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Manifolds of Positive Scalar Curvature:
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The scalar curvature k is the weakest curvature invariant one can attach
(pointwise) to a Riemannian n-manifold M™. Its value at any point can be
described in several different ways:

(1) as the trace of the Ricci tensor, evaluated at that point.

(2) as twice the sum of the sectional curvatures over all 2-planes e; Ae;,
1 < j, in the tangent space to the point, where ey, ..., e, is an
orthonormal basis.

(3) up to a positive constant depending only on n, as the leading coef-
ficient in an expansion [22, Theorem 3.1]

Vi (r) = Vi(r) (1 — ﬁﬂ +- )

telling how the volume Vj/(r) of a small geodesic ball in M of
radius r differs from volume Vg(r) = C,,r™ of a corresponding ball
in Euclidean space. Positive scalar curvature means balls of radius
r for small r have a smaller volume than balls of the same radius in
Euclidean space; negative scalar curvature means they have larger
volume.

In the special case n = 2, the scalar curvature is just twice the Gaussian
curvature.

This paper will deal with bounds on the scalar curvature, and especially,
with the question of when a given manifold (always assumed C*°) admits
a Riemannian metric with positive or non-negative scalar curvature. (If the
manifold is non-compact, we require the metric to be complete; otherwise
this is no restriction at all.) We will not go over the historical development
of this subject or everything that is known about it; instead, our focus here
will be on updating the existing surveys [20], [68], [69] and [58].
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We should explain why we care so much about positivity of the scalar
curvature. Why not ask about metrics of negative scalar curvature, or of van-
ishing scalar curvature, or of non-negative scalar curvature? More generally,
we could ask which smooth functions on a closed manifold M are realized as
the scalar curvature function of some metric on M. It is a remarkable result
of Kazdan and Warner that (in dimensions >2) the answer to this question
only depends on which of the following classes the manifold M belongs to:

(1) Closed manifolds admitting a Riemannian metric whose scalar
curvature function is non-negative and not identically 0.

(2) Closed manifolds admitting a Riemannian metric with vanishing
scalar curvature, and not in class (1).

(3) Closed manifolds not in classes (1) or (2).

All these three classes are non-empty if n > 2. By a simple application of
the Gauss-Bonnet Theorem, if n = 2, class (1) consists of S? and RP?; class
(2) consists of T2 and the Klein bottle; and class (3) consists of surfaces
with negative Euler characteristic.

THEOREM 0.1 (“Trichotomy Theorem” [34], [33], [32]). Let M" be a
closed connected manifold of dimension n > 3.

(1) If M belongs to class (1), every smooth function is realized as the
scalar curvature function of some Riemannian metric on M.

(2) If M belongs to class (2), then a function f is the scalar curva-
ture of some metric if and only if either f(x) < 0 for some point
x € M, orelse f = 0. If the scalar curvature of some metric g van-
ishes identically, then g is Ricci flat (i.e., not only does the scalar
curvature vanish identically, but so does the Ricci tensor).

(3) If M belongs to class (3), then f € C°(M) is the scalar curvature
of some metric if and only if f(z) <0 for some point x € M.

This Theorem thus shows that deciding whether a manifold M belong to
class (1) is equivalent to determining whether M admits a metric of strictly
positive scalar curvature. Furthermore, in this case, there are no restrictions
at all on possibilities for the scalar curvature. We will include some more
results about class (2) in the last section of this paper.

REMARK 0.2. Note that Theorem 0.1 partially justifies the comment
above, that existence of a metric of positive scalar curvature on a noncom-
pact (connected) manifold M is no restriction at all if the metric is not
required to be complete. Indeed, suppose M is diffeomorphic to an open
subset of a compact manifold with boundary M. (If M is homotopically
finite with “tame” ends, this is not much of a restriction.) Take the double
of M along OM; this is now a closed manifold X in which M is embedded
as an open subset with complement having non-empty interior. By Theorem
0.1, there is a metric on X whose scalar curvature function is positive on M
but negative somewhere in the complement of M. The general case (where
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M cannot be embedded in a closed manifold) can be deduced from this case
with somewhat more work.

Most of the results presented in this paper are due to other authors, but
the organization here may be a bit different than in the original sources.
In Section 1, we will discuss necessary and sufficient conditions for a closed
manifold M to admit a metric of positive scalar curvature. Part of this
discussion (e.g., Conjecture 1.19, Theorem 1.20, and Remark 1.25) has been
known for a while to the experts but may not be in the literature in its
present form. In Section 2, we will discuss the topology of the space of
metrics of positive scalar curvature in cases where this space is non-empty.
Some of the proofs in this section are new. Then Section 3 will discuss the
question of what non-compact manifolds admit a complete metric of positive
scalar curvature. Here, Theorem 3.4, Corollary 3.5, and part of Theorem 3.9
are new results. Section 4 will discuss a few other miscellaneous topics.

1. The obstruction problem: which closed manifolds admit
a metric of positive scalar curvature?

If M™ is a closed n-manifold, when can M be given a Riemannian metric
for which the scalar curvature function is everywhere strictly positive? (For
simplicity, such a metric will henceforth be called a metric of positive scalar
curvature. )

Answering this basic question involves two disjoint sets of techniques:
obstruction results, showing that some manifolds do not admit metrics of
positive scalar curvature, and positive results, showing that many manifolds
do admit such metrics.

1.1. Obstruction results. All known obstruction results follow from
one of three basic principles:

(1) The result of Lichnerowicz [40], that if ) is the Dirac operator
on a spin manifold M (a self-adjoint elliptic first-order differential
operator, acting on sections of the spinor bundle), then

(1.1) p? =v*v+g.
Here V is the covariant derivative on the spinor bundle induced by
the Levi-Civita connection, and V* is the adjoint of V. Since the
operator V*V is obviously self-adjoint and non-negative, it follows
from equation (1.1) that the square of the Dirac operator for a
metric of positive scalar curvature is bounded away from 0, and
thus that the Dirac operator cannot have any kernel. It follows that
any index-like invariant of M which can be computed in terms of
harmonic spinors (i.e., the kernel of [)) has to vanish.
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(2) The Schoen-Yau minimal surface technique [61], which implies that
if M™ is an oriented manifold of positive scalar curvature, and if
N™1is a closed stable minimal hypersurface in M dual to a non-
zero class in H'(M,Z), then N also admits a metric of positive
scalar curvature.

(3) The Seiberg-Witten technique [73], which implies that if M? is a
closed 4-manifold with a non-zero Seiberg-Witten invariant, then
M does not admit a metric of positive scalar curvature.

Each of these three techniques has its own advantages and disadvantages.
Technique (1) applies to manifolds of all dimensions, and is usually the most
powerful, but it only applies to spin manifolds, or at least to manifolds with
a spin cover (i.e., to manifolds M such that wa(M) = 0, where M is the
universal cover of M and ws is the second Stiefel-Whitney class). Technique
(2) applies whether or not M and N are spin, but it requires H'(M, Z) to be
non-zero, which is quite a restriction on 71 (M ). In addition, since solutions
to the minimal hypersurface equations in general have singularities, this
technique only works without modification up to dimension 7 or 8. There
have been hopes for a long time (see for example [64]) that one could “excise
the singularities” to make this technique work in high dimensions, and now
Lohkamp [43] has announced a precise result of this sort, based in part on
joint work with Ulrich Christ, though as of the time of writing this paper, the
details have not yet appeared. Finally, technique (3) again does not require
a spin condition, but works only in the special dimension 4. (Sometimes one
can reduce problems about manifolds in dimensions 5 through 8 to this case
using technique (2).) Let’s now go into the three techniques in somewhat
more detail.

1.1.1. The Dirac obstruction. We start with (1) of §1.1, the Dirac oper-
ator method. If M is a spin manifold of dimension n, there is a version of the
Dirac operator which commutes with the action of the Clifford algebra C¥,,
(see [37, §IL.7]). In particular, its kernel is a (graded) C'¢,-module, which
represents an element a(M) in the real K-theory group KO, = KO~ "(pt)
(see [37, Def. 11.7.4]).

THEOREM 1.1 (Lichnerowicz [40]; Hitchin [29]). If M™ is a closed spin
manifold for which a(M) # 0 in KO,,, then M does not admit a metric of
positive scalar curvature.

We recall that KO,, = Z for n = 0 mod 4, that KO, = Z/2 forn = 1,2
mod 8, and KO,, = 0 for all other values of n. Furthermore, for n = 0 mod
4, the invariant a(M) is essentially equal to Hirzebruch’s A\—genus A\(M ),
namely a(M) = A(M) for n = 0 mod 8, and a(M) = A(M)/2 for n = 4
mod 8. So this result immediately shows that there are many manifolds,
even simply connected ones, which do not lie in class (1) of the Kazdan-
Warner trichotomy (see Theorem 0.1). E.g., the Kummer surface K*, the

hyperplane in the complex projective space CP3 given by the equation
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28+ 21 + 23 + 25 = 0, is spin and has A(K) = 2, and hence does not
admit a metric of positive scalar curvature.

We observe that a(M) depends only on the spin bordism class [M] €
QP™. In fact, we can interpret o(M) as the image of [M] under a natural
transformation of generalized homology theories as follows. Let KO, (X) and
ko.(X) denote the periodic and connective real K-homology of a space X,
respectively (so KO, (X) satisfies Bott periodicity, and the spectrum defin-
ing ko, is obtained from the periodic K O-spectrum by killing all homotopy
groups in negative degrees). Then there are natural transformations

(1.2) QPin (X)) 25 ko, (X) 25 KO,(X),

the first of which sends the bordism class [M, f] to f.([M]xo), where [M]g, €
ko.(M) denotes the ko-fundamental class of M determined by the spin struc-
ture, and the second of which builds in Bott periodicity by inverting the Bott
generator of kog = Z. With this notation, a(M) = pero D([M]) (in the case
X = pt).

