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A geometric construction for invariant
jet differentials

Gergely Berczi and Frances Kirwan

1. Introduction

The action of the reparametrization group Gg, consisting of k-jets of
germs of biholomorphisms of (C,0), on the bundle J; = JpT* X of k-jets at 0
of germs of holomorphic curves f : C — X in a complex manifold X has been
a focus of investigation since the work of Demailly [5] which built on that
of Green and Griffiths [13]. Here G, is a non-reductive complex algebraic
group which is the semi-direct product G = U x C* of its unipotent radical
U, with C*; it has the form

a1 g Q3 tee (677
0 a% e
Gy = 0 0 af - o1 €CHan,...,a,€C
o 0 0 --- a'f
where the entries above the leading diagonal are polynomials in ag, ..., ag,

and Uy, is the subgroup consisting of matrices of this form with a; = 1. The
bundle of Demailly-Semple jet differentials of order k over X has fibre at
r € X given by the algebra O((Jy);)Y of Ug-invariant polynomial func-
tions on the fibre (J), = (JpT*X), of JT*X. More generally following
[25] we can replace C with CP for p > 1 and consider the bundle Jj ,7*X of
k-jets at 0 of holomorphic maps f : CP — X and the reparametrization group
Gy, consisting of k-jets of germs of biholomorphisms of (C?,0); then Gy, is
the semi-direct product of its unipotent radical Uy ;, and the complex reduc-
tive group GL(p), while its subgroup G;ﬁp = Uy, x SL(p) (which equals Uy,
when p = 1) fits into an exact sequence 1 — G;C’,p — Ggp — C* — 1. The gen-

eralized Demailly-Semple algebra is then (’)((Jk’p)x)G;f’P.
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The Demailly-Semple algebras O(.J;)V* and their generalizations have
been studied for a long time. The invariant jet differentials play a crucial
role in the strategy devised by Green, Griffiths [13], Bloch [4], Demailly
[5, 6], Siu [28, 29, 30] and others to prove Kobayashi’s 1970 hyperbolicity
conjecture [19] and the related conjecture of Green and Griffiths in the
special case of hypersurfaces in projective space. This strategy has been
recently used successfully by Diverio, Merker and Rousseau in [7] and then
by the first author in [1] to give effective lower bounds for the degrees of
generic hypersurfaces in P, for which the Green-Griffiths conjecture holds.

In particular it has been a long-standing problem to determine whether
the algebras of invariants O((Jhp)x)G;w and bi-invariants O((Jk,p)m)G;wXU”’””
(where U, , is a maximal unipotent subgroup of GL(T,X) = GL(n)) are
finitely generated as graded complex algebras, and if so to provide explicit
finite generating sets. In [20] Merker showed that when p =1 and both k
and n = dim X are small then these algebras are finitely generated, and for
p=1 and all k¥ and n he provided an algorithm which produces finite sets of
generators when they exist. In this paper we will describe methods inspired
by [2] and the approach of [9] to non-reductive geometric invariant theory
(GIT) to prove the finite generation of O((J;,),)Y for all n and k > 2 (from
which the finite generation of the corresponding bi-invariants follows). In
fact we will show that Uy is a Grosshans subgroup of SL(k), so that the
algebra O(SL(k))Vx is finitely generated and hence every linear action of Uy,
which extends to a linear action of SL(k) has finitely generated invariants.
We will also give a geometric description of a finite set of generators for
O(SL(k))Y*, and a geometric description of the associated affine variety

SL(k)//Ur. = Spec(O(SL(k))")
which leads to a geometric description of the affine variety

(Ji)2// Uk = Spec(O((Jy)z)"*)
as a GIT quotient

((Jk)a > (SL(K)//Ur))//SL(K)

by the reductive group SL(k), in the sense of classical geometric invariant
theory [23]. Similarly we expect that if p>1 and k is sufficiently large
(depending on p) then Gj,, is a subgroup of SL(sym=F(p)), where

k
sym=F(p) = Z dim Sym‘C?,
i=1

such that the algebra O(SL(sym=* (p)))chvP is finitely generated, and thus

that the algebra and O((Jkyp)I)G;vP is also finitely generated, and we have a
geometric description of the associated affine variety

(Jk,p)z//GZ:,p-
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The layout of this paper is as follows. §2 reviews the reparametrization
groups G and Gy, and their actions on jet bundles and jet differentials
over a complex manifold X. Next §3 reviews some of the results of [9] on
non-reductive geometric invariant theory. In §4 we recall from [2] a geomet-
ric description of the quotients by Uy and Gy, of open subsets of (Jg),, and
in §5 this is used to find explicit affine and projective embeddings of these
quotients and explicit embeddings of SL(k)/Uy. In §6 we see that the com-
plement of SL(k) /Uy, in its closure for a suitable embedding in an affine space
has codimension at least two. In §7 we conclude that Uy is a Grosshans sub-
group of SL(k) when k > 2, so that O(SL(k))Y and O((Jy),)U* are finitely
generated, and provide a geometric description of a finite set of generators
of O(SL(k))V*. Finally §8 and §9 discuss how to extend the results of §6
and §7 to the action of Gy on the jet bundle J;, — X of k-jets of germs
of holomorphic maps from CP to X for p > 1.

2. Jets of curves and jet differentials

Let X be a complex n-dimensional manifold and let k£ be a positive inte-
ger. Green and Griffiths in [13] introduced the bundle J — X of k-jets of
germs of parametrized curves in X; its fibre over x € X is the set of equiv-
alence classes of germs of holomorphic maps f:(C,0) — (X, z), with the
equivalence relation f ~ g if and only if the derivatives f()(0) = ¢ (0) are
equal for 0 < j < k. If we choose local holomorphic coordinates (z1, ..., z,)
on an open neighbourhood €2 C X around z, the elements of the fibre Jj, ,
are represented by the Taylor expansions

t2 tk
f@&) =2 +tf/(0) + 5 f(0) + -+ 5 fH(0) + O

up to order k at t =0 of C™-valued maps

f:(f17f27"'7fn)

on open neighbourhoods of 0 in C. Thus in these coordinates the fibre is
Jra={(£/0),., FO @)k } = (€,

which we identify with C**. Note, however, that Jj, is not a vector bundle
over X, since the transition functions are polynomial, but not linear.

Let Gg be the group of k-jets at the origin of local reparametrizations
of (C,0)

t— o) =ait+oat’ + -+t a;eCag,...,0; €C,

in which the composition law is taken modulo terms ¢/ for j > k. This group
acts fibrewise on Ji by substitution. A short computation shows that this is



82 G. BERCZI AND F. KIRWAN

a linear action on the fibre:

fop(t)=f(0)- (ait + agt® + - + ayth)

I
0
+ fz(‘ ). (art + gt + -+ + ayth)?
(k)
4t f k'(O) (it 4 agt? + - + oyt*)F (modulo A1)

so the linear action of ¢ on the k-jet (f/(0), £7(0)/2!,..., f*)(0)/k!) is given
by the following matrix multiplication:

(F/(0), f7(0)/2!, ..., P (0)/k!)

o] 0 0% af
0 o} 2a100 -+ k-1t +ag_10g
0 O 0 o/f

where the matrix has general entry

(Gr)ij = Z Qg ... g,

s121,..,8;>1, s14-+s;=j

for i,7 <k.
There is an exact sequence of groups:

(2) 1-U; -Gy —C" -1,

where G, — C* is the morphism ¢ — ¢’(0) = a4 in the notation used above,
and

Gr=UpxC*

is a semi-direct product. With the above identification, C* is the subgroup
of Gy, consisting of diagonal matrices satisfying ag =--- = ay, =0 and Uy, is
the unipotent radical of Gy, consisting of matrices of the form above with
a1 = 1. The action of A € C* on k-jets is thus described by

A (f1(0), 17(0) /2!, .., SE0) /R = (AF(0), A27(0)/21, ..., A F ) (0) /)
Let Sﬁ ., denote the vector space of complex valued polynomial functions
Q(ul, Uy . - - ,uk)

of uy = (ur,...,uin), .., up = (Ug1,-..,uky) of weighted degree m with
respect to this C* action, where u; = £()(0)/i!; that is, such that

Q(Auq, )\2u2, R )\kuk) =A"Q(u1,ug, ..., u).
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Thus elements of £, have the form

_ i in ik
Qu1,ug, ..., up) = > utul Lk,
lin[+2]i2 |+ +Elik[=m

where 41 = (i1,1,...,%1,n),..-,% = (ik,1,- - -, ik,n) are multi-indices of length
n. There is an induced action of Gy, on the algebra ,,~( &, Following
Demailly (see [5]), we denote by E?  (or Ej ) the Demailly-Semple bundle
whose fibre at x consists of the [Uklinvariant polynomials on the fibre of Jy,
at x of weighted degree m, i.e those which satisfy

Q((f o) (0),(f o) (0)/2!,...,(f o) M (0)/k!)
=¢'(0)™ - Q(£'(0), £(0)/2!,..., f*)(0)/kY),

and we let £} = @, £} denote the Demailly-Semple bundle of graded alge-
bras of invariants. ’

We can also consider higher dimensional holomorphic surfaces in X, and
therefore we fix a parameter 1 < p <n, and study germs of maps CP — X.

Again we fix the degree k of our map, and introduce the bundle J; ,, — X
of k-jets of maps CP — X. The fibre over x € X is the set of equivalence
classes of germs of holomorphic maps f: (CP,0) — (X, z), with the equiva-
lence relation f ~ g if and only if all derivatives fU)(0) = ¢()(0) are equal
for 0 <j <k.

We need a description of the fibre Jj ;. in terms of local coordinates
as in the case when p = 1. Let (z1, ..., 2,,) be local holomorphic coordinates
on an open neighbourhood © C X around z, and let (uy,...,u,) be local
coordinates on CP. The elements of the fibre Jj , , are C"-valued maps

f:(f17f27"'7f7l)

on C?, and two maps represent the same jet if their Taylor expansions around
z=0

2 k
f(@) =@ +2f (0) + 5 £(0) + -+ P (0) + 0"")
coincide up to order k. Note that here
F®(0) € Hom ( Sym ‘CP,C")

and in these coordinates the fibre is a finite-dimensional vector space

k+p—1)

Jepe = {0, P©) k) } = (i
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Let Gy, be the group of k-jets of germs of biholomorphisms of (CP?,0).
Elements of Gy, are represented by holomorphic maps

u—>g0(u):<l>1u+<l>2u2+---+<1>kuk

(3) = E iy U7 - u, @1 is non-degenerate
i€ZP\0

where ®; € Hom (Sym‘CP, CP). The group Gy, admits a natural fibrewise
right action on Jj, ,,, by reparametrizing the k-jets of holomorphic p-discs. A
computation similar to that in [2] shows that

fop(u)=f(0)®u+ (f’(o>q>2 T f/;(lo)cb%) .

