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Abstract. Quantum anomalies, determined by the Atiyah-Singer
index theorem, place strong constraints on the space of quantum
gravity theories in six dimensions with minimal supersymmetry.
The conjecture of “string universality” states that all such theories
which do not have anomalies or other quantum inconsistencies are
realized in string theory. This paper describes this conjecture and
recent work by Kumar, Morrison, and the author towards devel-
oping a global picture of the space of consistent 6D supergravities
and their realization in string theory via F-theory constructions.
We focus on the discrete data for each model associated with the
gauge symmetry group and the representation of this group on
matter fields. The 6D anomaly structure determines an integral
lattice for each gravity theory, which is related to the geometry
of an elliptically fibered Calabi-Yau three-fold in an F-theory con-
struction. Possible exceptions to the string universality conjecture
suggest novel constraints on low-energy gravity theories which may
be identified from the structure of F-theory geometry.

1. Introduction

String theory is not yet a mathematically well-defined system. Nonethe-
less, the components of this theory which have been pieced together so far
suggest a framework in which quantum physics and general relativity are
unified. In certain limits it seems that the theory can be described geometri-
cally and gives rise to 4D “vacuum solutions”, in which space-time has four
macroscopic dimensions and additional microscopic dimensions are curled
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up into a compact manifold. Each 4D string vacuum solution gives rise to
a low-energy physical theory in four dimensions which generally is a the-
ory of gravity coupled to Yang-Mills theory with matter fields transforming
under the Yang-Mills symmetry group. The vast landscape of possible four-
dimensional string theory vacua presents a major challenge for physicists
who hope to derive predictions for observable physics from string theory.
String theorists have struggled with this problem since the early days of
the subject, when it was realized that ten-dimensional string theory could
be compactified to four dimensions on any Calabi-Yau threefold, giving a
wide variety of low-energy theories. Efforts to remove unphysical massless
scalar fields associated with Calabi-Yau moduli, such as through inclusion
of generalized magnetic fluxes, have sharpened the problem further by gen-
erating exponentially large (or infinite) classes of vacua associated with each
Calabi-Yau geometry (for a review of recent work in this direction see e.g.
[1]). Beyond the enormous range of string vacua which can be constructed
using this and other known mechanisms, it may be that even larger classes
of string vacua can be constructed using less well-understood non-geometric
compactifications. Despite the wide range of possible string vacuum con-
structions, the range of low-energy theories which exhibit no known quan-
tum inconsistencies when coupled to gravity seems to be far vaster still. The
term “swampland” was coined by Vafa to characterize the set of low-energy
gravity theories with no known inconsistencies which cannot be realized in
string theory [2]. At present, the swampland for four dimensions appears
to be very large, and we lack tools powerful enough to make strong global
statements about the space of consistent quantum gravity theories.

In six space-time dimensions, however, a global understanding of the
space of supersymmetric string vacua may be within reach. In 4k+2 dimen-
sions, quantum anomalies can lead to a violation of diffeomorphism or Yang-
Mills invariance. The condition that such anomalies are absent strongly
constrains the range of possible quantum-consistent supergravity theories
in six dimensions. The following conjecture was presented at the conference
“Perspectives in Mathematics and Physics,” in honor of I. M. Singer, and
stated more precisely in the paper [3].

conjecture 1.1 (“String Universality in six dimensions”). All N =
(1, 0) supersymmetric theories in 6D with one gravity and one tensor mul-
tiplet which are free of anomalies or other quantum inconsistencies admit a
string construction.

In the statement of this conjecture, N = (1, 0) supersymmetry is the min-
imal possible amount of supersymmetry in six dimensions. Supersymmetry
is a graded symmetry relating bosonic (commuting) to fermionic (anticom-
muting) fields. The gravity and tensor multiplets are combinations of fields
transforming under irreducible representations of the supersymmetry alge-
bra. We describe some relevant features of these multiplets in more detail
in the following section. Over the last year, further work with V. Kumar [4]
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and with V. Kumar and D. Morrison [5, 6] has led to a global picture of
the space of constraints on these low-energy supergravity theories, and an
explicit correspondence with the F-theory description of string vacua, not
only for theories with one tensor multiplet, but also for a much richer class
of theories with multiple tensor multiplets. We have proven that when the
number of tensor multiplets is less than 9, there are only a finite number of
distinct gauge groups and matter representations which can appear in con-
sistent low-energy theories [4, 6]. This analysis has also, however, produced
some apparent counterexamples to the conjecture. Either these counterex-
amples represent new classes of string vacua, which cannot be realized using
conventional F-theory, or there must be additional stringy constraints on
the space of possible low-energy theories. In the latter case, if the conjecture
is correct, it may be the case that these constraints can be identified from
the low-energy data describing the theory as obstructions to a consistent
quantum UV completion. The analogue of Conjecture 1.1 in 10 dimensions
was recently proven by Adams, DeWolfe, and the author by demonstrating
the quantum inconsistency of the two models with gauge groups U(1)496

and E8 × U(1)248 which were previously thought to lie in the swampland
[7]. Further progress towards proving or disproving the string universality
conjecture in 6 dimensions will require achieving a better mathematical or
physical understanding of the set of possible string constructions and low-
energy constraints.

In this paper we describe some of the context and motivation for the 6D
string universality conjecture, and give a somewhat self-contained presenta-
tion of some of the core mathematical arguments underlying recent progress
in understanding the relevant space of 6D supergravity theories. The group-
theoretic structure of the anomaly cancellation conditions is reviewed in
Section 2 and used in Section 3 to place bounds on the set of gauge groups
and matter representations which can be realized in N = 1 supersymmetric
6D theories of gravity coupled to Yang-Mills theory. From the anomaly con-
ditions, an integral lattice Λ can be associated with each such low-energy
supergravity theory. In Section 4, we describe the connection with F-theory,
where Λ is a sublattice of the lattice of integral second homology classes on
a complex surface which is the base of an elliptic fibration. In Section 5 we
give some explicit examples of 6D theories and describe some apparent coun-
terexamples to the conjecture. This leads to a discussion in the concluding
section 6 of possible new constraints on low-energy supergravity theories.

