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Arakelov inequalities

Eckart Viehweg

Introduction

The proof of the Shafarevich Conjecture for curves of genus g > 2 over
complex function fields K = C(Y), given by Arakelov in [ART71], consists
of two parts, the verification of “boundedness” and of “rigidity”. In order
to obtain the boundedness, Arakelov first constructs a height function for
K-valued points of the moduli stack Mg of stable curves of genus g. In down
to earth terms, he chooses a natural ample sheaf A\ on the coarse moduli
scheme M. Then, extending the morphism Spec(K) — M, to Y — M,
he chooses as height deg(p*\). Secondly, still assuming that ¢ is induced
by a genuine family f : X — Y of stable curves, he gives an upper bound
for this height in terms of the curve Y and the discriminant S =Y \ Yy for
Yo = ¢ 1(M,). Finally the rigidity, saying that Xo = f~(Yy) — Yo does
not extend to a family f : X9 — Yp X T in a non-trivial way, easily follows
from the deformation theory for families of curves.

The boundedness part of Arakelov’s proof was extended by Faltings
[Fa83] to families of abelian varieties, using Deligne’s description of abelian
varieties via Hodge structures of weight one. He chooses a suitable toroidal
compactification ﬁg of the coarse moduli scheme of polarized abelian vari-
eties and X € Pic(A4,) ® Q to be the determinant of the direct image of
relative one forms, hence the determinant of the Hodge bundle of bidegree
(1,0) in the corresponding variation of Hodge structures. Then A is semi-
ample and ample with respect to the open set A, (as defined in Definition
1.2), which is sufficient to define a height function. He proves an upper bound
for the height, hence the finiteness of deformation types, and gives a criterion
for infinitesimal rigidity. A family of 8-dimensional abelian varieties gives an
example that contrary to the case of curves the rigidity fails in general.

Deligne [De87] takes up Faltings approach. He obtains more precise
inequalities and his arguments extend to C-variations of Hodge structures
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of weight one. Peters proved similar inequalities for variation of Hodge struc-
tures of higher weight. Unfortunately his results (improved by Deligne in an
unpublished letter) were only available years later (see [Pe00]), shortly after
the subject was taken up by Jost and Zuo in [JZ02].

Since then the results for families of curves or abelian varieties over
curves have been extended in several ways. Firstly the definition and the
bounds for height functions have been extended to moduli schemes of canon-
ically polarized manifolds or of polarized minimal models (see [BV00],
[VZ01], [VZ04a], [Vi05], and [KLO06], for example). We sketch some of
the results in Section 1. However we will not say anything about rigidity
and strong boundedness properties, discussed in [VZ02] and [KLO06].

Secondly generalizations of the Arakelov inequalities are known for vari-
ations of Hodge structures of higher weight over curves, and for weight one
over a higher dimensional bases. In both cases the inequalities are optimal,
i.e. there are families where one gets equality. As we recall in Section 1 such
an equality should be rare for families of varieties of positive Kodaira dimen-
sion. Except for abelian varieties and for K3-surfaces the geometric inter-
pretation of such an equality is still not understood (see [Li96], [STZO03],
[VZ02], [LTYZ], [VZ03], [VZ04a], and [VZO05] for some results pointing
in this direction).

Finally the Arakelov inequalities have a topological counterpart, the
Milnor-Wood inequalities for the Toledo invariant, for certain local systems
on projective curves and on higher dimensional projective manifolds (see
[BGGO06], [KMO08a], and [KMO8Db], for example). Again the equality has
consequences for the structure of the local system (or its Higgs bundle). We
will state this (in)equalities in very special cases in Section 5 and in Section
8 and compare it with the Arakelov inequality.

The main theme of this survey is the interplay between stability of Higgs
bundles and the stability of the Hodge bundles for variations of Hodge struc-
tures of weight k (see Section 2 for the basic definitions). As we try to explain
in Section 3 for all £ in the curve case, and in Section 6 for k = 1 over cer-
tain higher dimensional varieties, the Arakelov inequalities are translations
of slope conditions for polystable Higgs bundles, whereas the Arakelov equal-
ities encode stability conditions for the Hodge bundles. In Sections 4 and 7
we indicate some geometric consequences of Arakelov equalities for k = 1 or
for families of abelian varieties.

Acknowledgments. This survey is based on a series of articles coauthored
by Kang Zuo, by Martin Moéller or by both of them. Compared with those
articles there are only minor improvements in some arguments and no new
results.

Martin Moller pointed out some ambiguities in the first version of this
article, and the idea for the simplified proof of Claim 6.7, needed for
Theorem 6.4, is taken from his letter explaining the “r = 2”-case. I am grate-
full to Oscar Garcia-Prada, Vincent Koziarz and Julien Maubon for their
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explanations concerning “Milnor-Wood” inequalities over a one or higher
dimensional base.

1. Families of manifolds of positive Kodaira dimension

Let f: X — Y be a semistable family of n-folds over a complex pro-
jective curve Y, smooth over Yy = Y \ S and with X projective. We call
f semistable if X is non-singular and if all fibres f~!(y) of f are reduced
normal crossing divisors. We write Xo = f~1(Yp) and fo = f|x,-

THEOREM 1.1 ([VZ01], [VZO06], and [MVZO06]). Assume that f:X =Y
is semistable. Then for all v > 1 with f*w’)’(/y #0

deg(f*w’)’(/y) n-v
1.1 < - deg(3-(log S)).
The morphism f is called isotrivial if there is a finite covering Y/ — Y
and a birational Y morphism

XxYY --» FxY'.

For projective manifolds F' with wgr semiample and polarized by an invert-
ible sheaf with Hilbert polynomial h, there exists a coarse quasiprojective
moduli scheme M},. Hence if wy, y, is fo-semiample fo induces a morphism
wo : Yo — My,

If wx, /v, is fo-ample, or if wgfo /Yo is for some v > 0 the pullback of an
invertible sheaf on Yj, then the birational non-isotriviality of f is equivalent
to the quasi-finiteness of ¢g. In this situation the left hand side of (1.1) can
be seen as a height function on the moduli scheme. In fact, choosing v > 1
with h(v) # 0 in the first case, and or v > 1 with w% = Op in the second
one, by [Vi05] there exists a projective compactification M}, of the moduli
scheme M}, and some

A € Pic(M;,) ®Q
with:
e )\ is nef and ample with respect to M.
e Let ¢ : Y — My be the morphism induced by f. Then det (f*w’)’(/y)
="
For moduli of abelian varieties one can choose the Baily-Borel compact-
ification and there A is ample. By [Mu77] on a suitable toroidal compacti-

fication of A, the sheaf A is still semi-ample, but for other moduli functors
we only get weaker properties, as defined below.

DEFINITION 1.2. Let Z be a projective variety and let Zy C Z be open
and dense.
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i. A locally free sheaf F on Z is numerically effective (nef) if for all
morphisms p : C — Z, with C an irreducible curve, and for all
invertible quotients A of p*F one has deg(N') > 0.

ii. An invertible sheaf £ on Z is ample with respect to Zy if for some
v > 1 the sections in H°(Z, LV) generate the sheaf £ over Zy and
if the induced morphism Zy — P(H°(Z, L)) is an embedding.

For non-constant morphisms p : C — Z from irreducible projective
curves one finds in Definition 1.2, ii) that deg(p*(L£)) >0, provided p(C) N
Zy # (). Moreover, fixing an upper bound c for this degree, there are only
finitely many deformation types of curves with deg(p*(£)) < c.

Applying this to birationally non-isotrivial families f : X — Y whose
general fibre F' is either canonically polarized or a minimal model of Kodaira
dimension zero, one finds the left hand side of (1.1) to be positive, hence
0 (log S) = wy (S) must be ample. The finiteness of the number of defor-
mation types is more difficult and it has been worked out in [KLO6] just
for families of canonically polarized manifolds. Roughly speaking, one has
to show that morphisms from a curve to the moduli stack are parame-
terized by a scheme. This being done, one finds that for a given Hilbert
polynomial h and for a given constant c there are only finitely many defor-
mation types of families f : X — Y of canonically polarized manifolds with
deg(9},(log S)) < c.

For smooth projective families fy : Xg — Yy over a higher dimensional
quasi-projective manifold Yy with wy, /vy, semiample, some generalizations
of the inequality (1.1) have been studied in [VZO02] (see also [VZ04a]).
There we assumed that S = Y \ Y} is a normal crossing divisor and that the
induced map g : Yo — Mjp, is generically finite. Then for some p > 0 there
exists a non-trivial ample subsheaf of S#(Q1,(log S)). However neither u nor
the degree of the ample subsheaf have been calculated and the statement is
less precise than the inequality (1.1).