(o
+ Z f ( )q)il---(pilul-

I
B4+ =d

This defines a linear action of Gy, on the fibres J, ;, , of Jj, , with the matrix
representation given by

oy Dy B3 ... Dy
0 2 9,0,
(4) 0o o0 @& .. ;
i

where

e &; € Hom (Sym‘CP,CP) is a p x dim(Sym’CP)-matrix, the ith
degree component of the map ®, which is represented by a map
(Cr)® — v,

e &; ...d; is the matrix of the map Sym®* "+ (CP) — Sym!CP,
which is represented by

D @@, (CPP - @ (C)® — (CP)®,
o€

e the (I,m) block of Gy, is Zi1+~~~+il:m ®iy ... P, The entries in
these boxes are indexed by pairs (7,u) where 7€ (pT_lII),ue
(pjn"izl) correspond to bases of Sym!(CP) and Sym ™(CP).

EXAMPLE 2.1. For p=2,k =3, using the standard basis

{ei,eiej,eiejek 01 < 1 S] < k < 2}
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of (J3.2)z, we get the following 9 x 9 matriz for a general element of G32:

alg o1 Qg aiq ap2 Q30
Bio Bor  Bao P11 Boz B30
0 0 oz%o 10001 oz%l 10020
0 0 b0 @10B01 + ao1Pro ao1for  @10B20 + 20810
0 0 B B10B01 B3 B10620
0 0 0 0 0 a3y
0 0 0 0 0 a2610
0 0 0 0 0 a106%
0 0 0 0 0 B3
a21 12 Qo3
Ba1 B2 Bos
Q10011 + Qo102 + 11001 Q01002
P Q ap1 B2 + o200
(5) BrofBi1 + B2o0Bor  Bo1Bi1 + BozBio Bo1Boz
o301 1004, agy
a10010501 a10001 P01 0184,
a108100501 a10301 801 0184,
B30 Lot BroB3 B,

where

P = a10611 + 11810 + a20801 + 01820  and
Q = a1 511 + 11801 + 2810 + 1002

This is a subgroup of the standard parabolic P34 C GL(9). The diagonal
blocks are the representations Sym'C? for i =1,2,3 of GL(2), where C? is
the standard representation of GL(2).

In general the linear group Gy, is generated along its first p rows; that
is, the parameters in the first p rows are independent, and all the remaining
entries are polynomials in these parameters. The assumption on the param-
eters is that the determinant of the smallest diagonal p x p block is nonzero;
for the p =2, k = 3 example above this means that

a1p o1
det 0.
< Bro Bo1 ) 7
The parameters in the (1, m) block are indexed by a basis of Sym ™ (CP)x
CP, so they are of the form !, where v € (pfnrffl) is an m-tuple and 1 <1 < p.

An easy computation shows that:

PROPOSITION 2.2. The polynomial in the (I,m) block and entry
indexed by

r=([1],...,7[]) € <p;L_lI 1>
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and v € ( +m11) is

(6) Gip)rw= . aflla7l ol
vi+-ty=v

Note that Gy, is an extension of its unipotent radical Uy, by GL(p);
that is, we have an exact sequence

1—Ukp —Grp—GL(p) =1

and Gy, is the semi-direct product Uy, x GL(p). Here Gy, has dimension
p x sym=F(p) where sym=F(p) = dim(®¥_,Sym‘CP), and is a subgroup of
the standard parabolic subgroup B, ¢ m2(p), . sym* (p) Of G L(sym=F(p)) where
sym’(p) = dim(Sym’CP). We define G;W to be the subgroup of Gy, which

is the semi-direct product
;f’p = Uy p x SL(p)
(so that Gy , = Uy, when p = 1) fitting into the exact sequence
1— Uy — Gy, — SL(p) — 1

The action of the maximal torus (C*)? C GL(p) of the Levi subgroup of
Gk,p is

(7) Qh“vAﬁ'fmZZCVav AL\ o'f Aiyf>

7,7...’ 1 p.ii... p -
ou ol - - duyy uj,

We introduce the Green-Griffiths vector bundle Engm — X, whose fibres
are complex-valued polynomials

QU(0), £"(0)/2%, .., fP(0)/K))
on the fibres of Ji ;, having weighted degree (m,...,m) with respect to the

action (7) of (C*)P. That is, for Q € Ekpm

QUM (0), AF"(0)/21, .., Af®I(0) /K1) = AT+ AT
QU (0), £7(0)/2!,.... fO(0) /RY)
for all A € CP and (f'(0), f"(0)/2!,..., fF(0)/k!) € Tk p.m.-
DEFINITION 2.3. The generalized Demailly-Semple bundle Ej 4, m — X

over X has fibre consisting of the G;Cp—mvam'ant jet differentials of order

k and weighted degree (m,...,m); that is, the complez-valued polynomials
Q(f(0), £"(0)/2!,..., f®(0)/k!) on the fibres of Jy, which transform under
any repammetmzatwn ¢ € Gy of (CP,0) as

Q(f o) =(Js)"Q(f) © ¢,
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where Jy = det @1 denotes the Jacobian of ¢ at 0. The generalized Demailly-
Semple bundle of algebras Ey, , = ©m>0Lk pm s the associated graded algebra
of G;cvp—mvam'ants, whose fibre at x € X is the generalized Demailly-Semple

algebra O((kap)i)G;%P.

The determination of a suitable generating set for the invariant jet dif-
ferentials when p =1 is important in the longstanding strategy to prove
the Green-Griffiths conjecture. It has been suggested in a series of papers
13, 5, 27, 20, 7, 21| that the Schur decomposition of the Demailly-
Semple algebra, together with good estimates of the higher Betti numbers
of the Schur bundles and an asymptotic estimation of the Fuler charactris-
tic, should result in a positive lower bound for the global sections of the
Demailly-Semple jet differential bundle.

3. Geometric invariant theory

Suppose now that Y is a complex quasi-projective variety on which a
linear algebraic group G acts. For geometric invariant theory (GIT) we need
a linearization of the action; that is, a line bundle L on Y and a lift £ of the
action of G to L. Usually L is ample, and hence (as it makes no difference
for GIT if we replace L with L& for any integer k& > 0) we can assume that
for some projective embedding Y C P" the action of G on Y extends to an
action on P™ given by a representation p: G — GL(n + 1), and take for L
the hyperplane line bundle on P™.

For classical GIT developed by Mumford [23] (cf. also [8, 22, 24, 26]) we
require the complex algebraic group G to be reductive. Let Y be a projective
complex variety with an action of a complex reductive group G and lineariza-
tion £ with respect to an ample line bundle L on Y. Then y € Y is semistable
for this linear action if there exists some m >0 and f € HO(Y, L®*™)% not
vanishing at y, and y is stable if also the action of G on the open subset

Yyi={aeY | f(x)#0}

is closed with all stabilizers finite. Y*® has a projective categorical quotient
Y® — Y //G, which restricts on the set of stable points to a geometric quo-
tient Y* —Y?®/G (see [23] Theorem 1.10). The morphism Y** —Y//G is
surjective, and identifies x,y € Y** if and only if the closures of the G-orbits
of x and y meet in Y*°; moreover each point in Y//G is represented by
a unique closed G-orbit in Y**. There is an induced action of G on the
homogeneous coordinate ring

Or(Y) =P H (v, L*)
k>0
of Y. The subring O (Y)® consisting of the elements of O (Y) left invariant

by G is a finitely generated graded complex algebra because G is reductive,
and the GIT quotient Y//G is the projective variety Proj(Or(Y)%) [23].
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The subsets Y*° and Y*® of Y are characterized by the following properties
(see [23, Chapter 2] or [24]).

PROPOSITION 3.1. (Hilbert-Mumford criteria) (i) A point x € Y is semi-
stable (respectively stable) for the action of G on'Y if and only if for every
g € G the point gx is semistable (respectively stable) for the action of a fized
mazimal torus of G.

(ii) A point x € Y with homogeneous coordinates [xq: . ..: Ty] in some coor-
dinate system on P" is semistable (respectively stable) for the action of a
mazimal torus of G acting diagonally on P™ with weights ag, ...,y if and
only if the convexr hull

Conv{a; : x; # 0}

contains 0 (respectively contains 0 in its interior).

Similarly if a complex reductive group G acts linearly on an affine variety
Y then we have a GIT quotient

Y//G = Spec(O(Y)%)

which is the affine variety associated to the finitely generated algebra O(Y)“
of G-invariant regular functions on Y. In this case Y% =Y and the inclusion
O(Y)% < O(Y) induces a morphism of affine varieties Y — Y//G.

Now suppose that H is any complex linear algebraic group, with unipo-
tent radical U < H (so that R = H/U is reductive and H is isomorphic to the
semi-direct product U x R), acting linearly on a complex projective variety
Y with respect to an ample line bundle L. Then Proj(Or(Y)) is not in
general well-defined as a projective variety, since the ring of invariants

@L(Y)H — @]’_1'0(1/‘7 L®k)H
E>0
is not necessarily finitely generated as a graded complex algebra, and so it
is not obvious how GIT might be generalised to this situation (cf. [9, 11,

10, 14, 15, 18]). However in some cases it is known that @L(Y)U is finitely
generated, which implies that

H/U
o.M = | P H(v, L)Y
k>0
is finitely generated and hence the enveloping quotient in the sense of [9] is
given by the associated projective variety

Y//H = Proj(Or(Y)").

Similarly if Y is affine and H acts linearly on Y with O(Y)¥ finitely gener-
ated, then we have the enveloping quotient

Y//H = Spec(O(Y)T).
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There is a morphism
q:Y* —->Y//H,

from an open subset Y*° of Y (where Y** =Y when Y is affine), which
restricts to a geometric quotient

q:Y*—=Y®/H

for an open subset Y?* C Y*%. However in contrast with the reductive case,
the morphism ¢ : Y** — Y//H is not in general surjective; indeed the image
of ¢ is not in general a subvariety of Y//H, but is only a constructible subset.

If there is a complex reductive group G containing the unipotent radical
U of H such that the algebra O(G)Y is finitely generated and the action of
U on Y extends to a linear action of GG, then

o)’ = (oY) e o@G)")”
is finitely generated and hence so is
o) = (oxy)")"v

(or if YV is projective with an ample linearisation L then O (Y)Y is finitely
generated and hence so is Op(Y)). In this situation we say that U is
a Grosshans subgroup of G (cf. [16, 17]). Then geometrically G/U is a
quasi-affine variety with O(G/U)= O(G)Y, and it has a canonical affine
embedding as an open subvariety of the affine variety

G //U = Spec(O(G)Y)

with complement of codimension at least two. Moreover if a linear action of
U on an affine variety Y extends to a linear action of G then

Y//U=(Y xG//U)//G

(and a corresponding result is true if Y is projective). Conversely if we can
find an embedding of G/U as an open subvariety of an affine variety Z with
complement of codimension at least two, then

O\ =0(2)

is finitely generated and G//U = Z.

Suppose that U is a unipotent group with a reductive group R of auto-
morphisms of U given by a homomorphism ¢: R — Aut(U) such that R
contains a central one-parameter subgroup A : C* — R for which the weights
of the induced C* action on the Lie algebra u of U are all nonzero. Then we
can form the semi-direct product

U=C"xUCRxU
given by C* x U with group multiplication

(21, 1) (22, ug) = (2122, (A(25 ) (1) ua).
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The groups Gy, = Uy x C* and Gy, = Uy, x GL(p) which act on the fibres
of the jet bundles J;, and J;, are of this form. We will use this structure
to study the Demailly-Semple algebras of invariant jet differentials £}’ and
Eﬁp and prove

THEOREM 3.2. The fibres O((Ji,).)"* and O((kap)m)%ap of the bundles
E} and Ey, are finitely generated graded complex algebras.