2. 6D supergravity: gauge groups, matter representations,
and anomalies

In this section we describe some of the key mathematical structures in
6D supergravity theories. In particular, we show how the set of possible
theories is constrained by using group theory to analyze quantum anomaly
constraints. Our focus here is on topological, rather than analytic aspects of
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these theories. Thus, we are primarily interested in classifying the discrete
data associated with the set of quantum fields in the theory, in particular the
Yang-Mills symmetry group and associated representations. The following
abbreviated outline of the structure of 6D supergravity theories highlights
this discrete structure, and elides many of the details of the physics of these
theories. For a more detailed description of 6D N = (1, 0) supergravity the-
ories, see the original papers [10, 11, 12].

2.1. Gauge groups and matter fields. Any 6D supergravity theory
with N = (1, 0) supersymmetry is characterized by the following discrete
data

T T ∈ Z, T ≥ 0 [number of anti-self-dual tensor fields]
G compact finite-dimensional Lie group [gauge group]
M finite-dimensional representation of G [matter content]

This data describes the set of dynamical quantum fields in the super-
gravity theory. As mentioned above, the fields in the theory live in supersym-
metry multiplets–that is, in representations of the supersymmetry algebra of
the theory. There are four types of supersymmetry multiplets appearing in
N = (1, 0) theories. Each theory contains a single “gravity” multiplet. The
gravity multiplet includes among its bosonic components a symmetric tensor
field gμν , which describes the metric on the 6D space-time manifold M, and
an antisymmetric two-form field B0

μν , which satisfies a self-dual condition
∼ dB0 = ∗dB0. T denotes the number of “tensor” multiplets, which each
include an anti-self-dual two-form field Bi

μν and a scalar field φi, i= 1, . . . T .
Each model has some some number of “vector” multiplets, which contain
one-form gauge fields Aμ describing a connection on a principal G-bundle
over M. Each model also has a set of “hyper” multiplets, each containing
four scalar fields ϕa. These scalar fields parameterize a quaternionic Kähler
manifold, and transform under a (generally reducible) representation M of
the gauge group G. Each multiplet, in addition to the bosonic fields just
mentioned, also contains fermionic (Grassmann) fields related to the bosonic
fields through supersymmetry. We will not be concerned with many details
of the field structure in the analysis here; the principal data we are concerned
about are the data T,G,M characterizing the number of tensor multiplets,
the gauge group, and the matter representation. Furthermore, we will focus
on the nonabelian structure of the gauge group, taking G to be semisimple
and ignoring U(1) factors. We write G as a product of simple factors Hi

(2.1) G=H1 ×H2 × · · · ×Hk.

We denote the number of vector multiplets associated with generators of G
by V = dim G, and the number of hypermultiplets transforming (trivially
or nontrivially) under G by H = dim M .
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2.2. Anomalies. Not all possible combinations of discrete data
T,G,M can be associated with consistent supersymmetric quantum the-
ories of gravity. Quantum anomalies impose strong constraints on the set of
possible theories. In fact, the condition that a theory be free of anomalies,
along with a simple physical sign constraint on the structure of the gauge
fields, is sufficient to prove that when T < 9 there are only a finite number of
possible nonabelian gauge groups G and matter representations M possible
for a consistent quantum supergravity theory. This was proven for T = 1
in [4], and for T < 9 in [6]. After summarizing the anomaly conditions in
this subsection, we present the key arguments in the proof of finiteness in
the following subsection.

A quantum anomaly is a breakdown at the quantum level of a classical
symmetry. One way to understand anomalies (Fujikawa [13]) is in terms
of the path integral formulation of a quantum theory. A quantum theory
containing fermion fields ψ, ψ̄ can be defined through a path integral

(2.2) Z =
∫

DψDψ̄eiS(ψ,ψ̄),

where the action S(ψ, ψ̄) = ψ̄ /Dψ + · · · contains a Dirac operator /D and is
invariant under local gauge transformations ψ→ gψ. For chiral fermionic
fields, nontrivial transformation of the measure factor DψDψ̄ leads to a
quantum violation of the classical gauge symmetry. In terms of Feynman
diagrams, such quantum anomalies appear in one-loop computations, and
cannot be removed by any choice of the regularization prescription used
to remove infinities from the quantum calculation. For gravitational theo-
ries, chiral fermions and self-dual/anti-self-dual antisymmetric tensor fields
lead to similar anomalies associated with violations of local diffeomorphism
invariance [14].

As was shown in [15, 16], gauge and gravitational anomalies are
determined by characteristic classes associated with the index of the Dirac
operator coupled to the appropriate vector potential. The anomaly in D
dimensions is associated with an index in D+2 dimensions. Thus, in partic-
ular, gauge, gravitational, and mixed gauge-gravitational anomalies in six
dimensions are associated with an 8-form I8 containing terms built from
the geometric and Yang-Mills curvatures, such as trR4, trF 4, trR2trF 2, . . ..
It was shown by Green and Schwarz [17] that the anomaly in some 10-
dimensional supergravity theories can be cancelled by classical (tree-level)
terms associated with exchange of quanta associated with antisymmetric
two-form fields. This mechanism was extended to six dimensions in [18] for
theories with one tensor multiplet, and in [19] for theories with any number
of tensor multiplets. Anomalies in six-dimensional supergravity theories with
a single supersymmetry can be cancelled by the Green-Schwarz-Sagnotti
mechanism if the anomaly polynomial I8 can be written in the form

(2.3) I8(R,F ) =
1
2
ΩαβX

α
4 X

β
4
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where Xα
4 is a 4-form taking the form

(2.4) Xα
4 =

1
2
aαtrR2 +

∑
i

bαi

(
2
λi

trF 2
i

)
.

Here, aα and bαi are vectors in the space R
1,T carrying a symmetric bilinear

form Ωαβ . The normalization factor λi is chosen depending on the gauge fac-
tor Hi such that minimal instantons have compatible normalization factors.
For example, λSU(N) = 1, while λE8 = 60.

