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Generalized Donaldson—Thomas invariants

Dominic Joyce

ABSTRACT. This is a survey of the book [16] with Yinan Song.
Donaldson-Thomas invariants DT(7) € Z ‘count’ 7-(semi)stable
coherent sheaves with Chern character « on a Calabi-Yau 3-fold X.
They are unchanged under deformations of X. The conventional
definition works only for classes a with no strictly 7-semistable
sheaves. Behrend showed that DT(7) can be written as a weighted
Euler characteristic x(Mg (1), v (7)) of the stable moduli scheme

st(T) by a constructible function va () we call the ‘Behrend
function’.

We discuss generalized Donaldson—-Thomas invariants
DT®(t) € Q. These are defined for all classes a, and are equal
to DT“(7) when it is defined. They are unchanged under deforma-
tions of X, and transform according to a known wall-crossing for-
mula under change of stability condition 7. We conjecture that they
can be written in terms of integral BPS invariants DT®(r) € Z
when the stability condition 7 is ‘generic’.

We extend the theory to abelian categories mod-CQ/I of rep-
resentations of a quiver ) with relations I coming from a super-
potential W on @, and connect our ideas with Szendr6i’s non-
commutative Donaldson-Thomas invariants, and work by Reineke
and others on invariants counting quiver representations. The book
[16] has significant overlap with a recent, independent paper of
Kontsevich and Soibelman [18].

1. Introduction

This is a survey of the book [16] by the author and Yinan Song. Let
X be a Calabi-Yau 3-fold over C, and Ox (1) a very ample line bundle on
X. Our definition of Calabi—Yau 3-fold requires X to be projective, with
H'(Ox)=0. Write coh(X) for the abelian category of coherent sheaves
on X, and K(X) for the numerical Grothendieck group of coh(X). Let 7
denote Gieseker stability of coherent sheaves w.r.t. Ox(1). If E is a coherent
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sheaf on X then [E] € K(X) is in effect the Chern character ch(F) of E
in HV*"(X; Q).

For o € K(X) we can form the coarse moduli schemes M (7), MS (7) of
7-(semi)stable sheaves E with [E]=c«a. Then MS(7) is a projective
C-scheme whose points correspond to S-equivalence classes of 7-semistable
sheaves, and M (7) is an open subscheme of MZ(7) whose points corre-
spond to isomorphism classes of T-stable sheaves.

For Chern characters a with M$ (1) = M (7), following Donaldson and
Thomas [4, §3], Thomas [33] constructed a symmetric obstruction theory
on M$ (1) and defined the Donaldson—Thomas invariant to be the virtual
class

DT(7) = [ippe (e 1 € 2,

an integer which ‘counts’ 7-semistable sheaves in class «. Thomas’ main
result [33, §3] is that DT%(7) is unchanged under deformations of the
underlying Calabi—Yau 3-fold X. Later, Behrend [1] showed that Donaldson—
Thomas invariants can be written as a weighted Euler characteristic

DT(1) = x(M&(7), vame (m) s

where vyqe ;) is the Behrend function, a constructible function on Mg (7)
depending only on Mg (7) as a C-scheme.

Conventional Donaldson-Thomas invariants DT“(7) are only defined
for classes o with Mg (1) = MZ(7), that is, when there are no strictly
T-semistable sheaves. Also, although DT*(7) depends on the stability con-
dition 7, that is, on the choice of very ample line bundle Ox(1) on X,
this dependence was not understood until now. The main goal of [16] is to
address these two issues.

For a Calabi—Yau 3-fold X over C we will define generalized Donaldson—
Thomas invariants DT*(7)€Q for all a€ K(X), which ‘count’
T-semistable sheaves in class a. These have the following important proper-
ties:

e DT%(7) €Q is unchanged by deformations of the Calabi-Yau
3-fold X.

o If M%(7) = M&(7) then DT(7) lies in Z and equals the conven-
tional Donaldson-Thomas invariant DT%(7) defined by Thomas
[33].

o If M3 (1) # MS(7) then conventional Donaldson-Thomas invari-
ants DT%(7) are not defined for class . Our generalized invariant
DT%(7) may lie in Q because strictly semistable sheaves E make
(complicated) Q-valued contributions to DT%(7). For ‘generic’ 7
we have a conjecture that writes the DT%(7) in terms of other,
integer-valued invariants DT (7).

o If 7,7 are two stability conditions on coh(X), there is an explicit
change of stability condition formula giving DT%(7) in terms of the
DT? (7).
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These invariants are a continuation of the author’s programme [9-15].

We begin in §2 with some background material on constructible functions
and stack functions on Artin stacks, taken from [9,10]. Then §3 summarizes
ideas from [11-14] on Euler-characteristic type invariants J%(7) counting
sheaves on Calabi—Yau 3-folds and their wall-crossing under change of stabil-
ity condition, and facts on Donaldson—Thomas invariants from Thomas [33]
and Behrend [1].

Section 4 summarizes [16, §5-§6], and is the heart of the paper. Let X
be a Calabi—Yau 3-fold, and 99t the moduli stack of coherent sheaves on X.
Write x : K(X) x K(X) — Z for the Euler form of coh(X). We will explain
that the Behrend function vgy of 9 satisfies two important identities

von(Ey @ Bs) = (_1))2([E1]7[E2})ym(El)ym(E2)’

_ /
%/\]EIP(Extl(EQ,El)): van(F)dx %X]GP(Extl(El,Eg)): van(£7)dx
A& 0—E1—F—FEy—0 N & 0—Ey—F' —E1—0

= (dim Ext'(Bs, Ey) — dim Ext' (B, Es))von(E1 @ E»).
We use these to define a Lie algebra morphism ¥ : SF%d(91) — L(X), where

al

SFId(9) is a special Lie subalgebra of the Ringel-Hall algebra SF4(9M) of
X, alarge algebra with a universal construction, and L(X) is a much smaller
explicit Lie algebra, the Q-vector space with basis A* for a € K(X), and Lie

bracket
A% A = (=D)X g (a, BYAHE.

If 7 is Gieseker stability in coh(X) and a € K(X), we define an element
(1) in SFI2d(9) which ‘counts’ 7-semistable sheaves in class a in a special
way. We define the generalized Donaldson—Thomas invariant DT(7) € Q by

U (e*(1)) = —DT*(1)\*.

By results in [14], the €*(7) transform according to a universal transforma-
tion law in the Lie algebra SF14(901) under change of stability condition.
Applying ¥ shows that —]jTa(T)j\o‘ transform according to the same law
in E(X ). This yields a wall-crossing formula for two stability conditions 7, 7

on coh(X):
DT*(7) =
o> > (v e[ DT(T)

(1) iso. k:I—C(X): connected, 1 s .
st S o=a simply. ©(—1)2 Zeaet KOOSO T ((0), 5(7)),

sets [ connected PR
sets digraphs T, edges @« — o in I’
vertices I

where V(I,T',k;7,7) € Q are combinatorial coefficients, and there are only
finitely many nonzero terms.
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To prove that DT%(7) is unchanged under deformations of X, we intro-
duce auxiliary invariants PI*"(7') € Z counting ‘stable pairs’ s: O(—n) —
E, for n>0 and E € coh(X) 7-semistable in class a € K(X). The moduli
space Mstp (7') of such stable pairs is a proper fine moduli C-scheme with
a symmetric obstruction theory, so by the same proof as for Donaldson—
Thomas invariants [33], the virtual count PI%"(7') of Mgl (') is
deformation-invariant. By a wall-crossing proof similar to that for (1) we
find that

o~

PIa,n(T/) — Z [OX n)]falf---faifl,ai)
ai,...,oq€C(X), ' 211
21« a=q, Yyl
‘r(ozl) 1:F(a)+af1 i ([ ( )] Q= T, OQ)DT (T)] :

Using deformation-invariance of the PI*"(7') and induction on rank a we
find that DT“(7) is deformation-invariant.

Examples show that in general the DT%(7) lie in Q rather than Z. So
it is an interesting question whether we can rewrite the DT(7) in terms of
some system of Z-valued invariants, just as Q-valued Gromov—Witten invari-
ants of Calabi-Yau 3-folds are (conjecturally) written in terms of Z-valued
Gopakumar-Vafa invariants [7]. We define new BPS invariants DT (r) for
a € C(X) to satisfy

_ 1 -
DT*(r)= Y —DI*/"(7),

m2>=1, mla

and we conjecture that ﬁT"‘(T) € Z for all « if the stability condition 7 is
‘generic’. Evidence for this conjecture is given in [16, §6.1-§6.5 & §7.6].

Section 5 summarizes [16, §7], which develops an analogue of Donaldson—
Thomas theory for representations of quivers with relations coming from a
superpotential. This provides a kind of toy model for Donaldson—Thomas
invariants using only polynomials and finite-dimensional algebra, and is a
source of many simple, explicit examples. Counting invariants for quivers
with superpotential have been studied by Nakajima, Reineke, Szendr6i and
other authors for some years [5,24-27,29,30,32], under the general name of
‘noncommutative Donaldson—Thomas invariants’. Curiously, the invariants
studied so far are the analogues of our pair invariants PI*™(7’), and the
analogues of DT(7), DT*(7) seem to have received no attention, although
they appear to the author to be more fundamental.

A recent paper by Kontsevich and Soibelman [18], summarized in [19],
has considerable overlap with both [16] and the already published [9-15].
The two were completed largely independently, and the first versions of [16,
18] appeared on the arXiv within a few days of each other. Kontsevich and
Soibelman are far more ambitious than us, working in triangulated categories
rather than abelian categories, over general fields K rather than C, and with
general motivic invariants rather than the Euler characteristic. But for this
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reason, almost every major result in [18] depends explicitly or implicitly on
conjectures. The author would like to acknowledge the contribution of [18]
to the ideas on DT (1) and integrality in §4.4 below, and to the material on
quivers with superpotential in §5. The relationship between [16] and [18] is
discussed in detail in [16, §1.6].

Acknowledgements. The author would like to thank Tom Bridgeland,
Richard Thomas, Baldzs Szendr6i, and his co-author Yinan Song. This
research was supported by EPSRC grant EP/D077990/1.

2. Constructible functions and stack functions

We begin with some background material on Artin stacks, constructible
functions, and stack functions, drawn from [9,10]. We restrict to the field
K=C.

2.1. Artin stacks and constructible functions. Artin stacks are a
class of geometric spaces, generalizing schemes and algebraic spaces. For a
good introduction to Artin stacks see Gémez [6], and for a thorough treat-
ment see Laumon and Moret-Bailly [20]. We work throughout over the field
C. We make the convention that all Artin stacks in this paper are locally
of finite type, with affine geometric stabilizers, that is, all stabilizer groups
Isogz(x) are affine algebraic C-groups, and substacks are locally closed.

Artin C-stacks form a 2-category. That is, we have objects which are
C-stacks §,®, and also two kinds of morphisms, 1-morphisms ¢, :§ — &
between C-stacks, and 2-morphisms A : ¢ — 1 between 1-morphisms.

DEFINITION 2.1. Let § be a C-stack. Write §(C) for the set of
2-isomorphism classes [z] of 1-morphisms z : Spec C — §. Elements of F(C)
are called C-points of §. If ¢ : § — & is a 1-morphism then composition with
¢ induces a map of sets ¢, : §(C) — &(C).