A stronger result than Theorem 1.1 can be obtained by taking the fun-
damental group into account and coupling the Dirac operator with flat or
almost flat vector bundles. To get good results, we need to use infinite-
dimensional bundles, or at least sequences of bundles whose dimensions go
to infinity. Here we will use the index theory of Mishchenko and Fomenko
[46] and bundles of Hilbert C*-modules over the real C*-algebra of the
fundamental group. This algebra, denoted Cg (), is the completion of the
group ring R[] for the largest C*-norm, or in other words the largest oper-
ator norm on a Hilbert space, when one lets R[x] act on Hilbert spaces via
representations of 7w by invertible isometries. Ordinary flat vector bundles
can’t give very much, since the rational characteristic classes of any finite-
dimensional flat vector bundle are trivial by Chern-Weil theory.

We will also need a topological construction that will play a big role
later. For any (discrete) group 7, there is a classifying space Bw, which
we can choose to be a CW complex, having 7 as fundamental group and
with contractible universal cover Ewr. This space is unique up to homotopy
equivalence. If M has fundamental group m, then there is a classifying map
f: M — Bm which induces an isomorphism on fundamental groups. This
map is determined up to homotopy by an identification of w1 (M) with 7.
Thus we can replace X by Bm in (1.2) above and define, if M™ is a spin
manifold, an invariant ap,(M) € KO, (Bm).

The best result one can obtain on the obstruction problem using the
index theory of the Dirac operator can be stated in the case of spin manifolds
as follows:

THEOREM 1.2 (Rosenberg [54]). For any discrete group m, there is a nat-
ural assembly map A: KO, (Br) = KO.(Cg(m)) from the KO-homology
of the classifying space to the topological K-theory of the real group C*-
algebra. (The Baum-Connes Conjecture implies, in particular, that this map
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is injective if 7 is torsion-free.) If M™ is a closed spin manifold for which
A(apr(M)) # 0 in KO, (Cg()), then M does not admit a metric of positive
scalar curvature.

SKETCH. Form the bundle Vg, = Em x,Cg(m) over Br whose fibers
are rank-one free (right) modules over Cg (7). As a “Cg(m)-vector bundle”
over B, this has a stable class [Vp,] in a K-group KO°(Bm; Cg(7)), and
A is basically the “slant product” with [Vp,]. This relies on an index theory,
due to Mishchenko and Fomenko, for elliptic operators with coefficients in a
Cg (m)-vector bundle. If M is as in the theorem, then the (Clifford algebra
linear) Dirac operator on M, with coefficients in the bundle Vg, has an
index ap(M, f) € KO,(Cg(m)), which one can show by the Kasparov
calculus is just AoperoD([M, f]). Since Vg, is by construction a flat bundle,
there are no correction terms due to curvature of the bundle, and formula
(1.1) applies without change. Hence if M has positive scalar curvature, the
square of this Dirac operator is bounded away from 0, and the index vanishes.

O

REMARK 1.3. For purposes of the construction above, one could just as
well use the reduced real group C*-algebra Cy 4(m), which is the completion
of R[n] for its action on L?(r) by left convolution. When 7 is amenable, this
algebra coincides with Cg(7); otherwise, it is a proper quotient. The assem-
bly map into KO.(Cg(m)) potentially has a smaller kernel than the one
into KO (Cg ,.q(m)), but on the other hand, the latter has a better chance
of being an iéomorphism. The Baum-Connes Conjecture would imply that
if 7 is torsion-free, the assembly map into KO.(Cf ,q(7)) is an isomor-

phism, whereas one cannot generally expect this for the assembly map into
KO, (Cg(m)).

It was conjectured in [55], admittedly on the basis of rather flimsy evi-
dence, that when 7 is finite and M™ is a spin manifold, the vanishing of
A(apr(M)) is not only necessary, but also sufficient, for M to admit a metric
of positive scalar curvature. This conjecture is usually called the Gromov-
Lawson-Rosenberg Conjecture. (See Conjecture 1.22 below.) There are no
known counterexamples to this conjecture in dimensions n > 5, though as
we will see, there are reasons to be skeptical about it.

There is an analogue of Theorem 1.2 that holds when M does not admit
a spin structure, but wo(M) = 0. We call this the “twisted” case. The
statement appears a bit technical, and those not so interested in having
the most general possible result can ignore it and concentrate on just two
cases: the case where M is spin, which we have already discussed, and the
case where M is oriented and wa(M) # 0, in which case the Dirac operator
method gives no information at all.

The following definitions are due to Stolz.
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DEFINITION 1.4. Let 7 be a triple (7, w, ), where w: m — Z/2 is a group
homomorphism (this will correspond to w; of our manifold) and 7 — 7 is
an extension of 7 such that ker(m — ) is either Z/2 or the trivial group.
Let o: Spin(n) — SO(n) be the non-trivial double covering of the special
orthogonal group SO(n). We note that the conjugation action of O(n) on
SO(n) lifts to an action on Spin(n). Let 7 x Spin(n) be the semi direct
product, where g € 7 acts on the normal subgroup Spin(n) by conjugation
by @@ Here r € O(n) is the reflection in the hyperplane perpendicular
to e; = (1,0,...,0) € R™ Abusing notation, we also use the notation w
for the composition 7 — 7 — Z/2. We define G(v,n) to be the quotient of
7 X Spin(n) by the central subgroup generated by (k,—1), where k € 7 is
the (possibly trivial) generator of ker(m — ). Sending [a,b] € G(vy,n) to
(0 g (b) defines a homomorphism p(vy,n): G(y,n) — O(n).

A y-structure on an n-dimensional Riemannian manifold M is a princi-
pal G(vy,n)-bundle P — M together with a G(y, n)-equivariant map p: P —
O(M). Here O(M) is the orthogonal frame bundle of M, a principal bundle
for the orthogonal group O(n), and G(v,n) acts on O(M) via the homomor-

phism p(v,n).

REMARK 1.5. Let M be a connected manifold with fundamental group
7 and with w1 (M) = w: m — Z/2. Then M always admits a ~y-structure for
some v = (m,w, 7). We can arrange to have ker(7 — m) # 0 exactly when
w2 (M ) =0.

(1) If 7 is the trivial group, then G(y,n) = SO(n) (resp. Spin(n)) if
ker(m — ) is trivial (resp. non-trivial). In this case a y-structure
on M amounts to an orientation (resp. spin structure) on M (cf.
[37, Def. 11.1.3]).

(2) More generally, if w = 0 and T = 7 (resp. T = 7 x Z/2), then
G(y,n) = x SO(n) (resp. G(y,n) = w x Spin(n)); in this case, a
~-structure amounts to an orientation (resp. spin structure) on M,
together with a principal 7-bundle M — M.

(3) If M is not orientable, so w # 0, but wa(M) # 0, then G(v,n) =
mx O(n) and the v-structure on M is determined by the classifying
map M — Bmw x BO(n), where the first component of the map
is the classifying map for the universal covering, and the second
component is the classifying map for the tangent bundle.

(4) A ~y-structure determines a principal m-bundle MY P/Gy — M,
where (1 is the identity component of G(v,n). We note that G; =
SO(n) if ker(7m — =) is trivial, and G; = Spin(n) otherwise. Hence
the principal G1-bundle P — M can be identified with the oriented
frame bundle of M or a double cover thereof.

The substitute for Theorem 1.2 in the twisted case involves a substitute
C*(7y) for Ci(m). This is defined as follows.
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DEFINITION 1.6. Let v = (7, w, ) be a y-structure as in Definition 1.4.
We define a Z/2-graded C*-algebra C*y to be the —1-eigenspace for the
involution on the group C*-algebra C*7 defined by multiplication by the
central generator k of ker(m — 7). The Z/2-grading is given by the {£1}-
eigenspaces of the involution C*y — C*~ which is the restriction of the
involution C*7 — C*7 given by § — (—=1)?@ for § € 7 C C*7, where
w is the composition of the projection map 7 — 7 and w: 7 — Z/2. In
particular, C*y = 0 if 7 = 7 and C*y = C*r (with the trivial grading) if
w=0and 7 =7 xZ/2.

The analogue of Theorem 1.2 in the twisted case is then:

THEOREM 1.7 (Stolz; see [58, §5]). If M™ is a closed manifold with

wo(M) = 0 and with y-structure v = (w,w,T), then there is a “twisted
Dirac obstruction” in KO, (C*v), whose vanishing is necessary for M to
admit a metric of positive scalar curvature.

Roughly speaking, this theorem, like Theorem 1.2, is proved by tak-
ing the “index of the Dirac operator” in a suitable sense. Since our under-
standing of positive scalar curvature is incomplete enough even for spin
manifolds, or for oriented manifolds with non-spin universal cover, we will
concentrate hereafter on these simpler cases and not mention the twisted
case any further.

1.1.2. The minimal hypersurface method. Now let’s discuss (2) of §1.1,
the minimal hypersurface method. This relies on the following inequality,
found in [61]:

LEMMA 1.8 (Schoen-Yau [61]). Let M™ be a closed oriented n-manifold
with HY(M,Z) # 0 and with positive scalar curvature, and let H"! be a
stable minimal hypersurface, minimizing (n — 1)-dimensional volume in its
homology class. Then

(1.3) /H <’“f + |v¢2> dvol > 0,

with k the scalar curvature of H in the induced metric from M and dvol the
measure on H defined by the induced metric, for all functions ¢ € C*°(H)
not vanishing identically. (Here V is to be computed with respect to the
induced metric on H.)

From this one can deduce that H also has a metric of positive scalar cur-
vature, and in some cases, this leads to a contradiction, with the result that
M could not have had a metric of positive scalar curvature in the first place.
For example, if n = 3, then taking ¢ = 1 in (1.3), we deduce that the inte-
gral of k over H is positive, which by Gauss-Bonnet implies that H must
be a sphere. In particular, since the homology class of H in Hy(M,Z) is
represented by a sphere, it lies in the image of the Hurewicz map mo (M) —
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Hy(M,Z). This is impossible if M is aspherical with by (M) > 0 (so that we
could construct H in the first place), so we see that an aspherical oriented
closed 3-manifold M with by (M) > 0 cannot have a metric of positive scalar
curvature. This sort of reasoning was refined in [62] to show that if M is
a compact oriented closed 3-manifold M with 71 (M) containing a product
of two cyclic groups or a subgroup isomorphic to the fundamental group of
a compact Riemann surface of genus >1, then M cannot admit a metric of
positive scalar curvature.