Thus we have non-reductive GIT quotients

(Ji)a// Uk = Spec(O((Jx)z) ™)
and /
(Jkp)a//Chp = SPec(O((Jip)a) o)

and we would like to understand them geometrically. There is a crucial
difference here from the case of reductive group actions, even though the
invariants are finitely generated: when H is a non-reductive group we can-
not describe Y//H geometrically as Y*° modulo some equivalence relation.
Instead our aim is to use methods inspired by [2] to study these geometric
invariant theoretic quotients and the associated algebras of invariants.

Here a crucial ingredient would be to find an open subset W of (Jj )z
with a geometric quotient W/ G;ap embedded as an open subset of an affine
variety Z such that the complement of W/ G?{:,p in Z has (complex) codi-
mension at least two, and the complement of W in (Jj ), has codimension
at least two. For then we would have

O((Jk,p)x) = O(W)

and
O((Jp)e)er = O(W)%hr = O(W/Gj, ) = O(2),

and it follows that O((Jk’p)x)(c’;@ap is finitely generated since Z is affine, and
that

Z = Spec(0(Z)) = Spec(O((Jrp)z) *7) = ((Jhp)a) [/ Gi -
Similarly if we can find a complex reductive group GG containing G;C’p as a
subgroup, and an embedding of G/ G;C’p as an open subset of an affine variety

Z with complement of codimension at least two, then O(G)G;ﬂp is finitely
generated. It follows as above that if Y is any affine variety on which G acts
linearly then

O(Y)%» = (O(Y) @ O(G)%hr)©

is finitely generated, and hence so is O(Y)Ckr = (O(Y)G;cvp)c*, and similarly
or (Y)G;w and O,(Y)C*r are finitely generated if Y is any projective variety
wtih an ample line bundle L on which G acts linearly.

We can use the ideas of [2] to look for suitable affine varieties Z as above,
and in particular to prove
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THEOREM 3.3. G;ﬁp is a subgroup of the special linear group SL(sym=Fp)
where

k
<k . i k+p-—1
sym p—;dlmSym CP = < b

1=
such that the algebra of invariants (’)(SL(symSkp))G;“’P is finitely generated,
and every linear action of G;c,p or G, on an affine or projective variety
(with an ample linearisation) which extends to a linear action of GL(sym=Fp)
has finitely generated invariants.

Theorem 3.2 is an immediate consequence of this theorem, since the
action of Gy on (Jip), extends to an action of the general linear group
GL(sym=Fp). Moreover we will find a geometric description of

SL(Symgkp)//G;c,p = SpeC(O(SL(symSkp))Gée,p)
and thus a geometric description of

(Trp)a /)Gy = (Jip)a x SL(sym=*p)//Gi. ) //SL(sym=p).

4. A description via test curves

In [2] the action of G on jet bundles is studied using an idea coming
from global singularity theory. The construction goes as follows.

If u,v are positive integers, let Ji(u,v) denote the vector space of
k-jets of holomorphic maps (C*,0) — (C",0) at the origin; that is, the set
of equivalence classes of maps f: (C*, 0) — (C",0), where f ~ g if and only
if fU)(0) =g (0) forall j=1,... k.

With this notation, the fibres of Ji are isomorphic to Jx(1,n), and the
group Gy, is simply Ji(1,1) with the composition action on itself.

If we fix local coordinates z1, ..., 2, at 0 € C* we can again identify the
k-jet of f, using derivatives at the origin, with (f/(0),f”(0)/2!,...,
f*)(0)/k!), where £U)(0) € Hom(Sym/C¥, C¥). This way we get an iden-
tification ‘

Jr(u,v) = @ﬁleom(SmeC“, CY).
We can compose map-jets via substitution and elimination of terms of degree
greater than k; this leads to the composition maps
Je(v,0) X Jy(u,0) = Jy(u,w),
(8) (Uy, ¥1) — Uy 0 Uy modulo terms of degree > k.
When k =1, Ji(u,v) may be identified with u-by-v matrices, and (8) reduces
to multiplication of matrices.

The k-jet of a curve (C,0) — (C™,0) is simply an element of Ji(1,n).
We call such a curve ¢ regular if ¢'(0) # 0. Let us introduce the notation
J.8(1,n) for the set of regular curves:

Ji8(1,n) = {y € Ji(1,n);~'(0) #£ 0} .
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Note that if n>1 then the complement of J,*¥(1,n) in Ji(1,n) has codi-
mension at least two. Let N > n be any integer and define

Ti={¥ € Jp(n,N):Iye J®(1,n): ¥oy=0}

to be the set of those k-jets which take at least one regular curve to zero. By
definition, Y, is the image of the closed subvariety of Ji(n, N) x J,*4(1,n)
defined by the algebraic equations ¥ o v =0, under the projection to the
first factor. If W o~y =0, we call v a test curve of W.

This term originally comes from global singularity theory, where this is
called the test curve model of Aj-singularities. In global singularity theory
singularities of polynomial maps f : (C",0) — (C™,0) are classified by their
local algebras, and

Sp=A{f € Jg(n,m):Clxy,...,zn]/{f1,-- -\ fm) QC[t]/tk‘H}

is called a Morin singularity, or Ag-singularity. The test curve model of
Gaffney [12] tells us that

S =Tk
in Ji(n,m).
A basic but crucial observation is the following. If + is a test curve of
¥ e Ty, and p € J,%(1,1) = Gy, is a holomorphic reparametrization of C,
then ~ o ¢ is, again, a test curve of U:

¥ v

9) c—* .c . C" - CN

Voy=0 = Vo(yop)=0.

In fact, we get all test curves of W in this way from a single +y if the following
open dense property holds: the linear part of ¥ has 1-dimensional kernel.
Before stating this more precisely in Proposition 4.3 below, let us write
down the equation ¥ o v =0 in coordinates in an illustrative case. Let v =
(Y, A R) € JiB(1,n) and W = (W, 97, ..., ¥*)) € Ji(n, N) be the k-
jets. Using the chain rule, the equation ¥ o~ =0 reads as follows for k = 4:

(10) v'(y) =0,
27’ (7) +2"(Y,7) =0,
;\I,/( ///) 22 ( ) \I,///(,Y/ ’}’/, ,}/) — 07
ACUOR A CRRT ) 2.21\11”( 7+ 3,
+U(Y YY) =
DEFINITION 4.1. To simplify our formulas we introduce the following
notation for a partition T = [i1 ... of the integer iy + -+ 1:

e the length: || =1,
o the sum: > 7 =11+ -+ 1y,
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e the number of permutations: perm(t) is the number of different
sequences consisting of the mnumbers ii,...,i; (e.g. perm
([1,1,1,3]) =4),

® V= ngl i) € Sym!C™ and W(y,) =Wy, .. 4@))eCN.

LEMMA 4.2. Let v=(v,7",...,v") e J8(1,n) and ¥ = (9,07, ..,
Uk e Ji(n, N) be k-jets. Then the equation ¥ o~y =0 is equivalent to the
following system of k linear equations with values in CV:

Z perm(7
(11) H (7,') \II(’)/T):(L m:17277k7
ieT vt

T€Il[m]
where II[m| denotes the set of all partitions of m.
For a given v € J,°%(1,n) let S, denote the set of solutions of (11); that is,
Sy={¥eJiy(n,N);Voy=0}.
The equations (11) are linear in ¥, hence
Sy C Ji(n,N)
is a linear subspace of codimension £N. Moreover, the following holds:

PROPOSITION 4.3. ([2], Proposition 4.4)

(i) For v e J,®(1,n), the set of solutions Sy C Jx(n,N) is a linear
subspace of codimension kN.

(ii) Set
JR(n,N)={V € Jy(n, N)|dimker(¥') =1} .

For any v € J,%(1,n), the subset S, N JZ(n, N) of S is dense.
(iii) If W€ J2(n,N), then ¥ belongs to at most one of the spaces S.

More precisely,

if 1,72 € I8 (Lin), WeJi(n,N) and Wory=Tory, =0,

then there exists p € J; 5(1,1) such that v1 =2 0 ¢.
(iv) Given v1,7v2 € J; 5(1,n), we have Sy, =S, if and only if there is

some @ € J,*%(1,1) such that y1 =2 0 .

By the second part of Proposition 4.3 we have a well-defined map

v:J8(1,n) — Grass(codim = kN, Ji(n,N)), v— S,



94 G. BERCZI AND F. KIRWAN

to the Grassmannian of codimension-kN subspaces in Ji(n, N). From the
last part of Proposition 4.3 it follows that:

PROPOSITION 4.4. ([2]) v is Gg-invariant on the J,8(1,1)-orbits, and
the induced map on the orbits

(12) v:J, 8(1,n) /Gy — Grass(codim = kN, Ji(n, N))

18 injective.

5. Embedding into the flag of equations

In this section we will recast the embedding (12) of J,*(1,n)/Gy, given
by Proposition 4.4 into a more useful form, still following [2]. Let us rewrite
the linear system W oy =0 associated to v € J;, (1, n) in a dual form. The
system is based on the standard composition map (8):

Jk(n,N) X Jk(l,n) — Jk(l,N),

which, via the identification Ji(n, N) = Ji(n,1) ® CV, is derived from
the map
Jk(na 1) X Jk(]-a n) — ‘]/C(]-v 1)

via tensoring with CV. Observing that composition is linear in its first argu-
ment, and passing to linear duals, we may rewrite this correspondence in
the form

(13) ¢ Jp(1,n) — Hom (J(1,1)*, Jg(n,1)").

Ify=(,7",...,7®) € Jp(1,n) = (C*)* is the k-jet of a curve, we can
put 79 € C" into the jth column of an n x k matrix, and

e identify J;(1,n) with Hom (C*, C");
e identify Jj(n,1)* with Sym=FC" = EB;“Zl Sym'C™;
e identify Ji(1,1)* with CF.

Using these identifications, we can recast the map ¢ in (13) as
(14) ¢y, : Hom (C*¥,C") — Hom (C*, Sym=FC™),
which may be written out explicitly as follows

&, 9" )

1 L
ﬁ,}/(n),y(m) R
1!

S VIS (i)

i1 tiottis=d
The set of solutions S, is the linear subspace orthogonal to the image of
dr(v,...7*) tensored by CV; that is,

S, =im(¢p(7))*t © CN C Jp(n, N).
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Consequently, it is straightforward to take NV =1 and define
(15) S, = im(¢x(7)) € Grass(k, Sym=FC™).

Moreover, let By, C GL(k) denote the Borel subgroup consisting of upper
triangular matrices and let

Flag,(C") = Hom (C*, Sym=FC") /By
:{OZF()CFlC"'CFkCCn, dimFZZZ}

denote the full flag of k-dimensional subspaces of Sym<*C”. In addition to
(15) we can analogously define

(16) Fy = (im(¢(v")) Cim(¢(7*)) C -+~ C im(¢(y*))) € Flagy(Sym=FC").

