interior gradient estimate for (1.5) was first obtained by P. Guan
and G. Wang [25]. Different proofs were later found in [14, 78, 44| and
they apply to more general equations.

84. Fxistence and compactness
This section is the main body of the paper. We divide it into four sub-
sections.

§4.1. Existence on locally conformally flat manifolds.

Due to the characterization of locally conformally flat manifolds by Schoen
and Yau, and the invariance of the matrix (1.4) under the Kelvin transform,
one can apply the method of moving planes to get the uniform estimate.
Therefore the existence of solutions can be obtained by either the elliptic
method [41] or the parabolic method [26]. The existence of solutions has
also been obtained by a variational approach in [60].

§4.2. Existence when the k-Yamabe problem is variational.

It is known that equation (1.5) is variational when k = 2 or M is locally
conformally flat. In [60] we proved the existence of solutions when equation
(1.5) is variational, namely it is the Euler equation of a functional. Our
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result extended the one in [11, 12] where the existence was proved when
k =2 and n = 4; and that in [26, 41] on locally conformally flat manifolds.
Note that our proof applies to the cases k > 3 for any manifolds, provided
the equation (1.5) is variational. However, Branson and Gover [5] proved
that when k > 3, equation (1.5) is variational if and only if the manifold M
is locally conformally flat.

§4.3. Existence for k > n/2.

When k > n/2, the existence of solutions was proved by Gursky and Via-
clovsky in [30]. They also proved the set of solutions is compact. However
in the cases k > n/2, much stronger results were proved by the authors in
[70]. It was proved in [70] that the set of admissible metrics, after normal-
ization such that the underlying manifold is of constant volume, is compact.
Therefore one can prove the existence of solutions for more general non-
linear right hand side term in (1.5). Some other interesting results on the
singularity profile for admissible functions were also established.

§4.4. Existence for k =n/2.
The cases k = 2 and k = 7 are probably the most interesting cases for
the k-Yamabe problem (except k = 1). In the case k = n/2, we proved the
solution set is compact and so also the existence of solutions [71]. As in [70],
our proof is based on the analysis of a minimal radial function of the solution
and also relies on the Liouville theorem of A. Li and Y. Li. A key fact for
the cases k > n/2 is that if ¢ is k-admissible, then the Ricci curvature of
the manifolds is nonnegative, so that the Bishop’s volume growth theorem
is applicable.

For the compactness of the solution set of the k-Yamabe problem, when
k < %, nothing has been proved, but we expect similar results as the 1-
Yamabe problem, namely the solution set is compact in lower dimensions
and not otherwise. But when £ > %, the solution set is compact [30, 70, 71].
Unlike the case k = 1, the compactness for £ > % is built upon the fact that

a k-admissible metric must have nonnegative Ricci curvature [24, 71].

§5. Remarks.

We include in §5.1 a result proved by the first author in [59], which says
that if a k-Yamabe constant is positive, then there is a k-admissible metric.
In §5.2 we explain that the results obtained for equation (1.5) apply to a
larger class of comformally invariant equations satisfying certain structural
conditions. Finally we mention some unsolved problems.

2. Liouville theorem
Let g = pis g. Then the Schouten tensor of g is given by

2 Vi
n—2 v

Ay =

+ Ay
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and the k-Yamabe problem (1.1) becomes

2.1 o (MV20 4+ "=2pA,)) = ("=2 kyhnts.
C 2 g 2

where

(2.2) V2o gy dw@dv Vel g

n—2 v v o n—2

is the conformal Hessian matrix.

The following Liouville type theorem is due to Caffarelli, Gidas and
Spruck [9] (see also [35]) for k = 1 and by A. Li and Y. Y. Li [41, 42] for
k > 2. The Liouville theorem has been used in the proof for the existence of
solutions to the k-Yamabe problem for k = & [71]. It has also been used to
establish the local gradient estimate for the equation (2.1) [44, 78|.

THEOREM 2.1. Let v € C%(R™) be a positive, k-admissible solution of

— 2 n
(2:3) or(N(V20) = (S5 o)k
in the entire space R™, wheren > 3, 1 <k <n, and 0 <e < k% Then

€ =0 and there exist a constant a > 0 and a point T € R™ such that
(2.4) (2) = cln, k) (5 ——=) "%
. = _— 2
v(x) = c(n, e—— ,

where c(n, k) = 27%2(2)%2

When k£ =1 and € = 0, equation (2.3) becomes

n—2 n+2
vn—2 on R".

(2.5) —Av =

The above Liouville theorem asserts that a positive C? solution of (2.5) must
be of the form
(2.6) v(a) = (2n) T (

a )@
- 2 .
1+ a?|lx — T|?

Under the decay hypothesis v(x) = O(|z|?>~™), the result was proved in [19]
and also follows from Obata [50]. Obata proved the uniqueness of solu-
tions (up to conformal diffeomorphism) for the Yamabe problem on the unit
sphere.

Obata’s result was extended to k > 2 by Viaclovsky [72, 74]. By the
stereographic projection, Viaclovsky’s uniqueness result implies the follow-
ing: If v is a k-admissible solution to (2.3) and if the function o(x) :=
|1:]2v(#) is smooth and positive at the origin, then v must be given by

(2.4). This result can be proved by the method of moving planes as the equa-
tion (2.3) is invariant under Kelvin transform [74]. In the case k = 2 and
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n = 4,5, Theorem 2.1 was also proved by Chang, Gursky and Yang [12, 13|
by different argument, where some further results were also obtained.

The proof of Theorem 2.1 by A. Li and Y. Li [41, 42] is also based on
the Kelvin transform and the moving planes technique. But they need to
establish some local estimates, such as a Harnack type inequality of Schoen,
and prove an asymptotic behavior of the solution at infinity. Their initial
proof [41] used the local gradient estimate in [25] but later they were able
to avoid the a priori estimate by an observation on the behavior of isolated
singularities. The Liouville theorem was extended to weak entire solutions
in [43], which in turn can be used to establish the interior gradient estimate
[78, 44]. A. Li and Y. Li have also extended the Liouville theorem to much
more general fully nonlinear equations [42].

