Surveys in Differential Geometry XI

Perelman’s Stability Theorem

Vitali Kapovitch

ABSTRACT. We give a proof of the celebrated stability theorem
of Perelman stating that for a noncollapsing sequence X; of
Alexandrov spaces with curv > k& Gromov-Hausdorff converging
to a compact Alexandrov space X, X; is homeomorphic to X for
all large 7.

1. Introduction

A fundamental observation of Gromov says that the class of complete
n-dimensional Riemannian manifolds with fixed lower curvature and upper
diameter bounds is precompact in Gromov-Hausdorff topology. The limit
points of this class are Alexandrov spaces of dimension <n with the same
lower curvature and upper diameter bounds. Given a sequence of manifolds
M; in the above class converging to an Alexandrov space X it’s interesting
to know what can be said about the relationship between topology of the
limit and elements of the sequence.

The main purpose of this paper is to give a careful proof of the following
Theorem of Perelman which answers this question in the situation when
dimX =n.

STABILITY THEOREM 1.1. Let X™ be a compact n-dimensional
Alexandrov space of curv > k. Then there exists an € = e(X) > 0 such
that for any n-dimensional Alexandrov space Y™ of curv>=k with
de—u(X,Y) <€, Y is homeomorphic to X.

To prove the Stability Theorem, it’s clearly enough to show that if X
is a sequence of compact n-dimensional Alexandrov spaces with curv >
k, diam < D converging in Gromov-Hausdorff topology to a space X of
dimension n, then Hausdorff approximations X; — X can be approximated
by homeomorphisms for all large i. It is this statement that will be proved
in the present paper.
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A proof of the Stability Theorem was given in [16]. However, that paper
is very hard to read and is not easily accessible. We aim to provide a com-
prehensive and hopefully readable reference for Perelman’s result.

Perelman also claims to have a proof of the Lipschitz version of the
Stability Theorem which says that the stability homeomorphisms can be
chosen to be bi-Lipschitz. However, the proof of that result has never been
written down and the author has never seen it (although he very much
wants to).

It is also worth pointing out that the Stability Theorem in dimension 3
plays a key role in the classification of collapsing of 3-manifolds with a lower
curvature bound by Shioya and Yamaguchi [26, 27] which in turn plays
a role in Perelman’s work on the geometrization conjecture. However, as
was communicated to the author by Kleiner, for that particular application,
if one traces through the proofs of [26, 27| carrying along the additional
bounds arising from the Ricci flow, then one finds that in each instance
when a 3-dimensional Alexandrov space arises as a Gromov-Hausdorff limit
of smooth manifolds, it is in fact smooth, and after passing to an appropri-
ate subsequence, the convergence will also be smooth to a large order. For
such convergence the stability theorem is very well known and easily follows
from Cheeger-Gromov compactness. Therefore Perelman’s stability theorem
is unnecessary for the application to geometrization.

The Stability Theorem immediately implies the following finiteness theo-
rem due to Grove-Petersen-Wu which was originally proved using controlled
homotopy theory techniques.

THEOREM 1.2. [7] The class of n-dimensional Riemannian manifolds
(n # 3) with sectional curvature > k, diameter < D and volume > v has
only finitely many topological (differentiable if n # 3,4 ) types of manifolds.

The restriction n # 3 in this theorem comes from the use of con-
trolled homotopy results which do not hold in dimension 3. Using the Sta-
bility Theorem one gets that homeomorphism finiteness holds in all dimen-
sions including dimension 3. Alternatively, the homeomorphism finiteness
in dimension 3 follows from an earlier result of Grove-Petersen [6] that the
above class has finitely many homotopy types and the fact that in dimen-
sion 3, a fixed homotopy type of closed manifolds contains only finitely many
homeomorphism types (this a direct consequence of the geometrization con-
jecture).

Let us mention that the proof of Stability Theorem 1.1 presented here
is fundamentally the same as the one given in [16]. However, as was pointed
out by Perelman in [17], the proof can be simplified using the constructions
developed in [17] and [18]. We carry out these simplifications in the present
paper.

In [18] Perelman introduced the following notion:

A function f: RF — R is called DC if it can be locally represented as a
difference of two concave (or, equivalently, semiconcave) functions. It is easy
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to see that DC is an algebra and 5 is DC' if both f and g are DC and g is

never zero. A map F: RF — R! is called DC if it has DC coordinates. It is
also easy too see (see [18]) that if F: R¥ — R! and G: Rl — R™ are DC
then so is G o F'. This allows for an obvious definition of a DC geometric
structure on a topological manifold. Despite the ease and naturality of its
definition, to the best of the author’s knowledge, this type of geometric
structure has never been studied. In particular, the relationship between
DC structures and classical geometric structures such as TOP, PL, smooth
or Lipschitz is not at all understood. It is easy to see that a PL-manifold is
DC and a DC manifold is Lipschitz but that’s all one can say at the moment.

The notion of DC functions and DC homeomorphisms also makes sense
on Alexandrov spaces since Alexandrov spaces admit an abundance of semi-
concave (and hence DC) functions coming from distance functions. In [18],
Perelman showed that the set of regular points of an Alexandrov space has
a natural structure of a DC manifold.

The above discussion naturally leads to the following question.

QUESTION 1.3. Let X' be a noncollapsing sequence of Alexandrov spaces
with curv > k, diam < D Gromov-Hausdorff converging to an Alexandrov
space X™. Is it true that X; is DC-homeomorphic to X for all large i ¢

Or more weakly. Suppose M;* is a noncollapsing sequence of Riemannian
manifolds with sec > k, diam < D Gromov-Hausdorff converging to an
Alexandrov space X™.

Is it true that M; are DC homeomorphic to each other for all large i ?

Let us say a few words about the proof of the stability theorem. One of
the main ingredients is the Morse theory for functions on Alexandrov spaces.
The starting point is based on the following simple observation:

Given k41 nonzero vectors in R™ with pairwise angles bigger than 7/2,
any k of them are linearly independent.

Motivated by this, we’ll say that a map f = (f1,..., fr) (with coordi-
nates given by distance functions f; = d(-,a;)) from an Alexandrov space
to RF is regular at a point p if there exists a point ag such that the com-
parison angles at p for the triangles Aa;pa; are bigger than 7/2 for all
0<i#j<k.

The fibration theorem [16, 17] shows that just like for regular points
of smooth functions on differentiable manifolds, a map from an Alexandrov
space X to R is a topological submersion on the set of its regular points.
In particular, if £k = dim X then it’s a local homeomorphism.

It’s well known that for any point p in an Alexandrov space, d(-,p)
has no critical points in a sufficiently small punctured ball B(p,e)\{p}.
Therefore, by the fibration theorem, B(p,€) is homeomorphic to the cone
over the metric sphere S(p,¢).