The anomaly polynomial does not specify the vectors aα, bβi , but only
constrains the SO(1, T ) invariant quantities a2, a · bi, bi · bj , where the inner
product is taken with respect to the form Ω. A detailed calculation of the
anomaly arising from all chiral fields in the theory (see [18, 20, 21] for
details) gives the form of the complete anomaly polynomial as a function
I(R,F ) of the gravitational and Yang-Mills curvature two-forms R and F .

In order for the anomaly to factorize as in (2.3), I8 cannot contain terms
proportional to trR4, which gives the condition

(2.5) H − V = 273 − 29T.

The trF 4 contribution to the total anomaly must also cancel for each gauge
group factor, giving the condition

(2.6) Bi
Adj =

∑
R

xiRB
i
R

where we use the group theory coefficients AR, BR, CR defined through

trRF 2 =ARtrF 2(2.7)

trRF 4 =BRtrF 4 + CR(trF 2)2(2.8)

and where xiR denotes the number of hypermultiplets transforming in irre-
ducible representation R under gauge group factor Hi.

The remaining conditions that the anomaly factorize relate inner prod-
ucts between the vectors a, bi to group theory coefficients and the represen-
tations of matter fields

a · a= 9 − T(2.9)

a · bi = 1
6
λi

(
Aiadj −

∑
R

xiRA
i
R

)
(2.10)

bi · bi = −1
3
λ2
i

(
Ciadj −

∑
R

xiRC
i
R

)
(2.11)

bi · bj = λiλj
∑
RS

xijRSA
i
RA

j
S(2.12)

where xijRS denotes the number of hypermultiplets transforming in irre-
ducible representations R,S under the gauge group factors Hi, Hj .
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3. Constraints from anomalies

The conditions (2.5-2.12) place strong constraints on the range of pos-
sible theories compatible with anomaly cancellation, particularly for small
values of T . For one thing, these conditions imply that the inner products
a ·a, a · bi, bi · bj are all integral and hence that the vectors a, bi ∈ R

(1,T ) span
an integral lattice Λ (which may be degenerate, for example if several bi
are equal). For gauge group factors Hi with an irreducible quartic invariant
(nonzero B’s), the integrality of the inner products follows from group theory
identities which show that, e.g., 3|λ2

iC
i
R for all representations R. For group

factors with no irreducible quartic invariant, such as SU(2), SU(3), E8, inte-
grality of the inner products depends upon cancellation of additional global
anomalies. Details of the proof of integrality are given in [6].

Beyond the integral lattice structure imposed by (2.9-2.12), these con-
ditions also provide strong bounds on the set of possible gauge groups and
matter content. To give a finite bound to the set of allowed G,M for small
T we need to impose an additional condition, associated with the constraint
that each gauge group component has a sensible physical description with-
out instabilities. This condition amounts to the constraint that there exists
a vector j ∈ R

1,T such that

(3.1) j · bi > 0 ∀i, j2 = 1.

The vector j in this equation corresponds to the scalar fields in the T tensor
multiplets of the supergravity theory.

Given these conditions, we can prove

Theorem 3.1. For T < 9, there are a finite number of distinct non-
abelian gauge groups G and matter representations M satisfying (2.5–2.12),
such that (3.1) holds for some j.

This theorem is proven in [4] for T = 1, and in [6] for T < 9. The proof
essentially relies upon geometry in the (1, T ) signature space containing the
vectors a, bi, j. We present here the main arguments in the proof.

Proof. The proof proceeds by contradiction. We assume that there is
an infinite family of models with nonabelian gauge groups {Gγ}. For any
given model in the family we decompose the gauge group into a product of
simple factors Gγ =H1×H2×· · ·×Hk. There are a finite number of groups G
with dimension below any fixed bound. For each fixed G, there are a finite
number of representations whose dimension is below the bound (2.5) on
the number of hypermultiplets. Thus, any infinite family {Gγ} must include
gauge groups of arbitrarily large dimension. We divide the possibilities into
two cases.

(1) The dimension of the simple factors in the groups Gγ is bounded
across all γ. In this case, the number of simple factors is unbounded
over the family.
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(2) The dimension of at least one simple factor in Gγ is unbounded.
For example, the gauge group is of the form Gγ = SU(Nγ) × G̃γ ,
where Nγ →∞.

Case 1: In this case we can rule out infinite families with bounded values
of T . The dimension of each factor Hi is bounded, say by dim Hi ≤D.
Assume that we have an infinite sequence of models whose gauge groups
have Nγ factors, with Nγ unbounded. Consider one model in this infinite
sequence, with N factors. We divide the factors Hi into 3 classes, depending
upon the sign of b2i :

(1) Type Z: b2i = 0
(2) Type N: b2i < 0
(3) Type P: b2i > 0

Since the dimension of each factor is bounded, the contribution to
H − V from −V is bounded below by −ND. For fixed T the total num-
ber of hypermultiplets is then bounded by

(3.2) H ≤ 273 − 29T +ND ≡B ∼O(N).

This means that the dimension of any irreducible component of M is
bounded by the same value B. The number of gauge group factors λ under
which any matter field can transform nontrivially is then bounded by 2λ ≤B,
so λ≤O(lnN).

Now, consider the different types of factors. Denote the number of type
N, Z, P factors by NN,Z,P , where

(3.3) N =NN +NZ +NP .

We can write the bi’s in a (not necessarily integral) basis where the inner
product matrix takes the form Ω = diag(+1,−1,−1, . . .) as

(3.4) bi = (xi, �yi).

For any type P factor, |xi|> |�yi|, so bi · bj > 0 for any pair of type P factors.
Thus, there are hypermultiplets charged under both gauge groups for every
pair of type P factors. A hypermultiplet charged under λ≥ 2 gauge group
factors appears in λ(λ − 1) (ordered) pairs (i, j) with bi · bj > 0, and con-
tributes at least 2λ to the total number of hypermultiplets H. Each ordered
pair under which this hypermultiplet is charged then contributes at least

(3.5)
2λ

λ(λ− 1)
≥ 1

to the total number of hypermultiplets H. It follows that the NP (NP − 1)
pairs under which at least one hypermultiplet is charged contribute at least
NP (NP − 1) to H, so

(3.6) NP (NP − 1) ≤B
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Thus,

(3.7) NP <
√
B + 1 ≤O(

√
N)

which is much smaller than N for large N . So most of the b′is associated
with gauge group factors in any infinite family must be type Z or type N .