If n > 3, the reasoning to get from (1.3) to the fact that H admits a
metric of positive scalar curvature is a bit more complicated. Basically, (1.3)
implies that the conformal Laplacian of H (for the metric induced from M)
is strictly positive, which in turn implies (by an argument of Kazdan and
Warner) that one can make a conformal change in the metric of H to achieve
positive scalar curvature.

Iterating use of this technique, one can show that many manifolds do
not admit metrics of positive scalar curvature, as long as one can produce
chains of stable minimal hypersurfaces going down in dimension from n to
2. For example, one can formalize this as follows:

THEOREM 1.9 (Schick, [60, Corollary 1.5]). Let X be any space, let
3< k<8, andlet o € HY(X,Z). Let Hy(X,Z)* denote the subset of
H(X,Z) consisting of classes f.([N]), where f: N* — X and N is an
oriented closed manifold of positive scalar curvature. Then cap product with
a maps Hy(X,Z)" to Hy_1(X,Z)™".

Here the restriction to k& < 8 is simply for the purpose of knowing that
if f: N¥ — X, then there is a smooth, nonsingular minimal hypersurface of
N dual to f*a. Schick’s original paper had k£ < 7; this can be improved, as
remarked in [31], using better regularity results for minimal hypersurfaces
n [65]. Presumably the dimensional restriction can be removed altogether
using the results of [43].

The minimal hypersurface technique is especially powerful in low dimen-
sions. For example, it was used to prove:

THEOREM 1.10 (Schoen and Yau [64, Theorem 6]). No closed aspherical
4-manifold can admit a metric of positive scalar curvature.

1.1.3. The Seiberg- Witten method. Finally we get to (3) of §1.1, the
Seiberg-Witten method. This applies only to oriented closed 4-manifolds.
Any such manifold M always admits a spin® structure £. It is not unique (in
fact, the set of spin® structures compatible with the orientation is a principal
homogeneous space for H%(M, Z)), but for each choice, provided by (M) > 1,
there is an integer invariant, called the Seiberg-Witten invariant SW(§),
which counts the number of solutions to a certain non-linear elliptic system
of partial differential equations. (The equations concern a spinor field ¥, i.e.,
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a section of the positive half-spinor bundle Sgr associated to &, plus a connec-

tion A on the line bundle /\2 Sg . We require 1 to satisfy the Dirac equation
defined by the connection, D¢ () = 0, and in the “unperturbed” version
of the equations,! also require the self-dual part of the curvature of A to be
given by the pairing of ¢ with itself under the nontrivial bundle map

2
S&®8F =0,

which of course is quadratic, not linear, in .) When b3 (M) = 1, it is still
possible to define SW(&), but in general it also depends on the Riemannian
metric (or the perturbation made to the equation). The basic connection
between Seiberg-Witten invariants and scalar curvature is the following:

THEOREM 1.11 (Witten [73], [47, Corollary, 5.1.8]). Let M be an ori-
ented closed 4-manifold with by (M) > 1. If SW(£) # 0 for some spin®
structure &, then M does not admit a metric of positive scalar curvature.

On the other hand, for some special classes of 4-manifolds, one knows
that the Seiberg-Witten invariant can be non-zero. For example, one has:

THEOREM 1.12 (Taubes [70]). Let M™ be a closed, connected oriented 4-
manifold with b;r(M ) > 1. If M admits a symplectic structure (in particular,
if M admits the structure of a Kdhler manifold of complex dimension 2),
then SW (&) # 0 for some spin® structure &, and thus M does not admit a
positive scalar curvature metric (even one not well-behaved with respect to
the symplectic structure).

This dramatic result implies that many smooth 4-manifolds do not admit
metrics of positive scalar curvature, even if they are non-spin and simply
connected. In other words:

COUNTEREXAMPLE 1.13. In dimension 4, there exist:

(1) a simply connected spin manifold M* with A(M) = 0 but with no
positive scalar curvature metric.

(2) simply connected non-spin manifolds with no positive scalar curva-
ture metric.

Still more subtle things go wrong in dimension 4, such as:

COUNTEREXAMPLE 1.14 (Hanke, Kotschick, and Wehrheim [25]). For
any odd prime p, there exists a smooth spin 4-manifold M* with fundamental
group cyclic of order p, such that M does not admit a metric of positive
scalar curvature, but its universal cover does.

1Sometimes, for technical reasons, one needs to make a small perturbation. See [47,
Chapter 6] for a detailed explanation. We’ll ignore this for the moment.
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When b3 (M) = 1, then Seiberg-Witten invariants still exist, but they
are not necessarily independent of the metric g. However, it is still true that
if SW(§,g) # 0, then the metric g cannot have positive scalar curvature.
This is useful in some cases, since for example, one can show that if M is
homeomorphic to CP? # nCP? with n < 9, then the Seiberg-Witten invari-
ants are actually independent of the choice of metric. This was used in [48],
[66], [15], and [49] to construct exotic 4-manifolds, homeomorphic to classi-
cal simply connected manifolds of positive scalar curvature, without metrics
of positive scalar curvature. We will see that all of this is very different from
what happens in dimensions >5.

1.2. Positive results. The known positive results about existence of
metrics of positive scalar curvature come from a combination of

(1) specific constructions for certain special classes of manifolds, such
as fiber bundles with fibers of positive scalar curvature and the
structure group consisting of isometries (see, e.g., [67, Observation,
p. 512]), manifolds with a non-trivial action of SU(2) or SO(3) [38],
or Toda brackets [7];

(2) surgery techniques for “propagating” positive scalar curvature from
one manifold to another.

Here (1) is self-explanatory, but only covers a rather small number of
examples, built out of standard building blocks such as spheres, projective
spaces, and lens spaces, using fairly standard constructions. Such techniques
only work on “highly symmetric” manifolds, and so one needs a way to
get from these to more general manifolds. That is what is provided by the
surgery method (item (2) above).

The basic result on which everything is based is the following:

THEOREM 1.15 (Surgery Theorem of Gromov-Lawson [23], Schoen-Yau
[61]). Let M’ be a closed manifold of positive scalar curvature, not necessar-
ily connected, and suppose M is a manifold that can be obtained from M’ by
surgery in codimension >3. Then M also admits a metric of positive scalar
curvature.

While this may not seem like much, this Surgery Theorem, together with
the method of proof of the s-cobordism theorem, implies a reduction of the
question of what manifolds M"™ admit metrics of positive scalar curvature,
provided that n > 5, to bordism theory. Further application of techniques
developed in [67], together with additional ideas of Jung based on the Baas
theory of “bordism with singularities,” ultimately reduce one down to the fol-
lowing statement. For simplicity, we have ignored the “twisted case,” which
is much more complicated to describe, though the ideas are roughly the
same.

THEOREM 1.16 (Jung and Stolz). Let M™ be a closed connected oriented
manifold with fundamental group m and dimension n > 5. Let Bm be the
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classifying space of w, or in other words, a K(mw,1) space, which is well
defined up to homotopy equivalence, and let uw: M — Bw be a classifying
map for the universal cover of m (so that the universal cover of M is the
pull-back under u of the universal principal w-bundle).

(1) If M is spin, let [M]g, € ko(M) denote the ko-fundamental
class of M determined by the spin structure. Suppose u.([M]g,) €
kon(Bm)T, the subset of kon(Bw) consisting of classes fi([N]ko)
with N™ a spin manifold of positive scalar curvature and with f: N
— Bm.

(2) If wa(M) # 0, i.e., the universal cover of M is not spin, suppose
us([M]) € H,(Bw)", the subset of H,(Bmw) consisting of classes
f«([N]) with N™ an oriented manifold of positive scalar curvature
and with f: N — Bm.

Then (in either case) M admits a metric of positive scalar curvature.

REMARK 1.17. Note there is a certain asymmetry between M and N
in the theorem. While M has to be connected, and while u has to be a
classifying map for the universal cover of M, N need not be connected, and
f can be arbitrary. In addition, in case (2), while we require wq(M) # 0,
there is no such condition on N.

Another curious fact is that while, a priori, ko,(Bw)™ and H,(Bm)" are
just sets, they are in fact subgroups of ko, (Bm) and H,(Bw). The reason is
that addition is represented in bordism theories by disjoint union of mani-
folds, and the disjoint union of manifolds of positive scalar curvature clearly
has a metric of positive scalar curvature. Similarly, multiplication by —1 is
represented by reversal of orientation or spin structure, which has no effect
on the positive scalar curvature condition.

g‘gill another case of interest is the one where M is not orientable, but still
wa(M) # 0. In this case, there is an analogue of case (2) of Theorem 1.16,
but one needs to replace usual homology by homology with local coefficients.
(See for example [7, Theorems 2.5 and 2.7(3)].)

1.3. Classification conjectures. In this subsection, we will discuss
what answers might be expected to the question of what closed manifolds
should admit metrics of positive scalar curvature, and what is known about
the status of these conjectures.

First of all, for simply connected manifolds of dimension > 5, the prob-
lem is fully understood.

THEOREM 1.18 (Gromov-Lawson [23], Stolz [67]). Let M™ be a con-
nected, simply connected closed manifold, with n > 5. Then if wa(M) # 0,
M admits a metric of positive scalar curvature. If wa(M) = 0, so that M
admits a spin structure, then M admits a metric of positive scalar curvature

if and only if a(M) =0 in KOp(pt).
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Dimension 2 is of course also fully understood, and we would understand
dimension 3 if the Thurston Geometrization Conjecture is true. (Of course,
the Poincaré Conjecture alone would settle the simply connected case.) But
because of Counterexample 1.13, the situation has to be more complicated
in dimension 4. The best we might hope for would be:

CONJECTURE 1.19. Let M* be a closed simply connected 4-manifold.
Then M admits a metric of positive scalar curvature unless either M is
spin with A(M) # 0 or by (M) > 1 and some Seiberg-Witten invariant of
M is non-zero.