3. Local estimates

In this section we consider a priori estimates for k-admissible solutions
to the equation

1
(3.1) oMV + dw @ dw — §|Vw]2g + Ay)] = f(x)e 2w,

Equation (3.1) is a fully nonlinear partial differential equation, analogous
to the k-Hessian equation (1.10). Assume that f > 0 and is C*! smooth. To
obtain the C*% estimate for solutions to equation (3.1), by the regularity
theory of Evans [18] and Krylov [36] it suffices to prove the second derivative
estimate, so that the equations become uniformly elliptic.

The second derivative estimate on compact manifolds without boundary
can be obtained easily by differentiating equation (3.1) twice and using the
maximum principle [73]. For Yamabe type problems such as (3.1), the L™
estimate is usually a key issue, and we need interior gradient and second
derivative estimates.

The interior second derivative estimate for (3.1) can be obtained sim-
ilarly as in [76, 28]. Indeed, in the case k = n, equation (3.1) on sphere
(with a different zero order term in the matrix) also arises in the reflector
design [76, 28|. The interior gradient estimate for (3.1) seems more compli-
cated and was first obtained in [25]. Different proofs for the interior gradient
estimate were later found in [14, 78, 44].

The proof by Guan and Wang [25] of the interior gradient estimate relies
on the algebraic structure of the operator oj. Chen’s proof [14] combines
the estimates for gradient and second derivatives in a single argument. The
proof in [78, 44] is based on the Liouville theorem [43]. (The third author
would like to point out that before his paper [78] was published in early
2006, he was not aware that Yanyan Li was trying to prove the regularity
by his Liouville theorem, as there was no indication of it in the early version
of [43]).
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As pointed out in [78], Chen’s proof is the favorable one. It is simpler
than those in [25, 78, 44]. The proofs in [14, 25] also apply to corresponding
parabolic equations. Below we adopt the proof of Chen [14].

THEOREM 3.1. Let w € C3(M™) be a k-admissible solution to (3.1) in
the geodesic ball B(xo,r). Then there is a constant C' such that

(3.2) max (|[Vw]? + |[V2w|) < C(1 + max e 2¥).
B(zo,r/2) B(zo,r)

PRrROOF. The proof also applies to more general equations of the form
FW) = f(z,w),
where
1
W = A, + Vw+ dw ® dw — §\Vw]29.

We assume that F' = F(A(W)) is a function of the eigenvalues A of the
matrix W, satisfying the following conditions:

(i) F(A) is symmetric in A,

(ii) F' is homogeneous of degree 1,

(iii) F' is concave, and

(iv) F is positive in the cone {\ € R™ | A\; > 0,...,\, > 0}.
Note that the above conditions imply that F'(A(W)) is elliptic in w. In the
proof here we assume

F = [ou(A(W))] /%,

First, since W € F;, we have tr,W > 0. Hence
tryAg + Aw — nT_2]Vw|2 > 0.
Therefore we have
(3.3) Vuwl* < C(Aw +1).

This means Aw is bounded from below, and an upper bound of Aw implies
an upper bound of |Vw|?. Since k > 2, we also have

0< UQ(W) = %((tTgW)2 - ’W‘Q)ﬂ

(3.4) |VZw|* < C((Aw)? +1).

Hence an upper bound of Aw implies an upper bound for |V2w|2.
To prove the interior estimates, we introduce the auxiliary function

H =n(Aw + |Vw|*) =: 9L,
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where 0 <17 <1 is a cutoff function satisfying n = 1 in B, /5, n = 0 outside
B,, |Vn| < C(y/m/r) and |V?n| < C/r%. For simplicity we assume r = 1.
Suppose x( is the maximal point of H. We may assume Aw is positive at
xo. Take a local coordinates such that g;j(xo) = d;;. Then at x¢ we have

0=V;H = nj(Aw + |[Vw|?) + n(wpk; + 2wiwy;),
(35) 21,

0>V,V;H = (n;; — )L +nLj.
Hence
0> FYH; = FY((n;; — 2n;nj)L +nLsj)
(3.6) > —C(SF")L +nF9 Ly,

where F" = % is positive definite. Now we compute
ij

F9Li; = FY(wikij + 2wkiwg; + 2WEwi;)
> Flwiju, + 2F7 (wpgwy; + wpwije) — C(SFT)(1+ [V2w[*/?)
(3.7) = [+ 11— C(ZF") (1 + |VZw]?/?).
Notice that
Wik = Wijkk + 2(wirwjn, + wikw;) — (V0] 4+ wwe)di; + Aij k-
We have by (3.5)
I = Fwjpp
= F9(Wij ke — 2(wirwj + wigkw;) + (V0] + wiwper) 855 — Aj ior)
> FijWij,kk — 2Fijwikwjk + 2Fijwj(ﬁL + 2wkwki)
n
+ (SF) (V2w — wl(%L + 2wpwp)) — C(SF)(1 + |[V2w[*/2)
2 FijWiﬁkk + Fij (4wkijki — 2U}Z‘]€’u}j]€ + |V2w|25i]~ — Zwkwlwkl@-j)
— Oy YA(SF)|Vw|L — C(SFP) (1 + |[V2w[*?).
Since
Wijk = wijk + wikw; + wiwjp — wyewidi; + Aij g,
we have
II = 2Fijwki’wkj + 2kaij(Wij7k — Wi W5 — WWjk + wlkwléij — Aiij)
= 2kaijWZ'j’k + Fij(Zwkiwkj — 4w,~wkwkj + 2wkwlkw15ij~)
— C(SF (1 + |V2w]?/?).
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Substituting I and I7 into (3.7) we have
FULi; > FIW;j g + 2w, F9Wi g, + (RF) | V20|

— O VRS F)|VulL — C(SFH)(1+ [V2u[*?)