Using these definitions Proposition 4.3 implies the the following version
of Proposition 4.4, which does not contain the parameter V.

PROPOSITION 5.1. The map ¢ in (14) is a Gi-invariant algebraic mor-
phism
¢: J*8(1,n) — Hom (C*, Sym=FC"),
which induces
e an injective map on the Gy-orbits to the Grassmannian:
¢ J;8(1,n) /Gy, — Grass(k, Sym=FC")

defined by ¢°7 () = S, ;
e an injective map on the Gy-orbits to the flag manifold:

o199+ Ji%5(1,n) /G, — Flagy,(Sym=FC")

defined by ¢TI (y) = F.
In addition,
¢Gr — ¢Flag o

where v, : Flag(k, Sym<FC") — Grass, (Sym=FC") is the projection to the
k-dimensional subspace.
Composing ¢©" with the Pliicker embedding
Grass(k, Sym=FC") — P(AFSym=FC™)

we get an embedding
(17) ¢l 1 Ji8(1,m) /Gy, — P(AF(Sym=FC™)).
The image

9T (J%(1,n)) /Gy, C Grass(k, Sym=<FC™)

is a GL(n)-orbit in Grass(k,Sym<FC"), and therefore a nonsingular quasi-
projective variety. Its closure is, however, a highly singular subvariety of
Grass(k, Sym=FC"), which when k <7 is a finite union of GL(n) orbits.
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DEFINITION 5.2. Recall that we can identify Ji(1,n) with Hom(CF,C")
and then

JB(1,n)={p¢c Hom(CF,C") : p(ey) # 0}.
Let
J,zlondeg(l, n) = {p € Hom(Ck,C") : rankp = max{k,n}}
and let
X = @7 (L0)), Yo = 67 (J5(1 ),
so that if n <k then

X, C Yy C Grass(n, Sym=FC") c P(AF(Sym=FC™)).

It is clear that J;""%(1,n) is an open subset of J;¥(1, n). If we identify
the elements of J (1, n) with nxk matrices whose columns are the derivatives

of the map germs f = (f',..., f("):C — C", then J,?Oﬂdeg(l, n) is the set of

such matrices of maximal rank and J,®(1,n) consists of the matrices with

nonzero first column.

DEFINITION 5.3. Let eq,..., e, be the standard basis of C"; then
{€irig,is =€iy .6 1 1<ip <+ <ig<n,1<s<k}
is a basis of Sym=FC", and
{es, N Neg, rer €l }
is a basis of P(A™(Sym=FC™)), where
Mep ={(i1,02, ... ,is): 1 <01 <+ <ig<n,1 <s<k}.

The corresponding coordinates of x € Sym=FC™ will be denoted by ¢, cy._c,-

Let Ay 1, C P(AF(Sym=FC™)) consist of the points whose projection to A¥(C™)
is nonzero. This is the subset where x;, i, 4 70 for some 1 <i; <--- <

REMARK 5.4. If n =k then A,,,, C P(A*(Sym=FC")) is the affine chart
where 219 . #0.

Let us take a closer look at the space Grass(n, Sym=FC"), which has an
induced GL(n) action coming from the GL(n) action on Sym=FC™. Since
#F™J is a GL(n)-equivariant embedding, we conclude that

LEMMA 5.5. (i) For k <n X, is the GL(n) orbit of

(18) z=¢(er,...,ex) = [ex Aea+eD) A A [ D ey .e,
i14-is=k
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in P(AF(Sym=FC™)). For arbitrary g € GL(n) with column vectors vy, ..., v,
the action is given by

g-z=0""(g) =" (v1, ..., vp)
= vl/\(vg+v%)/\--~/\< Z Uil-u'UiS)]'
i1+ Fis=n

(i) For k<n Y, is a finite union of GL(n) orbits.
(iii) For k>n the images X and Y, are GL(n)-invariant quasi-
projective varieties with no dense GL(n) orbit.

LEMMA 5.6. If k <n then
(i) A, is invariant under the GL(n) action on P(AF(Sym=FC™)).

(i) Xk C Ap s however, Yy, p € Ay k.
PRrooF. To prove the first part take a lift
z=2'@ 2% € Hom (C", Sym=FC")
of z € Grass(n, Sym=FC"), where
2! € Hom (C",C") and 2? € Hom (C", @, Sym*(C"))

Then z € A, , if and only if 215, (2) = det(z!) # 0, which is preserved by
the GL(n) action. For the second part note that for (vq,...,v;)€
J,Zlondeg(l, n) we have v1 A- - - Avg, # 0 so by definition ¢F™ (vy, ..., vx) € Ay k.
On the other hand

¢ (e1,0,...,0)=er AeIA---Aek €Vpp \ Appe O
When k =n we have
LEMMA 5.7. X}, = GL(k)/Gy, is embedded in the affine space Ay C

P(A*Sym=FCF) as the GL(k) orbit of [e1 A (e2 4+ €2) A --- A (D iy triamt
€ - eis)].

6. Affine embeddings of SL(k)/Uy

In the last section we embedded GL(k)/Gy in the affine space Ay C
P(AF(Sym <FC¥)) as the GL(k) orbit of

e1A(ea+ €A A > e e, || €P(AF(Sym=FCH)).
ll“r“l’ls:k

Equivalently we have

SL(k)/SL(k) N Gy, = SL(k) /Uy » Fy
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embedded in AF( Sym <¥C*) as the SL(k) orbit of

pr=e1A(ea+e)A--- A Z e, ---¢e, |,
where SL(k) N Gy is the semi-direct product Uy x Fj, of U by the finite
group F}, of £ith roots of unity in C for £, = 1+---+k = (k;rl), embedded in
SL(k) as

e O 0
0 €2 0

€— € SL(k).
0 0 ek

In this section we will look for affine embeddings of SL(k)/Uy in spaces of
the form

Wi i = A*(Sym =FC*) @ (CF)#F

for suitable K and study their closures.

LEMMA 6.1. Let K = M(1+2+---+k)+1= (*}")M +1 where M € N.
Then the point

pe @ ef™ € AF(Sym =FCF) © (CF)®K

where
pk‘:el/\(€2+€%)/\"'/\ Z €y - - - €5, EAk(SymSka)

has stabiliser Uy in SL(k).

PRrROOF. By Proposition 5.1 the stabiliser of
[pk] € P(A"(Sym =FCF)) = P(A*( Sym =FCF) @ (Cer)®F) C P(Wy, k)
in GL(k) is Gy = Uy x C*, so the stabiliser of
pr ® eP™ € AF(Sym SFCF) @ (CF)®K

is contained in Gg. Moreover by the proof of Proposition 5.1 the stabiliser
of pr ® e‘?K contains Ug. Finally

z 0 ... 0
0 22

e C* C Gy,
0 0 ... 2k

acts on pr ® e?K as multiplication by
G2kt K (MA1)(14 24 4k)+1
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and has determinant 1 if and only if z!+2+ % =1, so it lies in SL(k) and
fixes pr ® e?K if and only if z =1. O

We will prove

THEOREM 6.2. If k>4 and K =M(1+2+---+k)+1 where M € N is
sufficiently large, then the orbit of p ® G?K where

pk‘zel/\(e2+€%)/\"'/\ Z €y - - - €4, GAk(SymSkck)
i1+-tis=k

under the natural action of SL(k) on
Wi, = A(Sym =FCF) @ (CF)®K

is isomorphic to SL(k)/Ug, and its complement in its closure

SL(K)(pr, @ e$%) in Wi,k has codimension at least two.
This theorem has an immediate corollary.

COROLLARY 6.3. If k > 2 then Uy is a Grosshans subgroup of SL(k), so
that every linear action of U which extends to a linear action of SL(k) has
finitely generated invariants.

Proor. This follows directly from Theorem 6.2 when k > 4. When k = 2
and k =3 it is already known (cf. [27]). O

The remainder of this section will be devoted to proving Theorem 6.2.
It follows directly from Lemma 6.1 that the SL(k)-orbit of py ® e in

Wik = /\k( Sym <kFCF) ® ((Ck)®K is isomorphic to SL(k)/Uy.
Recall that

1 (%) Qs Qe
0 1 200 -+ 20p_1+---
U, = 0 O 1 30%72'—’_'” tao,...,a €C
o o0 --- 1 (k—1)ag
0 0 o -- 1

\ Vs

so that Uy is generated along its last column as well as along its first row.

Let By, C SL(k) denote the standard Borel subgroup of SL(k) which sta-
bilises the filtration Ce; C Ce; @ Cey C - - - CF. Then By, = Bj_1 - Uy, where
the Borel subgroup Bi_1 of GL(k — 1) = GL(Ce; @ Cea @ --- @ Ceg_1q) is
embedded diagonally in SL(k) via

A < 0 (et ) >
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Since Uy, stabilises p; and e; we have

By (pk ® €P%) = By_1(pk @ ePF),

and since SL(k)/By, is projective we have

SL(k)(pr @ e¥5) = SL(k) By (p, @ ) = SL(k) By_1 (pr, ® e£5).

Since the closure SL(k)(py, ® e$%) of the SL(k)-orbit of p, ® eP® in Wy g
is the union of finitely many SL(k)-orbits, to prove Theorem 6.2 it suffices
to prove

LEMMA 6.4. Suppose that k > 4 and a and b are strictly positive integers
with b/a large enough and that x lies in the closure in

(A"(Sym =FCF))®e @ (CF)®P

of the orbit By(py* ® ) of PP ® e under the natural action of the Borel
subgroup By, of SL(k). Then either x € By(py® ® ) or the stabiliser of x
in SL(k) has dimension at least k + 1.

We will split the proof of this lemma into two parts. Let T} denote
the standard maximal torus of SL(k) consisting of the diagonal matrices in
SL(k). Lemma 6.4 follows immediately from Lemmas 6.5 and 6.6 below.

LEMMA 6.5. Suppose that k > 4 and a and b are strictly positive integers
with b/a large enough and that x lies in the closure Tj,(py® ® ¥ in

(/\k( Sym gkck))®a ® (Ck)®b

of the orbit Tk(p%a ® e?b) of pf“ ® e?b under the natural action of the
mazimal torus Ty, of SL(k). Then either x € Tj(pp* ® ) or the stabiliser
of x in SL(k) has dimension at least k + 1.

LEMMA 6.6. Suppose that k > 2 and a and b are strictly positive integers
and that x lies in the closure in

(/\k( Sym gkck))@)a ® ((Ck)®b

of the orbit By, (p%a ® e?b) ofp%“ ® e?b under the natural action of the Borel

subgroup By, of SL(k). Then either z € ByTj,(pp* @ ) or the stabiliser of
x in SL(k) has dimension at least k + 1.

We will start with the proof of Lemma 6.6.