At the moment, we have no methods at all for attacking Conjecture 1.19.
The most mysterious case of all may be the one where by (M) = 1 and b, (M)
is large, in which case the Seiberg-Witten invariants are not independent of
the choice of metric.

In dimension 4, one possibility is to simplify the problem by allowing
connected sums with S? x S2. (By a famous argument of Wall [71], this is
known to make simply connected surgery theory work in the smooth cate-
gory, whereas without stabilization, smooth surgery theory fails miserably
[36].) Then one obtains a rather simple result.

THEOREM 1.20. Let M™ be a connected and simply connected smooth
4-manifold. Then M#k(S? x S?) admits a metric of positive scalar curva-
ture for some k if and only if either wo(M) # 0, or else wa(M) = 0 and
A(M) = 0.

Proor. If M is spin and A\(M ) # 0, then these conditions are preserved
under taking connected sums with S? x S2. Hence, by Lichnerowicz’s The-
orem (Theorem 1.1), M#k(S? x S?) does not admit a metric of positive
scalar curvature, for any value of k. If M is spin with A\(M ) = 0, then the
signature of M vanishes (since in dimension 4, the signature and the A-
genus are proportional to one another), and by Wall [71], M#k(S? x S?) is
diffeomorphic to a connected sum of copies of S? x S2, for sufficiently large
k, and thus for such k, M#k(S? x S?) admits a metric of positive scalar
curvature by the Surgery Theorem, Theorem 1.15. Finally, if M is non-spin,
then again by Wall [71], M#k(S? x S?) is diffeomorphic to a connected
sum of copies of CP? and CP? once k is sufficiently large, and so once again,
M#K(S? x §%) admits a metric of positive scalar curvature by the Surgery
Theorem. ]

In dimensions >5, various attempts have been made to extrapolate from
Theorem 1.18 and Theorem 1.2 to a reasonable guess about necessary and
sufficient conditions for positive scalar curvature. The best known conjec-
tures are the following:
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CONJECTURE 1.21 (“Gromov-Lawson Conjecture”). Let M™ be a closed,
connected n-manifold with n > 5 and with fundamental group 7 and clas-
sifying map u: M — Bm. If wa(M) # 0, then M admits a metric of pos-
itive scalar curvature. If we(M) = 0 (so we can choose a spin structure
on M), then M admits a metric of positive scalar curvature if and only if
apr(M)=0in KO, (Bm).

CONJECTURE 1.22 (“Gromov-Lawson-Rosenberg Conjecture”). Let M™
be a closed, connected n-manifold with n > 5 and with fundamental group
7 and classifying map u: M — Bmw. If we(M) # 0, then M admits a metric
of positive scalar curvature. If wa (M) = 0 (so we can choose a spin structure

on M), then M admits a metric of positive scalar curvature if and only if
Aoapr(M)=0in KO, (Cg(m)).

CONJECTURE 1.23 (“Stable Gromov-Lawson-Rosenberg Conjecture”).
Let J® be a simply connected spin 8-manifold with A(.J) = 1. (This implies
that «(J) is a “geometric representative” for Bott periodicity. For exam-
ple, we can take J to be a “Joyce manifold” with exceptional holonomy
Spin(7).) Say that a closed n-manifold M™ stably admits a metric of
positive scalar curvature if M x J x --- x J admits a metric of positive
scalar curvature for a sufficiently large number of J-factors. Then if M is
oriented with wa (M) # 0, M always stably admits a metric of positive scalar

curvature, and if M is spin, then M stably admits a metric of positive scalar
curvature if and only if Ao apr(M) =0 in KO, (Cg(n)).

A few words about the history are in order here. Conjecture 1.21 was
hinted at in [24], but in the same paper, it was observed that the conjecture
cannot always be right in the non-spin case, because of the minimal hyper-
surface method. (For example, apply Theorem 1.9 to the case X = T",
n < 8. One sees that H,(X,Z)" = 0, since otherwise, Theorem 1.9 shows
H,_1(X,Z)*" # 0. Iterating the construction, one eventually comes down to
the case n < 2, where we know this is false. It follows that Conjecture 1.21
fails for (CP? x S?)#7T or for CP*#T8, since these are oriented manifolds
with non-spin universal cover mapping to non-trivial homology classes in
T, resp., T%.)

Conjecture 1.22 was proposed in [55], but only when the fundamental
group 7 is finite. Counterexample 1.14 shows that it fails in dimension 4, but
the conjecture was only intended to apply in dimensions 5 and up. It was
shown in [60] that the conjecture fails when 7 is a product of a free abelian
group and a finite group, because one can use Theorem 1.9 to reduce to a
low-dimensional case. A more subtle counterexample was found in [13]; here
it is shown that there is a torsion-free group 7 for which the assembly map
A is injective, but yet one can construct a manifold M"™ with fundamental
group 7 for which ap.(M) = 0 in KO, (Bm) and yet M does not admit a
metric of positive scalar curvature. What goes wrong is related to the fact
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that the periodization map per: ko.(Bw) — KO.(Bw) has a big kernel.
On the other hand, if 7 is such that A and per are injective for 7, which
is the case for a large number of “nice” groups, then Conjectures 1.21 and
1.22 both hold for 7 in the spin case, by a combination of Theorem 1.2 and
Theorem 1.16.

Conjecture 1.23 was proposed in [57], where it was observed that the
case wg(ﬁ ) # 0 is trivial since J is oriented bordant to a non-spin man-
ifold of positive scalar curvature. In this same paper, Conjecture 1.23 was
proved (or at least the proof was sketched) when M is spin and = is finite,
and also when 7 is torsion-free and the assembly map A is injective. A
much more general result was sketched in [68] and [69, §3]. Namely, if the
Baum-Connes Conjecture holds for m, or even if the Baum-Connes assem-
bly map KOJ (En) — KO,(Cg(m)) is injective, then Conjecture 1.23 holds
for w. (Here Ex is the universal proper m-space; it coincides with E7, and
KO7 (Em) coincides with KO, (Bm), provided that 7 is torsion-free.)

The current status of the positive scalar curvature problem is thus very
complicated. There are good reasons to believe that the Stable Conjecture,
Conjecture 1.23, holds in general, but this still begs the question of what is
true unstably.

For finite groups, there is a bit more one can say. First of all, it was
shown in [4] that Conjecture 1.22 does hold for finite groups = with periodic
cohomology. (These are exactly the finite groups whose Sylow subgroups are
all either cyclic or generalized quaternion.) By a combination of results of
[30] and [8], Conjecture 1.22 in the case of non-spin universal cover also
holds for elementary abelian 2-groups. Furthermore, by a combination of
the results of [7] and [8], Conjecture 1.22 also holds (in both the spin and
non-spin cases) for elementary abelian p-groups with p odd, once n (the
dimension of the manifold) exceeds the rank of 7, or more generally, pro-
vided one reformulates the conjecture just for “atoral” classes. But even in
the elementary abelian case, there is one tricky case nobody has been able
to handle. Namely, suppose p is an odd prime and one looks at the homol-
ogy class in H,((BZ/p)") represented by T in the obvious way (the map
on classifying spaces induced by “reduction mod p” Z" — (Z/p)"). Is this
homology class represented by an oriented (or spin) manifold with positive
scalar curvature? As for general finite groups, nothing we know excludes the
possibility that Conjecture 1.22 holds for all finite 7, but in the other hand
there is no obvious reason why a conjecture that fails for infinite groups
should hold for finite ones.

Another “stable” conjecture which has the advantage over Conjecture
1.23 of having a simpler statement is the following:

CONJECTURE 1.24 (“S!-Stability”). Let M™ be a closed, connected
n-manifold. Then M admits a metric of positive scalar curvature if and
only if M x St does.
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REMARK 1.25. One direction of this is trivial; certainly if M has a metric
of positive scalar curvature, then the obvious product metric on M x S' has
the same property. The converse would follow from most “reasonable” crite-
ria (with good functoriality in the fundamental group) proposed for positive
scalar curvature, such as Conjecture 1.21 or Conjecture 1.22 (in dimensions
>5). This conjecture is also compatible with Theorem 1.9. Unfortunately,
Conjecture 1.24 fails in dimension 4. To see this, choose any smooth com-
plex hypersurface V of odd degree >5 in CP3. Then (since the degree of
V is odd) V is a non-spin smooth simply connected 4-manifold with a
Kahler structure and with b; > 1, hence by Theorem 1.12, V' does not
admit a metric of positive scalar curvature. On the other hand, V x S! is
a closed oriented 5-manifold with fundamental group m = Z, representing
0 in H5(BZ,Z) = H5(S',Z) = 0, so V x S! has a metric of positive scalar
curvature by Theorem 1.16.

The author does not know of any counterexamples to Conjecture 1.24
with n > 5. Of course the big problem with this conjecture is that it doesn’t
settle the positive scalar curvature problem for any manifold; it simply states
the equivalence of the problem on one manifold with the problem on another.

2. The moduli space problem: what does the space of positive
scalar curvature metrics look like?

In this section, we consider the following problem. If M™ is a closed
manifold which admits at least one Riemannian metric of positive scalar
curvature, what is the topology of the space R+ (M) of all such metrics on
M? In particular, is this space connected?

In general, the answer to this problem is not known, but a methodology
exists for approaching it, and there are lots of partial results. The one case
that is totally understood is the one where n = 2. By Gauss-Bonnet, the
only closed 2-manifolds admitting metrics of positive scalar curvature are
S? and RP2. And we have:

THEOREM 2.1 ([58, Theorem 3.4]). The spaces RT(S?) and R (RP?)
are contractible.