Hence from (3.6) we get
0> nF7Hij > > F9Wij e + 20°we F9W,j 5 + 0° (SF") |V2w]?
(3.8) — C(ZF)(1 + (n]VPw]) + (n]VZw])*/?).
By (3.3) and (3.4),
(3.9) C7'L < |V2w| < O(L + 1)
for some constant C. Hence by (3.8),
0 > P F9Wij e + 20°wi F T Wi g, + (n/C)* (SF™) L2

(3.10) — C(SF™)(1+nL + (nL)*?).
By the concavity of F,

AF(W) = F9" W5  Wes i + FIWij ki

< F9Wyj ik

Hence by equation (3.1),

FI9W,i ke > Alf(z)e Y]
(3.11) > —C(ZF™")(1+e )L

Here we used the property (LF%) > 1. Similarly from equation (3.1) we
have

W FYWij g, = Vi F(W)wy,
= Vi(f(z)e > )uwy
(3.12) > —C(SF")(1+e *)L.
Inserting (3.11) and (3.12) into (3.10), we get

H < C(1 4 maxe™2v)

™

for z € B, 5. O

Once the second derivative is bounded, equation (3.1) becomes uniformly
elliptic, and Evans-Krylov’s regularity theory implies higher order regularity
for equation (3.1).
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REMARK 3.1.
(i) Equation (3.1) is also elliptic when the eigenvalues
(3.13) A(Ay) e -T7}.
If w is a solution to (3.1) with eigenvalues A(A;) € —TI, then
w = —w satisfies the equation
1 i
(3.14) oMV — dib @ dib + §|vw\2g — Ay)] = 7.

(iii)

However there is no second derivative estimate for solutions to
(3.14), a counterexample was given in [60]. See also the Heinz-
Lewy counter-example in [58], and [76, 48]. The difference is due
to the sign of the first derivative term |Vw|? in the matrices in (3.1)
and (3.14).

For the k-Hessian equation (1.10), regularity for solutions u with
eigenvalues A\(D?u) € T, also hold for solutions with A\(D?u) €
(—I'k). But the pure interior second derivative estimate (3.2) does
not hold for equation (1.10). When the solution vanishes on the
boundary, a Pogorelov type estimate was proved in [16].

In addition to the convex cones I'y and —T'y, equations (1.10) and
(3.1) may have other elliptic branches, depending on k and n.
Namely there are (nonconvex) cones I' C R" such that equation
(1.10) (and also (3.1)) is elliptic if the corresponding eigenvalues
A(D?u) € T. In this case, the existence and continuity of viscosity
solutions have been proved by Harvey and Lawson [31], but the
regularity is unclear at the moment.

4. Existence and compactness

In this section we always assume

(a)
(b)

(M, g) is a compact Riemannian manifold of dimension n > 3, not
conformally equivalent to the unit sphere;

the metric g is k-admissible, or equivalently the class [g]; is not
empty.

As mentioned in the introduction, the existence of solutions to the k-Yamabe
problem (1.1) for £ > 2 has been proved for

(1)
(i)
(iif)
(iv)

locally conformally flat manifolds [26, 41, 60];
the case k = 2 [60];

the case k > n/2 [30, 70]; and

the case k =n/2 [71].

In the following we address the above four cases separately.
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4.1. Existence on locally conformally flat manifolds. The exis-
tence of solutions to the k-Yamabe problem on locally conformally flat man-
ifolds in [26, 41] is based on the characterization of locally conformally flat
manifolds by Schoen and Yau [55], and that in [60] relies on the variational
structure of the equation (2.1).

When M is locally conformally flat, there is a conformal immersion of the
universal covering of M into the unit sphere S™. By the stereographic pro-
jection, the solution v satisfies equation (2.1) in a domain §2 in the Euclidean
space R™. Moreover, if ) # R", then v(z) — +oo as x — 09 [55]. There-
fore by the moving plane argument, v is locally uniformly bounded in 2,
which in turn implies that v is uniformly bounded on the manifold M. Once
the solution is proven uniformly bounded, the solution can be obtained by
a degree argument [41]. Instead of the degree argument, the existence can
also be obtained by a parabolic equation approach [26], just as in [81] for
the case k = 1. Note that once the solutions are proven uniformly bounded,
then the solution set is compact.

4.2. Existence when the k-Yamabe problem is variational. It
was verified that the k-Yamabe problem is variational when k = 2 or the
manifold M is locally conformally flat [72, 8, 60]. In [60] we proved the
existence of solutions to the k-Yamabe problem when equation (2.1) is varia-
tional. When k£ = 2 and n = 4, the existence was previously obtained in [12].
As with the 1-Yamabe problem, our proof consists of two steps. The first
one is to show that the Yamabe problem is solvable if a Yamabe constant
satisfies an inequality like (1.8). The second step is to verify the inequality
for manifolds not conformally equivalent to the unit sphere S™.

PROPOSITION 4.1. ([72, 8, 60]) The k-Yamabe problem is variational if
k = 2 or if the manifold M is locally conformally flat.

A more general result can be found in [60]. Indeed, an operator F|v] =
F[V?v,Vv,v,z] is variational if and only if its linearized operator is self-
adjoint. If F' is not homogeneous of degree —1, the functional is given by

7l = | Gl

1
G[v] :/0 vF[tv].

When F is homogeneous of degree —1, such as the case k = § in (4.1), we
may consider v as a composite function v = ¢(w) and consider the operator

where

Flw] = ¢'(w)F(¢(w)). Hence the corresponding functional is given by

ﬂszhéwmw
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n—2

In particular if v = e~ 2 | then we obtain the functional in [8]

1
.ammz—/géw%mx%m,
2tw

where g = e " gy.
When k = 2 and n = 4, by the Gauss-Bonnet-Chern formula,

82y (M) = /M \W|§dVolg + Fa(g).

The Weyl tensor is invariant under conformal change of metrics. Hence F2(g)
is a conformal invariant [11]. For £ = n/2 and n > 4, it is shown in [72]
that 7, is also a constant in [g] when M is locally conformally flat.

Let (M, go) be a Riemannian manifold. If g = vﬁ go is a solution of the
k-Yamabe problem (1.1), then the Schouten tensor is given by A, = ﬁv,
and v satisfies the equation

(4.1) L) = o IR (A(V)) = v,

where

n Vo@Ve 1 |Vol? n—2

n—2 v n—2 w g0+ 2

(4.2) V=-Vu+ vAy,.