The fibration theorem (and, perhaps, even more importantly, its proof)
plays a key role in the proof of the stability theorem. In particular it implies
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that Alexandrov spaces are stratified topological manifolds. The
k-dimensional strata of X is basically equal to the set of points p in X
such there exist k41 (but not k4 2) vectors in 7, X with pairwise angles
bigger than 7/2.

Another important tool in the proof of stability is the gluing theorem
derived from deformations of homeomorphisms results of Siebenmann [24].
Given a noncollapsing sequence of Alexandrov spaces X; — X, it says that
one can glue Hausdorff close stability homeomorphisms defined on a fixed
open cover of the limit space X to make a global nearby homeomorphism,
i.e. it reduces the stability theorem to the local situation.

To construct local stability homeomorphisms near a point p € X one
argues by reverse induction on the dimension & of the strata containing p.
The base of induction follows from the fact mentioned above that a map
f: X™ — R™ is a local homeomorphism near a regular point. The general
induction step is quite involved and can not be readily described in an
introduction. To show some of its flavor, we will however try to say a few
words about the last step of induction from £ =1 to k = 0.

Given a point p in the zero strata (i.e. with the diameter of the space
of directions at p at most 7/2), look at a ball B(p,r) where again r is so
small that d(-,p) is regular in B(p,7)\{p}. One can show that the same
holds true for appropriately chosen lifts p; € X; of p for all large ¢ provided
r is sufficiently small. This means that both B(p,r)\{p} and B(p;,7)\{p:}
consist of points lying in the union of strata of dimensions > 1.

Fixing a small § < r, the induction assumption implies the existence of
homeomorphisms of the annuli B(p, )\ B(p,d) and B(p;,)\B(p;,d) close to
the original Hausdorff approximations. In particular, metric spheres S(p, d)
and S(pi,d) are homeomorphic. On the other hand, the fibration theorem
implies that B(p,d) is homeomorphic to the cone over S(p,d) and B(p;,0)
is homeomorphic to the cone over S(p;,d) for all large i. Gluing these home-
omorphisms we obtain homeomorphisms B(p,r) onto B(p;,r) which will be
close to the original Hausdorff approximations since § < r.

The general induction step is a rather nontrivial fibered version of the
above argument. It is carried out in Local Stability Lemma 7.9. with the
main geometric ingredient provided by Lemma 6.9. For technical reasons,
one has to work with more general semiconcave functions than just dis-
tance functions. An important role here is played by a technical construction
from [17] of strictly concave functions obtained by manipulating distance
functions.

Let us briefly describe the structure of this paper.

In section 3 we give a simplified proof of the stability theorem in the
special case of limits of closed Riemannian manifolds using controlled homo-
topy theory techniques. In section 4 we give the background on necessary
topological results on stratified spaces and some geometric constructions
on Alexandrov spaces. In sections 5 and 6 we define admissible maps and
their regular points and show that they satisfy similar properties to regular
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points of smooth maps between manifolds. Section 7 contains the proof of
the stability theorem. In section 8 we use the Stability Theorem to prove a
finiteness theorem for Riemannian submersions. In section 9 we generalize
the Stability Theorem to show that stability homeomorphisms can be chosen
to respect stratification of Alexandrov spaces into extremal subsets.

Throughout this paper we will assume some knowledge of Alexandrov
geometry (see [2] as a basic reference). For a more recent treatment we
strongly recommend [20] in the same volume. We will also rely on the Morse
theory results and constructions from [17] in particular the fibration the-
orem. Perelman later generalized these results to a larger class of Morse
functions in the unpublished preprint [18] (cf. also [20]). However, these
generalizations are not needed for the proof of the Stability theorem pre-
sented here. Various references to [18] throughout this paper are only given
for bibliographical completeness.

Acknowledgements: The author is profoundly grateful to Anton
Petrunin and Fred Wilhelm for numerous conversations and suggestions
regarding the preparation of this paper. The author would like to thank
Alexander Lytchak for discussions and suggestions regarding the controlled
homotopy theory proof of the stability theorem for manifolds.

2. Notations

For an open subset U in a space X and a subset A C U we’ll write
AceUif ACU.

We'll denote by Alex" (D, k,v) the class of n-dimensional Alexandrov
spaces of curv > k,diam < D, vol > v. Similarly, we’ll denote by Alex" (D, k)
the class of n-dimensional Alexandrov spaces of curv > k,diam < D and
by Alex" (k) the class of n-dimensional Alexandrov spaces of curv > k.

For a point v = (vq,...,v;) € R¥ and r > 0 we’ll denote by I¥(v) the
cube {z € R | |z; —v;| < r for all i}.

For an Alexandrov space X of curv > 1 we’ll often refer to its points as
vectors and to distances between its points as angles.

For a metric space X with diam < 7, we’ll denote by C X the Euclidean
cone over X . Let o be the vertex of CX. For u € CX we’ll denote |u| =
d(o,u).

We'll call a function h: CX — R 1-homogeneous if h(t-z) =t - h(z)
forany t e R, z € X.

For any space X we’ll denote by KX the open cone on X and by KX
the closed cone on X (i.e. the join of X and a point).

For two points p, ¢ in an Alexandrov space, we’ll denote by 17 an element
of ¥,X tangent to a shortest geodesic connecting p to ¢g. We’ll denote by
113 the set of all such directions.

For three points x,p,y in an Alexandrov space X of curv > k, we’ll
denote by pry the comparison angle at p, i.e the angle ZZpy in the triangle
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Zpy in the complete simply connected space of constant curvature x with
d(e.y) = d(,7), d(p,y) = d(p.5), d(.p) = d(&.p),

We will also often use the following convention. In the proofs of vari-
ous theorems we’ll denote by ¢ or C various constants depending on the
dimension and the lower curvature bound present and which sometimes will
depend on additional parameters present. When important this dependence
will be clearly indicated.

We will denote by s various continuous increasing functions s»: R, —
Ry satisfying s(0) = 0.

By o(i) we will denote various positive functions on Z; such that
o(i) —0.

1—00

We'll write o(ilc) to indicate a function which depends on an extra
parameter ¢ and satisfies 0(2’\0)_}—>0 for any fixed c. Sometimes we’ll use

1— 00

the same convention for s(d|c).

3. Simplified proof of the Stability Theorem
for limits of manifolds

The author is grateful to A. Lytchak for bringing to his attention the fact,
that using todays knowledge of the local structure of Alexandrov spaces, a
simple proof of the stability theorem for n > 4 can be given for the special
case of limits of Riemannian manifolds.

The proof uses controlled homotopy theory techniques employed in [7].