Proor. We have

€ B(pi* ® €)= Br_1 (" @ €})
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as above, so there is a sequence of matrices

by by b0
(m) (m)
p(m) — 0 by oo by O € B C SL(k)
o 0 ... 0 b

such that b(™) (p%“@e?b) — ¢ as m — oo. Now expanding the wedge product
in the definition of p; we get

m ®a
b(m)(p%a) = (61 AN Nep+ -+ (bgl))1+2+ +k61 ®€% ®-~®elf>

while

B (ef) = (o) e
so by considering the coefficient of (eg A---Ae,)®? @ ef? we see that (b%n))b
tends to a limit in C as m — oo. Thus, by replacing the sequence (b(m)) with

a subsequence if necessary, we can assume that
) ) e
as m — 00.
First suppose that k= 2. Then Sym <FCF = C? @ Sym?C? and
(/\k( Sym gkck))(@a ® (Ck)(XJb — (/\2((:2 ) Sym2c2))®a ® ((C2)®b

and
pr=-¢€1 N (e2 + e%),
so if
pm = 1 T2 ) esn(2)
0o b\

then bgT)bg;) =1 and
B 5 @ eF) = (1) (en A (e + (i) e)) ™ @ e
=z =) (er A (ea + (B17)Pe2))) 2% @ €

as m — oo. If b% 0 then z € SL(2)((p¥* ® ¢?), while if b{5”) =0 then
x =0 is fixed by SL(2) which has dimension 3 =k + 1.

Now suppose that k& > 2, and assume first that bﬁo) # 0. We have that
b (" @ ) = (1) () *) @ e — o

and b(fln) — bg?o) € C\ {0} as m — 00, so by replacing the sequence (b(™))
with a subsequence if necessary, we can assume that

(572 py, — i € AF(Sym =hC)
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as m — 00, where

(19) ™ k—b(l)el/\(b(Q)eg—i—(b(m))Q DA A er + 6™ e

i
+bMey + Z S 0Men 4 ber)
$=2 i1+ +ig=i
X (B es, 4+ b er) + (07))el) A
Looking at the coefficient of
et Ned A AT Aeg AeTE A A el
when 1 < j <i <k, we see that

(bgql))1+2+---+(i—1)+(i+1)+--~+kb(7ifz)

tends to a limit in C as m — oo, and so since bgolo) #0

b — bl e .

Also bgT)b(m) o b(k) =1 for all m, so b(oo)bggo) e bgzo) =1, s0 b(m) — p(>) ¢
SL(k). Therefore
x = () (p®“ ® e‘?b)

®b

lies in the orbit of p%a as required.

(c0)

So it remains to cons1der the case when by, =0. If p® =0 then its
stabiliser is SL(k) which has dimension k? — 1>k + 1, so we can assume
that p2° # 0. Recall that then

(BT eb ™y — pi® € A (Sym =FCF)

and
™ pe] — [pf°] € P(AF(Sym =FCF))

as m — 00, where
0 = b er A ez + (T)%eD) Ao A (e + i1+
“’”ewz ST e e
§=2 41+-+is=1
x (B es, + o+ 0er) + (7)) el A

By replacing the sequence (b(™)) with a subsequence if necessary, we can
assume that

[b( m) z+b( )61 1+ +bgz) ]—>[C( )ez+cz( 1)161 1+ +C§Z) 1]€P(Ck)

i i—11 i
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as m — oo for 2 <i <k, which implies that

b(m) ]

€y + -+ 6111 er).. ( €zg +-+ 0(130)61)] € P(Symick)

(B e, 4+ 0e > .<b§)ez

1111 121
(00)

- [(Cilil

S

whenever i1 + - +is=1i€{2,..., k:}, and hence that
P € AF(Sym=FD)

where D is the span in C* of

{e1} U {cl(-fo)ei + Cl(iol)ieifl +---+ Cg(;o)q :2<i<k}.

Moreover since b(™) € Bj._1 we have bggl) =0if j <k so

ok ex + el en—1 + -+ el er] = [ex]
so e, €D.

Note that 6™ € Bj,_; and Bj_; normalises the maximal unipotent sub-
group Uy of B which contains the stabiliser U of pg. Therefore for each m
there is a (k — 1)-dimensional subgroup of Uy which stabilises bM)p,.. and
it follows that there is a (k — 1)-dimensional subgroup Up°® of Uy, which sta-
bilises p°. In addition by [3] Theorem 6.4 if pp°® does not lie in SL(k)py, then
it is stabilised by a nontrivial one-parameter subgroup A* : C* — SL(k) of
SL(k). Moreover if D # C* then there is some j € {2,...,k — 1} such that
ej is not in D, and then there is an automorphism of CF which fixes every
element of D and sends e; to ej + e;. This automorphism is independent of
URe (since Up® C Uy) and the one-parameter subgroup A*° of SL(k) fixing
pi°, so the stabiliser of pp° in SL(k) has dimension at least

dim U +2=k + 1.

Thus we can assume that D = CF, and hence c 75 0 for 2 <i <k, so that

b(f”) (00)
It L _eC
pm)  (00)

as m — oo. Then by applying an element of By_1 to p;° we can assume that

e e; + e Deims + -+ er] = [e]

or equivalently that

0 e + 0™ ey + -+ bg?’)el] — [ei]

1) 1—11

b
as m — oo for 2 <i <k, and hence that

[0 es 40 er) o (0 ei, -4 ber)] = [eqy - - e,] € P(Sym'CF)

1121 1iq
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whenever i; +---+i, =14 € {2,...,k}. Now by again replacing the sequence
(b™)) with a subsequence if necessary, we can assume that

i—1
[bg;n)ei + bng)iei_l + -+ bﬁ-n)el + Z Z (bxri?eil +---+ b(lz)el]
§=2 i1+ tis=i

— [d5°] € P(Sym Sk(Ck)
where
d=nPeit Y Y e e € Sym=HCE {0)
§=2 i1+ is=i

for some %(OO)“ € C. In addition {d°:1 <i <k} is linearly independent so
that

[R°) = [d° A -+ A dR] € P(A"(Sym =FCF))

and pp° = limy, o tM™p, where t(™) is the diagonal matrix with entries

11 s bpg
Thus we can assume that p° € Tjpy, where T}, is the standard maximal
torus in SL(k), which completes the proof of Lemma 6.6. O

It therefore remains to prove Lemma 6.5. We can continue with the
notation above and use the following standard result:

LEMMA 6.7. Let T' be an algebraic torus acting on the projective variety
Z,and z € Z. Theny € Tz if and only if there is T € T, and a one-parameter
subgroup A : C* — T such that 7y € A\(C*)z.

Hence we may assume without loss of generality that there is a one-
parameter subgroup

th 0 ... 0

Az
o= 0 0
o ... 0 M

of SL(k) such that A; > 0 and t**/9\(t)py — pg° as t — 0. Therefore

P = lim 1% A (eg 4+ tPMTA2E2) A A

k
s=2



A GEOMETRIC CONSTRUCTION FOR INVARIANT JET DIFFERENTIALS 105
where A1 + --- + A\ = 0. We are assuming that p2° # 0 so
e1 A (eg + 127222 A A

[pi] tl_I}%

k
" (ek * ZZ“ o iy =kttt e €1>] |
5=2

If N, 44X, <A\jforsome je{2,....,k—1} and s > 2 and 41,...,i, > 1
such that iy + --- 4+ 45 =7, then [pg°] is independent of e; and so as above
the stabiliser of pg° in SL(k) has dimension at least k+ 1. So we can assume
that

(20) Nip + 0+ Ay >

forany j € {2,...,k— 1} and s > 2 and i1,...,i5 > 1 such that i1+ - -+is =
J, and in particular that A; < jA; for each j € {2,...,k —1}. Let

(21) pj =JA1 — Aj
for je{1,...,k —1}; then p; =0 and p; > 0 and
Pir T pig S pj

forany j€{2,...,k — 1} and s >2and iy,...,45s > 1 such that i1 +-- - +1i5 =
j. In addition looking at the coefficient of

eprNex N Neg_1/Nej €

where i1 + - - - + 15 = k, we find that

and since p7° # 0 there is some i1, ..., 4, with iy +--- + i, =k and
(22) Ab/a+ N, + -+ N, = Ak
or equivalently

A(bfa+k(k+1)/2) = pi + -+ pi, +p2+ -+ pr-1-
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Thus

(23) pio = 2151‘{% e1 N (62 + t2)‘1_)‘26%) A A

k—1
x [ ep_1+ E E t>\i1+"'+)\i5_>\k—lei1 e,
5=2 i)+ tis=k—1

k

S=2 i1 4tis—k
k—1

:61/\/\ ek_1+z E 67;1”'61;5
s=2 i1+ +is=k—1:py ++pis=pr—1

k

1 >
5=2 1 tis=k
A1(b/atk(k+1)/2)=p;i) +++pig+p2t-+pr—1

is independent of e and hence is fixed by the automorphisms of C*¥ which

fix e1,...,ex—1 and send ey to e +e; for j€{1,...,k — 1}, as well as by
the one-parameter subgroup
th o .- 0
A(t) = 0 ¢t 0 - 0
o .- 0 M

of T}.. Thus to complete the proof of Lemma 6.5 and hence of Theorem 6.2,
it suffices to find an additional one-dimensional stabiliser, which will be done
in the rest of this section.

Letting

z=[p]=|e1A(ea+eD) A A Z €iy - - €,
i tetis=k

as at (18) we have

)\(t)z = t/\lel A (t)\zez + t2)\1€%) Ao A Z iy oA S
i1+ tis=k
= [t)\1+---+)\k (61 A A ek) + t/\1+2)\1+)\3+...+)\k

s

x(eg A€ AesN---Aeg)+ -]
The generic term in this expression is

t/\51+/\52+“‘>\5k, (eé‘l A A eek)7 2(51) =1
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where
(24) )\T:ZAZ and eT:HieTei ifT:(il,...,’iS).
€T
DEFINITION 6.8. For any one-parameter subgroup A as above let

o My =MIN (o ) (Aep +Aep 0 Aep),
1<%(ei)<k

® 20 = [Di<zechr—m, Ol
e m,\[i] = ming)—; Ae for 1 <i <k,

o Z)\ [Z] = [ZEE:Z’,AEZT)’L}\[Z’] ee].
Let Oy denote the SL(k)-orbit of z).

It is clear that the one-parameter subgroup A(t) = (¢, 2, ..., t*) stabilises
z, where z is defined as at (18), and therefore z = z5 and its SL(k)-orbit is
equal to its GL(k)-orbit.

We need a more precise description of the orbit structure of the closure
of the orbit Oy = O5. Since N =i\ fori=1,...,k, for )\7&5\ we have a
smallest index o € {2,...,k} with Ay # o).

DEFINITION 6.9. We call 0 = Head(\) the head of A= (A1,...,\n) if
Ai=1iA fori<o and AsF oM.

If Ao <oA1 then we call A regular ; otherwise we call A degenerate.

We will say that a one-parameter subgroup A is mazimal if the closure
of the orbit GL(k) - z) is a maximal boundary component of the closure of
the orbit of z.

DEFINITION 6.10. Fiz 0<e<1 and 2<o0 <k. Let X2 =()\],...,\])
and p® = (uf, ..., u7) be the following one-parameter subgroups of GL(k):

(25) )\;’:i—VJa for1<i<k,
g

i fori#o,i <k,
oc+¢e fori=o.