As with the Yamabe problem, we introduce the k-Yamabe constant for 2 <
k<
— 29

(4.3) Yi(M) = inf{Fi(g) | g € [go]k, Vol(M, g) = 1},

where

fk(g):/ ok (A(Ay))dvol,
(4.4) M

2n n+2

= / vz Fn=2 g (A(V)) dvoly,.
M

Note that we have ignored a coefficient (%)k in the second equality. We
have the following.

THEOREM 4.1. ([60]) Assume 2 < k
operator L is variational. Then there is a
Yamabe problem (1.1).

the set [go] # 0, and the

< n
= 27
k-admissible solution to the k-

REMARK 4.1.
(i) The condition [go] # 0 is essential for the k-Yamabe problem. By
this condition we can work in the class of k-admissible functions,
such that the equation (4.1) is elliptic.
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(ii) When a solution is k-admissible, we have the regularity of solu-
tions established in Section 3. When the eigenvalues lie in the neg-
ative cone —I'g, there is no interior regularity and no existence is
known.

(iii) A surprising result, proved by Branson and Gover [5], is that
equation (4.1) is variational if and only if £ = 2 or M is locally
conformally flat. So if k > 3, then (4.1) is variational only if M is
locally conformally flat.

Our proof follows the strategy of Aubin, which consists of two steps. In
the first step (Lemma 4.1) we show that if Y; (M) < Y;(S™), then there is a
solution to (4.1). In the second step we verify the inequality Yj (M) < Yi(S™)
(Lemma 4.2).

In the first step one needs to use a gradient flow. One should be cautious
with parabolic equations of the form

w=Flul+ 6 u, [0,

where F is an elliptic operator, ¢ is a function of D?u, ¢ is a given function.
Under proper conditions one can establish the estimate |Oyu| + |02u| < C.
The estimate implies that the function ¢[u, [ g(D?u)] is bounded and mea-
surable in ¢, it does not mean ¢[u, [ g(D?u)] is Lipschitz or Hélder continuous
in ¢. Hence one cannot conclude ||ul|c21 < C by Krylov’s regularity theory.
In the general case the higher regularity was recently obtained in [62].

LEMMA 4.1. Under the assumptions of Theorem 4.2, if
(4.5) V(M) < Yi(S™),
then there is a k-admissible solution to (4.1).

PROOF. A solution of the k-Yamabe problem is a min-max type critical
point of the corresponding functional. As we need to restrict ourselves to
k-admissible functions, we cannot directly use variational theory (such as
the Ekeland variational principle). Instead we study a descent gradient flow
of the functional and investigate its convergence. We need to choose a special
gradient flow for which the a priori estimates can be established.

As with the original Yamabe paper [80], we first study the approximating
problems

(4.6) L(v) =P,
where 1 < p < 242, (4.6) is the Euler equation of the functional J,(v) =
JP(U;M)’

n—2 2n__ pnt2 1 1
@) J) = 22 / v R o (V) — —— oL
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Let ¢1 = ¢ and ¢ = €', where € > 0 is a small constant. Then when
k<%, Jp(¢1) — 0 and Jp(¢2) — —oo0 as € — 0. Let P denote the set of
paths in @, connecting ¢; and ¢2, namely

(4.8) P ={yeC([0,1], ®) [ 7(0) = ¢1,7(1) = ¢},
where @, denote the set of k-admissible functions. Denote

(4.9) cpM] = inf sup Jp(y(s); M).
VEP 5ef0,1]

Then (4.5) is equivalent to
(4.10) cpIM] < ¢p[S"]

with p = Z—J_rg By (4.10) we can prove that J, has a min-max critical point
vp with Jy(vp) = ¢p[M], in the sub-critical case p < ”—i‘% By a blow-up

n
argument, we can also prove that v, converges to a solution of (4.1) under
the assumption (4.10).
As in (1.3), let

2
(4.11) w:—n_2logv.
Our gradient flow is then given by
(4.12) Flw] —w = p(f(z,w)),

where

Flw] == p(or(A(Ay)))
and g = e 2 gy. When f(z,w) = e~2k, a stationary solution of (4.12) is a
solution to the k-Yamabe problem. We choose

k> 10,
u(t) =

logt te (0, %),

and

(t— 5)(u(t) = ls)) = colt — s)(#/* — 5'/%)
for some constant ¢y > 0 independent of t. We also assume that p is mono-
tone increasing and satisfies

lim p(t) = —oo0.
Jm. u(t)
This condition ensures the solution is k-admissible at any time ¢.
We say a solution w to the parabolic equation (4.12) is k-admissible if for
any fixed ¢, w is k-admissible as a function of z. Denote Q,. = B,.(0) x (0, r2].
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To prove Lemma 4.1, we establish the following interior a prori estimates
for w [60]:

(4.13) IVw(0,r%)] < Oy,
(4.14) |V2w(0,r%)| < Co,
(4.15) lw (0,72)| < Cs3,

where C] is independent of supw (if f = x(x)e P for some constant p > 0
and smooth, positive function k), Cy and C5 depend only on n, k, r, i, inf w,
supw, and [|Ag,||c2.

Estimates (4.13)-(4.15) can be established similarly as for the elliptic
equation (3.1), using the arguments in [25] or [14]. For the parabolic equa-
tion (4.12), to prove the L™ estimate we use a blow-up argument and we
need to show the estimates (4.13) and (4.14) also hold for the equation

T AV) = = u(at)),

where a > 0 is a constant, and the constants C7, Cy are independent of a if
a>1.

By estimates (4.13)-(4.15), equation (4.12) becomes locally uniformly
parabolic. By Krylov’s regularity theory, we obtain the C%? a priori esti-
mate and also the local existence. To prove Lemma 4.1, we first consider
the existence of k-admissible solutions for 2 < k < n/2 to equation (4.6) in
the subcritical growth case 1 < p < Z—fg As a solution to (4.6) is a critical
point of the functional J = J,, we write the parabolic equation (4.12) in
terms of v as

(4.16) Flo] + 2% = u(f(v)),

v
4k

where f(v) = v72"%, F[v] = p(ok(A(¥))), and e = 22 —p. Equation (4.16)

is a descent gradient flow of the functional J(v). By a blow-up argument and

the Liouville Theorem 2.1, we can prove that there is an initial function such

that the solution to (4.16) is uniformly bounded and converges to a solution

vp of (4.6) with

(4.17) Jp(vp) = ¢p >0,

where ¢, is the min-max critical value given in (4.9). Moreover, the set of
solutions of (4.6) is compact.