For a l-morphism xz:SpecC — §, the stabilizer group Isogz(x) is the
group of 2-morphisms A : z — x. When § is an Artin C-stack, Isog(z) is an
algebraic C-group, which we assume is affine. If ¢ : § — & is a 1-morphism,
composition induces a morphism of C-groups ¢, : Isog([z]) — Isog (qﬁ*([x])),

for [z] € F(C).
We discuss constructible functions on C-stacks, following [9].

DEFINITION 2.2. Let § be an Artin C-stack. We call C' C §(C) con-
structible if C'=J,;c;8:(C), where {§;:4 € I} is a finite collection of finite
type Artin C-substacks §; of §. We call S C §(C) locally constructibleif SN C
is constructible for all constructible C' C F(C). A function f:F(C) — Q is
called constructible if f(F(C)) is finite and f~1(c) is a constructible set in
§(C) for each ce f(F(C)) \ {0}. A function f:F(C)— Q is called locally
constructible if f - d¢c is constructible for all constructible C' C §F(C), where
dc is the characteristic function of C. Write CF(§) and LCF(F) for the
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Q-vector spaces of Q-valued constructible and locally constructible func-
tions on §.

Following [9, §4-85] we define pushforwards and pullbacks of constructible
functions along 1-morphisms.

DEFINITION 2.3. Let §,® be Artin C-stacks and ¢:§ — & a repre-
sentable 1-morphism. For f € CF(§), define CF**%(¢)f : &(C) — Q by

CF*™(4) f(y) = x(§ X 4,6 Spec C, 73(f)) for y € B(C),

where §x ¢ &, Spec C is a C-scheme (or algebraic space) as ¢ is representable,
and x(---) is the Euler characteristic of this C-scheme weighted by 7 (f).

Then CFS*%(¢) : CF(F) — CF(®) is a Q-linear map called the stack pushfor-
ward.

Let 6:F — & be a finite type 1-morphism. The pullback 6* : CF(®) —
CF(3) is given by 6*(f) = f 0 0. It is a Q-linear map.

Here [9, §4-85] are some properties of these.

THEOREM 2.4. Let €, 5,8, be Artin C-stacks and :§— &, v: 6 —
£ be 1-morphisms. Then
(2) CF**(y 0 8) = CF**(7) 0 CF*'¥(8) : CF(§) — CF(%),
(3) (yoB)"=p"oq": CF(H) — CF(3),

supposing (3,~ representable in (2), and of finite type in (3). If

¢ - ® 1s a Cartesian square with CF(¢) . CF(®)
J/ wl 1, ¢ representable and T CF***(n) T
0 . 9* w*
é 0,1 of finite type, then S—_—

§—=9 the following commutes: CF(§) — CF(9).

2.2. Stack functions. Stack functions are a universal generalization
of constructible functions introduced in [10, §3]. Here [10, Def. 3.1] is the
basic definition.

DEFINITION 2.5. Let § be an Artin C-stack. Consider pairs (R, p), where
R is a finite type Artin C-stack and p : R — § is a representable 1-morphism.
We call two pairs (R, p), (R, p') equivalent if there exists a 1-isomorphism
1 : R — R such that p’or and p are 2-isomorphic 1-morphisms R — §. Write
[(R, p)] for the equivalence class of (R, p). If (R, p) is such a pair and & is a
closed C-substack of R then (&, p[s), (R \ &, pls\s) are pairs of the same
kind.

Define SF(F) to be the Q-vector space generated by equivalence classes
[(R, p)] as above, with for each closed C-substack & of R a relation

(4) (R, )] =[(S,ple)] + [(R\ G, plws)]-
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Elements of SF(§) will be called stack functions. We relate CF(§) and
SF(3).

DEFINITION 2.6. Let § be an Artin C-stack and C' C §(C) be con-
structible. Then C' =[], %R;(C), for Ry,..., R, finite type C-substacks
of §. Let p; : ®R; — § be the inclusion 1-morphism. Then [(R;, p;)] € SF(F).
Define 6c = >, [(Ri, pi)] € SF(F). We think of this as the analogue of the
characteristic function dc € CF(§) of C. Define a Q-linear map ¢z : CF(F) —
SE(F) by 15(f) =2 oseesz(c) € * O4-1(c)- Define Q-linear W%tk :SF(§) —
CF(§) by

(0 al(Ri p0)]) = Sy i CFS™(p;) 1,

where 1y, is the function 1 € CF(%R;). Then W%tkobgz is the identity on CF(g).

The operations on constructible functions in §2.1 extend to stack func-
tions.

DEFINITION 2.7. Let ¢ : §—® be a representable 1-morphism of Artin
C-stacks. Define the pushforward ¢, : SF(F)—SF(&) by

(5) Gs 2oy Gl (R, pi)] — 2000 (R, @ o pi).
Let ¢ : §— & be of finite type. Define the pullback ¢* : SF(&)—SF(F) by
(6) ¢ > iy Gl (R, pi)] — D20 Gl (R X0, 8 75)]-

The tensor product ® : SF(F) x SF(®) — SF(F x 8) is
(7)) (i el p)]) ® (32521 d5[(85, 05)]) =325 ; cids[(Ri x &5, pix 0)].
Here [10, Th. 3.5] is the analogue of Theorem 2.4.

THEOREM 2.8. Let €,§,8, 9 be Artin C-stacks and :§— &, v: 6 —
$ be 1-morphisms. Then

(voB)s=7x00x : SE(F)—=SF(9), (yopB)*=p"oy™:SF($H)—SF(F),

for B,~ representable in the first equation, and of finite type in the second.
If
is a Cartesian square with
T n Qj 0, of finite type and SF¢(€) T SFﬁ(’j)
0 P 0* P*
3 ¢ & n,¢ repreisentable, then SF(3) b+ SF ().
the following commutes:
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In [10, §3] we relate pushforwards and pullbacks of stack and con-

structible functions using vz, T5*.

THEOREM 2.9. Let ¢:§ — & be a 1-morphism of Artin C-stacks. Then
(a) ¢*org=1z00* : CF(B)—SF(F) if ¢ is of finite type;
(b) WS@tz o ¢y, = CF*(¢) o W?k :SF(§) — CF(&) if ¢ is representable;
an
(c) W?k o ¢* = ¢* o ik : SF(&) — CF(F) if ¢ is of finite type.

We define some projections IT)} : SF(F) — SF(J), [10, §5].

DEFINITION 2.10. For any Artin C-stack § we will define linear maps
I : SF(F) — SF(F) for n > 0. Now SF(g) is generated by [(RR, p)] with R
1-isomorphic to a quotient [X/G], for X a quasiprojective C-variety and G
a special algebraic C-group, with maximal torus 7¢.

Let S(T%) be the set of subsets of T¢ defined by Boolean operations
upon closed C-subgroups L of T¢. Define a measure dyu, : S(T%) — Z to be
additive upon disjoint unions of sets in S(7'%), and to satisfy du,(L) =1 if
dim L =n and du,(L) =0 if dim L # 0 for all algebraic C-subgroups L of
TC. Define

I ([(R, p)]) =
(8) / {weW(G, T :w -t =t}
teTC (W(G,TY)|

(X /Ca{th], po )] dpan.

Here X is the subscheme of X fixed by t, and Cg({t}) is the centralizer

of t in G, and i : [X{8 /C;({t})] — [X/G] is the obvious 1-morphism.
The integrand in (8), regarded as a function of t € T, is a constructible

function taking only finitely many values. The level sets of the function lie

in S(T%), so they are measurable w.r.t. dy,, and the integral is well-defined.
In [10, §5] we show (8) induces a unique linear map II)! : SF(F) — SF(F).

Here [10, §5] are some properties of the IIY..

THEOREM 2.11. In the situation above, we have:
(i) (IL)? =1L,
m#£n.
(ii) For all f € SF(J) we have f =3, 5, I1Yi(f), where the sum makes
sense as IIYI(f) =0 for n>> 0.
(iii) If ¢:F — & is a 1-morphism of Artin C-stacks then II) o ¢, =
¢x o IV : SF(F) — SF(&).
(v) If f €SF(3), g € SF(®) then I (fog) = X7y T (HSTY, (9).

so that IV is a projection, and IV} o II¥1 =0 for

Roughly speaking, ITY! projects [(R, p)] € SF(F) to [(:Rn, p)], where R, is
the substack of points r € RR(C) whose stabilizer groups Isog(r) have rank n.
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2.3. Stack function spaces SF(F, x, Q). We will also need another
family of spaces SF(§F, x,Q), from [10, §5-56].

DEFINITION 2.12. Let § be an Artin C-stack. Consider pairs (%R, p),
where R is a finite type Artin C-stack and p:R — § is a representable
I-morphism, with equivalence as in Definition 2.5. Define SF(F,x, Q) to
be the Q-vector space generated by equivalence classes [(R, p)], with the
following relations:

(i) Given [(R,p)] as above and & a closed C-substack of R we have
(R, 0)] = (6, ple)] + [(R\ 6, plms)); as in (4).

(ii) Let R be a finite type Artin C-stack, U a quasiprojective C-variety,
or - AXU — R the natural projection, and p : . — § a 1-morphism.
Then [(9% x U, p o )] = x([U)[(%%, p)].

Here x(U) € Z is the Euler characteristic of U. It is a motivic invari-
ant of C-schemes, that is, x(U) = x(V)+x(U\V) for V C U closed.

(iii) Given [(R, p)] as above and a l-isomorphism R = [X/G] for X a
quasiprojective C-variety and G a very special algebraic C-group
acting on X with maximal torus T¢, we have

[(%7 p)] = ZQEQ(G,TG) F(G7 TG? Q) [([X/Q]v po LQ)L

where (9:[X/Q]—MR=[X/G] is the natural projection 1-morphism.

Here Q(G,T¢) is a certain finite set of C-subgroups of T¢, and F(G,TG,
Q) € Q are a system of rational coefficients defined in [10, §6.2]. Define ﬁé’(@ :
SF(§) — SF(3, x,Q) by ﬁ?@ 2 ier Gl(Ra, pi)] = Der ail (Ris pi)]- Dgﬁne
pushforwards ¢, pullbacks ¢*, tensor products @ and projections I} on
the spaces SF(x,x,Q) as in §2.2. The important point is that (5)—(8) are

compatible with the relations defining SF(x, x, Q), or they would not be well-
defined. The analogues of Theorems 2.8, 2.9 and 2.11 hold for SF(x, x, Q).

Here [10, §5-86] is a useful way to represent these spaces. It means that
by working in SF(F, x,Q), we can treat all stabilizer groups as if they are
abelian.

PROPOSITION 2.13. SF(g,x, Q) is spanned over Q by [(Ux[SpecC/
T1,p)], for U a quasiprojective C-variety and T an algebraic C-group iso-
morphic to (Gz’n“1 x K for k>0 and K finite abelian. Moreover

(U x [SpecC/T],p)], dimT =n,
0, otherwise.