Let us briefly describe the argument the general outline of which was
suggested to the author by A. Lytchak.

It is now well-known that the class Alex" (D, k,v) has a common con-
tractibility function (see e.g. [21] or [17]). Therefore, by [7, Lemma 1.3],
if X}‘f_);zXn is a convergent sequence in Alex" (D, k,v), then X[ is o(i)-
homotopy equivelent to X for all large 7 (see [7]). This means that there are
homotopy equivalences f;: X; — X with homotopy inverses h;: X — X;
such that f; o h; ~ Idx and h; o f; ~ Idx, through homotopies F;: X X
[0,1] - X and G;: X; x [0,1] — X; such that all the point trajectories of
F; and f; o G; have o(i)-small diameters in X . In fact, in our case, one can
make f;, h; to be o(i)-Hausdorff approximations.

It is relatively easy to show (see [7]) that if M; € Alex"(D,k,v) is a
sequence of closed Riemannian manifolds Gromov-Hausdorff converging to
a space X, then X is a homology manifold.

However, at the time of the writing of [7] the local structure of Alexan-
drov spaces was not well understood and it was therefore not known if X is
an actual manifold. This made the application of controlled topology tech-
niques employed in [7] fairly tricky.

We first show that X is a manifold.

We'll need the following result from [11] (cf. [9]).
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LEMMA 3.1. Suppose M; € Alex" (D, k,v) is a sequence of Riemannian
manifolds Gromov-Hausdorff converging to a space X . Let p € X be any
point.

Then there exists a 6 > 0, a I-Lipschitz function h: X — R, strictly
convex on B(p,d) such that h(p) =0 is a strict local minimum of h and a
sequence of smooth 1-Lipschitz functions h;: M; — R uniformly converging
to h such that h; is strictly convex on B(p;,0) (where p; € M; converges
to p) for all large i.

This lemma together with the fibration theorem of Perelman [17] eas-
ily implies that a noncollapsing limit of Riemannian manifolds with lower
sectional curvature bound is a topological manifold.

LEMMA 3.2. Let M; € Alex" (D, k,v) be a sequence of closed Riemann-
1an manifolds converging to an Alexandrov space X . Then X is a topological
manifold.

ProOOF. We argue by induction on dimension. The cases of n < 2 are
easy and are left to the reader as an exercise.

Suppose n > 3. Let p € X be any point and let h be the function
provided by Lemma 3.1. Then for some small ¢ > 0 the set {h < €} is a
compact convex subset of X and {h; < €} is compact convex in M; for

large i. Obviously, {h; < e}g{h < €}. By [19, Theorem 1.2], we have
1—00

that {h; = e}g)[{h = ¢} with respect to their induced inner metrics. By
1—00

the Gauss Formula, sec({h; = €}) > « for all large i and hence {h = €} is
an (n — 1)-dimensional Alexandrov space of curv > k which is a manifold
by induction assumption. Moreover, since h; is smooth, strictly convex with
unique minimum, {h; = €} is diffeomorphic to S"~! for large i and hence
{h = €} is a homotopy (n— 1)-sphere. Since h is strictly convex in {h < €},
it has no critical points in {h < e}\{p}. Therefore, by [17, Theorem 1.4],
{h < €} is homeomorphic to the open cone over {h = €}.

If n =3 then {h = ¢} is obviously homeomorphic to S? which means
that {h < €} is homeomorphic to R3. If n = 4 then {h = €} is a homotopy
3-sphere and a manifold. By the work of Freedman [5, Corollary 1.3], this
implies that the cone over {h = €} is homeomorphic to R*. If n > 5 then
{h = €} is a homotopy S"~! and a manifold and hence is homeomorphic to
S"~1 by the Poincare conjecture. O

REMARK 3.3. As was suggested to the author by A. Lytchak, a different
proof of Lemma 3.2 can be given for n > 5 by verifying that X satisfies
the disjoint disk property and thus is a manifold by a result of Edwards [4].
This method is used in [14] to prove a version of stability for limits of
manifolds with curvature bounded above. However, the author prefers his
own argument given above.
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Now that we know that X is a manifold and f;: M; — X are o(i)-
homotopy equivalences, we can apply the results from [3] for n > 5 and [23]
together with [3] for n = 4, which say that under these conditions f;s can
be o(i)- approximated by homeomorphisms for all large i.

The same holds in dimension 3 by [10] but only modulo the Poincare
conjecture.

However, it is possible (and would certainly be a lot more preferable) that
one can use the fact that all the subsets {h; < €} are actually topological
balls and not merely contractible to give a proof in dimension 3 which does
not rely on the Poincare conjecture.

REMARK 3.4. By using relative versions of controlled homotopy theory
results from [23] and [3] mentioned above, it should be possible to generalize
the above proof to the case of pointed Gromov-Hausdorff convergence of
manifolds. This would amount to the manifold case of Theorem 7.11 below.
Alternatively, one can handle the pointed case as follows.

Suppose we have a pointed convergence (M, q,) — (X", q) where M
are (possibly noncompact) Riemannian manifolds of sec > . The proof of
Lemma 3.2 is obviously local and hence X is a topological manifold.

Let p be any point in X. Let h and h; be the functions constructed

in the proof of Lemma 3.2. Let Y; be the double of {h; < €} and Y be
the double of {h < €}. Obviously Yig{Y and Y; is homeomorphic to
71— 00

S™ for large i. While the metric on Y; is not smooth along the boundary
of {h; < €}, it’s easy to see that the proof of Lemma 3.2 still works for
the convergence Y; — Y and hence Y is a closed topological manifold. By
the same controlled homotopy theory results used earlier, we conclude that
Hausdorff approximations Y — Y; can be o(i)-approximated by homeomor-
phisms g;: Y — Y] for all large i. Restricting g; to {h < ¢/2} we obtain an
open embedding of {h < €/2} into M;, which is o(7)-close to the original
Hausdorff approximation (M, q) — (M;, q;).

Finally, by using topological gluing theorem 4.11 below, for any fixed
R > 0 we can glue finitely many such local homeomorphisms to get an
open embedding B(q, R) — Y;, which is o(i)-Hausdorff close to the original
Hausdorff approximation (M, q) — (Mi, ¢;).

4. Background

4.1. Stratified spaces. Most of the material of this section is taken
with almost no changes from [16] as no significant simplifications or improve-
ments of the exposition seem to be possible.

DEFINITION 4.1. A metrizable space X is called an MSC-space (space
with multiple conic singularities) of dimension n if every point x € X has a
neighborhood pointed homeomorphic to an open cone over a compact (n—1)-
dimensional MCS space. Here we assume the empty set to be the unique
(—1) -dimensional MCS-space.
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REMARK 4.2. A compact 0-dimensional MCS-space is a finite collection
of points with discrete topology.