(26) i = {
It is easy to see that Head(A”) =Head(u?) =0, and \? is regular,
whereas p? is degenerate.

DEFINITION 6.11. Let A be a 1-parameter subgroup. We call
tli - zali] = ei}

the toral dimension of the limit point z).

LEMMA 6.12. If the SL(k)-orbit of pi°® has codimension one in SL(k)py,
then [pp°] lies in the orbit of one of zZy2, ..., Zyk OT Zy2, ..., Zyk-1.
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PROOF. We can assume that [pg°] =z, for some one-parameter sub-
group A. First suppose that X\ is a regular one-parameter subgroup with
Head(\) = o and [p;°] = z). Without loss of generality we can assume that

N=1 fori<o and AN\,=0 —c¢.

We will call d(i) = [ ] the defect of i and d(7) = d(i1)+ - -+ d(is) the defect
of 7= (i1,...,1s), so that when i < o we have d(i)e = p; as defined at (21).
Since
AGo,...,oy=j+tm(oc—¢) for1<j<o—1, m>0,
———

we have
(27) myfi] <i—d(i)e for1<i<k.

If \s < s—d(s)e for s > i and s is the smallest index with this property then
my[s] = As and z,[s] = es, so

zy[l] =e1, zr[o]=¢€5, z)[s]=c¢s,

while z is independent of e, by (23), so [pp°] is fixed by a three-dimensional
torus in SL(k) and thus pg° is fixed by a two-dimensional torus in SL(k) as
well as a unipotent subgroup of dimension k£ — 1. So we can assume that
Ai > i —d(i)e for 1 <i <k, and therefore

my[i] =i —d(i)e for 1 <i<k.
So
(28) e- ¢ zy[i] if d(r)>d(i).
On the other hand the distinguished 1-parameter subgroup A% is defined as
A =i —d(i)e, and therefore
(29) Zyo[l] = Z er.
3(7r)=i,d(7)=d(i)
Comparing (28) and (29) we conclude
z)[i]| Czyo[i] for 1 <i<k.

Now let 11 be a degenerate 1-parameter subgroup with Head(u) = 0. Without
loss of generality we can assume again that

w;=1 fori<o and p,=0+e.

Since
———

i

we have

(30) myli] <.
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Again, us < s cannot happen for s > o since in that case z,[s| = es would
hold and the codimension of SL(k)pp°® would be at least two. So us > s and
therefore p, > 3(7) with strict inequality if o € 7. Therefore

(31) e-¢z,li] ifoer.

On the other hand p“ satisfies equality in (30), and

(32) zwolil= ) e,

3(r)=i,od¢T
Comparing (31) and (32) we get
z,[i] Czyoli] for 1 <i<k,

and so it remains to consider the possibility that [p°] =z,x. But by (22)
there is some i1,...,1s with 4 +--- + i, =k and

Ab/a+ Nig 4+ Xiy = Mg

and hence Ay > Ai; + -+ + A;,. Thus [p°] cannot be equal to z,. because

the coefficient of e; Ae? ... A€k is nonzero for z u+ but zero for [pp°], and the
result follows. O

We summarize our information about the maximal boundary compo-
nents in

PROPOSITION ~ 6.13. We have zyo =AF_jz)0[i], where zyo[i]=
By (r)mid(r)=d(i)er: and zye = NE_ 2,0 [i] where 2,0 [i] = ()= ggrer

REMARK 6.14. Since the one-parameter subgroup A(t) = (t,2,...,t*) of
GL(k) stabilises Tyz, it follows from Lemma 6.12 that it is enough to prove
the codimension-at-least-two property we require only for the one-parameter
subgroups A7 (for 2 < s <k) and i (for 2<s <k —1) of SL(k) given by

and
i (6) = (57 (DM 1))

for suitable ¢,,7, € Q and n,,m, € Z. But we observed at (20) that the
property is satisfied by a one-parameter subgroup A of SL(k) if A, + -+ +
i, < Aj for any j € {2,...,k—1} such that i; +---+is = j, so it is enough
to consider the one-parameter subgroups N for 2 < s <k.
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6.1. The limit of the stabilisers. In order to prove Lemma 6.5, it
now suffices by Remark 6.14 to find a k-dimensional unipotent subgroup of
the stabiliser G,,, of zys in GL(k) for each o when zy, = [p{°], since we
know that p?° is fixed by a one-parameter subgroup of the maximal torus
Ty, of SL(k), and any unipotent group which stabilises zy» = [p°] also sta-
bilises pp°.

In this subsection we will study the limits lim G)\o(4), of the stabiliser
groups for the one-parameter subgroups A7 for 2 <o <k, and use this to
prove Lemma 6.5, which together with Lemma 6.6 will complete the proof
of Theorem 6.2.

PROPOSITION 6.15. G7 =lim¢—0 Gyo (), C GL(k) is a k-dimensional
subgroup of Gg,, which contains a k — 1-dimensional subgroup of the maxi-
mal unipotent subgroup Uy, of SL(k).

ProoF. Consider the stabilizer

G)\U(t)z - )\U(t)_lGZAO—(t).
Recall that

o] a2 a3 . oy
0 a% 20009 ... 2000p—1+ -
Gz = 0 O a:{’ . 304%0%_2 + -
0 O 0 :
od ,

where the polynomial in the (i, j) entry is
pij(a) = Z Qgy Qg - - - Qg -
art+az+--+a;=j
Therefore, the (7, j) entry of the stabilizer of A\*(t)z is

(33) (Grr(ya)ig =t pij(a)
If ¢ is small enough then A < A§ <--- < A7, and we define the positive
number

(34) nlq = lgjrélsi(i—&-l()\?—i_i_l - )\(]7)? 1= 17 R 7k'

Note that by definition n§ =0 for all o.

LEMMA 6.16. Under the substitution

o __4—nfd o
By =t aj

we have
G)\U(t)z(ﬁla e 7/8’6) € GL(C[/BL s )ﬂk] [t])7

so the entries are polynomials in t with coefficients in C[f1, ..., Bk
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Proor. Compute the substitution as follows:

AT -\
(35) (Gropyz)ig=1t"""" Z Oy gy -+ - Olg; =
aitag+--+a;=j
(36) — Z t)\‘i’—)\;.’tngl +ng2+---+ngi ﬁal Bag o ﬁai-
a1+--a;=j

By definition
g g ag, g g g . .
Mgy = Ai-‘ra1—1 — AL Mgy = Ai+a1+a2—2 - )‘i+a1—17 T
g g ag
My 2 Aigar+taimi = Mitartota; 1—(i—1)°

Adding up these inequalites and using a; +- - - +a; = j we get an alternating
sum on the left cancelling up to

ng 4+ ng > A

Substituting this into (35) we get

(37)

(G)\U(t)z)i,j = Z tAzq_)\gtnal+na2+~~-+nmﬁﬁalﬁa2 e /Bai E C[ﬁl? e 7ﬁk] [t]
ar+---a;=j

This proves Lemma 6.16. O

As a corollary we get the existence of
G = %E}% G,\G(t)z(ﬁh ce ,ﬂk) S GL(C[ﬂl, Ceey ﬂk])

To prove that dim G° =k and complete the proof of Proposition 6.15, for
1 <i <k choose 6(i) such that

(38) ng = Ng(i)+i—1 — (i)
holds. Then
(39)
Po(i),0()+i-1(B1s- -y Br) = Z g ew g, L Bag )
a1+--~+a9(i>:9(i)+i—1
SO
o . —n? . nd H0(i)—
(G7)oi)00)+i-1 = }g%t Do), 0()+i-1(B1s - s Bk) = }E}%(t : 51( 718+ - -)
0(i)—
(40) =507, + 90(i),0(i)+i—1
where

49(i),0()+i—1 € CIB1, - - -, Br][t]-
It follows that the elements %A (t(e; + ¢;)1) € Lie(G?) are independent,
where t(e; + €;) = (¢,0,...,0,¢,0,...,0) with the ¢’s are in the 1st and ith
position if i > 1 but interpreted as (2¢,0,...,0) if ¢ = 1. This completes the
proof of Proposition 6.15. O
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In order to prove Lemma 6.5, it now suffices to find an extra one-
dimensional unipotent subgroup of the stabiliser G,, of z)» for each o
when zy. = [pp°], since we know that p° is fixed by a one-parameter sub-
group of the maximal torus T}, of SL(k) and by a k—1-dimensional unipotent
subgroup of G = limg_.o G\o (1), Which is contained in the standard maximal
unipotent subgroup Uy of SL(k). It turns out that we have to distinguish
three cases here.

Case 1: 0 =k.
PRrROOF. Let Ty € GL(k) denote the transformation
Te(e;) =e; fori#k—1; T¢(ex—1) =er—1+ ey for (€ C.

Since ej_1 does not occur just in zyo [k — 1], T¢ stabilises p7°. This gives us a
subgroup of SL(k) of dimension at least k£ + 1 which stabilises p?°, because
T¢ is unipotent but not upper triangular if ¢ # 0. U

Case 2: 0 < k and k # —1 mod o.

ProOOF. Let T be the transformation
(41) T(e;)=e; fori#k; T(ex)=-ex+ Ces.
Since ey, occurs only in z)-[k], and zyo[0] = o, we have

T -zyo =2zyo(e1,..., €51, + (o)
=z [N ANzyolo — 1] ANex ANzyo[o+ 1] A -+ Azyo [K])
+ (- zyo [ A ANzyo[o — 1]

(42) Neg Nzyo[o + 1A ANzyo [k — 1] N ey =20,
so T € Gyyo-

It is slightly harder task to show that T' ¢ G = limg—.o G\o (1), First, we
compute n; for i =k — 0. We claim that for £ # —1 mod ¢

(43) Ng—ot1 = AL — A3 = A g1 — AT
Indeed,
)‘j+k—a—1 - )\j =< Xé - /\Z = ‘éfm - Xf—

This means that we can choose §(k — o + 1) =0 in (38) and substitute
into (40)

(44) (GJ)U,k = ﬁir_l/gk—a-ﬁ-l + QJ,k(ﬁb ce 7ﬁk)a
where ¢, 1(B1, ..., Bk) is a polynomial, whose monomials ﬂfll .. .ﬂf: satisfy
(45) i1b1 + -+ 1,0, = k.

Moreover, we can also choose §(k—o+1) = 1, by (43), and then (40) gives us
(46) (G k—o+1 = Br—o+1-
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Suppose now that 7€ G, that is
(47) T=G?(p1,...,0k) for some 3y € C*,fs,..., b, €C.
Let (T);,; denote the (4, j) entry of 7. Then
(Mo =¢, (T)iy=0 fori#j, (T)ii=1.
Comparing the (1,1) and (1,k — o + 1) entries of T and G we get
(48) pi=1, Bs—g11=0.

Choose 6(i) for i =2,...,k as in (38) and let 6(k — 0 + 1) = 0. Since all
off-diagonal entries of T but the (o, k) are zero, (47) forces the following
equations

(49) Bi + Go(iy.oiyrio1 =0 fori#k—o+1,
(50) Brk—o+1 + ok = C.