In this survey we are mainly interested in a geometric interpretation
of equality in (1.1), in particular for v = 1. As explained in [VZ06] and
[MVZ06] such equalities should not occur for families with py(F) > 1 for
the general fibre F'. Even the Arakelov inequalities for non-unitary subvari-
ations of Hodge structures, discussed in Section 3 should be strict for most
families with F of general type. As recalled in Example 4.6, for curves “most”
implies that the genus g of F' has to be 3 and that the “counter-example” in
genus 3 is essentially unique. So what Arakelov equalities are concerned it
seems reasonable to concentrate on families of minimal models of Kodaira
dimension zero.

2. Stability

DEFINITION 2.1. Let Y be a projective manifold, let S € Y be a normal
crossing divisor and let F be a torsion-free coherent sheaf on Y.
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i. The degree and slope of F are defined as

deg(F) = ¢1(F).c1(wy ()71 and M(f):MwY(S)(f):dﬁi%)-

ii. The sheaf F is p-stable if for all subsheaves G C F with rk(G) <
rk(F) one has u(G) < u(F).

iii. The sheaf F is p-semistable if for all non-trivial subsheaves G C F
one has p(G) < p(F).

iv. F is p-polystable if it is the direct sum of u-stable sheaves of the
same slope.

This definition is only reasonable if dim(Y) = 1 or if wy(S) is nef
and big.

Recall that a logarithmic Higgs bundle is a locally free sheaf F on Y
together with an Oy linear morphism 0 : E — E® Q3 (log S) with 0 A0 = 0.
The definition of stability (poly- and semistability) for locally free sheaves
extends to Higgs bundles, by requiring that

_ deg(F) _ deg(F)
= <M=

W(F)

(or u(F) < p(E)) for all subsheaves F with 0(F) C F ® Q1 (log S).

If dim(Y) > 1, for the Simpson correspondence in [Si92] and for the
polystability of Higgs bundles, one takes the slopes with respect to a polar-
ization of Y, i.e replacing wy (S) in Definition 2.1, i) by an ample invertible
sheaf. However, as we will recall in Proposition 6.4, the Simpson correspon-
dence remains true for the slopes p(F) in 2.1, i), provided wy (S) is nef and
big.

Our main example of a Higgs bundle will be the one attached to a
polarized C variation of Hodge structures V on Yy of weight &, as defined
in [De87], and with unipotent local monodromy operators. The F-filtration
of Fy = V ®c Oy, extends to a locally splitting filtration of the Deligne
extension F' of Fjy to Y, denoted here by

FHrcFrc...c A

We will usually assume that F**! = 0 and F° = F, hence that all non-
zero parts of the Hodge decomposition of a fibre V, of V are in bidegrees
(k —m,m) for m = 0,...,k. The Griffiths transversality condition for the
GauB-Manin connection V says that

V(F?) c FP~1 @ Q3 (log S).
Then V induces a Oy linear map

Opr—p: BPFP = FP/FPHL oy ppmbEmptl — 771 7P @ O (log 9).
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We will call

(B = @ EPHFP g = @ Opii—p)
p

the (logarithmic) Higgs bundle of V, whereas the sheaves EP'? are called the
Hodge bundles of bidegree (p, q).

DEFINITION 2.2. For the Higgs bundle (E, ) introduced above we define:

i. The support supp(E, ) is the set of all m with EF=7m £ 0,
ii. (E,0) has a connected support, if there exists some my < m; € Z
with

supp(E,0) = {m; mo <m <my} and if
Op—mm #0 for mog<m<m;— 1L

iii. (E,0) (or V) satisfies the Arakelov condition if (F,0) has a con-
nected support and if for all m with m, m + 1 € supp(FE, 0) the
sheaves EF~™™ and EF~m=1Lm+l are y-semistable and

(B = (BRI 4 (05 (log ).

3. Variations of Hodge structures over curves

Let us return to a projective curve Y, so S = Y'\ Y} is a finite set of points.
The starting point of our considerations is the Simpson correspondence:

THEOREM 3.1 ([Si90]). There exists a natural equivalence between the
category of direct sums of stable filtered reqular Higgs bundles of degree zero,
and of direct sums of stable filtered local systems of degree zero.

We will not recall the definition of a “filtered regular” Higgs bundle
[Si90, page 717], and just remark that for a Higgs bundle corresponding
to a local system V with unipotent monodromy around the points in S the
filtration is trivial, and automatically deg(V) = 0.

By [DeT71] the local systems underlying a Z-variation of Hodge struc-
tures are semisimple, and by [De87] the same holds with Z replaced by C.
So one obtains:

COROLLARY 3.2. The logarithmic Higgs bundle of a polarized C-
variation of Hodge structures with unipotent monodromy in s € S is
polystable of degree 0.

In [VZ03] and [VZ06] we discussed several versions of Arakelov inequal-
ities. Here we will only need the one for E**, and we sketch a simplified
version of the proof:
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LEMMA 3.3. Let'V be an irreducible complex polarized variation of Hodge
structures over'Y of weight k and with unipotent local monodromies in s € S.
Write (E,0) for the logarithmic Higgs bundle of V and assume that EP*~P =
0 for p <0 and for p > k. Then one has:

k
a. p(E*) < 3 - deg(Q} (log 5)).
b. 0 < u(ER?)
and the equality implies that V is unitary or equivalently that 6 = 0.

c. The equality p(E*°) = g - deg (9% (log S)).
implies that the sheaves EF~™™ are stable and that
Ok—mym : EX — EFTTL @ QL (log S)
s an isomorphism form =0,...,k — 1.
PROOF. Let GF? be a subsheaf of E¥9 and let GF~™™ be the (k —

m,m) component of the Higgs subbundle G = (G*0), generated by G*°.
By definition one has a surjection

Gk—m-l—l,m—l N Gk—m,m ® Q%,(log S)

Its kernel K,,—1, together with the O-map is a Higgs subbundle of (F,0),
hence of non-positive degree. Remark that

rk(GFO) > rk(GFLY) > ... > rk(GF™™),
So one finds

(3.1)  deg(GF=mFTLm=1) < deg(GF~™™) 4 rk(GF~™™) . deg(3-(log S))
< deg(GF=™™) 4 1k(GFL1Y) - deg(3(log 9)).
Iterating this inequality gives for m > 1
(3.2) deg(G*0) < deg(G*0) — deg(Ky)
= deg(G* 1) 4 1k(GF 1Y) - deg(4-(log S))
< deg(GF™™™) 4+ m - tk(GF1Y) - deg(4-(log S))
and adding up

(k +1) deg(G*%) < (k 4 1) deg(G*°) — k - deg(Ko)

k k
< Z deg(GF—mm) 4 Z m - rk(GF~11) . deg(-(log S))
m=0 m=1
= deg(G) + k-(kt+1) rk(GFLY) - deg (3 (log 9)).

2
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Since G is a Higgs subbundle, deg(G) < 0, and

deg(G*° k
(33) u(6H0) < S < T oy log ).
Taking G*0 = E*0 one obtains the inequality in a).

If this is an equality, as assumed in c), then the right hand side of (3.3)
is an equality. Firstly, since the difference of the two sides is larger than a
positive multiple of deg(G) = 0, the latter is zero and the irreducibility of
V implies that G = E. Secondly the two inequalities in (3.2) have to be
equalities. The one on the right hand side gives rk(E¥~™™) = rk(EF-11)
for m = 2,...,k. The one on the left implies that deg(Kp) = 0 and the
irreducibility of V shows that this is only possible for Ky = 0 hence if
rk(ER0) = rk(E*~11). All together one finds that the surjections

EMY — EFm 2 0 (log S)™
are isomorphisms, for 1 < m < k. On the other hand the equality in c¢) and
the inequality (3.3) imply that for all subsheaves G*°
k
p(GH0) < 5 - deg(Qy (log 8)) = p(E™7),

If this is an equality, then deg(G) = 0 and (G,0|g) C (F,0) splits. The
irreducibility implies again that (G,0|g) = (F,6), hence E*? as well as all
the EF~™™ are stable.