REMARK 4.3. An open conical neighborhood of a point in an MCS-space
is unique up to pointed homeomorphism [13].

It easily follows from the definition that an MCS space has a natural
topological stratification.

We say that a point p € X belongs to the [-dimensional strata X; if
[ is the maximal number m such that the conical neighbourhood of p is
pointed homeomorphic to R™ x K(S) for some MCS-space S. It is clear
that X; is an [-dimensional topological manifold.

We will need two general topological results which hold for spaces more
general than Alexandrov spaces and follow from the general theory of defor-
mations of homeomorphisms developed by Siebenmann [24].

THEOREM 4.4. [24, Theorem 5.4, Corollary 6.14, 6.9]
Let X be a metric space and f: X — RF be a continuous, open, proper
map such that for each x € X we have
(1) f~1(f(x)) is a compact MCS-space;
(2) x admits a product neighborhood with respect to f, i.e there exists
an open neighbourhood U, of x and a homeomorphism Fy: Uy —
U:. N Y f(x) x f(Uy) such that f, = pz o Fy where pa: Uy N
F7Hf(2) x f(U,) = RF is the coordinate projection onto the sec-
ond factor.

Then f is a locally trivial fiber bundle.

Moreover, suppose we have in addition that f(U,) = I*. Let K C U,
be a compact subset. Then there exists a homeomorphism ¢: f~1(IF) —
F7Yf(x)) x I* respecting f (i.e. such that f = pao@. and such that | =
Flk.

The next gluing theorem is the key topological ingredient in the proof
of the Stability Theorem. It says that for MCS spaces close local homeo-
morphisms given on a finite open covering can be glued to a nearby global
homeomorphism under some mild (but important!) geometric assumptions.

First we need a technical definition.

DEFINITION 4.5. A metric space X 1is called s -connected if for any two
points x1,x9 € X there exists a curve connecting 1 and xo of diam <

x(d(z1,22)).

GLUING THOREM 4.6. Let X be a compact MCS-space, {Uy}acu be a
finite covering of X . Given a function s, there exists s = (X, {Uq}aeu,
7y) such that the following holds:

Given a g -connected MCS-space X , an open cover of X {Ua}aem, a

0 -Hausdorff approximation ¢: X — X and a family of homeomorphisms
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Ya: Uy — Ua, d-close to ¢, then there exists a homeomorphism ¢: X —
X, #(0)-close to .

PROOF OF THEOREM 4.6. This proof of Theorem 4.6 is taken verbatim
from [16].
We'll need two lemmas.

LEMMA 4.7 (Deformation Lemma). Let X be a compact metric MCS-
space, W € V € U C X be open subsets.

Let ¢: U — X be an open embedding 0 -close to the inclusion i.

Then there exists an open embedding 1p: U — X, 3(d)-close to i and
such that v =¢ on W and ¥ =i on U\V.

(Here 3¢ depends on W, U,V, X but not on ¢ ).

ProOOF. Consider the open embedding 80|U\W3 U\W — X. By the
deformation theorem of Siebenmann [24, Theorem 5.4}, it can be perturbed
to an open embedding 1: U\W — X which is s(J)-close to i, coincides
with i on some neighborhood of dV and is equal to ¢ outside some compact
subset of U\W . Now let

o(z), forz e W
b(a) = { i), for z € VAW
z, for x € U\V

It’s clear that 1 satisfies the conclusion of the Lemma. O

LEMMA 4.8. Under the assumptions of Theorem 4.6, let x € X, & € X
satisfy d(p(z),2) < d. Let V. C X be an open set containing B(x, s (6) +
109). Suppose ¢: V — X be an open embedding, &-close to ®.

Then z € (V).

PROOF. Let 7: [0,1] — X be a curve of diam < 3(6) with 4(0) =
(@), 5(1) = 7.

We'll show that 4 has a lift v: [0,1] — V with respect to 1. Since 1)
is an open embedding we can lift 4 on some interval [0,€). Observe that
given a lift v of 4 on [0,¢) for some ¢ < 1 it can always be extended to
[0,¢] provided the closure of ¥([0,t)) is contained in B(x, s¢(d) + 108). The
fact that 1 is d-close to ¢ and ¢ is a d-Hausdorff approximation assures
that this is always the case. Therefore the lift v can be extended to [0, 1]
with ¢¥(y(1)) = . O

REMARK 4.9. The proof of Lemma 4.8 is the only place in the proof of
Theorem 4.6 where we use the assumption that X is s¢-connected.

We can now continue with the proof of Theorem 4.6.
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Suppose Uy, N Uy, # 0. Let Ul € U € U} € U} € U, and
Uy € U3 € U? € U} € U,, be open subsets such that U, Us still cover
X\ Usea\ {ar,a2) Ua-

By Lemma 4.8, we have ¢o, (UL NU3) C ¢a,(Ua,) provided § is small
enough.

Therefore we can consider the open embedding ¢} o po,: Uf NUy —
U,, . Clearly, it is 20-close to the inclusion i. By Lemma 4.7, there exists
an open embedding : Ul NUs — U,,, #(5)-close to i and such that
Y= patopa, on UPNUS and ¢ =i on U NU3\U NU3. We can extend
¥ to U3 by setting ¢ =4 on Uy\Uf N U3 and define ¢),, = @a, 0 1.

Now we define ¢': U UUs — X by the formula

o, (z) for . € U}
90,<$) — 30/1( ) i
@, () for x € U,

It’s clear that ¢’ is an open immersion and it’s is actually an embedding
provided ¢ is small enough.
Moreover, by Lemma 4.8 we have

U UsC¢UtUUY).
aca oy 7 PO

Now the statement of the theorem immediately follows by induction on
the number of elements in . U

In fact, we will need a somewhat stronger version of this theorem which
assures that the gluing can be done relative to a fiber bundle structure on
all the limit and approximating spaces.

THEOREM 4.10 (Strong Gluing Theorem). Under the assumptions of
Gluing Thorem 4.6 we are given in addition continuous maps f: X —
R f: X 5 RF. h: X - R,h: X — R and a compact set K C X such
that the following holds

(1) for any U, with Uy N K # 0 we have (f,h) o va = (f,h)

(2) for any U, with Uy N K = 0 we have fopy = f

(8) for any U, with Uy, N K # 0, U, is contained in a product neigh-
bourhood with respect to (f,h)

(4) for any U, with Uy, NK =0, U, is contained in a product neigh-
bourhood with respect to f

Then the gluing homeomorphism @ can be chosen to respect f on X

and (f,h) on K (i.e (f,h)o@=(f,h) on K and fop=f on X.