Now consider type N factors. Any set of r mutually orthogonal type
N vectors defines an r-dimensional negative-definite subspace of R

1,T . This
means, in particular, that we cannot have T +1 mutually orthogonal type N
vectors. If we have NN type N vectors, we can define a graph whose nodes
are the type N vectors, where an edge connects every two nodes associated
with perpendicular vectors. Turán’s theorem [22] states that the maximum
number of edges on any graph with n vertices which does not contain a
subset of T + 1 completely connected vertices is

(3.8) (1 − 1/T )n2/2

where the total number of possible edges is n(n− 1)/2. Thus, applying this
theorem to the graph described above on nodes associated with type N
vectors, the number of ordered pairs with charged hypermultiplets must be
at least

(3.9)
N2
N

T
−NN .

It then follows that, assuming T is fixed,

(3.10) NN ≤
√
TB + T ∼O(

√
N).

Finally, consider type Z factors. Vectors bi, bj of the form (3.4) associ-
ated with two type Z factors each have |xi| = |�yi| and have a positive inner
product unless they are parallel, in which case bi · bj = 0. Denote by μ the
size of the largest collection of parallel type Z vectors. Each type Z vector
is perpendicular to fewer than μ other type Z vectors, so there are at least
NZ(NZ − μ) ordered pairs of type Z factors under which there are charged
hypers. We must then have

(3.11) NZ(NZ − μ) = (NZ − μ)(N −NP −NN ) ≤B.

But from (3.7, 3.10) this means that NZ − μ is of order at most O(1) (and
is bounded by D as N →∞), while NZ is of order O(N). Thus, all but a
fraction of order 1/N of the type Z factors have vectors in a common parallel
direction. In [4], we carried out a case-by-case analysis demonstrating that
all group + matter configurations which give type Z factors have a positive
value for H − V . All of the μ factors associated with the largest collection
of parallel type Z vectors thus contribute positively to H − V , counting
matter charged under these group factors only once. The total contribution
to H − V is then bounded by

(3.12) H − V > μ− [(NZ − μ) +NP +NN ] (D) ∼O(N)
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Table 1. Allowed charged matter for an infinite family of
models with gauge group H(N). The last two columns give
the values of a · b, b2 in the anomaly polynomial I8.

Group Matter content H − V a · b b2

SU(N) 2N N2 + 1 0 −2
(N + 8) + 1 1

2N
2 + 15

2 N + 1 1 −1

(N − 8) + 1 1
2N

2 − 15
2 N + 1 −1 −1

16 + 2 15N + 1 2 0

SO(N) (N − 8) 1
2N

2 − 7
2N −1 −1

Sp(N/2) (N + 8) 1
2N

2 + 7
2N 1 −1

16 + 1 15N − 1 2 0

which exceeds the bound H − V ≤ 273− 29T for sufficiently large N . Thus,
we have ruled out case 1 by contradiction for any fixed T > 0, and in con-
sequence ruled out any infinite family of the type of case 1 with bounded
values of T .

Case 2: We now consider the possibility of infinite families with factors
of unbounded size. We assume that we have an infinite family of models with
gauge groups of the form Gγ =Hγ × G̃γ where dim Hγ →∞. For SU(N)
the F 4 anomaly cancellation condition

BAdj = 2N =
∑
R

xRBR(3.13)

can only be satisfied at large N when the number of multiplets xR vanishes
in all representations other than the fundamental, adjoint, and two-index
antisymmetric and symmetric representations (we consider representations
and their conjugates to be equivalent for the purposes of this analysis). This
follows from the fact that for all other representations, BR grows faster than
N . For the representations just listed, indexed in that order, (3.13) becomes

2N = x1 + 2Nx2 + (N − 8)x3 + (N + 8)x4.(3.14)

The solutions to this equation at large N , along with the corresponding
solutions for the other classical groups SO(N), Sp(N) are easy to tabulate,
and are listed in Table 1. We discard solutions (x1, x2, x3, x4) = (0, 1, 0, 0)
and (0, 0, 1, 1), where a · bi = b2i = 0 since for T < 9 these relations combined
with a2 > 0 imply that bi = 0 and therefore that the kinetic term for the
gauge field is identically zero. The contribution to H − V from each of the
group and matter combinations in Table 1 diverges as N →∞. This cannot
be cancelled by contributions to −V from an infinite number of factors, for
the same reasons which rule out case 1. Thus, any infinite family must have
an infinite sub-family, with gauge group of the form Ĥ(M)×H(N)× G̃M,N ,
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with both M,N →∞. For any factors Hi, Hj with a · bi, a · bj �= 0, in a
(non-integral) basis where Ω = diag(+1,−1,−1, . . .), and a= (

√
a2, 0, 0, . . .)

writing

(3.15) bi = (xi, �yi)

with xi = a · bi/
√
a2 we have

(3.16) xixj = (a · bi)(a · bj)/a2 ≥ bi · bj =
∑
R,S

xRSARAS .

Since xixj is constant for any infinite family of pairs Ĥ(M), H(N), while
AR grows for all representations besides the fundamental, the only possible
fields charged under more than one of the infinite factors in Table 1 are
bifundamentals.