To deal with higher-dimensional manifolds, we first need some defini-
tions.

DEFINITION 2.2. Suppose M is a closed manifold, and let R+ (M) denote
the space of all Riemannian metrics of positive scalar curvature on M, with
the C'°° topology. We assume this space is non-empty. Then two metrics
go and g; in R (M) are called concordant if there is a smooth metric g of
positive scalar curvature on M x [0, a], for some a > 0, which restricts in
a neighborhood of 0 to the product metric gy X o, and in a neighborhood
of a to the product metric g; X o, where o is the standard metric on R
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(corresponding to dt?). The metrics go and g1 are called isotopic if they lie

in the same connected component (or path component, it doesn’t matter)
of R (M).

It is easy to show that isotopic metrics of positive scalar curvature are
concordant. (The original argument is in [23, Lemma 3|; see also [58, Propo-
sition 3.3].) The converse is not at all obvious and is now known to be false
(see Theorem 2.10 below), since a metric of positive scalar curvature on
M x [0,a] may not necessarily be a product metric, and there is no obvi-
ous way to “straighten it.” Thus mo(RT(M)), the set of path components
of BT (M), surjects onto the set 7o(R+(M)) of concordance classes, and if
the latter has more than one element (respectively, is infinite), then so is
the set of path components of R+ (M). The major result in high dimensions
(specialized to the case of closed manifolds, as there is also a version for
manifolds with boundary) is:

THEOREM 2.3 (Stolz [68, Theorem 3.9], [58]). Let M™ be a connected
closed spin n-manifold with fundamental group ™ admitting a metric of pos-
itive scalar curvature, and suppose n > 5. Then there is a group Rp41(m)
acting simply transitively on mo(RT(M)). (Thus in some sense the latter
only depends on ™ and on n.) Furthermore, there is an “index homomor-
phism” 0: Ry 1(m) = KOp1(Cg(m)).

Suppose furthermore that N ™' is a spin manifold with boundary ON =
M. Then a given metric of positive scalar curvature g on M extends to a
metric of positive scalar curvature on N which is a product metric in a collar
neighborhood of the boundary if and only if an obstruction defined by (N, g)
vanishes in R, y1(m1(N)).

CONJECTURE 2.4 (Stolz [58]).

The index map 0: Ry,41(m) = KOp41(Cg(m)) is “stably” an isomor-
phism. The notion of stability here is similar to that in Conjecture 1.23; we
replace Ry41(m) by im Ry 1485 (), where the maps in the inductive limit
come from products with the manifold J°®.

There is also a version of Theorem 2.3 and of Conjecture 2.4 for non-spin
manifolds. In this case, R,1(m) should be replaced by Ry+1(y) with v as in
Definition 1.4, and the real group C*-algebra should be replaced by C*(7).

The index map 6 of Theorem 2.3 can sometimes be used to distinguish
different connected components in R (M). This use of the index map is
quite similar to, and presumably generalizes?, earlier uses of the “relative
index” or the relative n-invariant to distinguish different connected compo-
nents in R (M).

For example, Hitchin [29, Theorem 4.7] proved that if M™ is a closed spin
manifold admitting a metric of positive scalar curvature, then mo(R+(M)) #

2The author is not sure if all the details of proving that the two constructions coincide
have been verified, but there is reason to believe this shouldn’t be so hard.
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0 provided that n = 0 or 1 mod 8, and 71 (R*(M)) # 0 provided that n = —1
or 0 mod 8. Examination of his proof shows that in terms of the language
of Theorem 2.3, he was really showing that the composite

Rpi1() 5 KOpir (CL()) = KOpy (pt) =2 Z,/2

is surjective when n + 1 = 1 or 2 mod 8, basically because we know there
are exotic spheres in dimensions 1 or 2 mod 8 for which the a-invariant is
non-zero.

Since there are still no high-dimensional manifolds for which the topology
of R (M) is fully understood, the rest of this section will consist largely of
a catalog of examples.

For example, one of the earliest results on the topology of R (M) is the
following:

THEOREM 2.5 (Gromov-Lawson [24, Theorem 4.47]). The space RT(S7)
has infinitely many connected components; in fact, To(RT(S7)) is infinite.

PROOF FOLLOWING [24]. The idea is to construct “exotic metrics” on
S7 by using the fact that there are many ways to write S” as the unit sphere
bundle of an oriented R*-bundle E over S*. Such bundles are classified by
two integer invariants: the first Pontrjagin class p; (always an even number)
and the Euler class e. The unit sphere bundle S(F) = X7 (with respect to
some choice of smooth metric on the vector bundle) is (oriented) homotopy
equivalent to S” if e = 1, and as shown by Milnor [44], p? = 4 (mod 7) is
necessary for ¥ to be diffeomorphic to S7. The value p; = 2 corresponds to
the usual presentation of S7 as the unit sphere bundle of a quaternionic line
bundle over HP! = S*. But in [35], it is shown that the h-cobordism classes
of smooth homotopy 7-spheres constitute a cyclic group ©7 of order 28, and
thus there are other values of p; (such as p; = 2 + 28 = 30) for which S(FE)
is diffeomorphic to S7.

Now it is easy to construct a metric of positive scalar curvature on the
unit disk bundle D(F) of E which is a product metric in a collar neighbor-
hood of the boundary S(E) = S7. Suppose the metric obtained this way
on ST were “standard,” i.e., concordant to the standard spherical metric
go. Then we could take a metric on D® of positive scalar curvature which
is a product metric gg x o (see Definition 2.2 for the notation) in a collar
neighborhood of the boundary S”, and glue the two metrics together (after
first inserting a “fitting,” a copy of S” x I with a concordance metric) to get
a metric of positive scalar curvature on M® = D(E) Ug(g) (8" x I) Ugr D®.

This is a contradiction, since M is a spin manifold with A(M) # 0. In fact, a
slight variant of this calculation shows that if one takes two different values
for p1(E) (but for both of which we have S(E) = S7), then the metrics
obtained on S” cannot be concordant. Thus since there are infinitely many
values of p; for which S(E) = S7, there are infinitely many concordance
classes of positive scalar curvature metrics on S7. O
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Now let’s give a different construction for exotic positive scalar curvature
metrics on homotopy 7-spheres, which works in any dimension 4k —1, k > 2.
Afterwards, we will say a bit about the special case k = 1. We actually do
not know if SR+ (S®) has infinitely many connected components or not.

THEOREM 2.6. The space RY(S*~1) has infinitely many connected
components for k > 2; in fact, the indexr invariant Ry, — KOy = 7 s
non-trivial.

PROOF. Let M** be the parallelizable manifold with boundary obtained
from the Eg plumbing as in [45]. In more specific terms, M is obtained
by starting with the 4k-disk D* and adding on 8 2k-handles D?* x D2k,
plumbed together to intersect according to the Cartan matrix of Fg. Note
that M may be viewed as the result of doing surgery on 8 copies of S%~1
embedded into the boundary S*~1 of D*. Since we are assuming that
k > 2, the codimension condition of the Surgery Theorem is satisfied, and so
M admits a metric of positive scalar curvature extending a standard “round”
metric on the original 4k-disk D**, and a product metric on the boundary
»4=1 — 9M. (Strictly speaking, we need the version of the Surgery Theorem
that applies to manifolds with boundary. This is a variant on Theorem 1.15
due to Gajer. See [17] and [68, Theorem 3.3] for details.) As argued by
Kervaire and Milnor, M is parallelizable and 3. is a nonstandard homotopy
sphere. To quickly sum up the argument, the main points are these:

(1) M and ¥ are simply connected, since they are the result of highly
connected surgeries. (N.B.: The assumption & > 2 is used here;
if £k = 1, ¥ turns out to be the Poincaré homology sphere, the
quotient of S3 by the binary icosahedral group of order 120, and so
is not simply connected. We will come back to this point later.)

(2) M is parallelizable, since it is built by framed surgery from the
tangent bundles of spheres.

(3) X is a homology sphere, because of the fact that the Cartan matrix
of Eg is unimodular. (This part is still valid even when k = 1.)

(4) Consider N** = M** Uy cone(X). This is a topological 4k-manifold.
However, it cannot be smooth, and so X is not diffeomorphic to
S4=1 The reason is the following. Suppose we had ¥ = §4~1
cone(X) = D*. Then N would be smooth and almost paralleliz-
able (parallelizable off a disk). Thus all its Pontrjagin classes would
vanish except for py, in degree 4k. (Any lower Pontrjagin class would
be detectable by its restriction to a proper skeleton, and thus by
its restriction to M**. But M** is parallelizable.) However, the sig-
nature of N is 8, since by construction, its intersection form on
middle homology is given by FEg, which is unimodular of rank 8.
Thus, by the Hirzebruch signature formula, the term in the L-class
of M involving py must evaluate to 8. This is a contradiction, since
(pk, [M]) is integral and we know the coefficient ux of pg in L; it’s
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a complicated rational number related to the Bernoulli numbers:

22k(22k—1 _ 1)

= B
HE (2k)! k

[28, §1.5]. In particular, its numerator is such that (uxpg, [M]) can’t
be 8.

Now let’s go back to the issue of positive scalar curvature metrics. Recall
we’ve constructed using surgery a metric of positive scalar curvature on
M* which restricts to a product metric in a collar neighborhood of the
boundary homotopy sphere £4~1. By [35], there is a finite number m such

m

that the m-fold connected sum X#X# - - - #X is diffeomorphic to a standard
sphere S%~1 Thus there is a (spin) cobordism P**, the trace of a surgery
on a union on S%’s, from 7%, R 4o #;”:124’“_1 = §4—=1" Again by
the Surgery Theorem, there is a metric of positive scalar curvature on P**
which is a product metric on a neighborhood of each boundary component:
the metric constructed above (coming from M%) on each copy of ¥4~1,
and some metric of positive scalar curvature g on S*~1. We claim that g
is not in the same concordance class as the standard round metric gg on
S4=1 "and in fact that the index obstruction to extending ¢ to a metric on
D*  restricting to a product metric near the boundary, is non-zero. This
will prove the theorem.