ProOF. The proof of Theorem 4.6 can be trivially adapted to prove
Strong Gluing Theorem 4.10 once we observe that the theorem of Sieben-
mann quoted in the proof of Lemma 4.7 has a stronger version respecting
products with R [24, Theorem 6.9] so that the deformation v given by
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Lemma 4.7 can be made to respect the product structure X = X; x R¥ if
w: U — X respects that product structure. O

For applications to pointed Gromov-Hausdorff convergence we will need
the following local version of the Gluing theorem for which the requirement
that the approximated space be s-connected can be slightly weakened. For
simplicity, we only state the unparameterized version.

THEOREM 4.11. Let U € V. € W C X be relatively compact open
subsets in an MCS-space X . Let {Ua}aeu be a finite covering of W with
the property that if Uy, NV # O then U, € W .

Then given a function s, there exists »x = (X, U, V,W,{Uqs}acu, 0)
such that the following holds:

Given a »-connected MCS-space X', and subsets U' € V' e W' € X',
an open cover {Ul}oca of W', a §-Hausdorff approzimation (W,V,U) —
(W', V' U") and a family of homeomorphisms @o: Uy — UL, §-close to ¢,

then there exists an open embedding ©': V. — X', »(0)-close to ¢ such
that (V) D U’ if § is sufficiently small.

PRrOOF. The proof is exactly the same as the proof of Theorem 4.6
except in the induction procedure we only glue the embeddings of those U,
which intersect V. O

DEFINITION 4.12. A map f: X — Y between two metric spaces is called
e-co-Lipschitz if for any p € X and all small R we have f(B(p,R)) D

B(f(p),eR).

We will often make use of the following simple observation the proof of
which is left to the reader as an exercise.

LEMMA 4.13. Let f: X = Y is e-co-Lipschitz where X is compact. Let
p€ X and v: [0,1] =Y be a rectifiable curve with v(0) = f(p). Then there
exists a lift 7: [0,1] = X of ~ such that 5(0) =p and L(7) < 1L(v).

4.2. Polar vectors.

DEFINITION 4.14. Let curvX > 1. Given elements u,v € CY we define
(u,v) by the formula

(u,vy = |v| - |u| - cos Zuw

DEFINITION 4.15. Let curvX > 1. Two wvectors u,v € CX are called
polar if for any w € C¥ we have

(v,w) + (u,w) =0

More generally, u is called polar to a set V. C CX if for any w € CX
we have
sup(v, w) + (u, w) > 0.
veV
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It is known (see [22] or [20, Lemma 1.3.9]), that for any v € ¥ there
exists u, polar to v.

A function f: ¥ — R is called spherically concave if for any y lying on
a shortest geodesic connecting x and z € ¥ we have

f(y)sind(z, z) = f(2)sind(z,y) + f(z)sind(z,y).

As with ordinary concave functions, for a space with boundary we demand
that the canonical extension of f to the doubling of ¥ be spherically
concave.

It’s easy to see that f is spherically concave iff its 1-homogeneous exten-
sion to CY is concave.

We will need the following property of polar vectors [20, Section 1.3.8]:

Let f: C¥ — R be concave and 1-homogeneous. Suppose u € CY is
polar to V C CX. Then

(4.1) f(u) + inf f(v) <O.

Finally, we’ll make use of the following fact [20, Section 1.3.8]:
Given any two distinct points p,q in an Alexandrov space we have

(4.2) Vyd(-,q) is polar to 17 .

4.3. Gradient flows of semiconcave functions. It was shown in [22]
(cf. [12]) that semiconcave functions on Alexandrov spaces admit well defined
forward gradient flows.

Moreover, one can bound the Lipschitz constant of the gradient flows as
follows.

Suppose f: X — R is A-concave. Let o and (§ are two f-gradient
curves. Then

(4.3) d(a(tl),ﬂ(tl)) < d(a(to),,@(to)) exp(/\(t1 — to)) for all t1 > to

In particular, if f is concave then its gradient flow ¢ is 1-Lipschitz for
any t > 0.

5. Admissible functions and their derivatives

DEFINITION 5.1. Let X be an Alexandrov space of curv > k. Let f: X —
R have the form f =", Aa@a(d(-, As)) where each Ay is a closed subset of
X, A 20,2, A <1 and each ¢o: R = R is a twice differentiable func-
tion with 0 < ¢l, < 1. We say that such f is admissible on U = X\ U, A, .

With a slight abuse of notations we’ll sometimes simply say that f: X —
R of the above form is admissible.

It’s obvious from the definition that an admissible function is 1- Lip-
schitz and semiconcave on U. More precisely, f is A-concave near p € U
where A depends on « and d(p,U;A4;).
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By the first variation formula, df,: ¥, X — R has the form

dfy =Y —aa cos(d(-, 17%)) where ao = Al (d:, Aa)).

Note that aq >0, >, aq <1.
In view of this, following [17], we call a function h: ¥ — R where
curvX > 1 a function of class DER if it has the form

Z —aq cos(d(-, Ay)) where aq > 0, Zaa <1
(e} o

for some finite collection {A,}qeu of subsets of 3.

DER functions are spherically concave on ¥ and concave when radially
extended to C'X.

We define the scalar product of two functions in DER by the formula:
for

(5.1) h=>Y —aacos(d(-,As)), g=> —bgcos(d(-,Bs))
o 38

put
(h,g) = Z aabg cos(d(Aq, Bg)).
a7B
Note that this definition depends on the representations of h, g given by
(5.1) and not just the values of f,g at every point.

It is shown in [17] that the scalar product satisfies the following prop-
erties:

(i) (dph, dpg) < (h,g) — h(p)g(p) for any p € X;
(ii) (hh) > (infepmres)(hg)” > 0;
(iii) For any h € DER(X) there is a point A € 3,0 < & < 1 such that for
h = —acos(d(-, A)) we have (h,g) > (h,g).

Notice that an admissible function f on an Alexandrov space X can
be naturally lilfted to a nearby Alexandrov space X by lifting the sets Aq
from the definition of f to nearby sets in X and defining f by the same
formula as f.

We will need the following simple lemma:

LEMMA 5.2. Let XZ-G;J;IX where curvX; > Kk and let f,g: X — R
71— 00
be admissible at p € X. Let f;,g;: X; — R be natural lifts of f,g. Let
X; 2pi—p. Then
71— 00

(dp f,dpg) = limsup(dy, fi, dp,i)-
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PROOF. By linearity it’s easy to see that it’s enough to prove the lemma
for f,g of the form f =d(-,A),g = d(-, B). For functions of this form the
statement easily follows from Toponogov comparison by an argument by
contradiction. 0

6. Admissible maps and their regular points

DEFINITION 6.1. A map g: X — R* is called admissible on an open set
U C X if it admits a representation g = G o f where all the components of
f: U — R* are admissible on U and G is a bi-Lipschitz homeomorphism
between open sets in RF.