Let p / ™2 By condition (4.5), the Liouville theorem 2.1, and (4.17),
we can prove that the solution v, is uniformly bounded. Hence by the a
priori estimates, v, converges smoothly along a subsequence to a solution of
(4.1). Hence Lemma 4.1 is proved for 2 < k < 3.
For the case k = 5, we can verify that the functional 7, 5(g) is a con-
stant, and by (4.5), the constant is strictly smaller than Y}, 5(S™). Hence
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by the Liouville theorem in [41], one can prove that the set of solutions of
(4.1) is compact. The existence of the solutions can be obtained by a degree
argument. (Il

For the existence of min-max critical points of fully nonlinear elliptic
functionals, a logarithm gradient flow was first used by Chou [15]. More
general gradient flows were later used in [75] to prove the Sobolev type
inequality (4.20) below and in [16] to prove the existence of min-max critical
points of the functional corresponding to the k-Hessian equation (1.10). Our
argument above was inspired by the argument in [15, 75, 16].

LEMMA 4.2. The critical inequality (4.5) holds for any compact manifold
not conformally equivalent to the unit sphere S™.

PrOOF. We reduce the proof of the lemma for £ > 2 to the case k =1,
namely (1.8). Let vg be the solution to the classic Yamabe equation
n/_'2 n+2

—AU + mRU = ’I’L(’I’L — Q)Um

Let v, be the solution of

kn+2

O'k()\(V)) = Cn,kvo "2 on ./\/l7

where C), . = nl(n-2)" Then
.k = El(n—k)!

n—2 =2
fA’Uk + mRvk Z n(n - 2)7)0 .
By comparison principle, vy > vg. By direct computation, g = v:/ (n-2) 90
satisfies
Yi (M) < Fi(g) < Yi(S™).
This finishes the proof of Lemma 4.2. O

As a consequence of our argument, we have the following Sobolev type
inequality. For locally conformally flat manifolds, it was first proved in [27].

COROLLARY 4.1. Let 2 < k < % Then there exists a constant C > 0
such that the inequality

n—2
2n—4k

(4.18) (Vol(M,)) = < C [ /M ow(A(Ag))dvol,

holds for any conformal metric g = vﬁgo € [g90]k-

REMARK 4.2. Inequality (4.18) can be written in the form

n—2
(4.19) H’UHLQn/(an)(M) < C [F[v])zn—2* .
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where Fy, is given in (4.4). When k = 1, we recover the Sobolev inequality

1/2
HMWM%Wﬁg{/mw]_

In [27], Guan and Wang also proved the following inequality for locally
conformally flat manifolds,

[/M U’“(A(Ag))dwlg} s [/M ”m(A(Ag»duOlg] o

for[l S])k: < m < 5 (the opposite inequality was proved when § <k <m <n
in |27]).

The above inequalities are similar to those for the k-Hessian equation,
proved in [75, 69]. Let Q be a bounded, (k — 1)-convex domain in R, i.e.
for any point z € 9Q, or_1(k(z)) > 0, where r(z) = (k1(2),...,kn-1(2))
are the principal curvatures of 9§ at x. Denote by ®F(Q) the set of all
k-admissible functions vanishing on 92 and

1

k+1

oy = | [ (CwADP0lds
One easily verifies that || - H(DIS is a norm in ®f. The Sobolev type inequality
(4.20) ull o) < Cllullgy

was proved in [75], where u € ®F(Q), p < k* := % and C' = C(n,k,
p, Q) if1 <k <% p<ooand C=C(n,p,diam(Q2)) if k = §; and p = oo
and C = C(n, k,diam(2)) if & < k < n. In [69] the following inequality was
proved,

lullag < Clullag.
where u € ®7*(2), 1 <k < m < n. See also [77] for details.

If 1 <k < %, the exponent k* in (4.20) is optimal. In [75] it was proved
that the best constant in (4.20) is achieved by radially symmetric functions.
Therefore when p = £* and k < 5, by the classical Sobolev embedding, the
best constant C' is attained when €2 = R" by the function

u(@) = [1+ [ )22k,

When k = %, a Moser-Trudinger type inequality has also been proved in [61].
The reader should note the different powers in inequalities (4.19) and (4.20).

In the case § < k < n, (4.20) can be strengthened. It was shown [67] that
a k-admissible function to the k-Hessian equation (1.10) is Holder continuous
with exponent aw = 2 — 7. This observation gives a guidance for us to prove
the results in the next two sub-sections.
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4.3. The cases for k£ > n/2. The existence of solutions and the com-
pactness of the solution set for the k-Yamabe problem have been proved
in [30] for k£ > n/2 and [70, 71] for k > n/2. In the case k > n/2, much
stronger results were proved in [70], i.e., not only the solution set, but the
set of all k-admissible metrics with fixed volume, is compact. These results
are based on the following observation.

PROPOSITION 4.2. If the metric g is k-admissible for some k > 5, then
the Ricci curvature is positive if k > 5 and nonnegative if k = 3.

Proposition 4.2 was first observed in the case k = 2, n = 4 in [11] and
proved in the general case in [24]. Our proof of Proposition 4.2 is based on
a simple inequality in [67]. Note that the Ricci curvature p = (p1,. .., tin)
is given by

Wi = (n — 2))\2' + Z/\j.
Hence the Ricci curvature p; > 0 for all 1 < i < n if and only if P 1 (A\) >0,

where
Pg()\) = min \; + (52)\2

is the Pucci operator. For any A € Ty, let f(z) = %Z)\kx% By direct
computation, A,f > 0 for p <2+ % (this is the case [ = 1 in Lemma
4.2 [67]). Hence
n(k —1)
DN+ N 20

for every j. When k = 3, n%k:kl) =n — 2. Hence Ricy > 0 if \(4y) € T, /9,
and Ricy > 0if A(Ay) € I'y for k > 3.