Indeed, if our claim is false, there is a metric of positive scalar curva-
ture on

m
QY = (H M4k> U]_U_n:l sak—1 P Ugar—1 D
j=1
extending the metrics we’ve constructed on each copy of M and on P. (See
Figure 1.)

Now Q¥ is a closed spin manifold, and by an argument similar to the one
used above with N4¥_ it is almost parallelizable. So all its Pontrjagin classes
vanish except for pi in top degree. Furthermore, the construction shows that
the intersection form of () on middle homology is a direct sum of m copies of
Fg, so the signature of Q** is 8m. That tells us, as above, that ug (pg, [M]) =
8m. But the coefficient of py, in the A polynomial, —(B,/2(2n)!), is also non-
zero. So E(Q) = 0, contradicting Theorem 1.1. This completes the proof,
since we’ve shown that the index obstruction to extending ¢ over a disk D**
is non-zero. ]

In [24] and [58], the question of whether R (S3) is disconnected was left
open. On the one hand, might expect mo(R¥(S?%)) to be infinite via a certain
index calculation, but on the other hand, Hitchin showed in [29, §3] that
the space of left invariant positive scalar curvature metrics on SU(2) = §3
is contractible. He also computed the n-invariants for these metrics, and
showed that it varies continuously. The method of proof used above seems
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FIGURE 1. The construction of the manifold Q*.

at first to be promising, in terms of showing that the Eg manifold M has
a metric of positive scalar curvature restricting to a product metric on a
neighborhood of the boundary, the Poincaré homology sphere 3. If this
were the case, there would be some hope of lifting the metric on ¥3 to the
covering space S3, and showing that the metric constructed this way on S3
is “exotic,” say by means of an n-invariant calculation. But unfortunately,
the argument breaks down right at the first step, because the codimension
condition in the Surgery Theorem 1.15 isn’t satisfied.

Next, we discuss various methods for detecting non-triviality of the
topology of RT (M), M odd-dimensional, via eta invariants. Unfortunately,
the ordinary (untwisted) eta invariant of the Dirac operator doesn’t help
much, since it vanishes identically for metrics of positive scalar curvature
on spin manifolds in dimension = 1 mod 4 (see for example [20, Lemma
1.7.10]), while in dimension = 3 mod 4, it only helps if one can control
the A term in the Atiyah-Patodi-Singer Theorem [1]. However, there is also
a reasonably large literature using the twisted eta invariant (for the Dirac
operator twisted by a flat bundle, and especially for the formal difference of
two such twists of the same dimension) to prove facts about R (M) when
M is not simply connected. We will just give a few representative examples,
and leave it to the reader to consult [5], [39], [19], [18], [29], and [6] for
more results and details.

THEOREM 2.7. Let M be a closed connected spin manifold of odd dimen-
siom, and let gy and g1 be metrics of positive scalar curvature on M. Let p be



280 J. ROSENBERG

a virtual unitary representation of m = m (M) of virtual dimension 0, i.e., a
formal difference of two finite dimensional unitary representations p* and

p~ of m with dimp+ =dimp~. Let WO(P) = n(wO’pv 0)! Tll(P) = n(pl’p’ 0)7
where Do and D1 are the Dirac operators for the metrics go and g1, and

n(Pj,p) is defined by
n(Pj.p)=nP; @1y ) =Py ),

V,+ denoting the flat vector bundle defined by pt. Then if no(p) # m(p),
go and g1 and mot concordant, and in particular, do not lie in the same
connected component of R+ (M).

PROOF. Suppose gg and g1 are concordant. Then there is a metric g of
positive scalar curvature on M x [0, 1], restricting to a product of gy with
a metric on the line in a collar neighborhood of M x {0} (which we may
identify with M) and to a product of g; with a metric on the line in a collar
neighborhood of M x {1} (which we may identify with —M, M with the
orientation reversed). The representations p* of 7 give vector bundles V,+
on M x [0, 1], which we equip with flat connections. Now consider the index
problem for /(0,11 ® 1Vp . with Atiyah-Patodi-Singer boundary conditions
on M x {0} and M x {1}. Since M x [0, 1] has positive scalar curvature and
the vector bundle is flat, the Lichnerowicz identity (1.1) shows the kernel of
Darxpo,1) vanishes, and thus the index is 0. Furthermore, since V,+ is flat,
its Chern character reduces by Chern-Weil theory simply to dim p*. So by
the Atiyah-Patodi-Singer Theorem [1], we have

@) 0= P - aPost) + [ A-dimgt,

Mx10,1]

Subtract equation (2.1) for p~ from equation (2.1) for p™, and the A terms
cancel. So if no(p) # n1(p), we get a contradiction, and the result follows. [

COROLLARY 2.8 (Botvinnik and Gilkey [5, Theorem 0.2]). Let M be
a closed connected spin (4k + 1)-manifold with finite fundamental group ,
admitting a metric of positive scalar curvature, and assume that ™ has a
non-zero virtual unitary representation p of virtual dimension 0, satisfying
the parity condition Trp(h) = —Trp(h™1) for all h € w. Then To(RT(M))
s infinite.

SKETCH OF PROOF. An induction argument reduces everything to the
case where m = Z/p is cyclic. We will give the proof in the case p is odd,
which results in a slight simplification since, in this case, any non-trivial
irreducible representation o: m — U(1) gives a non-zero p of virtual dimen-
sion 0 satisfying the parity condition (namely p = o — @), and any lens
space with fundamental group 7 is automatically spin. Then because of
Theorem 2.3, it suffices to prove the result when M itself is a 5-dimensional
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lens space L°. (To pass to the case k > 1, simply take a product with
copies of a Kummer surface and/or a Joyce manifold .J®, using the fact
that n(M x N, p) = n(M, p)//l\(N) when N has dimension divisible by 4 [20,
Lemma 1.7.18].) By the Atiyah-Hirzebruch spectral sequence for bordism,
|QP"™(Z/p)| = p* when p is odd. But the eta invariants of lens spaces for
the standard metric of constant curvature, n(L™)(p), are computed in [12]
(for the signature operator, but the same method also works for the Dirac
operator) and in [20, Theorem 1.8.5]. To fix notation, let L5(7) = S°/7 be
a lens space of dimension n with fundamental group m = Z/p, associated to
the representation 7 = (A, A%*, A%?) of 7, where A sends the generator of m
to e2™/P and 1 < ay, ag < p — 1.) Note that 7 acts freely on C3 \ {0}, and
thus freely on the unit sphere S°. The formula in [20, Theorem 1.8.5] gives

22 aL)e) = 3D Teplh) dec(r(n) 2 det(r(h) ~ 1)
hem, h#1

Because of the parity condition on p, the quantity inside the summation
sign is invariant under replacing h by h~!. (In fact that’s why we need the
parity condition, for if Tr(p(h)) = Tr(p(h~!)) for all h, then the quantity
being summed is odd and the n-invariant vanishes.) We might as well take
p=A/2 - X\"V2 Then if 7 = (A, A, \), (2.2) becomes

1 1
DL AN))AZ =X =2 ) 5
p herm, h#1 (>‘(h)1/2 - A(h)fl/z)
T p = 4sin®(27j/p) .

while if 7 = (A, A, A1), (2.2) becomes

n(LP(A N AT (A2 — A712)

1 1
=, 2 T ) (N A

hem, h#1
-1
15 1
== Z —— = 1 <0
P —4sin”(27j /p)

Let M5 = L3\, A\, )\) and call gy the standard metric of positive scalar
curvature on M. Then 7(go)(p) = p > 0. But since [P (Z/p)| < oo, there
is a spin bordism (over BZ/p) from a disjoint union of finitely many copies
of LP(A\,\,A71), say r copies, to M. We can use this (as in the proof of
Theorem 2.6) to push the standard metric on this disjoint union over to
a metric g on M, which by an argument similar to that in the proof of
Theorem 2.7 must satisfy 1(g1)(p) = —rp < 0. Since we just showed the
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standard metric go on M satisfies 7(g1)(p) > 0, Theorem 2.7 shows gy and
g1 are not concordant. Furthermore, we can construct metrics on M with
infinitely many values of the n-invariant, since we are free to replace r by
r + p?j for any j. (Recall [P (Z/p)| = p®.) This completes the proof for
this case. The other cases are similar. O

REMARK 2.9. In the language of Theorem 2.3, Corollary 2.8 says that
under these hypotheses, Ryrio(7) is infinite. Another way to prove this
would be to show directly that the index invariant

0: R4k+2 (71') — K04k+2(0ﬁ§(ﬂ')) = K04k+2 (Rﬂ')

has infinite image. The representation-theoretic hypothesis guarantees that
7 has at least one irreducible representation of complex type, i.e., that Rx
has at least one summand of the form M, (C). This summand contributes
a Z to KOyp12(Rm), and Corollary 2.8 says 6 hits this Z non-trivially. This
lends a bit of support to the surjectivity part of Conjecture 2.4.

All of the results so far, showing that the topology of R (M) is non-
trivial, have been based on index theory or the eta-invariant. In dimension
4, Seiberg-Witten theory can also be used, leading to a remarkable result:

THEOREM 2.10 (Ruberman [59]). There is a simply connected
4-manifold with infinitely many concordant but nonisotopic metrics of posi-
tive scalar curvature.

I am not aware of any results like this in higher dimensions.

Finally, there are some other results that imply something interesting
about the space R+ (M). For example, in [10], it is shown that if g is a
metric on M and (M, g) admits a spin cover with nonzero parallel spinors,
then g cannot be deformed to a metric of positive scalar curvature. If M is
spin and simply connected, and has nonzero parallel spinors for the metric g,
then there can be no metrics of positive scalar curvature in a neighborhood
of g.