I ([(U x [SpecC/T], p)]) = {
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3. Background material on Calabi—Yau 3-folds

We now summarize some facts on Donaldson-Thomas invariants and
other sheaf-counting invariants on Calabi—Yau 3-folds prior to our book [16].
Sections 3.1-3.3 review material from the author’s series of papers [11-14],
and §3.4 explains results on Donaldson-Thomas theory from Thomas [33]
and Behrend [1]. For simplicity we restrict to Calabi-Yau 3-folds and to the
field K = C, although much of [1,11-14,33] works in greater generality.

3.1. The Ringel-Hall algebra of a Calabi—Yau 3-fold. We will
use the following notation for the rest of the paper.

DEeFINITION 3.1. A Calabi-Yau 3-fold is a smooth projective 3-fold X
over C, with trivial canonical bundle Kx. In §4 we will also assume that
H!'(Ox) = 0. The Grothendieck group Ko(X) of coh(X) is the abelian group
generated by all isomorphism classes [F] of objects E in coh(X), with the
relations [E]+ [G] = [F] for each short exact sequence 0 - F — F — G — 0.
The Euler form x : Ko(X) x Ko(X) — Z is a biadditive map satisfying

(9) X([E], [F]) = 3i50(—1)" dim Ext'(E, F)

for all B, F € coh(X). As X is a Calabi-Yau 3-fold, Serre duality gives
Ext!(F, F) 2 Ext3~{(E, F)*, so dimExt(F, E) =dim Ext>*~*(E, F) for all
E, F € coh(X). Therefore y is also given by

X([E], [F]) = (dim Hom(E, F) — dim Ext' (E, F))

(10) — (dim Hom(F, E) — dim Ext'(F, E)).

Thus the Euler form x on Ky(X) is antisymmetric.

The numerical Grothendieck group K(X) is the quotient of Ko(X) by
the kernel of x. Then x on Ky(X) descends to a nondegenerate, biadditive
Euler form x: K(X) x K(X) — Z.

Define the ‘positive cone’ C(X) in K(X) to be

C(X)={[E]€e K(X): 0% E € coh(X)} C K(X).

Write 91 for the moduli stack of objects in coh(X). It is an Artin C-stack,
locally of finite type. Points of 9(C) correspond to isomorphism classes [E]
of objects E in coh(X), and the stabilizer group Isogn([£]) in 91 is isomorphic
as an algebraic C-group to the automorphism group Aut(E). For o € C'(X),
write 9 for the substack of objects E € coh(X) in class o in K(X). It is
an open and closed C-substack of 9.

Write €ract for the moduli stack of short exact sequences 0 — FEi —
Ey — E3 — 0in coh(X). It is an Artin C-stack, locally of finite type. For j =
1,2,3 write 7; : €ract — I for the 1-morphism projecting 0 — Ey — Ey —
E3 — 0 to Ej. Then 7y is representable, and m X 73 : €ract — M x M is of
finite type.

In [12] we define Ringel-Hall algebras, using stack functions.
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DEFINITION 3.2. Define bilinear operations * on SF(9), SF(91, x, Q) by
frg=(m)((m x m)"(f ®9)),

using pushforwards, pullbacks and tensor products in Definition 2.7. They
are well-defined as 7o is representable, and 7; x 73 is of finite type. By [12,
Th. 5.2], whose proof uses Theorem 2.8, this * is associative, and makes
SF(M), SF(M, x, Q) into noncommutative Q-algebras, called Ringel-Hall
algebras, with identity 5[0], where [0] € 9 is the zero object. The projection
I:IQS’QQ : SF(9M) — SF(M, x, Q) is an algebra morphism.

As these algebras are inconveniently large for some purposes, in [12,
Def. 5.5] we define subalgebras SFu(9), SF.1(9M, x, Q) using the algebra
structure on stabilizer groups in 9. Suppose [(R,p)] is a generator of
SF(OM). Let r € R(C) with p.(r) = [E] € M(C), for some E € coh(X). Then
p induces a morphism of stabilizer C-groups p :Isogn(r) — Isogn([E])
> Aut(FE). As p is representable this is injective, and induces an isomorphism
of Isog(r) with a C-subgroup of Aut(F). Now Aut(E)=End(E)* is the
C-group of invertible elements in a finite-dimensional C-algebra End(E) =
Hom(E, E). We say that [(R,p)] has algebra stabilizers if whenever r €
R(C) with p.(r)=[E], the C-subgroup p,(Isox(r)) in Aut(E) is the C-
group A* of invertible elements in a C-subalgebra A in End(FE). Write
SFa1(9M), SFa1(9M, x, Q) for the subspaces of SF(9M), SF(IM, x, Q) spanned
over Q by [(R, p)] with algebra stabilizers. Then [12, Prop. 5.7] shows that
SFa1(9M), SFa1(M, x, Q) are subalgebras of the Ringel-Hall algebras SF(9),
SF(M, x, Q). .

Now [12, Cor. 5.10] shows that SF,(90), SF.1(9, x, Q) are closed under
the operators IT¥! on SF(9M), SF(M, x, Q) defined in §2.2. In [12, Def. 5.14]
we define SFE}d(Sﬁ),ST‘g{d(im,x,Q) to be the subspaces of f in SF,(9)
and SF,(M, x, Q) with IIJ'(f) = f. We think of SFII4(9), SFnd(9Mm, v, Q)
as stack functions ‘supported on virtual indecomposables’.

In [12, Th. 5.18] we show that SF34(901), SFind(9n, x, Q) are closed

al -
under the Lie bracket [f, g] = f* g — g f on SF4 (M), SFa1 (M, x, Q). Thus,
SFindon), S_Ffﬁd(fm, X, Q) are Lie subalgebras of SF,(9M), SFa1(9M, x, Q).

al

As in [12, Cor. 5.11], Proposition 2.13 simplifies to give:

PROPOSITION 3.3. SFa(9M, x, Q) is spanned over Q by elements of the
form [(U x [SpecC/GE ], p)] with algebra stabilizers, for U a quasiprojec-
tive C-variety and k> 0. Also SFR4(IM, x,Q) is spanned over Q by [(U x
[Spec C/G,], p)] with algebra stabilizers, for U a quasiprojective C-variety.

All the above except (10) works for X an arbitrary smooth projective C-
scheme, but our next result uses the Calabi—Yau 3-fold assumption on X in
an essential way. We follow [12, §6.5-86.6], but use the notation of [16, §3.4].
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DEFINITION 3.4. Define an explicit Lie algebra L(X) over Q to be the
Q-vector space with basis of symbols A\* for « € K(X), with Lie bracket

(11) A%, N = x(a, BN

for a, 8 € K(X). As Y is antisymmetric, (11) satisfies the Jacobi identity
and makes L(X) into an infinite-dimensional Lie algebra over Q.
Define a Q-linear map ¥XQ : SFind (9, v, Q) — L(X) by

(12) ‘I’X’Q(f) = ZaeK(X) YN,

where v* € Q is defined as follows. Proposition 3.3 says S_Fglld(im, X, Q) is
spanned by elements [(U x [Spec C/Gy,], p)]. We may write

(13) Flone = 37121 6:[(Us x [Spec C/Gyil, i),
where 0; € Q and U; is a quasiprojective C-variety. We set
v =200 4ix(Us).
This is independent of the choices in (13). Now define ¥ : SFd(907) — L(X)
by W= wx@ o 12,

In [12, Th. 6.12], using equation (10), we prove:
THEOREM 3.5. W : SFBd(MM) — L(X) and ¥¥Q : SFiRd(9, v, Q) — L(X)

al
are Lie algebra morphisms.

3.2. Stability conditions on coh(X) and invariants J%(7). Next
we discuss material in [13] on stability conditions. We continue to use the
notation of §3.1, with X a Calabi—Yau 3-fold.

DEFINITION 3.6. Suppose (7', <) is a totally ordered set, and 7 : C'(X) —
T a map. We call (7,7,<) a stability condition on coh(X) if whenever
a,B,v€ C(X) with f=a + « then either 7(a) < 7(8) < 7(y), or 7(a) >
T(B) > 71(7), or 7(a) =7(8) =7(7). We call (7,T,<) a weak stability con-
dition on coh(X) if whenever «, 3,7 € C(X) with = a + v then either
T(a) < 7(B) < 7(7), or 7(a) = 7(8) = 7(7y). For such (7,7,<), we call a
nonzero sheaf F in coh(X)

(i) 7-stable if for all SC E with S 20, F we have 7([S]) < 7([E/S]);
and

(ii) 7-semistable if for all SCFE with S%0,E we have 7([S]) <
T([E/S)).

For a € C(X), write M (1), MG (1) for the moduli stacks of 7-(semi)
stable E € A with class [F] =« in K(X). They are open C-substacks of
M. We call (1,7, <) permissible if:

(a) coh(X) is T-artinian, that is, there exist no infinite chains of sub-
objects -+ CEyCFE1CEy=X in A and 7([Ep+1])27([En/Enti])
for all n; and

(b) ML (7) is a finite type substack of M for all o € C'(X).
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Here are two important examples:

EXAMPLE 3.7. Define G to be the set of monic rational polynomials in
t of degree at most 3:

G:{p(t):td—i_adfltd_l—i_"'—i_ao:d:07172737 ag,...,a4d—1 GQ}
Define a total order ‘<’ on G by p < p’ for p,p’ € G if either

(a) degp > degp/, or
(b) degp=degp’ and p(t) < p/(t) for all t > 0.

We write p < ¢ if p<q and p#q.

Fix a very ample line bundle Ox (1) on X. For E € coh(X), the Hilbert
polynomial Pg is the unique polynomial in Q[¢] such that Pg(n) = dim H°
(E(n)) for all n>> 0. Equivalently, Pg(n) = x([Ox(—n)],[E]) for all n € Z.
Thus, Pr depends only on the class o € K(X) of E, and we may write
P, instead of Pg. Define 7:C(X) — G by 7(a) = Py/ra, where P, is the
Hilbert polynomial of «, and r, is the (positive) leading coefficient of P,.
Then (7, G, <) is a permissible stability condition on coh(X) [13, Ex. 4.16],
called Gieseker stability.

Gieseker stability is studied in [8, §1.2]. Write MZ(7), M (7) for the
coarse moduli schemes of 7-(semi)stable sheaves E with class [E] =« in
K(X). By [8, Th. 4.3.4], MZ(7) is a projective C-scheme whose C-points
correspond to S-equivalence classes of Gieseker semistable sheaves in class
a, and M$(7) is an open C-subscheme whose C-points correspond to iso-
morphism classes of Gieseker stable sheaves in class a.

ExXAMPLE 3.8. In the situation of Example 3.7, define
M={p(t)=t!+ag_1t":d=0,1,2,3, ag_1 €Q, a1 =0} CG

and restrict the total order < on G to M. Define p: C(X) — M by u(a) =
t4 + ag_1t971 when 7(a) = Py /1o =t% + ag_1t%"" + - - 4 ag, that is, u(a)
is the truncation of the polynomial 7(a)) in Example 3.7 at its second term.
Then as in [13, Ex. 4.17], (i, M, <) is a permissible weak stability condition
on coh(X). It is called pu-stability, and is studied in [8, §1.6].

In [13, §8] we define interesting stack functions 0%(7), €*(7) in SFa1(9M).