The sheaf E*? with the 0-Higgs field is a Higgs quotientbundle of (E, 6),
hence of non-negative degree. If deg(E*°) = 0, then the surjection of Higgs
bundles (E,0) — (E*°,0) splits. The irreducibility of V together with
Theorem 3.1 implies that both Higgs bundles are the same, hence that § = 0
and V unitary. So b) follows from a). O

COROLLARY 3.4. In Lemma 3.8 one has the inequality
(3.4) p(ER0) — p(E™%) < k - deg(Qy (log 5)).
The equality in Lemma 3.3, ¢) is equivalent to the equality
(3.5) p(ERC) — u(E%) = k - deg(Q5(log ).
In particular (3.5) implies that the sheaves E¥=™™ are stable and that
Ok—m,m : EFmmm __, pkem=lmtl o 0l (log S

s an isomorphism for m =0,...,k — 1.

PROOF. For (3.4) one applies part a) of Lemma 3.3 to (£, §) and to the
dual Higgs bundle (EV,0"). The equality (3.5) implies that both, (E,#) and
(EVY,0Y) satisfy the Arakelov equality c¢) in Lemma 3.3.
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Finally assume that the equation c¢) in Lemma 3.3 holds for (£, #). Then
EFM >~ EOF @ Ol (log §)*  and

u(BY?) = —p(EOF) = k - deg(Q (log §)) — p(EM) = g - deg(€y (log 9)).

Adding this equality to the one in ¢) one gets (3.5). O

The inequality in part a) of Lemma 3.3 is not optimal. One can use the
degrees of the kernels I, to get correction terms. We will only work this
out for m = 0. What equalities are concerned, one does not seem to get
anything new.

VARIANT 3.5. In Lemma 3.6 one has the inequalities

deg(EM) _ k 1
— <. 051 .
o < 5 dea(@0gs)

The equality in Lemma 3.3, ¢) is equivalent to the equality

e k,0
(3.7) % = g - deg(Qy (log 5)).

(3.6)

PROOF. The inequality is a repetition of the left hand side of (3.3) for
Gk0 — gk0.

If Oy is an isomorphisms, hence if rk(E*Y) = rk(f ), the two equali-
ties (3.7) and c¢) in Lemma 3.3 are the same. As stated in Lemma 3.3, the
equality c) implies that 6} ¢ is an isomorphisms, hence (3.7).

In the proof of Lemma 3.3 we have seen that the equality of the right
hand side of (3.3) implies that G = F, hence that the morphisms

Ok—mm : EX — BRI @ QL (log S)

are surjective for m = 0,...,m — 1. Using the left hand side of (3.2), one
finds that Ko = 0 hence that 6 is an isomorphisms. So (3.7) implies the
equality c). O

Replacing Yy by an étale covering, if necessary, one may assume that
#S is even, hence that there exists a logarithmic theta characteristic £. By
definition £? = O3 (log S) and one has an isomorphism

7L — L. (log S).

Since (£ @ L£7!,7) is an indecomposable Higgs bundle of degree zero,
Theorem 3.1 tell us that it comes from a local system L, which is easily
seen to be a variation of Hodge structures of weight 1. We will say that L
is induced by a logarithmic theta characteristic. Remark that L is unique
up to the tensor product with local systems, corresponding to two division
points in Pic’(Y). By [VZ03, Proposition 3.4] one has:
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ADDENDUM 3.6. Assume in Lemma 3.3 that #S is even and that L is
induced by a theta characteristic.

=

d. Then the equality p(E™Y) = 5 - deg(4-(log S)) implies that there

exists an irreducible unitary local system Tg on Yy with
V = Ty ® S¥(L).

REMARK 3.7. In Addendum 3.6 the local monodromies of Ty are unipo-
tent and unitary, hence finite. So there exists a finite covering 7 : Y’ — Y,
étale over Y such that 7Ty extends to a unitary local system T’ on Y.

The property d) in Addendum 3.6 is equivalent to the condition ¢) in
Lemma 3.3. In particular it implies that each E*~™™ is the tensor product
of an invertible sheaf with the polystable sheaf Ty ®@c Oy. The Arakelov
equality implies that the Higgs fields are direct sums of morphisms between
semistable sheaves of the same slope. Then the irreducibility of V can be
used to show that Ty ®c Oy and hence the EF~™™ are stable.

REMARK 3.8. Let us collect what we learned in the proof of Lemma 3.3.

e Simpson’s polystability of the Higgs bundles (E,6) implies the
Arakelov inequality a) in Lemma 3.3 or inequality (3.4).

e The equality in part c¢) of Lemma 3.3 implies that the Hodge bun-
dles E*~™™ are semistable and that the Higgs field is a morphism
of sheaves of the same slope.

e If one assumes in addition that V is irreducible, then the
are stable sheaves.

Ekfm,m

As we will see in Section 6 the first two statements extend to families over a
higher dimensional base (satisfying the positivity condition (%) in 6.2), but
we doubt that the third one remains true without some additional numeri-
cally conditions.

Assume that W is the variation of Hodge structures given by a smooth
family fy : Xg — Yy of polarized manifolds with semistable reduction at
infinity, hence W = R* f,,,C X, Let W=V, ®--- PV, be the decomposition
of W as direct sum of irreducible local subsystems, hence of C irreducible
variations of Hodge structures of weight k. Replacing V, by a suitable Tate
twist V,(v,), and perhaps by its dual, one obtains a variation of Hodge
structures of weight k, = k — 2 - v,, whose Hodge bundles are concentrated
in bidegrees (k, — m,m) for m = 0, ..., k, and non-zero in bidegree (k,,0).
Applying Lemma 3.3 to V,(v,) one gets Arakelov inequalities for all the V,.
If all those are equalities, each of the V, will satisfy the Arakelov condition
in Definition 2.2, iii, and for some unitary bundle T, one finds V, = T, ®
Sk=2v (L) (~v,). We say that the Higgs field of W is strictly mazimal in this
case (see [VZO03] for a motivation and for a slightly different presentation
of those results).
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Let us list two results known for families of Calabi-Yau manifolds, sat-
isfying the Arakelov equality.

AssuMPTIONS 3.9. Consider smooth morphisms fy : Xog — Y; over a
non-singular curve Yy, whose fibres are k-dimensional Calabi-Yau manifolds.
Assume that fj extends to a semistable family f : X — Y on the compact-
ification Y of Yy. Let V be the irreducible direct factor of RF fy,C X, with
Higgs bundle (E, ), such that E¥9 #£ 0.

THEOREM 3.10 ([B0o97], [Vo93|, and [STZO03], see also [VZ03]).
For all k > 1 there exist families fo : Xo — Yy satisfying the Assumptions
3.9, such that the Arakelov equality (3.5) holds for V. For families of K3-
surfaces, i.e. for k =2, there exist examples with Yo =Y projective.

For k = 1 those families are the universal families over elliptic modular
curves, hence Y is affine in this case. A similar result holds whenever the
dimension of the fibres is odd.

THEOREM 3.11 ([VZO03]). Under the assumptions made in 3.9 assume
that k is odd and that V satisfies the Arakelov equality. Then S =Y \Yy # 0,
i.e. Yy s affine.

It does not seem to be known whether for even k& > 4 there are families of
Calabi-Yau manifolds over a compact curve with V satisfying the Arakelov
equality.

The geometric implications of the Arakelov equality for V in 3.9 or of the
strict maximality of the Higgs field, are not really understood. The structure
Theorem 3.6 can be used to obtain some properties of the Mumford Tate
group, but we have no idea about the structure of the family or about the
map to the moduli scheme Mj,. The situation is better for families of abelian
varieties. So starting from the next section we will concentrate on polarized
variations of Hodge structures of weight one.

4. Arakelov equality and geodecity of curves in A,

AssuMPTIONS 4.1. Keeping the assumptions from the last section, we
restrict ourselves to variations of Hodge structures of weight one, coming
from families fy : X9 — Yp of abelian varieties. Replacing Yy by an étale
covering allows to assume that fy: Xg — Yj is induced by a morphism g :
Yy — Ay where Ay is some fine moduli scheme of polarized abelian varieties
with a suitable level structure, and that the local monodromy in s € S of
Wo = R'f0.Qyx, is unipotent. Let us fix a toroidal compactification ]g,
as considered by Mumford in [Mu77]. In particular A, is non-singular, the
boundary divisor SZQ has non-singular components, and normal crossings,

leg (log Sjg) is nef and wi, (Sjg) is ample with respect to A,.
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In [MVO08] we give a differential geometric characterization of mor-
phisms ¢g : Yy — A, for which the induced C-variation of Hodge struc-
tures W contains a non-unitary C-subvariation V with Higgs bundle (E, ),
satisfying the Arakelov equality

1
(4.1) p(E™?) = 3 - deg(Qy (log 5)).
To this aim we need:

DEFINITION 4.2. Let M be a complex domain and W be a subdomain.
W is a totally geodesic submanifold for the Kobayashi metric if the restriction
of the Kobayashi metric on M to W coincides with the Kobayashi metric
on W.If W = A we call A a (complex) Kobayashi geodesic.