3. Complete metrics of positive scalar curvature on
noncompact manifolds

The study of complete metrics of positive scalar curvature on noncom-
pact manifolds is noticeably more complicated than for closed manifolds,
and in this section we will just touch on a few of the issues involved. We
have divided the discussion into two subsections: one on global results and
one on metrics within a fixed quasi-isometry class.

3.1. Global results. Some noncompact manifolds do not admit any
complete metrics of positive scalar curvature at all; others admit such met-
rics, but not if the scalar curvature is bounded below by a positive constant.
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While we still don’t know what manifolds belong in these classes, we do have
the following conjecture.

CONJECTURE 3.1 ([56, Conjecture 7.1]). Let X" be a closed manifold
which does not admit a metric of positive scalar curvature. Then

(1) X™ x R does not admit a complete metric of positive scalar
curvature;

(2) X" x R? admits no complete metrics of uniformly positive scalar
curvature.

This conjecture is known to be true [24, §6 and §7] if n < 2, i.e., if X
is a point, S, T2, a Klein bottle, or a compact surface without boundary
with a hyperbolic metric. The conjecture cannot be strengthened any further
because of:

PROPOSITION 3.2 ([56, Proposition 7.2]). Let X™ be any closed manifold.
Then X™ x R? admits complete metrics of (non-uniformly) positive scalar
curvature, and X™ xR* admits complete metrics of uniformly positive scalar
curvature when k > 3.

Additional positive evidence for something like Conjecture 3.1 comes
from noncompact index theory, at least in the case of spin manifolds. For
example, one has:

THEOREM 3.3 ([24, Corollary Bs]—see also [50]). Let X™ be a closed

spin manifold with A\(X) # 0. Then X™ x R does not admit a complete
metric of positive scalar curvature.

The following is based on some of the same ideas, but carried out in the
context of more sophisticated Kasparov theory.

THEOREM 3.4. Let X™ be a closed spin manifold, and assume that
A(apr(X)) # 0 in KO, (Ck(m)). Then X™ x R does not admit a complete
metric of uniformly positive scalar curvature.

PROOF. As some of the details are a bit complicated, we prefer to begin
by explaining first how the proof works when x is trivial, i.e., when we
replace A(X) in Theorem 3.3 by a(X) € KO,, (which can be non-zero also
in dimensions 1 and 2 mod 8). Then we will explain how to modify the proof
to cover the general case.

Fix a Riemannian metric on X, and let Dx be the C¥¢,-linear Dirac
operator on X, as used in the proof of Theorem 1.1. This operator defines
a class [Dx] in the Kasparov group K KO(C®(X),C¥,), and a(X) is the
image of this class in KKO(R,Ct,) = KKO(C®(pt),C¥,) under the map
of Kasparov groups induced by the inclusion R < C®(X), or dually, the
“collapse map” c¢: X — pt.
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Next, observe that we have a similar class [[) x xr], defined by the Dirac
operator on X x R for the product metric on this manifold, in the Kasparov
group KKO(CF(X x R),Cly41). This class is just the external Kasparov
product of [[)x] with the Dirac operator class on the line. We have a com-
mutative diagram of groups:

Cx

KKO(CR(X),Ct,)

KKO(CR(pt), Cly,) = KO,
®yl% Ry | =

(ex1)x
KKO(CE(X x R),Clpy1) KKO(CE(R), Clyy1)

where y € KKO(CF(R),C¥¢;) is Pr or the Bott periodicity operator (see
[2, §19.2]), and ®y denotes the (external) Kasparov product. This gives rise
to the commutative diagram of Kasparov elements:

(3.1) [Dx]—> a(X) € KKO(CR(pt), Cly)

@yl o|
(ex1)«

[PxsrlF————a(X)®Yy.

Now suppose that X x R admits a complete metric of uniformly positive
scalar curvature, say g. Then the Dirac operator ), for this metric g, which
is essentially self-adjoint since g is complete, and the Dirac operator for the
product metric on X x R, define the same Kasparov class [Dy] = [IDxxr].
(This point is made in [27]; the essential fact is that we are dealing with
a Kasparov class for the algebra of continuous functions which vanish at
infinity, in which continuous functions of compact support are dense, and
any two complete metrics on a noncompact manifold, when restricted to a
fixed compact set, are homotopic through homotopies of complete metrics
supported on a slightly larger compact set.)

Next we note that Bott periodicity implies that the Kasparov class y,
which lies in K KO(CF(R),C¥1), has an inverse x € KKO(C/t1,Ci(R)) =
KO™L(R) (see [2, §19.2]). Thus, putting this and the insensitivity of the
Dirac class on X x R to the choice of complete metric together with (3.1),
we obtain the equality

(32)  a(X)=x®csm (¢ X Da([Dy]) € KKO(Cly, Clyy) = KO,

The rest of the proof consists of showing that this Kasparov product
vanishes, using the fact that ¢ has uniformly positive scalar curvature. For
this, we need explicit realizations for the classes x and (¢ x 1).([Dg]), as well
as the Kasparov calculus for computing the product. Note incidentally that
Ct; = R 4 Ri, where i2 = —1, so we can identify C#¢; with C, the grading
given by complex conjugation. The class x is represented by the C¢;-C5(R)
bimodule C¢; ® CX(R) = C¥(R) + iC&(R), together with the operator F
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given by multiplication by

F= <if(()w) _i]t;(x)>’

where f is a continuous function on the line that tends to 1 at +o0o and
to —1 at —oo. It will be convenient to assume that —1 < f < 1, that f is
smooth, and that f = —1 on (—o0, —a], f = 1 on [a,00), for some a > 0.
Thus F? = 1 except on [—a, a]. The class (¢ x 1).([Dg]) is represented by the
graded real Hilbert space H of L? sections of the C¢,,1-linear spinor bundle
on (X xR, g), the operator D = Dy (1P2)~", and the obvious action of CR(R)
by multiplication operators. (The fact that g has uniformly positive scalar
curvature implies that the differential operator ng is bounded away from 0,
hence invertible, so we can use the above formula for D instead of the more
usual Dy(1 +$§)_1. In particular, our choice of D satisfies D? = 1 precisely,
not just “approximately.”)

We proceed to the compute the Kasparov product in (3.2). It acts on
the graded Hilbert space Cg(R)@Cga(R)H = Cl®&H = Hc, with the obvious
action of C¥¢1 on the left, and the issue is to compute the relevant Fredholm
operator G = F#D.

From the recipe for the Kasparov product (see [2, §18.4]), the operator
G should be chosen to be of the form

G _ M1/4FM1/4 +N1/4DN1/47

where 0 < M,N < 1, M + N = 1, so that G®> — 1 is compact and the
anticommutator {G, F'} is positive modulo compacts. (We are letting F' act
on function spaces on X" x R in the obvious way, through strictly speaking
we should write F®1, etc.) We have

G?—1=MYVA*FMVPEMYY + NVADNY2DNYA — 1
+ {MVAPMVA NYADNAY,

In our situation, D? = 1, and {F, D} is basically [D, i f], which is the commu-
tator of two pseudodifferential operators of order 0, hence is pseudodifferen-
tial of negative order, but may not be compact since we are on a noncompact
manifold. This suggests taking N to be a multiplication operator given by a
nonnegative function on R of compact support, with F2 = 1 on the support
of M, in which case M will commute with F' and

MYARMY2ENYA L NYADNY2DNY/A —

— MF2 +Nl/2D2Nl/2 -1 +N1/4(DN1/2D _ N1/4D2N1/4)N1/4
=MF? 4+ N'V2D?NY2 1 =M+N-1=0
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modulo compacts. On the other hand,

{M1/4FM1/4,N1/4DN1/4}
— N1/4{M1/2F,D}N1/4

is compact since {M 12p D} is pseudodifferential of negative order and N
has compact support. So G?> — 1 is compact, and by a similar calculation,
{N1/4DN1/4,F} is compact, hence {G, F'} is positive modulo compacts.
Thus G as we’ve written it down is a representative for the “sharp product”
F#D, and so by (3.2), a(X) can be computed from the finite-dimensional
kernel of GG, which is a graded C¢1-C¢,+1 bimodule. Next, observe that we
obtain a homotopy of Kasparov C¥¢;-C¢,, 11 bimodules by letting the support
of N grow and letting the support of M shrink, so that M tends strongly
to 1 and in the limit, the operator G becomes simply D. Since D? = 1,
ker D = 0. This means the Kasparov module is trivial, i.e., a(X) = 0.

Now we indicate how to extend the proof to the case of an arbitrary group
. As in the proof of Theorem 1.2, let Vg, be the “universal flat bundle”
over B with fibers that are rank-one free (right) modules over C (7). Pull
this bundle back to a bundle Vx over X via f: X — Bm, and extend
the bundle in the obvious way to a bundle V over X x R. We now repeat
the whole argument, replacing P, by ), ® 1 acting on the C¢,,1-module
spinor bundle with coefficients in V. We construct the operator D as before,
this time obtaining a class [Dxxry] € KKO(CF(X x R), Ci(m)@Clp11)
mapping to A(ap,(X)) @y in KKO(CF(R), Ci(m)@C¥p+1) under (c®1),.
As before we take the Kasparov product with the class x and obtain the
desired conclusion. O

COROLLARY 3.5. Conjecture 1.22 implies part (1) of Conjecture 3.1, if
we weaken positive scalar curvature to uniformly positive scalar curvature,
at least in the spin case with n > 5.

Proor. Conjecture 1.22 is simply the statement that the hypothesis
of Theorem 3.4 is equivalent to X" not having a metric of positive scalar
curvature. O

REMARK 3.6. We should mention that any counterexample to Conjec-
ture 1.24 is also a counterexample to Conjecture 3.1. Indeed, suppose X" is
a closed manifold that does not admit a metric of positive scalar curvature,
but such that X™ x S does admit such a metric. Then the lift of this met-
ric to the covering space X" x R has uniformly positive scalar curvature,
contradicting both parts of Conjecture 3.1. Thus the example mentioned in
Remark 1.25 above (which incidentally was simply connected but not spin)
shows that Conjecture 3.1 fails if n = 4, even if X is simply connected.
One can construct a similar example (again with n = 4) with X spin by
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using part (1) of Counterexample 1.13. However, we know of no counterex-
amples to Conjecture 3.1 with n > 4, and Corollary 3.5 suggests that such
counterexamples will be difficult to find.