DEFINITION 3.9. Let (7,7, <) be a permissible weak stability condition
on coh(X). Define stack functions 62 (7) = daya () in SFa1(9M) for a € C(X).
That is, 62 (7) is the characteristic function, in the sense of Definition 2.6, of
the moduli substack 9 (7) of T-semistable sheaves in 1. In [13, Def. 8.1]
we define elements €*(7) in SF,;(9) by

_1\n—1 _ _ _
(14) e(r)= T CU™ Gar(r) wges(r) w5 820 (),

n
n>l, ai,...,an€C(X):
a1+tan=a, 7(a;)=7(c), all ¢



138 D. JOYCE

where * is the Ringel-Hall multiplication in SF,(9). Then [13, Th. 8.2]
proves

_ 1
(15) 6%(7) = > — E(T) R (1) e (7).
n>1, ai,...,an€C(X): ’
a1+tan=a, T(a;)=7(a), all ¢

There are only finitely many nonzero terms in (14)—(15).

Equations (14) and (15) are inverse, so that knowing the €*(7) is equiv-
alent to knowing the 62(7). If M2(7) = ME(7) then €¥(7) =0%(7). The
difference between () and 6%(7) is that €*(7) ‘counts’ strictly semistable
sheaves in a special, complicated way. Here [13, Th. 8.7] is an important
property of the € (7), which does not hold for the 6<(7). The proof is highly
nontrivial, using the full power of the configurations formalism of [11-14].

THEOREM 3.10. €*(7) lies in the Lie subalgebra SFR4 (M) in SF,(IM).

In [14, §6.6] we define invariants J*(1) € Q for all « € C(X) by
(16) U (e*(1)) = J*(1)A™.

This is valid by Theorem 3.10. These J*(7) are rational numbers ‘counting’
T-semistable sheaves F in class a. When M (1) = Mg (7) we have

(17) J(1) = x(MG(7)),

that is, J%(7) is the Euler characteristic of the moduli space Mg (7). In the
notation of §3.4, this is not weighted by the Behrend function v e (;), and
so is not the Donaldson-Thomas invariant DT*(7). As in [16, Ex. 6.9], the
J®(7) are in general not unchanged under deformations of X.

3.3. Changing stability conditions and algebra identities. In
[14] we prove transformation laws for the 6% (7),€"(7) under change of sta-
bility condition. These involve combinatorial coefficients S(*;7,7) € Z and
U(*;7,7) € Q defined in [14, §4.1].

DEFINITION 3.11. Let (1,7, <),(7,T, <) be weak stability conditions on
coh(X). Let n>1and ay,...,a, € C(X). If for all i =1,...,n — 1 we have
either

(a) () < 7(iy1) and 7(a1 + -+ + ) > T(iy1 + -+ ) or
(b) 7(ay) > 71(cvir1) and T(ag + - -+ + ;) < T(@ip1 + -+ - + ),
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then define S(aq,...,an;7,7) = (—1)", where r is the number of i =1,...,
n — 1 satisfying (a). Otherwise define S(a1,...,an;7,7) =0. Now define

Ul(at,...,an;T,7) =
(71y—1 l ~
E l : =1 S(/Bbi_l—i-h Bbi_1+27 e 7/6bi; T, T)
1<I<m<n, 0=ap<a1<--<am=n, 0=bo<b; <---<bj=m: m 1
Define 1, ., B € C(X) by i = aay_y+1+ -+ + aa;- J—-
Define 11,..., 71 € C(X) by 7 = By 41+ -+ + B i (@i —ai-1)

Then 7(8;) =1(g), i=1,...,m, aj_1 < j < a,
and 7(y;) =7(a1+ -+ an),i=1,...,1

Then in [14, §5] we derive wall-crossing formulae for the 6a(7), e (1)
under change of stability condition from (7,7, <) to (7,7, <):

THEOREM 3.12. Let (1,T,<), (7, T, <) be permissible weak stability con-
ditions on coh(X). Then under some mild extra conditions, for all a € C(X)
we have

18) (@ = Y Sloa,...,om7,7)-

b oneon€OX): 5o (7) % 6G2 (1) # -+ % den (7),
" S OEEY U(al,.. Qi T, 7)-
( ) n>1, ai,...,an€C(X): () (7-> n(,]-)’

ar+-Fan=a

where there are only finitely many nonzero terms in (18)—(19).

The ‘mild extra conditions’ in the theorem are required to ensure that
there are only finitely many nonzero terms in (18)—(19). In fact the author
expects that this always holds when (7, T, <), (7, T, <) are of Gieseker or yi-
stability type, but for irritating technical reasons has not been able to prove
this. As in [14, §5.1], the author can show that one can go between any
two (weak) stability conditions on coh(X) of Gieseker or p-stability type by
finitely many applications of Theorem 3.12. In [14, Th. 5.4] we prove:

THEOREM 3.13. Equation (19) may be rewritten as an equation in
SFId(9M) using the Lie bracket [, | on SFRY(IN), rather than as an equation
in SF.1(OMN) using the Ringel-Hall product *.

Therefore we may apply the Lie algebra morphism ¥ of §3.1 to equation
(19). As (19) is not expressed explicitly in terms of Lie brackets, it is helpful
to write this in the universal enveloping algebra U(L(X)). This gives

= 3 Ulon..ooanim?)- [T, I (r)

n=l, ai,...,an€C(X): )\al * )\0:2 oo Kk )\a"
Oé1+-~+an:a )

(20)

where * is the product in U(L(X)).
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Now in [12, §6.5], a basis is given for U(L(X)) in terms of symbols Az .,
and multiplication x in U (L(X)) is written in terms of the A7 ,j as a sum over
graphs. Here I is a finite set, xk maps I — C(X), and when |I| =1, so that
I'={i}, we have \[; , = M), Then [14, eq. (127)] gives an expression for
A -k A in U(L(X)), in terms of sums over directed graphs (digraphs):

(21) AUk AT = terms in A7, ] > 1,
1
(v . a1t-ta
| 5o > [T x(ei05) | A
connected, simply-connected digraphs I':  edges
vertices {1,...,n}, edge oo implies ¢ < j ‘_)F‘
in

Substitute (21) into (20). The terms in Aj;, for [I| > 1 all cancel, as
(20) lies in L(X) C U(L(X)). So equating coefficients of \* yields

reE= Y )
n>1, ai,...,an€C(X): connected, simply—connecﬁed digraphs I:

o1t tan=a vertices {1,...,n}, edge ® — ® implies i < j

(22)
1 5 _ L
WU(alw'wan;TaT) H X(O@,O&])He] I(T)'
1=1

edges e—3inT

Following [14, Def. 6.27], we define combinatorial coefficients V(I,T,
KT, T):

DEFINITION 3.14. In the situation above, let I' be a connected, simply-
connected digraph with finite vertex set I, where |I| =n, and k: I — C(X)
be a map. Define V(I,T',k;7,7) € Q by

(23) V(I,F,K;T,%):ﬁ S UG(ia), (i), - i) 7, ).

orderings i1,...,in of I:

edge $-¢inT implies a < b

Then as in [14, Th. 6.28], using (23) to rewrite (22) yields a transfor-
mation law for the J%(7) under change of stability condition:

JE=>_ > > VLT T F) - [ xs), 5(5))

(24) 1iso. k:I—C(X): connected, edges e—eoinl
classes . k(i)=a simply-connected .
ogefg;n}e 2ier #(0) digraphs T, . J'{(l) (T)
vertices [ il

3.4. Donaldson—Thomas invariants of Calabi—Yau 3-folds.
Donaldson—Thomas invariants DT*(7) were defined by Richard Thomas
[33], following a proposal of Donaldson and Thomas [4, §3].
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DEeFINITION 3.15. Let X be a Calabi—Yau 3-fold. Fix a very ample line
bundle Ox (1) on X, and let (7, G, <) be Gieseker stability on coh(X) w.r.t.
Ox(1), as in Example 3.7. For a € K(X), write M (1), M&(7) for the
coarse moduli schemes of 7-(semi)stable sheaves F with class [E] = a. Then
MCE(7) is a projective C-scheme, and M (7) an open subscheme.

Thomas [33] constructs a symmetric obstruction theory on Mg (7). Sup-
pose that M (1) = M$ (7). Then Mg (7) is proper, so using the obstruc-
tion theory Behrend and Fantechi [2] define a virtual class [M2(7)]"" €
Ag(MS(7)). The Donaldson—Thomas invariant [33] is defined to be

(25) DT(7) = |,

M (e -

Note that DT(7) is defined only when Mg(T) = ME (), that is, there are
no strictly semistable sheaves E in class «. One of our main goals is to
extend the definition to all & € K(X). Thomas’ main result [33, §3] is that

THEOREM 3.16. DT“(T) is unchanged by continuous deformations of
the underlying Calabi—Yau 3-fold X.

An important advance in Donaldson—Thomas theory was made by
Behrend [1], who found a way to rewrite the definition (25) of Donaldson—
Thomas invariants as a weighted Euler characteristic. Let § be an Artin
C-stack, locally of finite type. Then § has a unique Behrend function vz :
$(C) — Z, a Z-valued locally constructible function on §. The definition,
which we do not give, can be found in [1, §1] when § is a finite type C-scheme,
and in [16, §4.1] in the general case. Here are some important properties of
Behrend functions from [1,16].

THEOREM 3.17. Let §,® be Artin C-stacks locally of finite type. Then:

n

(i) If § is a smooth of dimension n then vy = (—1)".
(ii) If ¢ :3F—® is smooth with relative dimension n then vy = (—1)"
¢ (ve).
(iii) vgxe =vz0re in LCF(F x &), where (vzHve)(z,y) = vg(z)rs(y).
(iv) Suppose M is a proper C-scheme and has a symmetric obstruction
theory, and [M]V'" € Ag(M) is the corresponding virtual class from
[2]. Then

]\[M]vir 1= X(Ma VM) € Z)

where x(M,vp) = fM(C) vmdy is the weighted FEuler charac-
teristic of M, weighted by the constructible function vaq. In par-
ticular, f[M}Vif 1 depends only on the C-scheme structure of M, not
on the choice of symmetric obstruction theory.

(v) Let M be a C-scheme, let x € M(C), and suppose there exist a
complex manifold U, a holomorphic function f:U — C, and a point
u € Crit(f) CU such that locally in the analytic topology, M(C)
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near x is isomorphic as a complex analytic space to Crit(f) near
u. Then

vpm(e) = (=) (1 = X (M Fy(w)),

where X(MFy(u)) is the Euler characteristic of the Milnor fibre
MFf(u)

Here the Milnor fibre in (v) is defined as follows:

DEFINITION 3.18. Let U be a complex analytic space, locally of finite
type, f: U — C a holomorphic function, and u € U. Let d(, ) be a metric
on U near u induced by a local embedding of U in some CV. For v € U and
6,€ > 0, consider the holomorphic map

Ppy: {veU:d(u,v)<d, 0<|f(v)—f(u)|<e} — {z € C:0<|z|<¢€}

given by @, (v) = f(v)— f(u). Then ®;,, is a smooth locally trivial fibration
provided 0 < € < 0 < 1. The Milnor fibre M Fy(u) is the fibre of ®¢,,. It is
independent of the choice of 0 < € < § < 1.