REMARK 6.2. The inclusion of the bi-Lipschitz map G in the definition
of an admissible map might seem strange at this point. However, it will
significantly simplify certain steps in the proof of the Stability theorem as
well as prove useful in applications.

To unburden the exposition we will employ the following convention. If
an admissible map is denoted by f (with any indices) we’ll automatically
assume that in the above definition G = Id.

DEFINITION 6.3. An admissible map g: U — RF is called e-regular at
p € U if for some representation g = G o f of g the following holds:

(1) mini;,gj —<dpfi, dpfj> > €,
(2) There exists v € L, X such that fl(v) > e for all i.
We say that g is regular at p if it’s e-regular at p for some € > 0.

It is easy to see that f = (f1,..., fi) is e-regular at p iff there is a point
q such that for fy = d(-,q) we have

(dyfi,dpf;) < —€ for all 0 < i # j < k.

EXAMPLE 6.4. As was mentioned in the introduction, a basic example
of a regular map is as follows. Suppose {f; = d(-, A;) }i=o,... 1 satisfy

LAA57> /2 for all i # j.

Then f = (f1,..., fx) is regular at p.

This example shows that regular points of admissible maps naturally
generalize regular points of smooth maps because of the following simple
observation:

Given k+ 1 non-zero vectors in R™ with all pairwise angles > 7/2, any
k of them are linearly independent.

As an obvious corollary of Lemma 5.2 we obtain

COROLLARY 6.5. Let f: X — R¥ be admissible and e-reqular at p € X .
Let 0 < € < €. Suppose Xig{X where X; € Alex"(D,k). Let X; >
1— 00
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pi—p and let fi: X; — R* be natural lifts of f. Then there exists § > 0
71— 00
such that f; is € -reqular on B(p;, ) for all large i.

In particular, the set of e-regular (regular) points of an admissible map
is open.

REMARK 6.6. In [18], Perelman generalized all the Morse theory results
from [17] to the more general and much more natural class of admissible
fuctions consisting of 1-Lipschitz semiconcave functions. Corollary 6.5 is one
of the main reasons why we restrict the class of admissible functions to the
rather special semiconcave functions constructed from distance functions.
Various definitions of regularity are possible for maps with semiconcave
coordinates (see [18, 20]). While all these different definitions allow for rela-
tively straightforward generalization of the results from [17], the author was
unable to prove the analogue of Corollary 6.5 using any of these definitions.

Another (perhaps more serious) reason why we are are forced to work
with a small class of admissible functions is that there is currently no known
natural way of lifting general semiconcave functions from the limit space to
the elements of the sequence.

The following Lemma is due to Perelman.

LEMMA 6.7. [17, Lemma 2.3], [18, Lemma 2.2], [20, Lemma 8.1.4]
Suppose X" has curv > 1 and let fy,..., fr: CX — R be I-homo-
geneous concave functions such that e = min,2; —(f;, fj) > 0. Then

(1) k<n;

(2) There exists w € ¥ such that fi(w) > € for all i #0.

(3) There exists v € ¥ such that fo(v) > €, fi(v) < —e and fi(v) =0
fori=2,... k.

Let g: X — R* be an admissible map. Let Xreg(9) T X (Xpeg(g) € X)
be the set of e-regular (regular) points of g.
Then the following properties hold [17, 18]

a) Xye5(g9) (and hence also (Xe4(g)) is open for any € > 0 (see Corol-
lary 6.5).

b) If g is e-regular on an open set U C X then g is e-co-Lipschitz on U.
(This is an easy corollary of Lemma 6.7. See [17, 18] for details.)

¢) g: Xreg(g) — RF is open.

d) £ < dimX if X,¢4(g9) # 0). This immediately follows from part (1) of
Lemma 6.7.

THEOREM 6.8 (Local Fibration Theorem). [17, 18] Let g: X — R¥ be
an admissible map. Then glx,. (g Xreg(9) — R* is locally a topological
bundle map. This means that any point p € X,cq(g) possesses an open
product neighborhood with respect to g with an MSC -space as a fiber.
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We will use the original Local Fibration Theorem without a proof. How-
ever, we will prove a more general version of it (see Theorem 9.7) in Section 9
in order to prove the Relative Stability Theorem.

We will need the following technical Lemma due to Perelman which plays
a key role in the proofs of both the Stability Theorem and the Fibration
Theorem above.

KeEY LEMMA 6.9. [17, Section 3| Let p be a reqular point of f: X —
RE. Suppose f is incomplementable at p, i.e. for any admissible function
fi: X = R, the point p is not reqular for (f, f1): X — RFFL,

Then there exists an admissible function h: X — R with the following
properties

(i) h(p) =0.
(ii) h is strictly concave on B(p, R) for some R > 0.
(iii) There are v > 0,A > 0 such that h < A on f=' (I*(f(p),r)) and
ft (I_k(f(p),r)) N{h > —A} is compact in B(p,R).
(iv) h has a unique mazimum in B(p, R) N f~1(v) for all v € I¥(f(p),r).
Let S denote the set of such mazrimum points.
(v) (f,h) is reqular on (fk(f(p),r) N B(p, R)) \S.

As an immediate corollary we obtain

COROLLARY 6.10. Let f: X™ — R™ be an admissible map. Then f is
locally bi-Lipschitz on the set of its reqular points Xyeq(f).

PROOF OF COROLLARY 6.10. Let p be a regular point of f. By part a)
of Lemma 6.7, f is incomplementable at p. Let h be the function in B(p, R)
provided By lemma 6.9. By part (v) of Lemma 6.9, (f,h): B(p, R)\S —
R™*1! is regular. However, as was just mentioned, by part (1) of Lemma 6.7,
amap from X" to R"*! can not have any regular points. Therefore B(p, R)\
S = (). By part (iv) of Lemma 6.9, this is equivalent to saying that B(p, R)N
f~Y(v) consists of a single point for all v € I*(f(p),) which means that
f is injective near p. Finally, recall that being regular, f is both Lipschitz
and co-Lipschitz near p, which together with local injectivity means that
it’s locally bi-Lipschitz on X,cq(f). O

ProOOF OoF KEY LEMMA 6.9. Since a complete proof is given in [17] we
don’t include as many details.

For simplicity we assume that all components f; of f are actually con-
cave near p (the proof can be easily adapted to the general case of semi-
concave fjs). Since f is e-regular at p there is a point ¢ near p such that
fi(q) > fij(p) + ed(p,q) for all j =1,...,k. Since f;’s are 1-Lipschitz, for
all » near p and all x € B(q, ed(p,q)/4) we have

d(x,r)

(6.1) fi(@) > £ + €55
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Fix a small positive § < ed(p,q). Choose a maximal d-net {qq}aca
in S(q,ed(p,q)/4). A standard volume comparison argument shows that
|| = N > 6!~ where n = dim X .