In dimension 3, somewhat more is known; for example we have:

THEOREM 3.7 (Schoen and Yau [63, Theorem 4]). Let M be a
3-dimensional connected manifold admitting a complete metric of positive
scalar curvature. Then m(M) cannot contain a subgroup isomorphic to the
fundamental group of a closed Riemann surface of positive genus.

Aside from products of compact manifolds with Euclidean spaces, another
very interesting general class of noncompact manifolds comes from locally
symmetric spaces. The following was proved by Block and Weinberger:

THEOREM 3.8 (Block and Weinberger [3]). Let M =T'\G/K be an irre-
ducible locally symmetric space of noncompact type and finite volume. Then
M can be given a complete metric of uniformly positive scalar curvature if
and only if I' is an arithmetic lattice of Q-rank >3.

Note incidentally that I' is cocompact, i.e., M is compact, if and only if
I' has Q-rank 0. This case is included in the theorem, but if M is compact,
it cannot have a metric of positive scalar curvature because of Theorems 1.2
and 1.7, or other similar results. Also, we are not assuming a priori that
I' is arithmetic, though if it is not, Theorem 3.8 says that M never has a
complete metric of uniformly positive scalar curvature.

3.2. Metrics in a fixed quasi-isometry class. Many of the inter-
esting results on positive scalar curvature for noncompact manifolds involve
specifying the quasi-isometry class of the metric, or what is almost the same,
specifying the rate of growth or decay of the metric at infinity.

One of the most effective tools for producing results of this sort is the
coarse index theory of Roe, as outlined in [51], [52], and [53]. The basic
construction involves a C*-algebra C*(M) attached to a “coarse space,” a
metric space in which closed bounded sets are compact. For present pur-
poses we should really work with the real version of the construction and
write C (M), but we will suppress the R for notational convenience. The
algebra C*(M) is the completion of the locally compact, finite propagation
operators on M, acting on an auxiliary separable Hilbert space, and when
M is a complete Riemannian manifold, it really only depends on the quasi-
isometry class of the metric. For example, when M is compact, C*(M) is
just the algebra KC of compact operators (which is Morita equivalent to the
scalars). Then we have the following result, generalizing Theorem 1.1 to the
noncompact case.

THEOREM 3.9 (See [52, Definition 3.7 and Proposition 3.8].). Let (M™, g)
be a complete Riemannian spin manifold. Then the Dirac operator for the
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metric g and the given spin structure defines a class ind D, € KO, (C*(M)),
and if this class is non-zero, g cannot have uniformly positive scalar curva-
ture. In fact, when the index is non-zero, there can be no complete metric of
uniformly positive scalar curvature in the same quasi-isometry class.

PROOF. Roe states and proves this in the complex case, so we will just
indicate how to obtain the refinement in real K-theory. As usual, we work
with the C/,-linear Dirac operator ID,. By (1.1), the spectrum of this oper-
ator is bounded away from 0 if g has uniformly positive scalar curvature. As
in the proof of Theorem 3.4, choose a continuous real-valued (odd) function
fonRwith —1 < f <1 and with f(z) - 1 asx — +o0, f(x) > —lasx —
—00, and observe that f([D,) is C¥y-linear, odd (with respect to the grading
of the spinor bundle) and bounded. Furthermore, since the hyperbolic equa-
tion u; = P 4u has finite propagation speed, f(),) is a multiplier of C*(M),
and defines a class ind P, € KKO(R,C*(M)®C¥,) = KO,(C*(M)), and
ind Dy is evidently 0 if JD, has a bounded inverse, which is the case if g has
uniformly positive scalar curvature. Furthermore, this index class ind [, is
invariant under homotopies of the metric within the same quasi-isometry
class (since such homotopies give homotopies of the Kasparov class), so if
the index is # 0, there can be no complete metric of uniformly positive scalar
curvature in the same quasi-isometry class. O

Most of the known results about non-existence of complete metrics of
uniformly positive scalar curvature in quasi-isometry classes of noncompact
manifolds come from applying various tricks to detect the index class ind D,
topologically. Of course, since it is the coarse geometry of M, not its usual
topology, that is relevant here, “topologically” means “in terms of coarse
invariants,” such as coarse KO-homology KOX, (M) in the sense of [52].
There is a coarse assembly map KOX. (M) — KO.(C*(M)) defined in
[62, Ch. 8]. When M is uniformly contractible, this is simply the map that
takes the class [D] of an elliptic operator D to ind(D) as defined above.
More generally, this map is defined by taking indices of the images of D on
“coarse approximations” to X.

CONJECTURE 3.10 (Coarse Baum-Connes Conjecture [52, Conjecture

8.2]). For any proper metric space M of bounded geometry, the coarse
assembly map KOX, (M) — KO,(C*(M)) is an isomorphism.

Incidentally, a counterexample to the surjectivity part of Conjecture
3.10 is known [26, §6], but we shall only need the injectivity part. Putting
together Theorem 3.9 and Conjecture 3.10, we obtain:

ProproSITION 3.11 (Roe). If M is a uniformly contractible complete
Riemannian manifold of bounded geometry, and if (the injectivity part of the)
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Conjecture 3.10 holds for M, then there is no complete metric of uniformly
positive scalar curvature in the quasi-isometry class of the given metric on M.

PROOF. In this case, the coarse assembly map takes [[D,] € KO, (M),
which is a generator in KO, (M) = KO,(R") = Z, to ind D,, which by
Theorem 3.9 is an obstruction to uniformly positive scalar curvature in the
quasi-isometry class of the given metric on M. O

In some cases, one can prove Conjecture 3.10 and apply this result. For
example, we have the following results:

THEOREM 3.12 (Yu [74, Corollary 7.3]). Let M be a uniformly con-
tractible complete Riemannian manifold with finite asymptotic dimension.
Then M cannot have uniformly positive scalar curvature.

THEOREM 3.13 (Yu [75, Corollary 1.3]). Let M be a complete Riemann-
ian manifold with bounded geometry. If M is uniformly contractible and
admits a uniform embedding into Hilbert space, then M cannot have uni-
formly positive scalar curvature.

THEOREM 3.14 (Gong and Yu [21, Corollary 4.3]). Let M be a uniformly
contractible complete Riemannian manifold with bounded geometry. If M has
subexponential volume growth, then M cannot have uniformly positive scalar
curvature.

Another result related to Theorem 3.8 is the following;:

THEOREM 3.15 (Chang [9]). Let M = I'\G/K be an irreducible locally
symmetric space of noncompact type and finite volume, and suppose I' is an
arithmetic lattice of Q-rank > 3 (so that by Theorem 3.8, M admits a metric
of positive scalar curvature). Then no metric of positive scalar curvature on
M can be quasi-isometric to the standard locally symmetric metric.

Finally, there are results on positive scalar curvature in a quasi-isometry
class that involve still other versions of noncompact index theory. A typical
example is:

THEOREM 3.16 (Whyte [72]). Assume that M™ is a complete connected
spin manifold with bounded curvature and uniformly positive scalar curva-
ture, and that N™ is a closed spin manifold with A\(N) > 0. Let S be a
discrete subset of M. Then the connected sum of M with one copy of N
attached at each point of S (see Figure 2) admits a complete metric of uni-
formly positive curvature (in the canonical quasi-isometry class of metrics)
if [S]=01n Ha‘f(M), the uniformly finite homology of M, and does not admit

any complete metric of positive scalar curvature if [S] # 0 in Hgf(M).
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S

FIGURE 2. The connected sum along a discrete subset.

4. Miscellaneous topics

4.1. The second Kazdan-Warner class. Recall from Theorem 0.1
that if M™ is a closed manifold of dimension n > 3, and if M admits a metric
with nonnegative scalar curvature but not one with positive scalar curvature,
then any such metric must be Ricci-flat. Futaki [16] and Dessai [11] have
obtained additional restrictions on such manifolds. For example, [16] shows
that simply connected manifolds of dimension >4 in class (2) of Theorem
0.1 must be spin, have non-vanishing le\-genus, and have exceptional holo-
nomy SU(2m), Sp(n) or Spin(7). Furthermore, Futaki obtains additional
constraints on the g—genus, and Dessai shows that the first Pontrjagin class
must be non-trivial.

One also has certain results that constrain “almost non-negative scalar
curvature.” A closed manifold M is said [14] to have “almost non-negative
scalar curvature” if, for any € > 0, there is a Riemannian metric g with
sectional curvature <1 and with scalar curvature x and diameter d satisfying
k > —e/d?. The results of [14] say that in some cases, this is impossible
unless M lies in the second Kazdan-Warner class.

4.2. Metrics with negative scalar curvature. Lohkamp has also
shown that the results of Section 2 are also really very special to positive
scalar curvature. On any closed manifold M™ with n > 3, Lohkamp showed
[41] that the space of metrics of negative scalar curvature is contractible,
with a retraction onto the subspace of metrics of constant scalar curvature
—1. Furthermore, an arbitrary metric can be perturbed so as to decrease
its scalar curvature on a prescribed open set, without changing the overall
“shape” of the manifold. More precisely, one has:

THEOREM 4.1 (Lohkamp [42]). Let (M™, g) be a Riemannian n-manifold
with n > 2 and with scalar curvature function k. Let U be an open subset
of M, and let f be a smooth function on M such that f < k on U and
f=ron M~ U. Then for each positive ¢, there is a smooth metric g. on
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M such that g. = g outside the e-neighborhood of U and such that the scalar
curvature function k. of g satisfies f —e < ke < f on the e-neighborhood
of U. Moreover, g. can be chosen arbitrarily close to g in the C° topology.

(1]
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