A map g : Yo = Ay is a Kobayashi geodesic, if its universal covering
map

@0 : 3;0 A — Hg

is a Kobayashi geodesic. In particular here a Kobayashi geodesic will always
be one-dimensional.

THEOREM 4.3. Under the assumptions made in 4.1 the following condi-
tions are equivalent:

a. o : Yo — Ag is Kobayashi geodesic.
b. The natural map @*Qlj (log SZg) — QL (log S) splits.
g
c. W contains a non-unitary irreducible subvariation of Hodge struc-
tures V which satisfies the Arakelov equality (4.1).

The numerical condition in Theorem 4.3 indicates that Kobayashi
geodesic in A, are “algebraic objects”. In fact, as shown in [M'V08] one
obtains:

COROLLARY 4.4. Let g : Yo — Ay be an affine Kobayashi geodesic,
such that the induced variation of Hodge structures Wgq is Q-irreducible.
Then g : Yo — Ag can be defined over a number field.

Geodesics for the Kobayashi metric have been considered in [M606]
under the additional assumption that fo : Xg — Y is a family of Jacobians of
a smooth family of curves. In this case ¢ (Yy) is a geodesic for the Kobayashi
metric if and only if the image of Yy in the moduli scheme M, of curves
of genus g with the right level structure is a geodesic for the Teichmiiller
metric, hence if and only if Y is a Teichmiiller curve. In particular Yy will
be affine and the irreducible subvariation V in Theorem 4.3 will be of rank
two. By Addendum 3.6 it is given by a logarithmic theta characteristic on Y.
Using the theory of Teichmiiller curves (see [McMO03]), one can deduce that
there is at most one irreducible direct factor V which satisfies the Arakelov
equality.
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The Theorem 4.3 should be compared with the results of [VZ04b].
Starting from Lemma 3.3 and the addendum 3.6 it is shown that under the
assumptions 4.1 Yy (or to be more precise, an étale finite cover of Yp) is a rigid
Shimura curve with universal family fy : Xo — Y if the Arakelov equality
holds for all irreducible C-subvariations of Hodge structures of R!fo.Cyx,.
Recall that “rigid” means that there are no non-trivial extensions of fj to
a smooth family f : X9 — T x Yy with dimT > 0. If one allows unitary
direct factors, and requires the Arakelov equality just for all non-unitary
subvariations V, then Yy C A, is a deformation of a Shimura curve or, using
the notation from [Mu69], the family fy: Xo — Yo is a Kuga fibre space.

In [M605] it is shown (see also [MVZO07, Section 1]), that for all Kuga
fibre spaces and all non-unitary irreducible V. C R!f;.Cx, the Arakelov
equality holds. In [M'VZO07] this was translated to geodecity for the Hodge
(or Bergman-Siegel) metric, and we can restate the main result of [VZ04b]
in the following form:

THEOREM 4.5. Keeping the notations and assumptions introduced in 4.1,
the following conditions are equivalent:

a. o : Yo — Ay is a geodesic for the Hodge metric on A,.

b. The natural map @*Qlj (log Sjg) — Q1 (log S) splits orthogonal for
the Hodge metric. ’

c. All non-unitary irreducible C-subvariations of Hodge structures
V C W satisfy the Arakelov equality.

d. fo:Xo— Yy is a Kuga fibre space over the curve Yj.

ExXAMPLE 4.6. One can ask, whether a geodesic for the Hodge metric
on A, can lie completely in My, or in different terms, whether there exists a
family of smooth curves over Y{, such that the induced family of Jacobians
is a Kuga fibre space. This is of course true for modular families of elliptic
curves.

In [VZ06] it was shown that for a Hodge geodesic in M, the rang of the
maximal non-unitary part of the corresponding variation of Hodge structures
has to be 2. So by [M606] Yj is a Teichmiiller curve and Yj is affine. By
[MG605] the only “Shimura-Teichmiiller curve”, i.e. the only Hodge geodesics
in My, exists for g = 3. Up to étale coverings, there is only one example.

5. Milnor-Wood inequalities

Before we discuss families of abelian varieties over a higher dimensional
base, let us mention a numerical condition, which applies to a different class
of Higgs bundles over curves Y, the Milnor-Wood inequality for the Toledo
invariant. We refere to [BGGO6| for an introduction and for a guide to the
literature.

Let T be a local system, induced by a representation of 71(Y,x*) in a
connected non-compact semi-simple real Lie group G. Since the representa-
tions of the fundamental group of Y are not semi-simple we can not apply
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Simpson’s correspondence stated in Theorem 3.1. As in [BGGO06, Section
2] one has to add on the representation side the condition “reductive” and
on the Higgs bundle side the condition “polystable”.

As explained in [BGGO06, Section 3.2], for G = SU(p,q) (or for G =
Sp(2n,R)) the corresponding Higgs bundle (F,1) is given by two locally
free sheaves V and W on Y of rank p and ¢, respectively, and the Higgs field
1) is the direct sum of two morphisms

BW-—VRM and v:V-—W®Q,.

For G = Sp(2n,R) one has p = ¢ = n and W = VV. Moreover 3 and v are
dual to each other.
The Toledo invariant of T or of (F,7) is

7(T) = 7((F,¢)) = deg(V) = — deg(W),
and the classical Milnor-Wood inequality says that
[7(T)| < Min{p,q} - (9 —1).

In fact, on page 194 of [BGGO6] one finds a more precise inequality, and
again equality has strong implications on the structure of the Higgs field:

ProprosITION 5.1. Let T be a local system on Yy induced by a repre-
sentation of m(Y,*) in SU(p,q) (or in Sp(2n,R)). Assume that the Higgs
bundle

(F=VeW,y=v+p)

1s stable, where

7V —=WeQ(logS) and B: W — V@ Q- (logs).
Then
(5.1)  —rk(B) - deg(€) < —2-deg(W) = 2 deg(V) < rk(y) - deg(2}).
The inequality 2 - deg(V) < rk(v) - deg(Q3,) is strict, except if v is an iso-
morphism (and hence rk(V) = rk(W) ).

PRrROOF. It is sufficient to prove the inequality on the right hand side.
The other one follows by interchanging the role of p and ¢, hence of V
and W. Since this inequality is compatible with exact sequences of Higgs
bundles, the Jordan-Holder filtration for Higgs bundles allows to assume
that (F =V & W, =~ + [3) is stable.

The subbundle G = V & v(V) ® (23)7! of (F,6) and the kernel K of
V — (V) are compatible with the Higgs field, hence

2 deg(V) — rk(v(V)) - deg(Qy)
< deg(V) + deg(7(V)) — tk(v(V)) - deg(y) < 0.

If equality holds, the stability implies that X is zero and that G = F. In
particular v is an isomorphism. O
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EXAMPLE 5.2. Let (F,0) be the Higgs bundle of a polarized variation
of Hodge structures of weight one. Then one could choose V = E'0 and
W = E%!. Since 8 =0 and 0 = v the inequality (5.1) says that

0 <2-deg(V) < rk(y) - deg(Qy),
hence it coincides with the inequality (3.6) in Variant 3.5.

ExAMPLE 5.3 (Kang Zuo). Let (F,0) be the Higgs field of a variation
of Hodge structures of weight k, with k odd. Choose

k—1 k—1
2 2
V _ @ Ek—Qm,Qm and W _ @ Ek;—2m—1,2m+1
- - )
m=0 m=0

and for v and ( the restriction of the Higgs field. The Milnor-Wood inequal-
ity says that

k-1 k-1

2 2
—2m—1,2m —2m,2m 1
(52) =) deg(E? L2“y:§ﬁ%wk22)g§d%m@.

m=0 m=0

The Arakelov equality in Lemma 3.3, ¢) implies that (5.2) is an equality. On
the other hand, having equality in (5.2) just implies that the morphisms

k—m, k—m—1,m+1 1
Ok : BF — pRommlmtl gl

are isomorphisms for m even, but it says nothing about the other components
of the Higgs field. So the two equalities are not equivalent. To get an explicit
example, consider Y = P! and S = {0, 1,00}. Choose

E30 = 0p(1), E*' =0p EY? =0p E = 0Op(-1).