Theorem 3.17(iv) implies that DT*(7) in (25) is given by

(26) DT (1) = x(ME(7): Vaag () -

This is similar to the expression (17) for J%(7) when MZ (1) = M3 (7).
There is a big difference between the two equations (25) and (26) defining
Donaldson-Thomas invariants. Equation (25) is non-local, and non-motivic,
and makes sense only if Mg (7) is a proper C-scheme. But (26) is local, and
(in a sense) motivic, and makes sense for arbitrary finite type C-schemes
MG (7). It is tempting to take (26) to be the definition of Donaldson-Thomas
invariants even when Mg (7) # MS(7), but in [16, §6.5] we show that this
is not a good idea, as then DT%(7) would not be unchanged under defor-
mations of X.

Equation (26) was the inspiration for [16]. It shows that Donaldson—
Thomas invariants DT*(7) can be written as motivic invariants, like those
studied in [11-15], and suggests extending the results of [11-15] to
Donaldson—Thomas invariants by including Behrend functions as weights.

4. Generalized Donaldson—Thomas invariants

We now summarize [16, §5-§6]. All this section is joint work with Yinan
Song. Let X be a Calabi-Yau 3-fold over C, and Ox(1) a very ample line
bundle over X. We now assume that H'(Ox) = 0, which was not needed in
§3. We use the notation of §3, with 99t the moduli stack of coherent sheaves
on X, and so on.
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4.1. Local description of the moduli of coherent sheaves. In [16,
Th. 5.5] we give a local characterization of an atlas for the moduli stack 9t
as the critical points of a holomorphic function on a complex manifold.

THEOREM 4.1. Let X be a Calabi—Yau 3-fold over C, and 9 the moduli
stack of coherent sheaves on X. Suppose E is a coherent sheaf on X, so that
[E] € M(C). Let G be a mazimal compact subgroup in Aut(E), and G© its
complezification. Then G is an algebraic C-subgroup of Aut(E), a mazximal
reductive subgroup, and G° = Aut(E) if and only if Aut(FE) is reductive.

There exists a quasiprojective C-scheme S, an action of G* on S, a point
s € S(C) fized by G, and a 1-morphism of Artin C-stacks ®: [S/G] — N,
which is smooth of relative dimension dim Aut(E) — dim G°, where [S/G®]
is the quotient stack, such that ®(sG®) = [E], the induced morphism on
stabilizer groups ®. :1sojg/qei(s GY) — Isoa([E]) is the natural morphism
G® — Aut(E) ZIsogn([E]), and d®[;qc: TS = Tye[S/G] — TigpM =
Extl(E, E) is an isomorphism. Furthermore, S parametrizes a formally ver-
sal family (S, D) of coherent sheaves on X, equivariant under the action of
G® on S, with fibre Ds =2 E at s. If Aut(F) is reductive then ® is étale.

Write San for the complex analytic space underlying the C-scheme S.
Then there exists an open neighbourhood U of 0 in Extl(E, E) in the ana-
lytic topology, a holomorphic function f:U — C with f(0)=df|o=0, an
open neighbourhood V' of s in San, and an isomorphism of complex analytic
spaces Z: Crit(f) — V, such that Z(0) =s and dE|o: Ty Crit(f) — T5V s
the inverse of d®|,qc : TyS — Ext!(E, E). Moreover we can choose U, f,V
to be G -invariant, and = to be G°-equivariant.

The proof of Theorem 4.1 comes in two parts. First we show in [16, §8]
that 9t near [E] is locally isomorphic, as an Artin C-stack, to the mod-
uli stack Yect of algebraic vector bundles on X near [E’] for some vector
bundle E' — X. The proof uses algebraic geometry, and is valid for X an
Calabi-Yau m-fold for any m > 0 over any algebraically closed field K. The
local morphism 9 — Yect is the composition of shifts and m Seidel-Thomas
twists by Ox(—n) for n > 0.

Thus, it is enough to prove Theorem 4.1 with Uect in place of M. We do
this in [16, §9] using gauge theory on vector bundles over X, motivated by an
idea of Donaldson and Thomas [4, §3], [33, §2|, and results of Miyajima [21].
Let E — X be a fixed complex (not holomorphic) vector bundle over X.
Write o for the infinite-dimensional affine space of smooth semiconnections
(0-operators) on F, and ¢ for the infinite-dimensional Lie group of smooth
gauge transformations of E. Then ¢ acts on 7, and & = o/ /¥ is the space
of gauge-equivalence classes of semiconnections on F.

We fix O in &7 coming from a holomorphic vector bundle structure on E.
Then points in &/ are of the form 0p+ A for A € C*(End(E) ®c A»'T*X),

and O + A makes F into a holomorphic vector bundle if Fg’2 =0pA +
AN Ais zero in O (End(E) Qc A0’2T*X). Thus, the moduli space (stack)
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of holomorphic vector bundle structures on E is isomorphic to {0p + A €
o Fg’z =0}/9. Thomas observes that when X is a Calabi-Yau 3-fold,
there is a natural holomorphic function C'S : & — C called the holomorphic
Chern—Simons functional, invariant under ¢ up to addition of constants,
such that {0p + A€ & : Fg’Q =0} is the critical locus of C'S. Thus, Uect
is (informally) locally the critical points of a holomorphic function C'S on
an infinite-dimensional complex stack # = &7 /%. To prove Theorem 4.1 we
show that we can find a finite-dimensional complex submanifold U in .2/ and
a finite-dimensional complex Lie subgroup G° in ¢ preserving U such that
the theorem holds with f=CS|y.

In [16, Th. 5.11] we prove identities on the Behrend function of 9, as
in §3.4.

THEOREM 4.2. Let X be a Calabi—Yau 3-fold over C, and M the moduli
stack of coherent sheaves on X. The Behrend function vop: M(C) —Z
is a natural locally constructible function on M. For all Ey, Ey € coh(X), it
satisfies:

(27) von(E1 ® Es) = (—1)XELED ygn (B Yuan(E,),
/
%)\]GP(Extl(Eg,El)): VW(F) dx - /)\’]EIP’(ExtI(El,EQ)): Vm(F ) dx
(28) A 0 By — F— Fa—0 N 0 Es—F'—E1—0

= (dim Ext' (B, Ey) — dim Ext! (E1, E2) )von(E1 & E»).

Here x([E1], [E2]) in (27) is defined in (9), and in (28) the correspondence
between [\ € P(Ext!(Ey, E1)) and F € coh(X) is that [\] € P(Ext!(Fs, E1))
lifts to some 0 # \ € Ext!(FEy, Ey), which corresponds to a short exact seq-
uence 0 — Ey — F — Ey — 0 in coh(X) in the usual way. The function
[\ — von(F) is a constructible function P(Ext!(Ey, E1)) — Z, and the inte-
grals in (28) are integrals of constructible functions using the FEuler charac-
teristic as measure.

We prove Theorem 4.2 using Theorem 4.1 and the Milnor fibre descrip-
tion of Behrend functions from Theorem 3.17(v). We apply Theorem 4.1 to
E = E; ® E», and we take the maximal compact subgroup G of Aut(F) to
contain the subgroup {idg, +Aidg, : A € U(1)}, so that G* contains {idg, +
Aidg, : A € Gy, }. Equations (27) and (28) are proved by a kind of localiza-
tion using this G,,-action on Ext!(E; @ Es, E1 @ E»).

Note that Theorem 4.2 makes sense as a statement in algebraic geometry,
for Calabi—Yau 3-folds over an algebraically closed field K of characteristic
zero, and the author expects it to be true in this generality. However, our
proof of Theorem 4.2 uses gauge theory, and transcendental complex analytic
geometry methods, and is valid only over K = C.
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4.2. A Lie algebra morphism ¥ : SFind(91) — L(X), and gene-

ralized Donaldson—Thomas invariants DT%(1). In §3.1 we defined
an explicit Lie algebra L(X) and Lie algebra morphisms W : SFd(901) —
L(X) and U@ : SFRd(9, v, Q) — L(X). We now define modified versions
L(X), ¥, 0%Q with W, U%Q weighted by the Behrend function gy of M.

We continue to use the notation of §2-§3.

DEFINITION 4.3. Define a Lie algebra f)(X) to be the Q-vector space
with basis of symbols A* for a € K(X), with Lie bracket

(29) A% A7) = ()X D x(a, AT,

which is (11) with a sign change. As y is antisymmetric, (29) satisfies the
Jacobi identity, and makes L(X ) into an infinite-dimensional Lie algebra
over Q. R R

Define a Q-linear map ¥XQ : SFind(9m, v, Q) — L(X) by

@X’Q(f) = ZaeK(X) YA,

as in (12), where v* € Q is defined as follows. Write f|gne in terms of d;, U;, p;
as in (13), and set

(30) v =31 6ix(Us, pf(vam)) s

where p}(von) is the pullback of the Behrend function vgy to a constructible
function on U; x [Spec C/Gy,,], or equivalently on U;, and X(Ui; pj(l/gm)) is the
Euler characteristic of U; weighted by p¥(rgn). One can show that the map
from (13) to (30) is compatible with the relations in SFI4(9%, x, Q), and
so WX is well-defined. Define W : SFR(901) — L(X) by ¥ = 0xQ o [1%2.

al
The reason for the sign change between (11) and (29) is the signs involved
in Behrend functions, in particular, the (—1)" in Theorem 3.17(ii), which is
responsible for the factor (—1)X(E1LIE2]) in (27). Here [16, Th. 5.14] is the
analogue of Theorem 3.5.
THEOREM 4.4. W : SF4(90) — L(X) and UXQ: SFRd(90, x, Q) — L(X)

al
are Lie algebra morphisms.

We can now define generalized Donaldson—Thomas invariants.

DEFINITION 4.5. Let X be a projective Calabi—Yau 3-fold over C, let
Ox (1) be a very ample line bundle on X, and let (7,G,<) be Gieseker
stability and (i, M, <) be p-stability on coh(X) w.r.t. Ox (1), as in Examples
3.7 and 3.8. As in (16), define generalized Donaldson—Thomas invariants
DT*(t) € Q and DT*(u) € Q for all « € C(X) by

(31)  U(e¥(r)) =—-DT*(1)A* and W(e*(n)) = —DT(u)A\*.

Here &*(7),&*(u) are defined in (14), and lie in SFind(:) by Theorem
3.10, so DT*(7), DT“(u) are well-defined. In [16, Prop. 5.17] we show that
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if M3 (1) = Mg () then DT*(t) = DT*(7). That is, our new generalized
Donaldson-Thomas invariants DT“(7) are equal to the original Donaldson—
Thomas invariants DT (7) of [33] whenever the DT (7) are defined.