By (48), these are k — 1 polynomial equations in k — 2 variables, and the
Jacobian at 0 is the origin, so we have finitely many solutions near the origin.
Therefore, for some (, it follows that 7" is not in G°. U

Case 3: 0 <k and d = —1 mod o.

Proor. This case works very similarly to the previous one. Suppose
k —1> o, that is, if k = co — 1 where ¢ > 2 (this holds because k > o), the
condition is that co — 2 > ¢, which is true for all k£ > 4.

Let T be the transformation

(51) T(e;)=e;fori#k,k—1; T(exg—1)=er—1+Ces; T(ex)=er + Ces
First we check again that T' € G,,,. We have
Zyo[o] =e€g ;

Z)o [U + 1] =eé€g4+1 T €165

k—1
z)o [k] = ex + Z €iCh_i -
i=1

An easy computation shows that
T zyo =2z\o (€1, .., €k—2,€k—1+ (s, ek + Ceoi1)
=2y [ A Nzyo [k — 2] A (zro [k — 1]
+ (zas[o]) A (zxo [K] + Cza [0 + 1]
(52) =Z)o [1] N NZyo [k] —=Z)o.

Now we prove that T'¢ G in a similar way to the second case above.
Since k — 1 # —1 mod o we can substitute k£ — 1 instead of k in (43):

(53) Ng—o = )‘gfl - /\g = gfcr - A?
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Moreover, we also get the extra equation

(54) Ng—o = )\Z - g+17

and similarly to (44) and (46) it follows that

(55) (G oko1= 67 Bb-o + Goi—1(B1, -, Br);
(56) (G)ot1,k = B Br—o + o151, - -, Br);
(57) (Ga)l,kfo' = ﬁkfa'-

Since T differs from the identity matrix only by the entries

(T)os—1=(T)o+1,6 =,
the equality

T=G°(f,...,0k)
forces Bx_, =0, 41 =1 and the analogue of (49) ,(50):
(58) Bi + agiyo(iyri-1 =0 fori#k—o
(59) Bk—o + Qo k-1 =¢
(60) Bk—o + Got1,6 =C
which are, again, k¥ + 1 nondegenerate polynomial equations in £ — 1 vari-
ables, such that for some ( there is no solution. (I

We have now proved Lemma 6.5, which together with Lemma 6.6 com-
pletes the proof of Theorem 6.2.

7. Geometric description of Demailly-Semple invariants

As an immediate consequence of Corollary 6.3, we can now prove
Theorem 3.3 in the case when p = 1.

THEOREM 7.1. If k> 2 then G}, =Uy is a Grosshans subgroup of the
special linear group SL(k), so that O(SL(k)U)SL®) s o finitely generated
complex algebra and moreover every linear action of U or G on an affine
or projective variety Y (with respect to an ample linearisation) which extends
to a linear action of GL(k) has finitely generated invariants.

In particular we have the special case of Theorem 3.2 when p =1.

THEOREM 7.2. The fibre O((Jy)z)V of the bundle E} is a finitely gen-
erated graded complex algebra.

ProoF. We have
O((J1)e)"* = (O((Ji)z) © O(SL(k)Vr)SHR)

which is finitely generated because O(SL(k)Yr)SHk) is finitely generated and
SL(k) is reductive. O
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Theorem 6.2 also allows us to describe the algebra O(SL(k))Vx. In §6 we
constructed an embedding of SL(k)/Uy in the affine space AF( Sym FC*) @
(CF)®K for suitable large K, and in Theorem 6.2 we proved that the bound-

ary components of the closure SL(k)(pr ® e¥%) of its image have codimen-
sion at least two. Thus we obtain the following corollary of Theorem 6.2:

THEOREM 7.3. (i) If k > 4 then the canonical affine completion

SL(k)//Ux = Spec(O(SL(k))")

of SL(k) /Uy is isomorphic to the closure SL(k)(px @ e¥%) of the orbit SL(k)
(pr @ eP5) = SL(K) /Uy, of pr ® €K in A¥(Sym <FCF) @ (CF)®K where K =
M1 +2+4---+k)+1 for any strictly positive integer M ;
(i) The algebra
O(SL(k))"
is generated by the Pliicker coordinates on P(AF( Sym SKCF)), which can be
expressed as
1A, i, 18 <k},

where i; denotes a multi-index corresponding to basis elements of
Sym =K(CK), and A;, s, is the corresponding minor of o(f ..., ) e
Hom (C*, Sym =F(C*)), together with the coordinates f{,..., fi of f'.

It follows immediately from this theorem that the non-reductive GIT
quotient

(Jk)a// Uk = Spec(O((Ji)2)"*)

is isomorphic to the reductive GIT quotient

((Ji)e x SL(K)(px © €P)) //SL(k).

This can be identified with the quotient of the open subset ((Jx): X
SL(k)(pr ® e$5))* of SL(k)-semistable points of (Ji). x SL(k)(py, @ e£F)
by the equivalence relation ~ such that y ~ z if and only if the closures
of the SL(k)-orbits of y and z intersect in ((Jx), x SL(k)(px ® e$7))**
Equivalently it can be identified with the closed SL(k)-orbits in ((Jg)z X
SL(k)(pr ® e$5))%s. Since SL(k)(pr ® X) is the union of finitely many
SL(k)-orbits, with stabilisers H; = Uy, Ho, ..., Hs, say, we can stratify
(Jk)x// Uy so that the stratum corresponding to Hj is identified with the H-
orbits in (Jg)z such that the corresponding SL(k)-orbit in (Jg)z X

SL(k)(pr @ e$5) is semistable and closed in ((Ji)z x SL(k)(px ® e$5))*s

ExXaAMPLE 7.4. When k =2 we have

J58(1,2) = {(f1, 2. f1. £5) € (C*)% (f1, f5) # (0,0)},
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and firing a basis {e1,ea} of C% and the induced basis {e1,e2, €3, e1€2, €3} of
C2® Sym2C2, the map ¢ : Jo(1,2) = Hom (C2, C2) — Hom (C2, Sym <2C?)
of (14) is given by

aft wfs (D fifs ()7
The 2 x 2 minors of this 2 x 5 matriz are (f1)3, (f1)2f5, f1(f3)2 (f3)? and
Apg = fifs = fi fa.

On SL(2) we have Ap gy =1 and the algebra of invariants O(SL(2))V2 is
generated by fi and f}, as expected since SL(2)/Us = C2\ {0} and its canon-
ical affine completion SL(2)//Us is C2.

! ! 0 0 0
(s fo f1 J) ( ho f )

EXAMPLE 7.5. When k = 3 the finite generation of the Demailly-Semple
algebra O((Jy,)z)Us was proved by Rousseau in [27]. We have

I3 (1,3) = {(fi. far fa, 11, fo, fs, AU 120 f5)
€ (C*)% (f1, f3, f3) #(0,0,0)},
and if we fiz a basis {e1, e2,e3} of C* and the induced basis

2 2 2 3 2 3
{ela €2,€3,€1,€1€2,€9,€1€3,€2€3,€3,€1,€1€2,..., 63}

of C3 @ Sym?2C?® @ Sym3C3, the map ¢: Hom (C3 C3) — Hom (C3?,
Sym <3C3) in (14) sends

(f1s fo Jas 11 12 08 15 110 )

to a 3 x 19 matriz, whose first 9 columns (corresponding to Sym <2C3) are

Aonof 0 000 00
afl sfs wfd ()7 fifs (B fifs Bfs (1),
sf sy s B R+ s £ R+ S S fS + £ Fif

and the remaining 10 columns (corresponding to Sym3C3) are

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
(F)? (FD2f3 F1(£)7 (F3)° FL(f9)% ()25 (f2)2f5 £a(f5)% (f3)° fifafs
The 3 x 3 minors of this matriz together with f1, f5, f4 generate the algebra
of invariants O(SL(3))Ys.



A GEOMETRIC CONSTRUCTION FOR INVARIANT JET DIFFERENTIALS 117

8. Generalized Demailly-Semple jet bundles

The aim of this section is to extend the earlier constructions for p =1
to generalized Demailly-Semple invariant jet differentials when p > 1.

Let X be a compact, complex manifold of dimension n. We fix a param-
eter 1 < p <n, and study the maps C? — X. Recall that as before we fix the
degree k of the map, and introduce the bundle J;, — X of k-jets of maps
CP — X, so that the fibre over x € X is the set of equivalence classes of germs
of holomorphic maps f : (CP,0) — (X, z), with the equivalence relation f ~ g
if and only if all derivatives f@)(0) = ¢g{)(0) are equal for 0 < j < k. Recall
also that Gy, is the group of k-jets of germs of biholomorphisms of (C?, 0),
which has a natural fibrewise right action on J, with the matrix represen-
tation given by

& Dy By ... Dy
0 &2 &by
(61) Gep=10 0 @ .. ,
of

for Gy € Gy, where ®; € Hom (Sym‘CP,CP) and det ®; # 0. Recall also
that Gy, is generated along its first p rows, in the sense that the parameters
in the first p rows are independent, and all the remaining entries are polyno-
mials in these parameters. The parameters in the (1,m) block are indexed
by a basis of Sym™(CP) x CP, so they are of the form !, where v € (?™")
is an m-tuple and 1 < < p, and the polynomial in the (I, m) block and entry

indexed by 7= (7[1],...,7[l]) € (ler_lzl) and v € ("I"") is given by
(62) (Grp)rw= > agllallPl. ]l
vi+--Hv=v

Recall also that Gy, = Uy, x GL(p) is an extension of its unipotent rad-
ical Uy, by GL(p), and that the generalized Demailly-Semple jet bundle
Eipm — X of invariant jet differentials of order k and weighted degree
(m,...,m) consists of the jet differentials which transform under any
reparametrization ¢ € Gy, of (CP,0) as

Q(fo¢)=(Jp)"Q(f) o ¢,

where J; = det @1 denotes the Jacobian of ¢, so that Ej , = @m0k pm is
the graded algebra of G%,p-invariants where G;W = Uy x SL(p).

8.1. Geometric description for p > 1. As in the case when p=1
our goal is to prove that Gj , is a Grosshans subgroup of SL(sym=F(p))

where sym<¥(p) = 21‘11 dim Sym‘CP by finding a suitable embedding of

the quotient SL(symSk(p))/(G§€7p.
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REMARK 8.1. In [25] Pacienza and Rousseau generalize the inductive
process given in [5] of constructing a smooth compactification of the
Demailly-Semple jet bundles. Using the concept of a directed manifold,
they define a bundle X}, — X with smooth fibres, and the effective locus
Zip C X} p, and a holomorphic embedding J,:Sf/@kp  Z,p which identifies
J,:Zf/ka with Z,:fpg = X,:Zf N Zp, so that Zj, is a relative compactifica-
tion of Jy, /Gy, p. We choose a different approach, generalizing the test curve
model, resulting in a holomorphic embedding of Jj, /Gy, into a partial flag
manifold and a different compactification, which is a singular subvariety of
the partial flag manifold, such that the invariant jet differentials of degree
divisible by sym<F(p) are given by polynomial expressions in the Pliicker
coordinates.