We now consider all possible infinite families built from products of
groups and representations in Table 1 which have bifundamental fields and
bounded H−V . There are 5 such combinations with two factors. These com-
binations were enumerated in [4], and are listed in Table 4 in that paper.
These combinations include two infinite families shown to satisfy anomaly
factorization by Schwarz [21], as well as three other similar families. For
example, the simplest such family consists of an infinite sequence of mod-
els with gauge group SU(N) × SU(N) and two matter fields transforming
in the bifundamental (N,N) representation. This model has H = 2N2, V =
2(N2−1) soH−V = 2 for each model in the infinite family. In addition to the
infinite families built from products of two factors with unbounded dimen-
sion, when T > 1 there are several infinite families arising from products of
three factors with unbounded dimension. For example, there is such a family
of models with gauge group G= SU(N−8)×SU(N)×SU(N+8). The other
possibilities are described in [6]. For T < 9, the models in all of these infinite
families with unbounded factors are unacceptable because the gauge kinetic
term for one of the factors is always unphysical. This can be shown as fol-
lows: For each two-factor infinite family we have two vectors b1, b2 which
satisfy a · (b1 + b2) = 0 and (b1 + b2)2 = 0. But when a2 > 0 these conditions
imply b1+b2 = 0, so that j ·b1 and j ·b2 cannot both be positive. For example,
for the theory found by Schwarz with gauge group SU(N) × SU(N) with
two bifundamental fields, we have a · b1 = a · b2 = 0, b21 = b22 = −2, b1 · b2 = 2,
from which it follows that b1 = −b2. Essentially the same argument works
for each three-factor infinite family, where a · (b1 + b2 + b3) = 0. This method
of proof breaks down when T > 8, where a2 ≤ 0, since then a · b= b2 = 0 is
not sufficient to prove b= 0. In the following section we give an example of
an infinite family of models with no clear inconsistency at T = 9.

This proves case 2 of the analysis. So we have proven that for T < 9
there are a finite number of distinct gauge groups and matter content which
satisfy anomaly cancellation with physical kinetic terms for all gauge field
factors. We have ruled out infinite families with unbounded numbers of
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gauge group factors at any finite T , though infinite families with unbounded
numbers of factors satisfying the anomaly and group theory sign constraints
can exist when T is unbounded, as discussed in [6]. We have not ruled out
infinite families with a finite number of gauge group factors which become
unbounded at finite T > 8. Indeed, we give an explicit construction of such
a family in Section 5. �

Theorem (3.1) strongly constrains the range of possible supergravity
theories, at least when T < 9. Furthermore, the analysis in the proof of the
theorem can be used to give explicit algorithms for systematically enumer-
ating all the possible gauge groups and matter content which can appear in
acceptable theories, as discussed in [4, 5].

4. 6D supergravities from F-theory

4.1. F-theory models from elliptically fibered Calabi-Yau
threefolds. There are many ways in which string theory can be used to
construct supergravity theories in various dimensions. In general, such con-
structions involve starting with a 10-dimensional string theory, and “com-
pactifying” the theory by wrapping 10 − D dimensions of the space-time
on a compact (10 −D)-dimensional manifold to give a theory in D dimen-
sions which behaves as a supergravity theory at low energies. At this point
in time, we do not have any fundamental “background-independent” def-
inition of string theory, in which all the different compactifications of the
theory arise on equal footing. Rather, string theory consists of an assemblage
of tools, including low-energy supergravity, perturbative string theory, and
nonperturbative structures such as D-branes and duality symmetries, which
give an apparently consistent way of constructing and relating the various
approaches to string compactification.

One of the most general approaches to string compactification is
“F-theory” [8, 9]. Technically, F-theory describes certain limits of string
compactifications in which certain information (such as Kähler moduli) is
lost. Mathematically, an F-theory compactification to D dimensions is char-
acterized by an elliptically fibered Calabi-Yau manifold of dimension 12−D.
The data needed to define an F-theory compactification to six dimensions
consist of a complex surface B which acts as the base of the fibration, and
an elliptic fibration with section over B. The elliptic fibration may have sin-
gularities, as long as such singularities can be resolved to give a total space
which is Calabi-Yau. The structure of such an elliptic fibration is generally
described by a Weierstrass model

(4.1) y2 = x3 + f(u, v)xz4 + g(u, v)z6

where u, v are coordinates on the base B. The functions f, g are sections
of the line bundles −4K and −6K respectively, where K is the canonical
bundle of B.
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The gauge group and matter structure of the low-energy theory associ-
ated with an F-theory compactification on an elliptically fibered Calabi-Yau
threefold are determined by the singularity structure of the fibration. Simple
nonabelian gauge group factors Hi in the associated 6D theory are associ-
ated with codimension one loci in the base where the fiber degenerates. Such
codimension one singularities were classified by Kodaira [23]. These singu-
larities can be associated with A-D-E Dynkin diagrams and give rise to the
corresponding simply-laced gauge group factors. Nontrivial monodromies
about codimension 2 singularities expand the possible gauge group factors to
include the non-simply laced groups, Sp(N), F4 and G2 [25]. Given a Weier-
strass form for the elliptic fibration, the singularity types can be determined
in terms of the orders of vanishing of f, g, and the discriminant locus

(4.2) Δ = 4f3 + 27g2,

which is a section of −12K. The resulting gauge group can be then deter-
mined via Tate’s algorithm [24]. For example, a singularity of Kodaira type
In, corresponding to the Dynkin diagram An−1, arises on a codimension one
singularity locus where neither f nor g vanishes, but Δ vanishes to order
n. Such a singularity gives a gauge group factor SU(n) when the base of
the fibration is (complex) one-dimensional, and SU(n) or Sp(n/2) in the
low-energy 6D theory when the base is 2 dimensional. A complete list of
the possible singularity types and associated orders of vanishing of f, g,Δ
can be found in, for example,[9, 25]. Each nonabelian gauge group factor
Hi is associated with a singularity locus on an effective irreducible divisor
ξi ∈H2(B; Z).

Matter fields (hypermultiplets) in the low-energy 6D theory are associ-
ated with codimension two singularities in the elliptic fibration. Generally
such singularities arise at intersections of divisors associated with codimen-
sion one singularities. For example, an An−1 singularity intersecting an Am−1

singularity gives rise to a codimension two An+m−1 singularity, where Δ van-
ishes to order n+m. The resulting matter fields transform in the fundamen-
tal of the associated SU(n) gauge group factor and the (anti)-fundamental
of the associated SU(m) gauge group factor. (This can be thought of as
splitting the adjoint representation of SU(n + m) as a representation of
SU(n) × SU(m)). The singularities associated with possible matter repre-
sentations which can arise in this fashion have not been fully classified, but
an analysis of many such representations appears in [27, 28].