We can now repeat the argument of §3.3 to deduce transformation laws
for generalized Donaldson—Thomas invariants under change of stability con-
dition. In the situation of Theorem 3.12, equation (19) is an identity in the
Lie algebra SFmd(Dﬁ) so we can apply the Lie algebra morphism U to trans-
form (19) into an identity in the Lie algebra L(X), and use (31) to write
this in terms of generalized Donaldson-Thomas invariants. As for (20), this
gives an equation in the universal enveloping algebra U(L(X)):

DT*(F)A\= Y Ulaa,...,an;7,7) - (1" 1y DT (7)-

n>l, ai,...,an€C(X): ar, yo2 ., \on
a1+'“+an:a A AT x AT

Following the proof of (24) in §3.3 with sign changes, in [16, Th. 5.18] we
obtain:

THEOREM 4.6. In the situation of Theorem 3.12, for all o € C(X) we
have
DT(7) =
Z > (~DIVILT, ks, %>' - D‘T”@(r)

iso0.  k:I—C(X): connected,

classes 3 ﬁ(z) o simply- (_1)%21 jer Ix(r(2),(5 H X

of ﬁmte iel connected
sets 1 digraphs T, edges oo in F
vertices I

with only finitely many nonzero terms.
The discussion after Theorem 3.12 implies [16, Cor. 5.19]:

COROLLARY 4.7. Let (1,71, <), (7, T, <) be two permissible weak stability
conditions on coh(X) of Gieseker or u-stability type, as in Examples 3.7 and
3.8. Then the DT(7) for all a € C(X) completely determine the DT (%)
for all o € C(X), and vice versa, through finitely many applications of (32).

4.3. Invariants PI®"™(7’) counting stable pairs, and
deformation-invariance of the DT%(7). We wish to prove that our
invariants DT®(7) are unchanged under deformations of X. We do this
indirectly: we first define another family of auxiliary invariants PI*"(7’)
counting stable pairs on X, and show that PI*"(7’) are unchanged under
deformations of X. Then we prove an identity (35) expressing PI*"(7') in
terms of the DTP(7), and use it to show DT*(7) is deformation-invariant.
This approach was inspired by Pandharipande and Thomas [28], who use
invariants counting pairs to study curve counting in Calabi—Yau 3-folds.



GENERALIZED DONALDSON-THOMAS INVARIANTS 147

DEFINITION 4.8. Let X be a Calabi—Yau 3-fold over C, with H'(Ox) =
0. Choose a very ample line bundle Ox (1) on X, and write (7,G, <) for
Gieseker stability w.r.t. Ox (1), as in Example 3.7.

Fix n>0in Z. A pair is a nonzero morphism of sheaves s: Ox(—n) —
E, where F is a nonzero sheaf. A morphism between two pairs s : Ox(—n) —
Eandt:Ox(—n) — F is amorphism of Ox-modules f: E — F, with fos =
t. A pair s: Ox(—n) — FE is called stable if:

(i) 7([E']) < 7([E]) for all subsheaves E’ of E with 0 # E’ # E; and
(ii) If also s factors through E’, then 7([E’]) < 7([E]).

Note that (i) implies that if s : Ox(—n) — E is stable then FE is 7-semistable.
The class of a pair s: Ox(—n) — E is the numerical class [E] in K(X). We
will use 7 to denote stability of pairs, defined using Ox (1).

In [16, Th.s 5.22 & 5.23] we use results of Le Potier to prove:

THEOREM 4.9. If n is sufficiently large then the moduli functor of stable
pairs has a fine moduli scheme, a projective C-scheme M;J‘t’g(r’), with a
symmetric obstruction theory.

DEFINITION 4.10. In the situation above, for a € K(X) and n >0,
define stable pair invariants PI*™(7') in Z by

a1 )
(33) PI (7' ) = ﬁMgg(T’)]vw 1,
where [MgD (7)]V" € Ag(Mg () is the virtual class constructed by

Behrend and Fantechi [2] using the symmetric obstruction theory from The-
orem 4.9. Theorem 3.17(iv) implies that the stable pair invariants may also
be written

(34) prer (T,) = X(M;{: (7—/)’ VMa’n(T’)) :

stp

In [16, Cor. 5.26] we prove an analogue of Theorem 3.16:

THEOREM 4.11. PI*"(7') is unchanged by continuous deformations of
the underlying Calabi—Yau 3-fold X.

In [16, Th. 5.27] we express the pair invariants PI®"(7') above in terms
of the generalized Donaldson-Thomas invariants DT?(7) of §4.2. Equation
(35) is a wall-crossing formula similar to (32), and we prove it by change of
stability condition in an auxiliary abelian category.

THEOREM 4.12. For a€ C(X) and n> 0 we have

. (-1 1 (O ()] —ats 1.0
(35) PIY"(1') = Z 0 H[(_I)X([ x(=n)]—a i—1,0%)

at,...,q €C(X), i=1
1>1: =aq, _ S0
e X(10x (=) —en =+ =i, q) DT (7)],

where there are only finitely many nonzero terms in the sum.
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Equation (35) is useful for computing invariants DT%(7) in examples.
By combining Theorems 4.11 and 4.12 and using induction on the leading
coefficient of the Hilbert polynomial of «, we deduce [16, Cor. 5.28]:

COROLLARY 4.13. The generalized Donaldson-Thomas invariants

DT%(7) defined in §4.2 are unchanged under continuous deformations of
the underlying Calabi—Yau 3-fold X.

4.4. Integrality properties of the DT®(7). This subsection is
based on ideas in Kontsevich and Soibelman [18, §2.5 & §7.1]. The following
example is taken from [16, Ex.s 6.1 & 6.2].

EXAMPLE 4.14. Let X be a Calabi—Yau 3-fold over C equipped with a
very ample line bundle Ox(1). Suppose a € C(X), and that E € coh(X)
with [E] =« is 7-stable and rigid, so that Ext!(E, E)=0. Then mE =

™m copies
Eo- " @ F for m > 2 is a strictly 7-semistable sheaf of class ma, which
is also rigid. For simplicity, assume that mF is the only 7-semistable sheaf
of class ma for all m > 1, up to isomorphism, so that M2*(7) = {[mE]}.

A pair s: O(—n) — mE may be regarded as m elements s',...,s™ of
HO(E(n)) = CP™ where P, is the Hilbert polynomial of E. Such a pair
turns out to be stable if and only if s',... s™ are linearly independent in
H°(E(n)). Two such pairs are equivalent if they are identified under the
action of Aut(mFE) = GL(m,C), acting in the obvious way on (s',...,s™).
Thus, equivalence classes of stable pairs correspond to linear subspaces of
dimension m in H(E(n)), so the moduli space M (7") is isomorphic as a
C-scheme to the Grassmannian Gr(C™, CP=(™). This is smooth of dimension
m(Py(n) — m), so that Vpqmen () = (—=1)™Palm)=m) 1y Theorem 3.17(i).

Also Gr(C™, CP>(M) has Euler characteristic the binomial coefficient (P C;fz")).
Therefore (34) gives

(36) PIman(r1) = (—1)ym(Pa(m)=—m) (Fa(n)),
Consider (35) with ma in place of a. If a1,...,q; give a nonzero term

on the right hand side of (35) then ma =aj + --- + oy, and DT (1) # 0,
so there exists a T-semistable E; in class a;. Thus 1 @ --- @ E; lies in class
ma, and is 7-semistable as 7(«;) = 7(«) for all i. Hence F1 @& - --® Ej 2 mE,
which implies that E; & k; E for some ki,...,k > 1 with k1 4+ ---+ k;=m,
and a; = k;a.

Setting o; = kja, we see that x(oj,a;) =0 and x([Ox(—n)],q;) =
k;Py(n), where P, is the Hilbert polynomial of E. Thus in (35) we have
X([Ox(—n)]—a1 — - —a;—1,a;) = k; Py (n). Combining (36), and (35) with
these substitutions, and cancelling a factor of (—1)mP () on both sides,
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yields

P,(n 1) -
(—1)m< 6:7(1 )> = ) ( T ) H ki Po(n) DT* (7).
Lkt ky 21 i=1
ki1+--+ki=m
Regarding each side as a polynomial in P,(n) and taking the linear term in
P,(n) we see that
DT™ (1) = # for all m > 1.

Example 4.14 shows that given a rigid 7-stable sheaf E in class «, the
sheaves mE contribute 1/m? to DT™(7) for all m > 1. We can regard this
as a kind of ‘multiple cover formula’, analogous to the well known Aspinwall—
Morrison computation for a Calabi-Yau 3-fold X that a rigid embedded CP*
in class a € Hy(X;Z) contributes 1/m? to the genus zero Gromov—Witten
invariant of X in class ma for all m > 1. So we can define new invariants
DT?(7) which subtract out these contributions from mE for m > 1.

DEFINITION 4.15. Let X be a projective Calabi—Yau 3-fold over C, let
Ox (1) be a very ample line bundle on X, and let (7,7,<) be a weak
stability condition on coh(X) of Gieseker or pu-stability type. Then Def-
inition 4.5 defines generalized Donaldson-Thomas invariants DT%(7) € Q
for o € C(X).

Let us define new invariants DT®(7) for o € C(X) to satisfy

_ 1 .
(37) DT (1) = — DTY™ (7).
mg,:mla m’

By the Mobius inversion formula, the inverse of (37) is

S MO(’/TL) Jor/
o _ a/m
(38) DT*(r)= > —5— DT/™(7),
m>1, m|a
where the Mdbius function M6:N — {—1,0,1} is Mo(n) = (—-1)¢ if n=
1,2,... is square-free and has d prime factors, and M&(n) = 0 otherwise.

We take (38) to be the definition of DT%(7), and then reversing the
argument shows that (37) holds. We call DT%(r) the BPS invariants of X,
as Kontsevich and Soibelman suggest their analogous invariants Q(«) count
BPS states.

If MG (1) =ME(7) then Mg’;/m(r) = () for all m > 2 dividing «, and so
DT°(r) = DT*(t) = DT(7), as in Definition 4.5.

We make a conjecture [16, Conj. 6.12], based on [18, Conj. 6].

CONJECTURE 4.16. Let X be a Calabi-Yau 3-fold over C, and (1,T,<)
a weak stability condition on coh(X) of Gieseker or p-stability type. Call
(1,T,<) generic if for all o, B € C(X) with T(a) =7(5) we have x(a, ) =0.
If (7,T,<) is generic, then DT*(t) € Z for all o€ C(X).
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In [16, §6] we prove that Conjecture 4.16 holds in a number of examples,
and give an example [16, Ex. 6.8] in which (7,7,<) is not generic and
DT°(7) ¢ Z. In [16, Th. 7.29] we prove the analogue of Conjecture 4.16 for
invariants counting representations of quivers without relations.

4.5. Counting dimension 0 and 1 sheaves. Let X be a Calabi-
Yau 3-fold over C with H'(Ox) =0, let Ox (1) be a very ample line bundle
on X, and (7, G, <) the associated Gieseker stability condition on coh(X).
The Chern character gives an injective group homomorphism ch : K (X) —
H*"(X;Q). So we can regard K(X) as a subgroup of H®V*"(X;Q), and
write a € K (X) as (ag, g, a4, ag) with ag; € H¥(X; Q). If E — X is a vector
bundle with [E] = « then ap =rank F € Z.

We will consider invariants DT*(7), DT®(7) counting pure sheaves E
of dimensions 0 and 1 on X, following [16, §6.3-§6.4]. For sheaves E of
dimension zero ch £ = (0, 0,0, d) where d > 1 is the length of E. In [16, §6.3]

§8é0707d)7n(7_/) is

independent of n, and is isomorphic to the Hilbert scheme Hilb? X . Therefore
(34) gives

we observe that for dimension 0 sheaves the moduli scheme M

PrO00Dn (7Y = y (Hilb? X, i ), for all n €Z and d > 0.