Fix z € X and an identification of T;; X with C"; then let Ji(p,n) = Jrp
as defined in §2. Let
J. B (p,n) = {v € Ji(p,n) : T is non-degenerate}
where v is represented by
u— y(u) =Tu+Tou?+ -+ Ipuf
with T'; € Hom ( Sym ‘CP, CP). Let N > n be any integer and define
Tip={¥€Jp(n,N):Iye J,®5(p,n): ¥oy=0}.

REMARK 8.2. The global singularity theory description of Ty, is

Tip=1{p=1,...,on) € Jg(n,N):Clz1,..., 2]/ (P1,...,PN)
= Clz,y|/(z1, .- .,Zn>k+1}.

Note, again, as in the p =1 case, that if v € J,geg (p,m) is a test surface of
Ve Ty, and ¢ € Gy, is a holomorphic reparametrization of CP, then v o ¢
is, again, a test surface of W:

L
14 Y ‘(Cn *CN

(63) cr . CP

Voy=0 = Vo(yop)=0

EXAMPLE 8.3. Let k=2,p=2 and let ¥(z)=V'z + ¥"z? for z € C",
and

v(u1,uz) = y1ou1 + Yoruz + Y20ui + Y1tz + Yo2u3, Yij € C™
Then W o~y =0 has the form

(64)  W'(y10)=0; ¥'(y01)=0

U (y20) + ¥ (710, 710) =

' (y01) + 9" (v01,701) =

0,;  ¥'(y11) + 29" (10, 701) =0,
0

il
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We introduce
Sy ={VeJy(n,N):Voy=0}
and the following analogue of J¢(1,n):
JE(n,N)={V € Ji(n,N) :dimker ¥ =p}.
The proof of the following proposition is analogous to that of Proposition

4.7 in [2], and we omit the details. We use the notation

sym’ (p) = dim(Symi(Cp);
k
sym=*(p) = dim(C? & Sym’C? & - - - & Sym*C?) = ) " sym'p.
i=1

PROPOSITION 8.4. (i) If v € J,%(p,n) then Sy C Ji(n,N) is a linear
subspace of codimension Nsym<=F(p).

(it) For any v € J,"*(p,n), the subset Sy N J2(n, N) of S, is dense.

(#1) If W € JZ(n,N), then ¥ belongs to at most one of the spaces S,.
More precisely, if y1,72 € J, 2(p,n), ¥ e J2(n,N) and Yoy, = Vo
vo =0, then there exists ¢ € leeg(p, p) such that y1 =72 0 .

(iv) Gwen 1,72 € J, %(1,n), we have Sy, =S, if and only if there is
some @ € J,*8(1,1) such that y1 =~z 0 .

With the notation
Tip = Tip N JL(n, N),
we deduce from Proposition 8.4 the following

COROLLARY 8.5. Tg’p is a dense subset of Yy, ,, and Tg’p has a fibration
over the orbit space J, % (p,n)/J, 5 (p,p) = J; %(p,n) /Gy, with linear fibres.

REMARK 8.6. In fact, Proposition 8.4 says a bit more, namely that
Tg’p is fibrewise dense in Yy, over J,*(p,n)/Gyp, but we will not use this
stronger statement.

By the first part of Proposition 8.4 the assignment v — &, defines a map
v:J.8(p,n) — Grass(kN, Jy(n, N))
which, by the fourth part, descends to the quotient
(65) v:J, 8(p,n)/Gyp— Grass(kN, Jy(n, N))
(cf. Proposition 4.4). Next, we want to rewrite this embedding in terms of
the identifications introduced in §5. So we
e identify Ji(p,n) with Hom (C¥™'7 & ... ¢ (Csymkp,(C“) = Hom
(Csymgk(p), C") where sym’p = dim Sym’/C? and sym=F(p) = S

‘ g=1
sym’p;
e identify Jy(n,1)* with Sym<FC" = ®F_, Sym'C".
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We think of an element v of Hom ((Csymgk(p), C") as an n x sym=F(p) matrix,
with column vectors in C™. These columns correspond to basis elements of
CYm'P g ... o CY mkp, and the columns in the 7th component are indexed
by i-tuples 1 <t; <t9 <--- <t; <p, or equivalently by

(etl +ep, + - +€ti) € Z};O
where e; = (0,...,1,...,0) with 1 in the jth place, giving us
v = (010,.0,001..0; - - - » V0...0%) € Hom (C¥™="®) ),

The elements of J;%(p,n) correspond to matrices whose first p columns
are linearly independent. When n > sym=¥(p) there is a smaller dense open
subset J,ilondeg(p, n) C J,°(p,n) consisting of the n x sym=¥(p) matrices of
rank sym=¥(p).

Define the following map, whose components correspond to the equations
in (64):

(66) ¢ : Hom (C¥m="®) C") — Hom (C¥™=") Sym=kCn)
(UIO,...07 V01...0y - -+ 5 UO...U’C) = ( B Zsl+52+...+sj:s Vg VUsy « - - US]") .. ')7
where on the right hand side s € ZZ .
EXAMPLE 8.7. If k=p=2 then ¢ is given by
¢ (v10, V01, v20, V11, V02) = (V10, Vo1, V20 + v3g, V11 + 2v10v01, Vo2 + VG )-

Let P, C GL
subgroup

sym<k(p) denote the standard parabolic subgroup with Levi

GL(sym'p) x - -- x GL(sym"p),

where sym’p = dim Sym?C? and sym=*(p) = Z§:1 sym/p. Then (65) has the
following reformulation, analogous to Proposition 5.1.

PROPOSITION 8.8. The map ¢ in (66) is a Gy, ,-invariant algebraic mor-
phism
¢ J;eg(n 7’L) — Hom ((Csym(p), SymSkC”)

Grass

which induces an injective map ¢ on the Gy, ,-orbits:

pUTass . J. B (p,n)/Grp — Grasssymgk(p)(SymSk(C”)
and
&1 1 J1 8 (p,n) /G p — Flag i (), . symk () (Sym=FC")
< Hom (C¥™P) Sym=kC")/P,, .
Composition with the Pliicker embedding gives

¢Pr0j — Pluck o ¢Grass : J;eg(% n)/Gk,p s ]P;(/\symék(p) Symgkcn)'
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As in the case when p =1, we introduce the following notation

Xokp =" (5 (pin)),
Yn,k,p —_ ¢Proj(<]]?ondeg(p’ n)) C P(/\Symﬁk (SymSkC")).

DEFINITION 8.9. Let n > sym=F(p) =sym!(p) +- - - +sym*(p). Then the
<k

open subset of P(/\Symgk(p)(Symgk(C”)) where the projection to AY™="(P)Cn
is nonzero is denoted by Ay k. p.

Since ¢ and ¢Fi are GL(n)-equivariant, and for n > sym<F(p) the
action of GL(n) is transitive on Hom ndeg(Cym="(») Cn), we have

LEMMA 8.10. (4) If n > sym=F(p) then X, is the GL(n) orbit of
(67)

Proj
z=¢ J(ela e 7€Sym§k(p)) = /\j1+---+jp§k E €y - - - Cig
i1+ His=(j1,000p)

in P(AYD=F () (Sym=kCn)).

(i) If n > sym=F(p) then X kp and Yy, o are finite unions of GL(n)
orbits.

(#i) For k> n the images X, . and Yy, i, are GL(n)-invariant quasi-
projective varieties, though they have no dense GL(n) orbit.

Similar statements hold for the closure of the image in the Grassmannian

Grassgym <k (p) (Sym=kC™)

sym=
(or equivalently in the projective space P(Asymgk(p)(SymSk(C”))).

LEMMA 8.11. Let n > sym=F(C"); then

(i) Apgp is invariant under the GL(n) action on P(ASYm=k(p)
(Symﬁkcn));
(i) Xnkp C Ankp, although Yo p & Ankp;

(71) Xy kp is the union of finitely many GL(n)-orbits.

9. Affine embeddings of SL(sym=Fp)/Gy,

In this section we study the case when n =sym=Fp and so GL(n)C
J.®(p,n). In the previous section we embedded J,°®(p,n)/Gy,p in the affine
space A ., C P(A" Sym SKC"), which can be restricted to GL(n) to give us
an embedding

GL(n)/Gy,, — P(A" Sym =kC™)
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as the GL(n) orbit of

/\Z Z €s1€sg -+ - Cs; N e

|s|=j s1ts2+-+s;=s

Equivalently we have SL(n)/(SL(n) N Ggyp) = SL(n)/G), , x F,, embedded
in AF( Sym SkCF) as the SL(k) orbit of

pk,p:"'/\z Z esleSQ...esj/\--‘,

|s|=j s1ts2+-+s;=s

where SL(n) NGy, p, is the semi-direct product Gj, , x Fy,, of Gy, , by the finite

group Fy, ,, of lj ,th roots of unity in C for I, = Zle isym'p. In analogy
with §6 we can consider an embedding of SL(n)/G;, , in

A"(Sym =FC™) @ (AP(C))#F

for suitable K and its closure in this affine space. We expect the following
result generalising Theorem 6.2.

CONJECTURE 9.1. Let K = M(Zle isym'p)+1 where M € N. Then the
point

Py ® (e1 A+ Aep)®K € A"(Sym =FC™) @ (AP(C))®K

where

pk,p:.../\z Z €51 sy -+ - Cs; N

|s|=j s1ts2+--+s;=s

has stabiliser Gj , in SL(n), and the closure of its SL(n) orbit

SL(n)(Prp ® (€1 A+ -+ N ep)®K)

is the union of the orbit of pp, @ (e1 A -+ A ep)®K and finitely many other
SL(n)-orbits, all of which have codimension at least two if k is large enough
(depending on p) and M is sufficiently large (depending on k and p).

The proof of Conjecture 9.1 should be similar to that of Theorem 6.2,
with the réle of the Borel subgroup By of SL(k) played by the standard
parabolic subgroup P C SL(n) which stabilises the filtration

0CCP=Ce1® - ®Ce, CC’ & Symz(CpC~--C(Cp@ Symz(cp
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It follows immediately from Conjecture 9.1 that we would have

COROLLARY 9.2. If p>1 and k is large enough (depending on p) then
the reparametrisation group G;Cp is a subgroup of the special linear group

SL(sym=Fp), where

k
. ; k+p—1
<k, _ icP —
sym p—‘E_ldlmSym(C—< b1 ),

such that the algebra of invariants
O(SL(sym=Fp)) ks

is finitely generated, so that every linear action of Gy, or G;gp on an affine
or projective variety (with respect to an ample linearisation) which extends
to a linear action of GL(sym=<Fp) has finitely generated invariants.

In particular we would have

COROLLARY 9.3. Ifp > 1 and k is large enough (depending on p) then the

fibres O((Jhp)x)c’;w of the bundle E}. , are finitely generated graded complex
algebras.

We would also obtain geometric descriptions of the associated affine
varieties
Spec(O(SL(sym=Fp))®r»)

and Spec(O((Jk’p)x)G;W) generalising those in §7.
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