So 03 and 6 2 are isomorphisms, whereas 03 1 : Op1 — Q]%,l (log(04+ 14 00))
is injective and has a zero in some point, say 2. The degree of F is zero,
and obviously the Higgs bundle is stable. Hence by Theorem 3.1 (FE,0) is
the Higgs bundle of a local system, and by construction the local system
underlies a polarized variation of Hodge structures.

This is one example for which (5.1) is an equality, without V or W
being stable, a quite common effect which will be studied in a follow-up of
[BGGO6] in more details.

6. Arakelov inequalities for variations of Hodge structures of
weight one over a higher dimensional base

From now on Y denotes a projective manifold and S a normal crossing
divisor in Y with Yy = Y \ S. We will need some positivity properties of the
sheaf of differential forms on the compactification Y of Yj.

ASSUMPTIONS 6.1. We suppose that
(%) 01-(log S) is nef and wy (S) is ample with respect to Yp.
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As a motivation, assume for the moment that Yy C A, is a Shimura
variety, or that there is a Kuga fibre space fo : Xo — Y. In both cases
Yy is the quotient of a bounded symmetric domain and replacing Yy by an
étale finite cover, we may choose for Y a Mumford compactification, i.e.
a toroidal compactification, as studied in [Mu77]. There it is shown that
Q%,(log S) is nef, and that Y maps to the Baily-Borel compactification. Then
the finiteness of Yy — A, implies that wy () is ample with respect to Yj.

The main reason why we need an extra condition is Yau’s Uniformization
Theorem ([Ya93], discussed in [VZ07, Theorem 1.4]), saying that (x) forces
the sheaf Q1. (log S) to be u-polystable. Here, as in Definition 2.1, we will
consider for coherent sheaves F the slope p(F) with respect to wy (.5).

Usually to define stability and semistability on higher dimensional pro-
jective schemes, one considers slopes with respect to polarizations. Replacing
“ample” by “nef and big”, hence considering semi-polarizations there might
exist effective boundary divisors D not recognized by the slope. So one has
to identify p-equivalent subsheaves.

DEFINITION 6.2.

1. A subsheaf G of F is p-equivalent to F, if /G is a torsion sheaf
and if ¢1(F) — ¢1(G) is the class of an effective divisor D with
1(Oy (D)) = 0.

2. G C F is saturated, if F/G is torsion free.

3. F is weakly p-polystable, if it is p-equivalent to a p-polystable
subsheaf.

The way it is stated, Theorem 3.1 only generalizes to a higher dimen-
sional base Yy if Yy = Y is compact. For variations of Hodge structures
however the polystability of the induced Higgs bundle remains true and, as
recalled in [VZO07, Proposition 2.4], there is no harm in working with the
“semi-polarization” wy (.5).

PROPOSITION 6.3. Let E be the logarithmic Higgs bundle of a C-variation
of Hodge structures W on Yy with unipotent local monodromy around the
components of S. If G C E is a sub-Higgs sheaf then for all dim(Y) —1 >
v > 0 and for all ample invertible sheaves H on Y one has

(6.1) c1(G).c1(wy ()M ==L ¢ (1) < 0.

Moreover, if G C E is saturated the following conditions are equivalent:

(1) For some v > 0 and for all ample invertible sheaves H the equality
holds in (6.1).

(2) For all v and for all ample invertible sheaves H the equality holds
in (6.1).

(3) G is induced by a local sub-system of W.

Most of the standard properties of stable and semistable sheaves carry
over to the case of a semi-polarization, hence to the slope with respect to
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the nef and big sheaf wy (S). In particular one can show the existence of
maximal p-semistable destabilizing subsheaves, hence the existence of the
Harder-Narasimhan filtration. In addition the tensor product of p-semistable
sheaves is again p-semistable.

The starting point of [VZ0T7] was a generalization of the Arakelov
inequality (3.5) for k = 1 to a higher dimensional base. It is a direct conse-
quence of the Simpson correspondence, as stated in Proposition 6.3, using
quite annoying calculations of slopes and degrees. Following a suggestion of
Martin Moller we present below a simplified version of those calculations.

THEOREM 6.4. Under the Assumption (%) consider a polarized C-varia-
tion of Hodge structures V on Yy with logarithmic Higgs bundle (E,0).
Assume that V is non-unitary, irreducible and that the local monodromy
m s €S is unipotent. Then

(6.2) p(V) = u(BY) = u(E®) < u(Qy(log S)).
The equality (V) = p(Q3-(logS)) implies that EY° and E%' are both
p-semistable.

Proor. Consider the Harder-Narasimhan filtrations

0=GoSG1S--SG=FE" and 0=G,SG S - SG)=E".

Next choose two sequences of maximal length

O=jo<ji<-<jr={f and 0=j,<ji<---<j.=1/, with
(63) 6(G;)CGyoblogS),  8(G; 1) ¢ Gyt @9 (logS)

and hence 0(Gj,) ¢ G/'Zfl ® 0 (log S).

Starting with jo = j{, = 0 this can be done in the following way. Assume one
has defined j,—1 and j/_;. Then j/ is the minimal number with

0(Gj,_111) C Gy @ Q3 (log 9),
and j, is the maximum of all j with
0(G;) C G;'Z ® Q3 (log S).
Writing EM = G, and BV = G;l we obtained two filtrations
0=E"CE’S - SENY=EY and
0=Ey' GEMG... G EM = EOL,

Let us define FP9 = Ef”q/ELp;ql. Remark that F? is not necessarily pu-
semistable. For (p,q) = (1,0) for example, the Harder Narasimhan filtration
is given by

0= GjL71/GjL71 ; Gijl‘f'l/Gijl ; T ; Gj /Gjbfl = FLLO'
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So
(6.4) WG, 1/Gi) > W(FI0) > u(Gy. /Gy 1)
and, replacing G by G’ and j by 7/,
(6.5 WGy /Gl )2 u(EPY) > (G /Gy ).
CLAIM 6.5.
A (e (BEY) 4 e (BN ey (wy (8))3mM) =L <0 forallv e {1,...,7}.

B. u(E%) > pu(Fy°) >+ > u(F°) > 0
0> u(EYY) > p(Fyh) > o> u(FP).

PROOF. By (6.3) (E, = E;° @& EX,0|p,) is a Higgs subbundle of (E, §).
So A) follows from Proposition 6.3. Since (E(IJ’I,O) is a Higgs subbundle
of (E,0) and since (F;",0) is a quotient Higgs bundle, one also obtains
W(F0) > 0> (DY),

The slope inequalities

Gy, /Gj,—1) > w(Gj,+1/Gj,) and M(G;{/G;‘[—O > M(G;'Hl/G;'[)a
together with (6.4) and (6.5), imply the remaining inequalities in B). O

CramM 6.6, pu(EY0)—pu(E™) < Max{u(F0) —u(FOY; k=1,...,7}

and the equality is strict except if r = 1.

Before proving Claim 6.6 let us finish the proof of Theorem 6.4. By (6.3)
the Higgs field 0 induces a non-zero map

(6.6) Gj,_1+1/Gj,_, — (G;Z/G'-Z_l) ® Q3 (log S).
The semistability of both sides of (6.6) implies that
(G _141/Gj ) < (G /Gy 1) + n(Qy (log 5)).
By (6.4) and (6.5) one has
6.7)  wlGj, 1 11/Gj ) = p(FMY) and  w(FMY) > u(G /GYy)

and altogether

(6.8)
p(EP0) = w(FM) < l(Gj,y1/ G y) = (G /Gy ) < p(Qy (log 5)).

For j = r the first part of Claim 6.6 implies that u(EY9) — u(E%!) <
(4 (log S)) as claimed in (6.2). This can only be an equality if r = 1,
hence j; = ¢ and ji = /.
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In addition, the equality in (6.2) can only hold if (6.8) is an equality.
Then the two inequalities in (6.7) have to be equalities as well. By the
definition of the Harder-Narasimhan filtration the equalities

w(Gr) = p(E™) and  p(E®) = (G /Gyp_1)
imply that £ = ¢’ = 1, hence that E™? and E%! are both y-semistable. [

PrOOF OF CLAIM 6.6. We will try to argue by induction on the length
of the filtration, starting with the trivial case r = 1. Unfortunately this forces
us to replace the rank of the Fio’1 by some virtual rank. We define:

(1) % = c1(F)-cr(wy (5) 8O-,
(2) @ = p(FP7) and Ay = i — .