As discussed in [9], it was shown by Kodaira for a base of complex
dimension 1, and subsequently generalized to higher dimension by other
authors, that the total space of the elliptic fibration can be resolved to a
Calabi-Yau manifold when −12K = Δ, where Δ is the total divisor class
of the singular (discriminant) locus. The component of the discriminant
locus for each nonabelian factor is given by an effective irreducible divisor
ξi with a multiplicity νi. For example, for an An−1 singularity, νi = n. The
residual singularity locus, which is not associated with nonabelian gauge
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group structure, is associated with another effective divisor Y , so that the
Kodaira relation is

(4.3) −12K = Δ =
∑
i

νiξi + Y.

In this fashion, a wide range of 6D supergravity theories can be con-
structed from particular choices of elliptically fibered Calabi-Yau threefolds.
In all such situations, the resulting gauge group and hypermultiplet matter
content automatically satisfy the anomaly cancellation conditions [26, 27].
We now discuss the connection between the data of the low-energy theory
and that of the F-theory compactification.

4.2. Mapping 6D supergravities to F-theory. To identify the set
of low-energy 6D supergravity models which are compatible with F-theory,
we would like to have a systematic approach to constructing an F-theory
model which realizes a particular low-energy gauge group G and matter
representation M . In fact, as shown in [26, 27], the anomaly cancella-
tion conditions give a close correspondence between the data of a geometric
F-theory construction and the corresponding 6D supergravity theory. This
correspondence characterizes a map from low-energy data to topological
F-theory data [5, 6]; identifying those cases where such a map cannot be
consistently defined allows us to determine which G,M cannot be found
through any F-theory construction.

The connection between the 6D supergravity theory and F-theory data
is given by the following correspondences [5, 6, 26, 27]: the number of ten-
sor multiplets T in the 6D theory is equal to h1,1 − 1 of the base B of the
F-theory elliptic fibration. The lattice Λ determined by the anomaly can-
cellation conditions through (2.10–2.12) can be embedded into the integral
second homology of B

Λ ↪→H2(B; Z)(4.4)

in such a way that

a→K(4.5)

bi → ξi(4.6)

Thus, for example, we have

(4.7) a · a= 9 − T = 10 − h1,1 =K2.

For an elliptic fibration which resolves to a smooth Calabi-Yau threefold,
the possible smooth bases B consist of P

2 and the Hirzebruch surfaces Fm

(m≤ 12) and blow-ups of these bases, as well as the somewhat trivial cases
of K3 and the Enriques surface [9]. For example, at T = 1, the set of possible
F-theory bases are Fm,m≤ 12. In this case, a basis for H2(B; Z) is given by
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Dv, Ds where D2
v = −m,Dv · Ds = 1, D2

s = 0. As shown in [5], in this case,
the vector b associated with a given gauge group factor maps to the divisor

(4.8) b→ ξ =
α

2

(
Dv +

m

2
Ds

)
+
α̃

2
Ds,

where α, α̃ satisfy −a · b= α+ α̃, b2 = αα̃/2.
In the following section we give some explicit examples of 6D supergrav-

ity theories and the corresponding F-theory constructions. In some cases,
there is no map of the form (4.4) where a, bi map to effective divisors in
any B with the correct properties for an F-theory compactification. For
these models, which are apparently consistent from the low-energy.of view
and yet have no F-theory construction, we can identify which aspect of
the F-theory structure breaks down. We include some examples of this type
in the following section. In some other cases, there are multiple possible
F-theory realizations of the specified 6D gauge group G and matter repre-
sentation M . Thus, the correspondence does not give a uniquely defined map
from low-energy data to F-theory. It does, however, give us a framework for
analyzing which low-energy theories admit an F-theory realization. (Note
that in those cases where the gauge group and matter content are not suffi-
cient to uniquely determine the F-theory construction, further information
about the low-energy theory may single out a particular F-theory model.)

5. Examples

In this section we consider some examples of possible gauge groups and
matter representations for 6D supergravities. We begin with two examples
of theories which seem to admit consistent embeddings in F-theory, and
then consider two specific examples and one infinite family of theories which
cannot be realized using standard F-theory techniques (or any other known
string construction).

Example 1. T = 0, G= SU(N),M = 3 × + (24 −N) ×

A simple class of examples involve theories with no tensor multiplets
(T = 0). In this case, a2 = 9, and the space R

1,T = R
1 is just one-dimensional

Euclidean space, so −a= (3) in an integral basis. Any SU(N) factor is asso-
ciated with a vector b= (k). For simplicity, we assume that the only matter
consists of F hypermultiplets transforming in the fundamental representa-
tion and A hypermultiplets in the two-index antisymmetric representation
( ). We can use the group theory coefficients

(5.1)
Af = 1, Bf = 1, Cf = 0
Aa =N − 2, Ba =N − 8, Ca = 3
AAdj = 2N, BAdj = 2N, CAdj = 6
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for SU(N) to write the anomaly cancellation equations:

0 = 2N − F −A(N − 8)

−a · b= 3k = −(2N − F −A(N − 2))/6 =A(5.2)

b2 = k2 = (−6 + 3A)/3 =A− 2

For k = 1, we have solutions for A= 3, with F = 24 − N for N ≤ 24. This
gives a set of models with simple gauge group G= SU(N) which satisfies
all anomaly cancellation conditions. The gauge kinetic term condition is
satisfied for any positive j = (j0).

For the corresponding F-theory construction, we have P
2 as the only

possible base with h1,1 = T +1 = 1. The second homology of P
2 is generated

by the cycleH, corresponding to the hyperplane divisor, satisfyingH ·H = 1.
The map from Λ ↪→H2(B; Z) is then given by the trivial map (1) →H, so
that

−a= (3) → 3H = −K(5.3)

b= (1) →H.