By Proposition 4.2, one can consider the existence of conformal metrics
such that the k-curvature is equal to a prescribed function, namely the

existence of conformal metrics g € [go] such that

(4.21) ok(A(Ag)) = £

where f is a given positive smooth function on M. As noted above, when
k > n/2, problem (4.21) was first solved by Gursky and Viaclovsky [30], who
proved the compactness of the solution set. Their proof involved a detailed
analysis of the growth rate of solutions at isolated singular points.

In [70], we prove a sharp Harnack inequality for k-admissible metrics
when (M, go) is not conformally equivalent to the unit sphere S™. As a con-
sequence we obtained the compactness of the set of all k-admissible metrics
with fixed volume. When (M, go) is the unit sphere we prove there is a
unique admissible metric with singularity. As a consequence we prove an
existence theorem for the equation (4.21), thereby recovering Gursky and
Viaclovsky’s results [30].

Our proof needs to introduce the minimal radial function and also
involves nonsmooth k-admissible metrics, which are limit of smooth
k-admissible functions in LP norm for some p > 0.
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Minimal radial function. A main new idea in our proof is the introduction
of the minimal (maximal, resp) radial function for lower (upper, resp) semi-
continuous functions. For any given lower semi-continuous function v in a
geodesic ball Br(xzo) C M, (here zp can be any fixed point and R > 0 can
be any constant), the maximal radial function of v, also defined in Br(xy),
is a rotationally symmetric function v satisfying v < v, and ¥ > ¢ for any
radial function ¢ satisfying ¢ < v. Explicitly it can be given by

0(x) = inf{v(y) | y € 0B, (x0), r = d(z,z0)}.

Obviously o is also lower semi-continuous, and for any r € (0, R), there is a
point x, € OB, (x¢) such that v(x,) = v(z,). If v is superharmonic, then o is
also superharmonic, and as a function of d(z, x(), is monotone decreasing.

Similarly for an upper semi-continuous function w, the maximal radial
function of w is given by

w(x) =sup{w(y) | y € 0B, (x0), r = d(z,z0)}.

When the function w is subharmonic (with respect to an elliptic operator),
w is monotone increasing, and it can also be equivalently defined as follows.
For any h € R, denote ), = {x € M | w(z) < h}, which is open as w is
upper semi-continuous. For any given point g, the minimal radial function
w (with respect to xg) can also be given by

w(r) = inf{h | dist(zo, 0Qp) > r}.

Note that w is radial, so it is a function of r = d(x, z¢), and can be regarded
as a function of one variable. Obviously w > w and w < ¢ for any radial
function ¢ satisfying ¢ > w.

Nonsmooth k-admissible metric. Our argument involve limit of
k-admissible metrics. Therefore we allow singular metrics and call a met-
ric g = xgo k-admissible if x : M — (0,00], x is lower semi-continuous,
{z € M | x(x) = oo}| = 0, and there exists a sequence of k-admissible
metrics gm = Xmgo, Xm € C2(M), such that y,, — x almost everywhere in
M. If g is k-admissible, then the function v = x(*~2/4 is subharmonic with
respect to the operator

n—2
— R
90+4(n_1) 90

and hence by the weak Harnack inequality [20], the set {x = oo} has measure
Z€ero.

We first prove the classification of the possible singularities of
k-admissible metrics on R".

0= —

THEOREM 4.2. Let g be k-admissible metric on R" with 5§ < k < n.
Then either

(4.22) o) = —< 790()

EEE R
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for some point xg € R™ and positive constant C, or the conformal factor
X is Holder continuous with exponent o = 2 — ¢, where go is the standard
metric on R™.

PROOF. Let ¢ = e ?Ygy. Let w be the maximal radial function of
w with respect to a point xg, which we take as the origin 0. Then w is
k-admissible in R™\{0}. Since w is radial, it satisfies an ode. When k > n/2,
by or(A(W)) > 0 and from the ode we show that either w is Holder contin-
uous in R™ with exponent o =2 — 7, or

(4.23) w(z) =2log |z| +C

for some constant C.

In the latter case, observe that the function 2log|z| 4+ C' is harmonic in
R™\{0} and w is subharmonic. But by our definition of w, w — w contains
interior local maximum points. By the maximal principle, we conclude that
w(z) =2log|z| + C. O

By Theorem 4.2, we see that when k£ > %, there is only a unique (up
to conformal diffeomorphism) singular k-admissible function in R™ and on
S™. This result is analogous to Obata’s uniqueness result for the constant
scalar curvature. But note that our uniqueness is not just for metrics with
prescribed k-curvature, but for all k-admissible metrics with singularity. This
result implies the set of all k-admissible function is quite “small”. Theorem
4.2 has some other interesting consequences, see [70]. Next we prove the
following Harnack inequality.

THEOREM 4.3. If (M, go) is not conformally equivalent to the unit sphere
S"™ and § < k < n, then [go] is compact in C° and satisfies the following
Harnack inequality, namely for any g = xgo € [90]k»

(4.24) max x(z) < exp(Clz —y|>7F)

zyeM x(y)
for some fized constant C' depending only on n,k and (M, go), where |z —y|
denotes the geodesic distance in the metric gy between x and y.

PROOF. First we note that if u is k-admissible to the k-Hessian equation
(1.10) and if £ > %, then v € C° with a = 2 —  [67]. For k-admissible
functions to the k-Yamabe problem, using the above Hélder continuity for
the k-Hessian equation (1.10), we can prove that

(4.25) ule) — uly) < C/ u,
M

|z —y|«

where o = 2 — 7 and C is independent of u.

Next, as in the proof of Theorem 4.2, the minimal radial function of w is
either Holder continuous or satisfies (4.23). In the first case, we are through.
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In the latter case, noting that the function 2log|z| + C is harmonic in
R™\{0}, and w — w contains interior local maximum points. By the maximal
principle, a blow-up limit of w — w must be a constant. Hence we have

(4.26) w(x) = 2log |z] + o(1).