Values for y(Hilb? X, Viind x) Were conjectured by Maulik et al. [22,
Conj. 1], and proved by Behrend and Fantechi [3, Th. 4.12] and others.
These yield a generating function for the PI(:0.0:d).n (/).

1+ Zd>1 PI(O,O,O,d),n(T/)Sd _ [H@l(l_sk)_k]x(X)'
Computing using (35) then shows that
_ 1
DrOvd () = () Y
1>1,1|d

So from (37)—(38) we deduce that
DT00D (1) = (X)), alld>1.

This confirms Conjecture 4.16 for dimension 0 sheaves. It is one of several
examples in [16] in which the values of the PI*™(7') are complex, the val-
ues of the DT?(r) are simpler, and the values of the DT*(t) are simpler
still, which suggests that of the three the invariants DT®(7) are the most
fundamental.

Now let 3€ H*(X;Z) and k€Z. In [16, §6.4] we study invariants
DTO05K) (1) DT(O06:K) (1) counting semistable dimension 1 sheaves, that
is, sheaves F supported on curves C' in X. One expects these to be related to
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curve-counting invariants like Gromov—Witten invariants, as in the MNOP
Conjecture [22,23]. Here is a summary of our results:

(a) DTOO5K) (1) DTOO0BK) () are independent of the choice of (r,
T,<).

(b) Assume Conjecture 4.16 holds. Then DT(00:0:k)(7) ¢ 7.

(c) For any | € BUH?(X;Z) C Z we have DT(0:0:8:) (1) = DT 0.0.8k+0)
(r) and DTOVSR) () = DTOL5K) (1)

(d) Let C be an embedded rational curve in X with normal bun-
dle O(—1) ® O(—1), and B € H*(X;Z) be Poincaré dual to [C] €
H5(X;Z). Then sheaves supported on C contribute 1/m?
to DTOOMBE) (1) if m>1 and m|k, and contribute 0 to
DTOOmBE) (1) if m>1 and mf{k. They contribute 1 to
DTO08E) (1) and 0 to DTOO™ER) (1) if m > 1.

(e) Let C be a nonsingular embedded curve in X of genus g > 1, and
let 3 € H*(X;Z) be Poincaré dual to [C] € Ha(X;Z). Then sheaves
supported on C contribute 0 to DT©:0mB:k) (7) DT0.0.m8.k) (1) for
alm>1and ke Z.

Motivated by these and by Katz[17, Conj. 2.3], we conjecture[16, Conj. 6.20]:

CONJECTURE 4.17. Let X be a Calabi-Yau 3-fold over C, and (7,T,<)
a weak stability condition on coh(X) of Gieseker or p-stability type. Then for
v € Ho(X; Z) with 8 € H*(X;Z) Poincaré dual to v and all k € Z we have
DT8R (1) = GV (7). In particular, DTO%PF) (1) is independent of k,T.

Here GVj(7) is the genus zero Gopakumar—Vafa invariant, given in terms
of the genus zero Gromov—Witten invariants GWy(y) € Q of X by

GWol) =3 — GVi(a/m)

m|y

A priori we have GVy(y) € Q, but Gopakumar and Vafa [7] conjecture that
the GVy() are integers, and count something meaningful in String Theory.

5. Quivers with superpotentials

We now summarize [16, §7], which develops an analogue of the results
of §4 for representations of a quiver () with relations I coming from a super-
potential W. In the quiver case we have no analogue of DT®(r), DT*(t),
PI*™(7) in §4 being deformation-invariant, since the proof of deformation-
invariance uses the fact that the moduli scheme MG (7') is proper (i.e.
compact), but the analogous moduli schemes ./\/lgtfe o, ; (1) in the quiver case
need not be proper. However, all the other important aspects of the sheaf

case transfer to the quiver case.
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5.1. Background on quivers. Here are the basic definitions in quiver
theory.

DEFINITION 5.1. A quiver @ is a finite directed graph. That is, @ is a
quadruple (Qo, @1, h,t), where Q) is a finite set of vertices, Q1 is a finite set
of edges, and h,t: Q1 — (o are maps giving the head and tail of each edge.

The path algebra CQ) is an associative algebra over C with basis all paths
of length k > 0, that is, sequences of the form

€1 €k
Vg —— V1 = > U] — Uk,

where vy, ..., vx € Qo, €1,..., e € Q1, t(a;) =v;—1 and h(a;) = v;. Multipli-
cation is given by composition of paths in reverse order.

For n > 0, write CQ ) for the vector subspace of CQ with basis all paths
of length k& > n. It is an ideal in CQ. A quiver with relations (@, I) is defined
to be a quiver @ together with a two-sided ideal I in CQ with I C CQy).
Then CQ/I is an associative C-algebra.

For v € Qq, write i, € CQ for the path of length 0 at v. The image of i,
in CQ/I is also written 4,. Then

(39) iy =iy, dviw=0ifvAwEQo, and Y, iy=11in CQ or CQ/I.

Write mod-CQ or mod-CQ/I for the abelian categories of finite-
dimensional left CQ or CQ/I-modules, respectively. If E € mod-CQ or
mod-CQ/I then (39) implies a decomposition of complex vector spaces E =
®D.cq, iv(E). Define the dimension vector dimE € Zgg C Z%9 by dimFE :
vi—dimg(iy F). If 0 - E — F — G — 0 is an exact sequence in mod-CQ or
mod-CQ/I then dimF =dimFE + dimG. Hence dim induces surjective
morphisms dim : Ko(mod-CQ) — Z%° and dim : Ko(mod-CQ/I) — Z%.

Write K (mod-CQ) = K (mod-CQ/I) = Z9, regarded as quotients of the
Grothendieck groups Ky(mod-CQ), Ko(mod-CQ/I) induced by dim. Write
C(mod-CQ) = C(mod-CQ/I) = Zgg\{O}, the subsets of classes in K
(mod-CQ), K(mod-CQ/I) of nonzero objects in mod-CQ, mod-CQ/I. Here
K (mod-CQ), K (mod-CQ/I) are our substitutes for K(X) = K""™(coh(X))
in §3-§4. We do not use the numerical Grothendieck groups K™ (mod-C@Q),
K™™(mod-CQ/I), as these may be zero in interesting cases.

DEFINITION 5.2. Let @ be a quiver. A superpotential W for QQ over C
is an element of CQ/[CQ,CQ]. The cycles in ) up to cyclic permutation
form a basis for CQ/[CQ,CQ)] over C, so we can think of W as a finite C-
linear combination of cycles up to cyclic permutation. We call W minimal
if all cycles in W have length at least 3. We will consider only minimal
superpotentials W.

Define I to be the two-sided ideal in CQ generated by d.W for all edges
e € Q1, where if C is a cycle in @), we define J.C to be the sum over all
occurrences of the edge e in C' of the path obtained by cyclically permuting
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C until e is in first position, and then deleting it. Since W is minimal, I C
CQ2), and (Q, ) is a quiver with relations. We allow W =0, so that I = 0.

Here is [16, Th. 7.6], which gives an analogue of equation (10) for quiv-
ers with superpotentials. Now (10) depended crucially on X being a Calabi-
Yau 3-fold, which implies that coh(X) has Serre duality in dimension 3. In
general the categories mod-CQ/I coming from quivers with superpotentials
do not have Serre duality in dimension 3. However, as explained in [16,
§7.2], if (Q,I) comes from a quiver with superpotential then we can embed
mod-CQ/I as the heart of a t-structure in a 3-Calabi—Yau triangulated cate-
gory T (which is usually not D’mod-CQ/I), and Serre duality in dimension 3
holds in 7. This is why quivers with superpotentials are algebraic analogues
of Calabi—-Yau 3-folds, and have a version of Donaldson-Thomas theory.

THEOREM 5.3. Let Q = (Qo, Q1, h,t) be a quiver with relations I coming
from a minimal superpotential W on Q over C. Define i : Z9° x Z9° — 7 by

(40) X(d,e) =3 cq, (d(h(e))e(t(e)) — d(t(e))e(h(e))).
Then for any D, E € mod-CQ/I we have

x(dimD,dimE) = (dim Hom(D, E) — dimExt' (D, E))
— (dim Hom(E, D) — dim Ext'(E, D)).

If @ is a quiver, the moduli stack Mg of objects £ in mod-CQ is an

Artin C-stack. For d € Zgg, the open substack img of F with dimFE =d
has a very explicit description: as a quotient C-stack we have

MG = [eco, Hom (C4He) cdlhie)))/ [Toeq, GL(d(v))].

If (Q,1I) is a quiver with relations, the moduli stack Mg ; of objects E in
mod-CQ/I is a substack of Mg, and for d € Zgg we may write

(41) MG ;= [VS 1/ Toeq, GL(A(©))],

where Véi,f is aclosed [[,¢q, GL(d(v))-invariant C-subscheme of [, 5, Hom
(C4Ue) cdh)) defined using the relations I.

When I comes from a superpotential W, we can improve the description
(41) of the moduli stacks 971%7]. Define a [] GL(d(v))-invariant polyno-
mial

vEQo

W4T, o, Hom (€4, cA4te)) ¢
as follows. Write W as a finite sum Y, v'C",where 7' € C and C" is a cycle

_—c . . 6;::,- . .
vy —— V] s vy —— Uy =04 in Q. Set

Wh(Acie€e Q) =37 Tr(Ay oAy o---0A,).

ekz kt—1 €1
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Then ngl = Crit(W?) in (41), so that

(42) imQ 1 = [Crit(W)/ [loeg, G L(d(v))].

Equation (42) is an analogue of Theorem 4.1 for categories mod-CQ/I com-
ing from a superpotential W on Q.
We define a class of stability conditions on mod-CQ/I, [15, Ex. 4.14].

EXAMPLE 5.4. Let (Q,I) be a quiver with relations. Let ¢: Qo — R and
r: Qo — (0,00) be maps. Define p : C(mod-CQ/I) — R by

Z’UGQO C(U)d(v)
2 veqo T(0)d(v)

Note that -, .o, r(v)d(v) >0 as r(v) >0 for all v € Qo, and d(v) >0 for
all v with d(v) > 0 for some v. Then [15, Ex. 4.14] shows that (u,R, <) is
a permissible stability condition on mod-CQ, which we call slope stability.
Write 92 (1) for the open C-substack of p-semistable objects in class d
in ing.

A simple case is to take ¢=0 and r =1, so that x=0. Then (0,R, <)
is a trivial stability condition on mod-C@Q or mod-CQ/I, and every nonzero
object in mod-CQ or mod-CQ/I is O-semistable, so that M2 (0) = sng

pu(d) =

5.2. Behrend function identities, Lie algebra morphisms, and
Donaldson—Thomas type invariants. Let () be a quiver with relations
I coming from a minimal superpotential W on @) over C. We now generalize
§4 from coh(X) to mod-CQ/I. The proof of Theorem 4.2 depends on two
things: the description of 9 in terms of Crit(f) in Theorem 4.1, and equation
(10). For mod-CQ/I equation (42) provides an analogue of Theorem 4.1,
and Theorem 5.3 an analogue of (10). Thus, the proof of Theorem 4.2 also
yields [16, Th. 7.11]:

THEOREM 5.5. In the situation above, with Mg 1 the moduli stack of

objects in a category mod-CQ /I coming from a quiver Q with superpotential
W, and x defined in (40), the Behrend function van, ; of Mg 1 satisfies the
identities (27)—(28) for all Eq, E5 € mod-CQ/I.