This gives the topological data associated with the corresponding F-theory
construction. To verify that there exists an F-theory model from an ellip-
tic fibration associated with this data one must construct a Weierstrass
model with singularity type AN−1 on the divisor H. We discuss explicit con-
struction of Weierstrass models in the following section. One can similarly
construct a variety of anomaly-free models with gauge group of the form
G=

∏
i SU(Ni) and matter in fundamental, antisymmetric, and bifunda-

mental representations. We explicitly constructed all such models for T = 1
in [5] and found that all appear to correspond to acceptable topological data
for F-theory constructions.

Example 2. T = 1, G= E8 × E7

This gauge group has two simple factors, and thus two vectors b8, b7
in R

1,1. For E8 and E7 we have the normalization factors λ8 = 60, λ7 = 12.
Neither E8 or E7 has a fourth order invariant, so (2.6) is automatic. Assume
we have F matter fields in the fundamental representation of E7, with no
matter transforming under the E8 (the fundamental representation for E8

is equivalent to the adjoint). The E8 anomaly equations state that

(5.4) −a · b8 = −10, b28 = −12

where a2 = 8. In a basis where

(5.5) Ωαβ =
(

0 1
1 0

)
we can choose −a= (2, 2), and b8 = (1,−6). The anomaly equations for E7,
including the trF 2

7 trF 2
8 condition, state that

(5.6) −a · b7 = 2F − 6, b27 = 2F − 8, b7 · b8 = 0.
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These equations have the unique solution b7 = (1, 6), realized when F = 10.
Thus, the anomaly cancellation conditions for this class of theory are only
realized for this value of F . In this case we can read the corresponding
F-theory model directly from (4.8):

b8 =
1
2
(α8, α̃8) → ξ8 =Dv + (m/2 − 6)Ds(5.7)

b7 =
1
2
(α7, α̃7) → ξ7 =Dv + (m/2 + 6)Ds(5.8)

which gives effective irreducible divisors precisely when m= 12. In this case
we have an acceptable F-theory construction on the base manifold F12 [9],
with ξ8 =Dv, ξ7 =Du =Dv + 12Ds. This model was identified in the corre-
sponding heterotic string formulation by Seiberg and Witten in [29].

We now present several models which seem consistent from the point of
view of anomalies and gauge kinetic terms, but which have no known string
theory realization.

Example 3. T = 1, G= SU(4),M = Adj + 10 × + 40 ×
For this model the anomaly cancellation conditions give

(5.9) Λ =
(

a2 −a · b
−a · b b2

)
=
(

8 10
10 10

)
This lattice cannot be embedded in any unimodular lattice [6]. Since the

intersection form on H2(B; Z) must give a unimodular lattice by Poincaré
duality, this model cannot be embedded in F-theory.

Example 4. T = 1, G= SU(8),M =

Using the coefficients A= 10, B = 16, C = 3 for the symmetric represen-
tation, we find that the anomaly conditions give

(5.10) Λ =
(

a2 −a · b
−a · b b2

)
=
(

8 −1
−1 −1

)
.

While this lattice can be embedded in H2(B; Z) for some F-theory bases,
the resulting divisor b is not an effective irreducible divisor. For example,
we could choose −a→−K = 2Dv + 3Ds on F1 giving b→−Dv. But since
the divisors ξi carrying the singularity locus on the F-theory base must be
irreducible effective divisors, this will not work for constructing an F-theory
realization of this model using existing methods.

Example 5. T = 9, G= SU(N) × SU(N),M = 2 × ( , )

For this gauge group and matter representations, at T = 9 we need
vectors −a, b1, b2 with inner product matrix

(5.11) Λ =

⎛
⎝ 0 0 0

0 −2 2
0 2 −2

⎞
⎠ .
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In a basis with Ω = diag(+1,−1,−1, . . .), this can be realized through the
vectors

−a= (3,−1,−1,−1,−1,−1,−1,−1,−1,−1)

b1 = (1,−1,−1,−1, 0, 0, 0, 0, 0, 0)

b2 = (2, 0, 0, 0,−1,−1,−1,−1,−1,−1)

This satisfies the correct gauge kinetic term sign conditions j · bi > 0 for
j = (1, 0, 0, . . .). Thus, this infinite family of models cannot be ruled out by
the low-energy constraints we have imposed here.

These models are not valid in F-theory, however, when N > 12, since in
that case

(5.12) Y = −12K −N(ξ1 + ξ2) = (N − 12)K

which cannot be effective for N > 12 since −K is effective.

6. String universality?

The results presented so far demonstrate that, although anomaly cancel-
lation and other known constraints provide substantial limits on the range
of gauge groups and matter representations that can be realized in super-
symmetric six-dimensional quantum theories of gravity, not all models which
satisfy these constraints can at this time be realized in string theory. Some
of the examples presented in the previous section seem like counterexamples
to the string universality conjecture stated in the introduction. At this time,
however, our understanding of the situation is still incomplete. We do not
have a complete definition of string theory that allows us to determine with
certainty which low-energy models can or cannot be realized within string
theory. It is also quite possible that string theory imposes additional con-
straints, like the sign condition on the gauge kinetic terms, which may be
seen as quantum consistency conditions given the data of the low-energy
theory. To prove or disprove the conjecture of string universality in six
dimensions, it seems that further progress is needed in understanding both
string theory and low-energy supergravity. There are also some purely math-
ematical questions whose solutions may contribute significantly to making
progress in this direction. In this concluding section, we summarize some of
the most relevant open questions, both mathematical and physical, in this
regard. Most of these questions are discussed in further detail in [6].