3) ¥ = tk(FM) and p! = rk(FOY) — L

(4) For0<kx </

K Zl{ M ,0 pl,O ZH ,UO 1 p R
p,q __ ,q 1,0 _ i=1Hq P 0,1 __ i=1 M4 i
Sk = E P]zg , Tt = GL0 , Yo = 0,1 )
K

and 0, = Th° — 1.
Remark that T,% 0 is the slope of the sheaf E,i’o, whereas T,g 1ig just a virtual
slope without any geometric meaning.
By the choice of ,0?’1 one finds

1,0 1,0 0,1 01 1,0 1,0 0,1 0,1
A A S T :rk(Fi )‘Mi +rk(Fi )'Mi —% =0

and we can state:

(5) pLO . #il,o = _p(.]’l -u?’l and hence p?’l > 0.

(2 (2

Recall that the condition B) in Claim 6.4 says that uio > —le  and

uz T ,u,{l for ¢ < k. This implies
K K
0,1 0,1 _ 1,0 0,1 0,1 _ 1,0 1,0 1,0
N P PR My = Pi Pk - (_/“’LH )
=1 i=1

1

K

1,0 01 10 01
>Zp oK (=) =Dt ok
=1

0,1 1,0 01, L0, 01
ZEPi' it =ttt

. 1. .
Since ,ug’ 18 negatlve one gets
1 1 . 1 1 1 1
(6) 50 pn < oL, p,{’o or equivalently 8,{’21 -pg’ < sg’_l -p,,jo.

The induction step will use the next claim.
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CrLam 6.7. For 0 < k < /£ one has 6, < Max{d,—1, A}, with equality

if and only if §,_1 = A, and p}; 821 pgl 5}50.

PrROOF. We let A = 32’91 -8, 1, B = p};g pg’l, C = 310 ~p2’1 and

D=p". sg’il. By (6) one has D — C' > 0. Then

1,0 01 _ 10 10 01 01 01 10\ _ 10 1,0 .01
Sk Sk '5/4_5 :(/’Lz P Sk T My P Sk )_lu’f'i “Pr Sk

k—1
0,1 0,1 1,0 1,0 1,0 0,1 0,1 0,1 1,0
— WP S T § :(:u’z P SKT Ty Py Sk )

=B- A+ A6 +C- (T = O+ D (ul0 =12
=B At A b +C- (&H +A0) +(D=C) - (=12
Since u 0 < py 10 for i < Kk one finds u Tl 01 and
(A+B+C+D) 6, <B-Ag+A-0p1+C-Ag+D-0x_1.

This implies the inequality in Claim 6.7. If the equality holds, A, = dx—1
and

. _ .10, 0 1 1 ,0 _ 10 0,1 1,0 0,1
O_Dic_pm Sp—1 — Sk—1 pl-i =Pr Sk TSk Pk - O

CLAIM 6.8. One has the inequality p(E"?) — pu(E%!) < §, and the equal-
ity can only hold for v =--- =, =0.

PROOF. Since u(EM0) = 77°° it remains to verify that p(E%) > 7.
As a first step,

T T T
0,1 Ay 0,1 0,1 Vi
(6.9) (Yo ) —xk(E%) =7 (! —rk(£) = D0
i=1 i=1 =1 Mi
7 r=1 01 _ 0
- 1
- (S S (30
B 2+1 j=1
A L0101
Since Z}zl v; < 0 and equal to zero for ¢ = r, and since 10170“{1 is
My Hi:l-l
positive, one obtains
T
> ot < rk(EM).
i=1
Then
0,1 0,1 01 0,1 0,1
u(E%Y) = 2zt - k(F) _ _ il i + >im1 i
rk(EO:1) rk(EO:1) rk(EO-1)

01 0,1 01 0,1
_ Dici My P > Dici by P — 0.1
0,1 = 0,1 o
rk(E ) 2;1:1 pZ
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as claimed. The equality implies that the expression in (6.9) is zero, which
is only possible if v =--- =, = 0. g

Using the Claims 6.7 and 6.8 one finds that

,U(ELO) - ,U'(Eo’l) <o, < Max{dr—ly Ar} < Max{ér—% AV Ar} <
s S MaX{Al, ceey Af,«_l, AT}

The equality implies that for all x the inequalities in Claims 6.7 and 6.8
are equalities. The second one implies that for all x one has ~, = 0, hence
pg’l = rk(F,g’l), and the first one that
0= k00— NS0 ST Y s
As for variation of Hodge structures over curves, the Arakelov inequality
(6.2) is a direct consequence of the polystability of the Higgs bundle (E, 0).
The Arakelov equality u(V) = u(Q3 (log S)) allows to deduce the semista-
bility of the sheaves EM? and E%!. However, we do not know whether one
gets the stability, as it has been the case over curves (see 3.4). Although we
were unable to construct an example, we do not expect this.
So it seems reasonable to ask, which additional conditions imply the
stability of the sheaves EM0 and E%!.

7. Geodecity of higher dimensional subvarieties in A4,

Let us recall the geometric interpretation of the Arakelov equality, shown
in [VZ07] and [MVZO07].

ASSUMPTIONS 7.1. We keep the assumptions and notations from Sec-
tion 6. Hence Y is a projective non-singular manifold, and Yy C Y is open
with S = Y\ Y)) a normal crossing divisor. We assume the positivity condition
(x) and we consider an irreducible polarized C-variation of Hodge structures
V of weight one with unipotent monodromies around the components of S.
As usual its Higgs bundle will be denoted by (FE, 6).

The first part of Yau’s Uniformization Theorem ([Ya93|, discussed in
[VZ07, Theorem 1.4]) was already used in the last section. It says that the
Assumption (x) forces the sheaf Q2 (log S) to be p-polystable. The second
part gives a geometric interpretation of stability properties of the direct
factors. Writing

(7.1) QY (logS) =0 @ - @ Q

for its decomposition as direct sum of p-stable sheaves and n; = rk(£2;), we
say that €; is of type A, if it is invertible, and of type B, if n; > 1 and if for
all £ > 0 the sheaf S(€2;) is u-stable. In the remaining cases, i.e. if for some
¢ > 1 the sheaf S*(Q;) is p-unstable, we say that €; is of type C.
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Let 7 : Yy — Y; denote the universal covering with covering group T.
The decomposition (7.1) of Q3 (log S) gives rise to a product structure

%:Mlx-'-st,

where n; = dim(M;). The second part of Yau’s Uniformization Theorem
gives a criterion for each M; to be a bounded symmetric domain. This is
automatically the case if ; is of type A or C. If Q; is of type B, then M; is
a n;-dimensional complex ball if and only if

(7.2) (2 (i + 1) - c2(Q) — 1z - ¢1(2)?] c(wy (8))4m)=2 = 0.

DEFINITION 7.2. The variation of Hodge structures V is called pure (of
type @) if the Higgs field factors like

EYY — E% 2 Q, c B @ Q) (log )
(for some i = i(V)).

If one knows that Yj is a bounded symmetric domain, hence if (7.2) holds
for all direct factors of type B, one obtains the purity of V as a consequence
of the Margulis Superrigidity Theorem:

THEOREM 7.3. Suppose in 7.1 that Yy is a bounded symmetric domain.
Then V is pure.

SKETCH OF THE PROOF. Assume first that Yy = U; x Us. By [VZ05,
Proposition 3.3] an irreducible local system on V is of the form priV; ®
pr3Vy, for irreducible local systems V; on U; with Higgs bundles (E;,6;).
Since V is a variation of Hodge structures of weight 1, one of those, say Vg
has to have weight zero, hence it must be unitary.

Then the Higgs field on Y; factors through E%!' @ QlUl. By induction on
the dimension we may assume that Vi is pure of type ¢ for some ¢ with M,
a factor of Ul. Hence the same holds true for V.

So we may assume that all finite étale coverings of Yy are indecom-
posable. By [Zi84] § 2.2, replacing I" by a subgroup of finite index, hence
replacing Yy by a finite unramified cover, there is a partition of {1, ..., s} into
subsets I}, such that I' = [[, 'y, and I, is an irreducible lattice in Hie I G;.
Here irreducible means that for any normal subgroup N C [[;c 1, Gi the
image of I'y in [[;.; Gi/N is dense. Since the finite étale coverings of Yy are
indecomposable, I' is irreducible, so I1 = {1,...,s}.