Here is the analogue of Definition 4.3.

DEFINITION 5.6. Define a Lie algebra ﬂ(@) to be the Q-vector space
with basis of symbols \? for d € Z9°, with Lie bracket

[S\d7 :\e] _ (_1> x(d,e) - (d e))\d-i-e

as for (29), with y given in (40). This makes L(Q) into an infinite-dimensional
Lie algebra over Q. Define Q-linear maps \IIX’Q SFmd(DﬁQ,],X, Q) — f)(Q)

and W r: SFd(Mg 1) — L(Q) exactly as for ‘IIX’@, ¥ in Definition 4.3.
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The proof of Theorem 4.4 has two ingredients: equation (10) and The-
orem 4.2. Theorems 5.3 and 5.5 are analogues of these for quivers with
superpotentials. So the proof of Theorem 4.4 also yields [16, Th. 7.14]:

THEOREM 5.7. W7 : SFNY (Mg 1)—L(Q) and BT : SFd(Mg 1, v, Q)

— L(Q) are Lie algebra morphzsms,
Here is the analogue of Definitions 4.5 and 4.15.

DEFINITION 5.8. Let (u,R,<) be a slope stability condition on
mod—(CQ/I as in Example 5.4. As in §3.2 we have elements 6% (1)€SF a1 (9 1)
and €4(u) € SF4(9M ;) for all d € C(mod- (CQ/I) Asin (31), define quiver
generalized Donaldson—Thomas invariants DTQ () eQ for all deC
(mod-CQ/I) by

Vg 1 (e4p) = —DTE (1A%
As in (38), define quiver BPS invariants DATg’I(/,L) € Q by

(13) o= MU prd),

m=>=1, m|d

where M6 : N — Q is the Mobius function. As for (37), the inverse of (43) is

(44) DTS = Y o DT ).

m2=1,m|d

If W =0, so that mod-CQ/I = mod-CQ, we write DT (y), DT (1) for
DT% (1), DTQ ;(1). Note that u =0 is allowed as a slope stability condi-
tion, with every object in mod-C@)/I 0O-semistable, and is a natural choice.
So we have invariants DT%jI(O), DTSM(O) and DT%(O), DT%(O).

Here is the analogue of the integrality conjecture, Conjecture 4.16.

CONJECTURE 5.9. Call (1, R, <) generic if for all d,e € C(mod-CQ/I)
with p(d) =p(e) we have x(d,e)=0. If (u,R,<) is generic, then
DT%J(,u) €Z for all d € C(mod-CQ/I).

In [16, Th. 7.29] we prove Conjecture 5.9 when W =0, using results
of Reineke [31]. That is, if p is generic we show ZjTg(u) € Z for all d.
In [16, Th. 7.17] we prove an analogue of Theorem 4.6. It holds for arbitrary
I, ft, without requiring extra technical conditions as in Theorem 3.12.

THEOREM 5.10. Let (u,R,<) and (ia,R,<) be any two slope stabil-
ity conditions on mod-CQ/I, and x be as in (40). Then for all d€C
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(mod-CQ/I) we have
DTE (i) =
Z Z Z (D= (1T, ks s 1) - el D_Tg(fl)(“)

1s0.  k:I—C(mod-CQ/I): connected,

1 o . _ . )

o S einimd sl (<1)s oo KOOSO T (i), (),

oJ Jinate connected P

sets I digraphs T, edges @ — @ in I
vertices 1

with only finitely many nonzero terms.

5.3. Pair invariants for quivers. We now discuss analogues for quiv-
ers of the moduli spaces of stable pairs M;g (') and stable pair invariants
PI*"(7') in §4.3, and the identity (35) in Theorem 4.12 relating PI*"(7')
and the DTP(r).

DEFINITION 5.11. Let @ be a quiver with relations I coming from a
superpotential W on @ over C. Suppose (1, R, <) is a slope stability condi-
tion on mod-CQ/I, as in Example 5.4.

Let d,eezgg be dimension vectors. A framed representation (E,o)
of (Q,I) of type (d,e) consists of a representation E of mod-CQ/I with
dim FE = d, together with linear maps o, : C¢®) — iy(E) for all v € Q. We
call a framed representation (E, o) stable if

(i) u([E]) < p([E]) for all subobjects 0# E' C E in mod-CQ/I; and
(i) If also o factors through E’, that is, o, (C¢™) C iy (E') C iy (E) for
all v € Qo, then u([E']) < ju([E))

We will use i/ to denote stability of framed representations, defined using .

Following Engel and Reineke [5, §3] or Szendr6i [32, §1.2], we can in a
standard way define moduli problems for all framed representations, and for
stable framed representations. The moduli space of all framed representa-
tions of type (d,e) is an Artin C-stack zmgg ; With an explicit description
similar to (42), and the moduli space of stable framed representations of type
(d,e) is a fine moduli C-scheme Mif@,l(ﬂl)? an open C-substack of imgg,l.

We can now define our analogues of invariants PI*"(7') for quivers.

DEFINITION 5.12. In the situation above, define

de/ I\ __ de /
(45) NDTy (1) = X(Msth,I(M )s VMgng,I(M’))'

When W =0, so that mod-CQ/I = mod-CQ, we also write NDTS’E(,u’) =
NDTS:?(M’). Following Szendréi [32] we call NDTS:?(,L/), NDTS’S(M’) non-
commutative Donaldson—Thomas invariants.
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Here (45) is the analogue of (34) in the sheaf case. We have no analogue
of (33), since in general ./\/life 0. ; (') is not proper, and so does not have
a fundamental class. These quiver analogues of Mg (7'), PI*"(7') are not
new, similar things have been studied in quiver theory by Nakajima, Reineke,
Szendr6i and other authors for some years [5,24-27,29,30,32]. Here [16,

Th. 7.23] is the analogue of Theorem 4.12 for quivers.

THEOREM 5.13. Suppose Q is a quiver with relations I coming from a
minimal superpotential W on @ over C. Let (u,R,<) be a slope stability
condition on mod-CQ/I, as in Example 5.4, and x be as in (40). Then for

all d,e in C(mod-CQ/I) = Zgg \ {0} € Z%°, we have

!
e (-1)! edi—(dyootds ds
(46)  NDTSS(u)= > r [ [(—1)edx(esrdind)
dy,....d1€C(mod-CQ/I),”  i=1
121 dy++dy=d, _ —
;L(di)zl,u.(d;’,_ all i (e-d; — x(di+---+di_1, di))Dng,z(/l)}

with e-d; =%, o, €(v)di(v), and §T$7I(u), NDTS:?(,U/) as in Definitions
5.8, 5.12. When W =0, the same equation holds for NDTS’e(;/), D_TdQ(u).

For Donaldson—Thomas invariants in §4, we regarded the invariants
DT(r), ﬁT“(T) as our primary objects of study, and the pair invariants
PI*™(7') as secondary, not of that much interest in themselves. In con-
trast, in the quiver literature to date the invariants ﬁT%’ (), ETCQL(M) and

DATa (), leg(u) have not been seriously considered even in the
stable = semistable case, and the analogues N DTSZ?(M’ ), N DTg’e(u’ ) of pair
invariants P1*"(7") have been the central object of study.

We argue that the invariants DT %7 ), ...,DT % () should actually be
regarded as more fundamental and more interesting than the N DT&IB(M’ ).
By (46) the NDT&?(/L’) can be written in terms of the DT&I(,LL), and hence
by (44) in terms of the DT ‘?Q, 7(1), so the pair invariants contain no more
information. The DT (1) are simpler than the NDT$(1/) as they depend
only on d rather than on d, e. In examples in [16, §7.5-§7.6] we find that the
values of the D_Té 7(n) and especially of the DATé 7(@) may be much simpler
and more illuminating than the values of the V DT&?(;/ ), as in (47)—-(49)
below.

Here is an example taken from [16, §7.5.2].

EXAMPLE 5.14. Following Szendr6i [32, §2.1], let Q = (Qo, Q1, h, t) have
two vertices Qo = {vp,v1} and edges e, e2: vy — v and fi, fo : v1 — vy, as
below:
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Define a superpotential W on @Q by W = e; fies fo—eq faes f1, and let I be the
associated relations. Then mod-CQ/I is a 3-Calabi-Yau abelian category.
Theorem 5.3 shows that the Euler form x on mod-CQ/I is zero.

Write elements d of C'(mod-CQ/I) as (do, d1) where d; = d(v;). Szendréi
[32, Th. 2.7.1] computed the noncommutative Donaldson-Thomas invari-
ants N DTéf?’dl)’(l’O)(O’ ) for mod-CQ/I as combinatorial sums, and using
work of Young [34] wrote their generating function as a product [32, Th.
2.7.2], giving

Y NPT g
(070)¢(d07d1)EN2

:H( —qoq1) ))_zk(l—( 00)Fqt™ 1) (1= (—qo )kq’fH) .

k>1

(47)

Computing using (46) and (47) shows that

1
(2 % 5 do=di=d>1,
1>1,1|d
1
(48) DT(do,dl)(()) ={ @ do=kl, di=(k-1l, k,i>1

1

2 do=Fkl,dy=(k+1l, k>0,1>1,
0, otherwise.

Combining (44) and (48) we see that

Y

=2, (do,d1) =(k,k), k=1
1, (do,d1)=(k,k—1), k
1, (do,d1)=(k—1,k), k
0, otherwise.

I

. >1
49 DT (0) = g
(49) o (0) -

)

Note that the values of the DT (do’dl)(O) in (49) lie in Z, as in Conjecture
5.9, and are far simpler than those of the NDT(dO’dl) @, 0)( 0") in (47).

This example is connected to Donaldson—Thomas theory for (noncom-
pact) Calabi—Yau 3-folds as follows. We have equivalences of derived cate-
gories

(50) D(mod-CQ/T) ~ D*(cohes(X)) ~ D (cohes(X4)),

where 7: X — Y and 7y : X4 — Y are the two crepant resolutions of the
conifold Y = {(21, 29, 23,24) € Cc*: 2423 = O}, and X, X, are related
by a flop. Here X, Xt are regarded as ‘commutative’ crepant resolutions
of Y, and mod-CQ/I as a ‘noncommutative’ resolution of Y, in the sense
that mod-CQ/I can be regarded as the coherent sheaves on the ‘noncom-
mutative scheme’ Spec(CQ/I) constructed from the noncommutative C-
algebra CQ/I.
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One idea in [32] is that counting invariants N DTS’?(M’ ) for mod-CQ/I

should be related to Donaldson—Thomas type invariants counting sheaves
on X, X, by some kind of wall-crossing formula under change of stability
condition in the derived categories, using the equivalences (50). This picture
has been worked out further by Nagao and Nakajima [25,26]. In [16, §7.5.2]
we show that in this case the situation for invariants ﬁT& (), DAT‘é’ ()
is actually much simpler, because they are unchanged by wall-crossing as

X =

0, so we can identify the invariants D_T%J(M),ﬁT%J(u) in (48)-(49)

directly with Donaldson—-Thomas invariants for X and X,.

(1]
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