6.1. Mathematics questions. There are a number of concrete math-
ematical questions related to F-theory whose solutions would help clarify the
precise set of theories which can be realized in string theory via F-theory.
We briefly summarize here a few of these questions that are most closely
related to the discussion in this paper.
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Weierstrass models
We have argued that the correspondence between the low-energy data

associated with the anomaly cancellation conditions and the mathematical
structure of F-theory leads to a map (4.4) from the anomaly lattice Λ to
the second homology lattice of the F-theory base B. In many cases this map
associates with each nonabelian factor in the gauge group an effective divisor
on B. In order to show that the model can be realized in F-theory, however,
it is necessary to construct an explicit Weierstrass model with the desired
singularity locus associated with these divisors. In many cases it seems that
this can be done. For a class of models with T = 1 and gauge group SU(N),
we showed in [5] that there is a precise correspondence between the number
of degrees of freedom needed to fix the desired singularity structures on the
proper divisor locus and the number of degrees of freedom encoded in the
scalar matter fields throughH−V . It may be possible to give a mathematical
proof that the existence of a Weierstrass model follows given some necessary
topological conditions on the divisor locus. Such a proof would be a useful
step forward in identifying a large class of the anomaly-free models which
have F-theory realizations.

Classifying matter singularities
As mentioned above, while codimension one singularities in elliptic fibra-

tions are well-understood, codimension two singularities arising at the inter-
section of codimension one singularities are not completely understood.
Such singularities give rise in F-theory compactifications to a variety of
different representation structures for matter fields. In studying the set of
anomaly-free supergravity theories in six dimensions, we have encountered
some novel matter representations which may or may not be associated with
valid F-theory compactifications. For example, in [5], we found some models
with an SU(N) gauge group and matter in a four-index antisymmetric rep-
resentation. While some F-theory constructions are known which give rise
to three-index antisymmetric representations of SU(N) [28] there is as yet
no understanding of a singularity structure which would give a four-index
antisymmetric representation. A complete classification of codimension two
singularities in elliptic fibrations of Calabi-Yau manifolds would be of great
assistance in systematically understanding the set of allowed F-theory com-
pactifications.

Classification of elliptically fibered Calabi-Yau manifolds
It has been shown by Gross [30] that the number of distinct topological

types of elliptically fibered Calabi-Yau threefolds is finite up to birational
equivalence. Finiteness of the set of topologically distinct elliptically-fibered
Calabi-Yau threefolds is shown in [6] using minimal surface theory and the
fact that the Weierstrass form for an elliptic fibration over a fixed base
has a finite number of possible distinct singularity structures. These argu-
ments, however, do not give a clear picture of how such compactifications
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can be systematically classified. A complete mathematical classification of
elliptically fibered Calabi-Yau threefolds would be helpful in understand-
ing the range of F-theory compactifications. The analogue of this question
for four dimensions, while probably much more difficult, would be of even
greater interest, since at this time we have very little handle on the scope
of the space of four dimensional supergravity theories which can be realized
through F-theory compactifications on Calabi-Yau fourfolds.

6.2. Physics questions. Some of the most difficult questions which
need to be answered to prove or disprove the conjecture of string universal-
ity in six dimensions are essentially physical in nature. The key questions
amount to

A) Are there as-yet unknown string compactifications that extend the
range of 6D theories beyond those attainable using known
F-theory constructions?

B) Can we identify new quantum consistency constraints on low-energy
theories that constrain the space of allowed models to match more
closely the set which can be realized through string compactifica-
tions?

While A) is certainly an important question, it seems that the most
likely opportunity for narrowing the gap between the space of allowed the-
ories and the space of string constructions is by identifying new constraints
on low-energy theories. If string universality is even approximately correct,
it is probably necessary to find a low-energy quantum consistency condition
which rules out the infinite families of theories compatible with anomaly can-
cellation but which cannot be realized in F-theory. One place to look for such
constraints is in the set of conditions imposed by F-theory. Considering the
examples 3-5 in the previous section which cannot be realized in F-theory,
we can identify some possible constraints that may be needed in addition to
anomaly cancellation and the gauge kinetic term sign constraint. It seems
plausible that some of these constraints may in fact be needed for quantum
consistency of any low-energy theory. We briefly mention here a few of these
constraints, and make a few comments on how they may be realized.

Unimodular lattice embedding
As we see from example 3, a necessary condition for a given low-energy

theory to be realizable through F-theory is that the lattice Λ associated
with the anomaly cancellation constraints must be embeddable in a uni-
modular lattice. Associated with any of the supersymmetric six dimensional
gravity theories we are considering here, there is a lattice of dyonic strings
charged under the anti-symmetric tensor fields of the theory, carrying a
natural inner product of signature (1, T ). Some aspects of this lattice are
discussed in [6]. We do not know any reason why this lattice must be unimod-
ular for quantum consistency, but it is possible that this may be necessary
for unitary of the theory, or for some other consistency reason. Note that an
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analogous unimodularity constraint follows from modular invariance for the
heterotic fundamental string construction. Demonstrating that the string
dyonic lattice in a general 6D theory needs to be unimodular for a quantum
theory to exist would help in ruling out some of the apparently consistent
theories which we do not know how to realize in F-theory.

Kodaira constraint and effective divisors
As we noted in examples 4 and 5, some apparently consistent theories

cannot be realized in F-theory because the topological data for the F-theory
model realized through (4.4) leads to certain divisors in F-theory not satisfy-
ing an effectiveness condition which is needed for the F-theory construction.
In particular, the divisors −K, ξi associated with the vectors −a, bi must
all be effective (inside the Mori cone), as must the residual divisor locus
Y associated with the vector 12a −∑i νibi. This condition has no obvious
counterpart in the low-energy theory. It seems plausible, however, that some
of these conditions may be associated with sign constraints in the low-energy
theory analogous to the sign constraint on the gauge kinetic term. For exam-
ple, a term proportional to a · j trR2 must appear in the action of the theory
by supersymmetry. Arguments analogous to those in [31] may suggest that
this term must have a particular sign for consistency with causality in field
theory. It is less clear how the condition on the residual divisor locus can be
seen from the low-energy theory, but it seems possible that such a condition
would arise from consistency with supersymmetry, since this is the ultimate
origin of the Kodaira/Calabi-Yau condition in F-theory.

To conclude, we have not yet proven or disproven the conjecture of string
universality in six dimensions. Simply pursuing this conjecture, however, has
given new insights into the global structure of the space of 6D supergravity
theories and string compactifications, and has suggested some intriguing
avenues for future progress, both in physics, and in mathematics.
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