If s = 1 or if V is unitary, the statement of the proposition is triv-
ial. Otherwise, G := [[;_; G; is of real rank > 2 and the conditions of
Margulis’ superrigidity theorem (e.g. [Zi84, Theorem 5.1.2 ii)]) are met. As
consequence, the homomorphism I' — Sp(V, @), where V is a fibre of V
and where @ is the symplectic form on V, factors through a representation
p: G — Sp(V,Q). Since the G; are simple, we can repeat the argument
from [VZO05, Proposition 3.3|, used above in the product case: p is a tensor
product of representations, all of which but one have weight 0. O
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The next theorem replaces the condition that Yy is a bounded symmetric
domain by the Arakelov equality.

THEOREM 7.4. Suppose in 7.1 that V satisfies the Arakelov equality

u(V) = p(Qy (log 5)).

Then V is pure.

The two Theorems 6.4 and 7.4 imply that the Higgs field of V is given
by a morphism

EY — E* @
between p-semistable sheaves of the same slope. If ; is of type A or C this

implies geodecity (for the Hodge or Bergman metric) in period domains of
variation of Hodge structures of weight one.

THEOREM 7.5. Suppose in Theorem 7.4 that for i = i(V) the sheaf §;
is of type A or C. Let M’ denote the period domain for V. Then the period

map factors as the projection Yy — M; and a totally geodesic embedding
Mi — M.

If ©; is of type B we need some additional numerical invariants in order
to deduce a similar property.

Let (F,7) be any Higgs bundle, not necessarily of degree zero. For ¢ =
rk(F19) consider the Higgs bundle

y4 l -1
/\(F, T) = (@FHJ, @r@,m) with
=0 =0
l—m m
(7.3) piemm = A (FY) @ A(FO!)  and with
{—m m {—m—1 m-+1

Toemm: [\ (FY) @ A(FOY) — N\ (F) e A\ (F) e Q) (logS)

induced by 7. Then F*® = det(F'?) and (det(F'Y)) denotes the Higgs
subbundle of A\‘(F, 7) generated by det(F-0). Writing

T(m) = T¢—m+1,m—1° """ 0CTyo,

we define as a measure for the complexity of the Higgs field
§((F,7‘)) = Max{m & N, T(m) (det(Fl’O)) ?é 0}
= Max{m € N; (det(F-0))c=mm £ 0},

For the Higgs bundle (E, 0) of V, we write ¢(V) = ¢((E,0)).
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LEMMA 7.6. Suppose in 7.1 that V satisfies the Arakelov equality and,
using the notation from Theorem 7.4, that for i = i(V) the sheaf Q; is of
type B (or of type A). Then

tk(EY0) - tk(E®Y) - (n; + 1)

(7.4) (V) > k() n;

Moreover (7.4) is an equality if and only if the kernel of the morphism
Hom(E"!, EYY) — Qf (log 9),
induced by 0, is a direct factor of Hom(E®!, E10).

Here again one uses Simpson’s polystability, applied to the variation of
l

Hodge structures /\V with Higgs bundle /\(E, 0).

THEOREM 7.7. Suppose in Theorem 7.4 that for i = i(V) the sheaf §; is
of type A or B. Assume that one has the length equality
tk(EY0) - tk(E%Y) - (n; + 1)
rk(E) Ny '

(7.5) (V) =

Then

a. M; is the complex ball SU(1,n;)/K, and V is the tensor product
of a unitary representation with a wedge product of the standard
representation of SU(1,n;).

b. Let M’ denote the period domain for V. Then the period map fac-
tors as the projection Yy — M; and a totally geodesic embedding
MZ’ — M.

In Theorem 7.7, a) the Higgs field of the standard representation of
SU(1,n;) (or of its dual) is given by

1 1 1 1

ST sy : s ) ST
EV=w, "o, E% =0, " andf =id 1w, " @ — w, " @,
1

where wi_ "i*1 gtands for an invertible sheaf, whose (n; + 1)-st power is
det(Qi).

REMARK 7.8. We do not know, whether the Arakelov equality implies
the condition (7.5). In [MVZO07] this implication has been verified for
rk(V) < 7. Nevertheless, the necessity of the Yau-equality in the charac-
terization of complex ball quotients indicates that besides of the Arakelov
equality one needs a second condition, presumably one using second Chern
classes.

Although the second Chern class does not occur in Theorem 7.7 it seem
to be hidden in the condition on the length of the Higgs field stated there.
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As an illustration of the latter, let us consider a second numerical invariant,
the discriminant. Recall that for a torsion free coherent sheaf F on Y

5(F) = [2-1K(F) - ea(F) = (K(F) = 1) e1(F)] - cr wy (8)) 102

For the Higgs bundle (E,0) of V we define §(V) = Min{5(E"?), 5(E%1)}.
The Bogomolov inequality for semi-stable locally free sheaves allows to
state as a corollary of Theorem 6.4:

COROLLARY 7.9. Keeping the assumptions and notations from Theo-
rem 6.4 the Arakelov equality (V) = (€3, (log S)) implies that 6(V) > 0.

THEOREM 7.10. Suppose in Theorem 7.4 that wy (S) is ample, that for
i =1i(V) the sheaf Q; is of type A or B and that 6(V) = 0. Then
a. M; is the complex ball SU(1,n;)/K, and V is the tensor prod-
uct of a unitary representation with the standard representation
Of SU(l, nl) .
b. Let M’ denote the period domain for V. Then the period map fac-
tors as the projection Yy — M; and a totally geodesic embedding
Mi — M.
c. (V) = rk(EL0) - tk(E%Y) - (n; 4+ 1)
rk(E) * Ny

Note that in a) we have to exclude the wedge products of the standard
representations. For those 6(V) is larger than 0.

In [MVZ07] we are mainly interested in subvarieties of A,. If one
assumes the conditions in 7.1 to hold for all non-unitary local C-subvariations
of Hodge structures of the induced family then one can deduce the following
numerically characterization of Kuga fibre spaces:

THEOREM 7.11. Let f : A — Y} be a family of polarized abelian varieties
such that R fo.C 4 has unipotent local monodromies at infinity, and such that
the induced morphism Yy — Ay is generically finite. Assume that Yy has a
projective compactification Y satisfying the Assumption (%).

Then the following two conditions are equivalent:

I. There exists an étale covering Y — Yo such that the pullback family
[ A =Axy, Y] — Y] is a Kuga fibre space.
II. For each irreducible subvariation of Hodge structures V of R! f.oC
with Higgs bundle (E,0) one has:
1. EitherV is unitary or the Arakelov equality (V) = (3 (log 9))
holds.
2. If for a p-stable direct factor Q; of Q3-(log S) of type B the com-
position

6;: B %5 E% @ Qb (log §) 25 E% 0
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s non-zero, then

Ck(ELOY - rk(EOLY - (s
s((.0y)) = HELE )

REMARK 7.12.

(1) Theorem 7.11 partly answers the question on the p-stability of the
Hodge bundles EM0 and E%!, at least for subvariations of Hodge
structures in R! fo,.C x, for a family fo : Xo — Yy of abelian vari-
eties. In fact, choosing in part I) a Mumford compactification Y’
of YJ one can show that the Hodge sheaves E'10 and E'%! of the
pullback V' of the irreducible subvariation of Hodge structures V
are u-stable. So up to replacing Yy by an étale cover and Y by a
suitable compactification, the u-stability of the Hodge sheaves fol-
lows from the Arakelov equality if V is of type A or C, whereas for
type B we need an additional numerical condition.

(2) If one knows the p-stability of E''Y and E'%! on some compacti-
fication of an étale covering Y of Yy, and if wy (S) is ample, then
Hom(E%, B9 is py-polystable and the Arakelov equality implies
that the morphism

Hom(E"!, EYY) — Qf (log 9),

is surjective and splits. So by Lemma 7.6 the numerical condition,
saying that (7.4) is an equality, holds and by Theorem 7.7 M; must
be a complex ball. As remarked in 7.8 we think it is unlikely to
have a characterization of a complex ball, which is only using first
Chern classes.