Consider the function h = N~1X,h, where hy = 0o (d(-,qq)) and @q:
R — R is the unique continuous function satisfying the following properties

(1) @o(t) =1 for t < d(p,qa) — 6
(2) @o(t) =1/2 for t > d(p,qa) + 6
(3) wu(t) = —45 for d(p,ga) — 6 <t < d(p,qa) + 6;

(4) @a(d(pa Qa)> =0
It is clear that h is admissible near p with h(p) =0 and

(6.2) (dyh,d, f;) < —€/8 for all j=1,...,k and all r near p

By [17, Lemma 3.6], h is strictly cd~!-concave on B(p, ) ( see also [11,
Lemma 4.2] for a more detailed proof of the same statement).

Denote X ={{ €%, | fi({) >eforallj=1,... k}.

It easily follows from the definition that f is incomplementable at p iff
diam(Zg) < 7/2.

SUBLEMMA 6.11. If diam(X0) < 7/2 then for all v € By(6) we have

(6.3) h(r) < h(p) —c-d(p,r) + ¢ - max;{0, f;(p) — f;(r)}

PrOOF. Since h is 1-Lipschitz and f is e-co-Lipschitz, by using
Lemma 4.13, it’s enough to prove the Sublemma for r € B(p,d) satisfy-
ing fj(r) = fj(p) for all j =1,...,k. Then ;C Eg. By construction we
also have that 3 C Z‘g which by assumption of the sublemma implies that
that Z 713" < m/2 for all . (This is the only place in the proof where we
use that diam(Eg) < w/2 i.e that f is incomplementable at p). This means
that the derivative of h, at p in the direction of r is < 0. By semi-concavity
of h, this implies

(6.4) ha(r) < ha(p) — A - d(p,7)?

Moreover, a volume comparison argument (see [17] or [11, Lemma 4.2]
for details) shows that for most o € 2 we actually have Z 73" < 7/2—C.

Indeed, recall that N > ¢6'".

Fix a small g > 0. By the first variation formula and semi-concavity of
h, we see that if Z ﬂ; ga< m/2 — pu then

(65 har) < halp) = A -d(p, )* = i dlp,v)

A standard volume comparison argument shows that the n — 1-volume
of the set

A, ={§ € ) such that /2 — p < Z& < 7/2} is bounded above by
cir. By another standard volume comparison this implies that the maximal
number of points in A, with pairwise angles > ¢ is at most cpuotm.
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This means that if ;4 < ¢ then for the vast majority of g, we must have
A< /2 — i
A suitable choice of p now immediately yields h(r) < h(p)—c-d(p,r). O

Sublemma 6.11 obviously implies that inside B(p,d) the sets {h > —cd}
Nf~1(v) are compact for all v close to f(p) which proves (iii).

It remains to prove parts (iv) and (v) of Key Lemma 6.9. For any v €
R¥ denote U, = B(p,d) N f~Y(v) and US = {z € B(p,d) | fi(z) >
vjforall j=1,... k}

SUBLEMMA 6.12. Let z € U, be a point of mazximum of h on U, where
|fi(p) —vj| <8%,j=1,...,k. Then for every x € U, N B(p,§/2) we have

h(2) = h(z) + o td(, 2)?
Proor. First we notice that

(6.6) maxh= max h= max h=h(z)
U UfNnB(p,5/2) UsNB(p,6/2)

The first and the last equalities follow from Sublemma 6.11 and the fact
that h is 1-Lipschitz and f is e-co-Lipschitz. If the equality in the middle
is violated, then there exists a maximum point » € U} N B(p,§/2) such
that f; > v; for some [. By applying part (2) of Lemma 6.7 to d,h,d, f; in
¥, X we can find a direction § € ¥, X such that h'(§) > 0 and f}(£) > 0
for all j # [. This contradicts the fact that r is a point of maximum. This
proves (6.6).

Now consider the midpoint y of a shortest curve connecting x and z.
By concavity of f and strict concavity of h we get

h(z) + h(z)
2

fity) = fi(z) forall j =1,... k

(6.7) h(y) > + o td(z, 2)?, and

In particular y € U, and therefore h(y) < h(z). Combining this with (6.7)
we immediately get the statement of Sublemma 6.12. O

To complete the proof of Lemma 6.9 it remain to verify (v).

Let z € U, N B(p,d) be the point of maximum of A on U,. For any
other point x € U,, by Sublemma 6.11 combined with Lemma 4.13, we can
find a point s arbitrary close to z and such that

fi(s) > fj(z) for all j and h(s) > h(z) + cd'd(x,s)?

Let £ =71%. By concavity of h and f;’s it is obvious that h’(§) > 0 and
fi(§) > 0 for all j. Combined with (6.2) this means that (f,h) is regular
at x. g



122 V. KAPOVITCH

REMARK 6.13. Key Lemma 6.9 in conjunction with Theorem 4.4 easily
yields Fibration Theorem 6.8 (see [17] for details).
We will prove a more general version of it in Section 9.

We will need the following strengthened version of the Key Lemma which
is the main geometric ingredient in the proof of the Stability Theorem.

LEMMA 6.14. Under the conditions of Lemma 6.9 suppose we have a

noncollpasing converging sequence Xﬁgi){X” and admissible functions f;
1—00
on X; converging to f. Let p; € X; satisfy p; —p.
1—00
Then there exist admissible lifts h; of the function h provided by
Lemma 6.9 such that for all large i, the functions f;, h; satisfy the properties

(i)—(v) of Lemma 6.9.

PROOF. Part (i) is obvious by construction of h and h; where we might
have to shift h; by a small constant to make it zero at p;.

The fact that the natural lifts h; of h are strictly concave in B(p;, R) is
basically the same as the proof of the concavity of h itself (see [17, Lemma
3.6]). It is carried out in full detail in [11, Lemma 4.2]. This proves part (ii).

For the proof of (iii) we can not use Sublemma 6.11 as we did in the
proof of Lemma 6.9 because f; might be complementable everywhere near
pi . Nevertheless, part (iii) is obvious because it holds for (f, h) by Lemma 6.9
and f; — f,h; = h,p; — p.

Parts (iv) and (v) are proved in exactly the same way as in the proof of
Lemma 6.9. O

LEMMA 6.15. Let F = (f1,..., fx): X — RF be e-regular near p. Then
the level set H = {F = F(p)} is locally »-connected near p for a linear
function .

PRrROOF. In what follows all constants C' will depend on e.