By a similar blow-up argument we can prove the singularities are isolated.
Therefore there are at most finitely many singular points.

From the singularity behavior (4.26), as in [30] we can prove that w is
C* smooth away from the singular points. Therefore the manifold equipped
with the metric ¢ = e ?“gq is a complete manifold with nonnegative Ricci
curvature. By Bishop’s volume comparison theorem, the quantity

_ Voly(B,(y))

,,an

Q(r)

is monotone decreasing in r. So Q(r) < lim, o Q(r) = 1|5"~1|, where [ S|
is the volume of the standard unit (n—1)-sphere. By the asymptotic estimate
(4.26), we have

Q(r) — %|S”*1] as r — 0o,

where m is the number of singular points. Therefore we have either m = 0,
orm=1and Q(r) = 1|S"7!|. If m = 0, we are through. If m = 1, w has a
unique singularity {0}. One can show that Ry = 0. Hence (M\{0},g) is a
complete manifold with Ricy, > 0. So it is isometric to the Euclidean space
R", which in turn implies that (M, go) is conformally equivalent to S™. This
contradicts with the assumption in Theorem 4.3.

We have thus proved that there is no singularity in k-admissible metrics,
all conformal factors are Holder continuous. One can furthermore prove that

supw — infw < K,
(4.27) Mmoo M -
lw(z) —w(y)| < Kloz —y[**

for some constant K > 0. The first estimate in (4.27) can be proved by
contradiction. If it is not true, there exists a sequence of k-admissible func-
tions wy, such that sup,,w, = 0 and infyw,, — —oo. Suppose that
wm(0) — —oo. By the Holder continuity, we may assume that e“™ con-
verges locally uniformly to e in M\{0} and lim, ,ow(z) = —oc. By a
weak Harnack inequality, the set {w = —oo} has measure zero. So w is
k-admissible. Hence by the above argument, 0 is the unique singular point
of w, w is C*°-smooth away from 0, and (M, gg) is conformally equivalent
to the unit sphere S™, which contradicts with our assumption. The second
estimate in (4.27) follows from (4.25). O

From the Harnack inequality in Theorem 4.3 and by the Arzela-Ascoli
theorem, we have the following compactness.
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Corollary 4.1. Suppose (M, go) is not conformally equivalent to the unit
sphere S™. Then the set of all k-admissible metrics of fixred volume is
compact.

By the Harnack inequality in Theorem 4.3, we can not only prove the
existence of solutions to equation (4.21) for positive and smooth f, but to
more general equations. For simplicity we state the existence for a special
right hand side. We refer the reader to [70] for more general existence results.

THEOREM 4.4. Let (M, go) be a compact n-manifold not conformally
equivalent to the unit sphere S™. Suppose § < k < n and [go]r, # @. Then
for any smooth positive function f and any constant p # k, there exists a
positive admissible solution to the equation

(4.28) or(AMV)) = f(z)vP.

The solution is unique if p < k. When p = k, then there exists a unique
constant 0 > 0 such that

(4.29) ar(A(V)) = 0f (x)o*
has a solution, which is unique up to a constant multiplication.

The proof is by a degree argument as in [79]. In [79] the existence of
nontrivial solution to the Monge-Ampere equation was proved for very gen-
eral superlinear right hand side. The proof in [79] relies on the convexity of
solutions but for equation (4.29), the Holder continuity of solutions, implied
by the Harnack inequality (4.24), is sufficient for the degree argument.

As a special case of Theorem 4.4, letting p = kg—fg, we obtain the exis-
tence of the solutions to (4.21) for n/2 < k < n, which is the k-Yamabe
problem when f = 1, proved in [30]. Note that the compactness of the set
of k-admissible functions automatically implies that the set of solutions is
compact.

4.4. The case k = n/2. When k = 2 and n = 4, the existence and
the compactness of the solution set for the §-Yamabe problem on compact
Riemannian manifolds were proved by Chang, Gursky and Yang ([11, 12]).
The paper [11] also contains various geometric applications of the problem.
We have the following result for all even n > 4 [71].

THEOREM 4.5. Let (M, go) be a compact Riemannian manifold of even
dimension n > 4. Suppose go is 5-admissible and M is not conformally
equivalent to the unit sphere. Then the set of solutions to the %-Yamabe

problem is compact. In particular, there is a %-admissible solution to (4.1).

We point out that the compactness is true not only for the k-Yamabe

problem with & = &, but also for the more general equation (4.21). About

the proof of Theorem 4.5, we cannot prove that the maximal radial function
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w satisfies the asymptotic behavior (4.23) for any k-admissible function func-
tion w. But by the Liouville theorem 2.1, we can prove (4.23) if g = e"2¥gq
is a solution to the k-Yamabe problem. Once (4.23) is proved, by the same
argument as in the case k > & in §4.3, we can prove w has the asymptotic
behavior (4.26). Once (4.26) holds, the proof in §4.3 also applies to the case
k = § and we are through.

Therefore in the case k = %, it suffices to show that if g = e g is a
solution to the k-Yamabe problem, then (4.23) holds.

The proof of (4.23) uses several results on subharmonic functions and
the Liouville Theorem 2.1, which we list as follows.
(a) Let v > 0 and satisfy

n—2

(430) —Av + ngOU > 0.

Then we have the weak Harnack inequality [20]

(4.31) [ollzoiny < Cinf o,

where 1 < p < -5 and C is a positive constant depending on n,p, and go.
(b) If v € Bi(xg) satisfy (4.30) (in the weak sense), then v € WhP(B; 5)
for 1 < p < -5, and [32]

(4.32) [ollwir(s, . < CllvllLis,),

where C is a positive constant depending on n, p, and go.
From (4.31) and (4.32) it follows that

(4.33) ol < Cinf o,

where 1 < p < %5, and C depends on n,p, and go. Therefore if v; is a
sequence of k-admissible functions satisfying infaqv; = 1, then v; is uni-
formly bounded in W1P(M) for any p < ~“4, and v; subconverges to a
(generalized) k-admissible function. In particular, if v satisfies (4.30), then
the maximal radial function v is locally uniformly Hoélder continuous away
from 0, with Holder exponent a € (0,1/n).