(3) The condition “wy (S) ample” appears in (2) since one uses that
the tensor product of polystable sheaves is polystable. The same is
used in the proof of Theorem 7.10. There however the ampleness is
needed for a second reason. One uses the characterization of unitary
bundles as those polystable bundles with vanishing first and second
Chern class. S.T. Yau conjectures that for both statements “wy (.5)
nef and big” is sufficient. He and Sun promised to work out a proof
of those results.

8. Open ends

I. As mentioned already, under the assumptions made in 7.1 for
variations of Hodge structures V of weight one and of small rank, the
Arakelov equality implies that the length inequality 7.4 is an equality. Let
us write in 7.1 ¢ = rk(E'9), p = rk(E%!) and assume that ¢ < p. Since
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deg(EY) + deg(E®') = 0 one can rewrite the Arakelov inequality
(6.2) as

1 F1.0y . dim(Y)-1 p-q ) dim(Y)
B (B ey (§)0 < P o (9)

LEMMA 8.1. Assume that V satisfies the Arakelov equality and that for
i =i(V) the sheaf Q; is of type A or B. Then

ni-q>p>gq, for n;=rk(§),

and if p = n; - q the numerical condition (7.5) in Theorem 7.7 holds. In
particular M; is a complex ball in this case.

PRrROOF. This follows from the definition of ¢((F,#)) and Lemma 7.6,
implying that

p-q-(ni+1)

(8.2) q=<((E,0) > ptq) m O

Assume the Arakelov equality. If ¢ = 1 E'0 is invertible. Moreover,
EYY ® Ty (—1logS) and E%! have to be p-equivalent. So p = m and (8.2)
must be an equality, as required in (7.5). Hence M; is a complex ball of
dimension n; (see [MVZ07, Example 8.5]).

If ¢ = 2, assuming that wy (S) is ample, one can apply [MVZ07, Lemma
8.6 and Example 8.7], and again one finds that the Arakelov equality implies
the length equality (7.5).

COROLLARY 8.2. Assume in 7.1 that V satisfies the Arakelov equality,
and that for i = i(V) the sheaf Q; is of type A or B. Assume that

Min{rk(E"?), rk(E®1)} < 2,

Then M; is the complex ball SU(1,n;)/K, and V is the tensor product of a
unitary representation with a wedge product of the standard representation

II. In [KMO08a] Koziarz and Maubon define a Toledo invariant for rep-
resentations p of the fundamental group of a projective variety Y with values
in certain groups, in particular in SU(g, p). They assume that X is of general
type, and they use the existence of the canonical model X ., of X, shown in
[BCHM]. Let us assume here for simplicity, that X is the canonical model,
hence that wy is ample.

As in Section 5 the Higgs bundle corresponding to p is of the form Ve W
and the Higgs field has two components

B:W-—VM and v:V — WO
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In [KMO8Db, Section 4.1] the Toledo invariant is identified with deg(V) =
—deg(W), and for 1 < ¢ < 2 < p the generalized Milnor-Wood inequalities
in [KMO08a, Theorem 3.3] and [KMO8b, Proposition 4.3] say that

) dim(Y)-1| q ) dim(Y")
(83) ‘Cl(V) C1 (o.)y) ‘ ~ 7(111’11(}/) 1 cl(wy) .

For ¢ = 2 one finds in [KMO08a, Proposition 1.2] a second inequality, saying

. dim(Y)—1 2p . dim(Y)
(84)  fea(V) i) < oy e .
In [KMO8b, Theorem 4.1] the authors also study the case that the Milnor-
Wood inequality (8.3) is an equality. They show that this can only happen
if p>m - q, and that the universal covering Y is a complex ball.

As in Example 5.2 one can apply (8.3) and (8.4) to a polarized variation
of Hodge structures of weight one over ¥ = Yj. So we will assume that
q = tk(E'YY) is smaller than or equal to p = rk(E%!) and we will write
n = dim(Y’). Here the second inequality (8.4) coincides with the Arakelov
inequality (8.1). As pointed out in [KMO08a, Section 3.3.1], for variations of
Hodge structures of weight one (8.3) also holds for ¢ > 2.

PROPOSITION 8.3. In 7.1 one has the Milnor-Wood type inequality
(8.5) (1+n) - u(EYY) <n - p(Qy(log 9)).

The equality implies that p = q - n and hence that (8.5) coincides with the
Arakelov (in)equality.

If S*(Q3 (log S)) is stable for allv > 0, and if (8.5) is an equality, then
the universal covering M of U is the complex ball SU(1,n)/K, and V is the
tensor product of a unitary representation with the standard representation

of SU(1,n).

PROOF. Let us repeat the argument used in [KMO08a] in the special
case of a variation of Hodge structures of weight one, allowing logarithmic
poles of the Higgs bundles along the normal crossing divisor S. As in the
proof of Theorem 6.4 one starts with the maximal destabilizing p-semistable
subsheaf G of E'Y. Let G’ be the image of G ® Ty (—1logS) in E%!. Then
the p-semistability of G ® Ty (—log.S) and the choice of G imply

6 w@) > u(G) - p(@h(0gS),  u(G) > p(EW),
(8.7) and tk(G') < 1k(G) - n.
Since (G ® G',0|gaq) is a Higgs subbundle of (E,#) one finds
0 > deg(G) + deg(G") = 1K(G) - u(G) + 1k(G') - p(G)
> (tk(G) +1k(G")) - (@) —1k(G") - u(Qy (log 5)),

Oy @) > 1+ 1) (),

1
>
hence p(Qy-(log S)) > (1 + (G -
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as claimed. If n- (1 (log S)) = (1+n)-u(ESY) one finds that all the inequal-
ities in (8.6) and (8.7) are equalities. The first one and the irreducibility of
V imply that G = E'0 and that G’ = E%!, whereas the last one shows that
p=mn-q for ¢ =rk(E"?) and p = rk(E*!). Then
p-q  q
(p+q)-n n+1

and the equality is the same as the Arakelov equality.
Finally Lemma 8.1 allows to apply Theorem 7.7, in case that Qi.(log S)
is pu-stable and of type A or B. d

The situation considered in [KIMO08a] and [KMO8b] is by far more gen-
eral than the one studied in Proposition 8.3. Nevertheless the comparism of
the inequalities (8.3) and (8.4) seems to indicate that an optimal Milnor-
Wood inequality for for representations in SU(g, p) with ¢, p > 2 should have
a slightly different shape. As said in Remark 7.8, it is likely that an inter-
pretation of the equality will depend on a second numerical condition.

ITI. The proof of the Arakelov inequality (3.4) for £ > 1 and the inter-
pretation of equality break down if the rank of Q3 (log S) is larger than one.
In the proof of Theorem 6.4 we used in an essential way that the weight
of the variation of Hodge structures is one. For the Milnor-Wood inequal-
ity for a representation of the fundamental group of a higher dimensional
manifold of general type with values in SU(p,q) one has to assume that
Min{p, ¢} < 2, which excludes any try to handle variations of Hodge struc-
tures of weight k£ > 1 using methods, similar to the ones used in Example 5.3.
So none of the known methods give any hope for a generalizations of the
Arakelov inequality to variations of Hodge structures of weight k£ > 1 over a
higher dimensional base. We do not even have a candidate for an Arakelov
inequality.

On the other hand, in the two known cases the inequalities are derived
from the polystability of the Higgs bundles and the Arakelov equalities are
equivalent to the Arakelov condition, defined in 2.2, iii). So for weight k& > 1
over a higher dimensional base one should try to work directly in this set-up.

Even for £ > 1 and dim(Y) = 1, as discussed in Section 3, we do
not really understand the geometric implications of the Arakelov equality
(3.5), even less the possible implications of the Arakelov condition over a
higher dimensional base. Roughly speaking, the Addendum 3.6 says that
the irreducible subvariations of Hodge structures of weight k over a curve,
which satisfy the Arakelov equality, look like subvariations of the variation
of Hodge structures of weight k for a family of k-dimensional abelian
varieties. However we do not see a geometric construction relating the
two sides.

IV. Can one extend the results of [MV08], recalled in Section 4, to
higher dimensional bases? For example, assume that A, is a Mumford com-
pactification of a fine moduli scheme A, with a suitable level structure and
that ¢ : Y — Ay is an embedding. Writing SZg for the boundary, assume
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that (Y, S = @_I(Szg)) satisfies the condition (%) in Assumption 6.1. So one
would like to characterize the splitting of the tangent map

Ty (—logS) — cp*TXg (—log Sjg)

in terms of the induced variation of Hodge structures, or in terms of geodecity
of Y in A,.
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