(c) Let v be a radially symmetric, super-harmonic function in B;(0) C R,

namely Av <0 in B1(0). Then

(4.34) o(z) = w

where ¢( is a nonnegative constant.
(d) Suppose {v;} is a sequence of solutions with local maximum v;(0) — oo.
Denote 5 ()
vj(x
wi(z) = ——— log 1—=
i () n—9 g m;
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where m; = infaqv;. Let w; be the maximal radial function of w;. Then
w; — w and w is a k-admissible function. By Liouville Theorem 2.1, the
corresponding radial function ¥ (by (4.11), e® = 7~2/(=2)) satisfies (4.34)
for some positive constant ¢y > 0. Hence

w(r) < 2logr+ C.

On the other hand, as v is k-admissible for some k > n /2, it satisfies an ode
and from which we have

w(r) > 2logr — C'.

Therefore we have
w(r) =2logr+ C +o(1).
namely (4.23) holds.

5. Remarks

5.1. Admissibility of the initial metric. In §4 we assume the initial
metric g is k-admissible, or equivalently the set [g]x # (. This is a pointwise
condition. For the Yamabe problem (1.6), this condition can be replaced by
the Yamabe constant Y7 > 0, namely if Y7 > 0, then there exists a metric
g € [g] such that the scalar curvarture Ry > 0.

In the case n = 4 and k = 2, Chang, Gursky and Yang [11] proved that
[g]2 # 0 if the Yamabe constants Y7 > 0 and Y2 > 0. See also [29] for a
different proof. The Yamabe constants Y7 and Y5 are defined as follows.

Y: = inf vol(ﬁ)nng/ o1(g)dvoly,
9€lg] M

Yo = inf vol(g)—"n“/ o2(g~ " Ag)dvols.
9€lg] M

By Chern-Gauss-Bonnet Formula, Y5 is a conformal invariant when n = 4.
Denote

inf{F%(9) | g € [gle—1,v0l(M,g) =1} if [glr—1 # 0,

) 0
(5.1) Yi(lg) = { e if [g]g_1 = 0.

where Fj, is given in (4.4). Then we have

THEOREM 5.1. Let (M,g) be a compact n-dimensional manifold.
Assume that Yi([g]) > 0 for k > 2. Then there exists a k-admissible confor-
mal metric g € [g].

This result was proved by the first author in [59]. For locally conformally
flat manifolds, it was proved by Guan, Lin and Wang [23].
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PRrROOF. Consider a conformal metric g = e~?%gq satisfying
1k, —
(5.2) o/ "9 4f) = f(@)e™,

where . 1 "
A" = —— (Ricg — ng “9);
t <1, and f(xz) > 0 is any smooth function. The idea of introducing the
family of equations is such that the equation becomes uniformly elliptic
when ¢ < 1. This idea was used by Krylov [37] and Trudinger [64]. One
may easily show that the linearized operator of this equation is invertible.
Choosing a proper function f, we can establish the a priori estimates for
solutions of (5.2), and by the continuity method, there exists a solution of

(5.2) for t = 1. O

5.2. Existence of solutions for more general nonlinear curva-
ture functions. In the case when M is locally conformally flat, as explained
in §4.1, the proof is based on the a priori estimates and the moving plane
argument. Therefore it applies to more general nonlinear curvatures. Sim-
ilarly the compactness results in §4.3 and 4.4 relies essentially on the con-
dition k > 5, and they can also be extended to more general curvature
functions. More specifically, these results can be extended to the following
more general equation

(5-3) o(A(4g)) = ¢,

where ¢ is a positive, smooth function on M, ¢ is a nonlinear function
defined on an open convex cone I' C R™. We assume that o satisfies

(C1) o >0inT and 0 =0 on JI';

(Cq) o is concave;

(C3) o is invariant under exchange of variables;
(C4) o is homogeneous of degree 1.

We also assume that I' satisfies

(Gy) If A € T, then any permutation of A also lies in I';
(Go) T, cI' € ¥_1_, where I',;, is the positive cone and
n—2

Yo = {)\ e R" | Pg(/\) > 0},

and Py is the Pucci operator given after Proposition 4.2.

Then the existence results on locally conformally flat manifolds in §4.1 can
be extended to equation (5.3) if C;-C4 and G; hold; and the existence and
compactness results in Theorem 4.5 holds in C1-C4 and G1-G2 hold.

Recently there have also been some interesting works on the singularity
analysis for k-admissible functions and on the a priori estimates and exis-
tence of solutions for the k-Yamabe problem on manifolds with boundary.
However, research in these directions are in progress and we will not discuss
these aspects in this work.
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5.3. Open problems. We finish this paper by mentioning a few

unsolved problems.

1]
2]
3]

[10]

[11]

[12]

1. A natural question is the existence of solutions to the k-Yamabe
problem when 2 < k < n/2 and M is not locally conformally flat.

2. The compactness of the solution set to the k-Yamabe problem for
k =1 and k > 5 has been completely solved. One would also like
to know the answer for the cases 2 < k < 5, in particular the case
k=2.

3. The full k-Yamabe problem [38]. In the introduction of the
k-Yamabe problem we have dropped the Weyl tensor in the decom-
position Riem = W+ A4,®g. Labbi [38] proposed to study the exis-
tence of a conformal metric such that the quantity s; := ¢**Riem”

is equal to a constant, where c is the standard contraction operator,

and Riem” denotes the Kulkarni-Nomizu product. When k = 1, s,

is exactly the scalar curvature of (M,g). When k = 5 and n is

even, sy is the Lipschitz-Killing curvature. As shown by Labbi, this

quantity s is always variational and if M is a hypersurface, s

is the (2k)*" mean curvature of M, namely the (2k)"" elementary

symmetric polynomial of the principal curvatures of M. When M

is locally conformally flat, then the Weyl curvature vanishes, and

s = ox(A(Ay)) for £ =1,2,...,[5] (up to a constant).
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