Denote F(p) =v = (v1,...,v) and let H_ be the set N {f; < v;}.

By definition of a regular point, there exists ¢ near p such that for
¢ =1} we have f/(£) > e for all i (‘and the same holds for all z near p). Let
n = Vpd(-,q). Then n is polar to { by (4.2). Therefore df;(&) + dfi(n) <0
for all ¢ by (4.1) and hence

(6.8) dfi(n) < —e for all i.

Let z,y € B(p,r) with » < d(p, q) be two close points on the level set
H . Let v be a shortest geodesic connecting  and y. Consider the gradient
flow ¢ of d(-,q) in B(p,r).

By above, all f;’s decrease with the speed at least ¢ along ¢;. Since
all f; are 1-Lipschitz we know that along v we have f; < fi(p) + d(z,y).
By (6.8) this implies that for some t < C - d(x,y) we can guarantee that

v1 = @(y) liesin H_.
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By shifting f;’s by constants we can assume that all v;’s are the same
and equal to a. Since d(-,q) is A-concave in B(p,r) (where A\ depends on
d(p,q) and the lower curvature bound of X ), by the Lipschitz properties of
the gradient flows (4.3), we know that L(y;) < C - d(z,y).

Let 72 be the concatenation of the gradient curve of d(-,q) through z
followed by =1 followed by the the gradient curve of d(-,q) through y taken
in opposite direction. Then by above we still have that L(v2) < C - d(z,y).
We have also shown that v C H_.

Let f = min(a, min; f;). Then f is still semiconcave with the same
concavity constants as f;’s.

Observe that the gradient flow of f takes H_ to H (the points of H
do not move under the flow).

By construction we have that f > f(p) — C - d(z,y) along 7,. By e-
regularity of F' near p and Lemma 6.7 we see that |[Vf| > € on {f <
a}NB(p,r) and hence the gradient flow of f pushes ~, into a curve v3 C H
connecting z and y in uniformly bounded time. Once again applying the
Lipschitz properties of gradient flows we obtain that L(y3) < C-d(z,y). O

REMARK 6.16. It easily follows from the proof that the function s¢ pro-
vided by Lemma 6.15 is semi-continuous under Gromov-Hausdorff conver-
gence in the following sense.

Suppose X" — X" be a convergent sequence of compact Alexandrov
spaces with curv > x and f;: X; — R¥ be a sequence of admissible maps
with A\-concave 1-Lipschitz components converging to f: X — R¥. Suppose
f is e-regular near p and p; € X; converges to p. Then, by Corollary 6.5,
fi is e-regular on B(p;,r) for some r > 0 for all large i and the level
sets {fi = fi(pi)} are s-connected near p; for all large i with the same
#(t) = C(e,k, A\, X) - t.

7. Proof of the stability theorem

DEFINITION 7.1. Let p be a point in an Alexandrov space X . Let g =
Gof = (¢...,9"): X — RF be reqular at p. Then an open product
neighborhood of p with respect to such g is called a product neighborhood of
a p of rank k.

DEFINITION 7.2. We’ll call a subset H of R™ a generalized quadrant if it
has the following form

H = Nier{zi > ¢} Njes {zj < ¢}

where 1,J are some (possibly empty) subsets of {1,...,n} and (z1,...,zy)
are the standard coordinates on R™.

DEFINITION 7.3. A compact subset P in an Alexandrov space X is called
k-framed if P can be covered by a finite collection of open sets U, such
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that each U, is a product neighborhood of rank ko = k for some po € P
with respect to some
9o = Ga o fo: X%Rka

and PN U, = g5 (H,) N U, where Hy, is a generalized quadrant in R .

We say that a framing {Us, fo, Ha}acu Tespects a map f: X — R if
the first | functions of fo coincide with f for all .

More generally, we’ll say that a framing {Us,ga = Ga © fo, Hatacu
respects a representation of an admissible map g

g=Gof: X 5 R

if the first | functions of each fo coincide with f and G, has the form
Golz,y) = (G(x), Ta(z,y)) where x € Ry € RFa= e the first | coordi-
nates of Go, are equal to G. (In particular, the first I functions of g also
coincide with g ).

To simplify notations, we’ll often simply say that a framing respects a
map ¢ to mean that it respects the representation g = G o f.

EXAMPLE 7.4. Any compact Alexandrov space has a zero framing.

EXAMPLE 7.5. For any point p € X there exists ¢ > 0 such that d(-,p)
has no critical points in B(p, €)\{p} . Hence, for any positive r < R < ¢, the
annulus A(r, R,p) = B(p, R)\B(p.r) is 1-framed respecting f = d(-,p).

Suppose X' — X" is a converging noncollapsing sequence of compact
Alexandrov spaces with curv > k. Let 6;: X — X; be a sequence of o(i)-
Hausdorff approximations.

Let P C X be a k-framed compact subset of X. We define the cor-
responding k-framed subsets P; C X; as follows. Let go = G4 o fo be a
representation of g, given by the definition of an admissible map. We lift
the defining functions f, and f to f; and f,; in the natural way. Suppose
Ga,i is a sequence of uniformly bi-Lipschitz homeomorphisms of open sets
in R* converging to G. Put Ja,i = Gayi © fasi-

Then g,; will still be admissible and regular on the corresponding sub-
sets of X; by Corollary 6.5. In particular we get product neighborhoods U, ;
with respect to ga,;-

We'll say that a compact set P; C X; is a lifting of P if P, NU,; =
g;i(Ha) for all a.

REMARK 7.6. Note that a lifting of P need not exists! However, if it
does, it is automatically k-framed. Moreover, if P is k-framed with respect
to f: X — Rl and I, J, C {1,...,1} for all a then the lifting exists for all
large ¢. In particular, if X is a compact Alexandrov space and X" — X"
with curv > x then the lifting of X with respect to a zero framing exists
for any large ¢ and is equal to Xj.
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LEMMA 7.7. The set’s P; are s-connected for all large i and the same
x(t) = Ct.

PRrROOF. Let x,y be two close points in PN U, for some «. Since g, is
L-Lipschitz, |ga(z) —ga(y)| < L-d(x,y). Since H, is convex, the straight line
segment connecting g, (z) and g, (y) lies in H, . Since f, (and hence g, ) is
e-co-Lipschitz, by Lemma 4.13 we can lift it to a curve ~;: [0,1] - U, NP
of length < %d(x,y) with 77(0) = x. Observe that (1) and y lie in the
same fiber of g, (and hence of f,) and d(v(1),y) < C(L,e)d(x,y) by
the triangle inequality. By Lemma 6.15 we can connect v1(1) and y by a
curve vy inside the fiber {go = ga(y)} of length < C - d(y1(1),y). The
concatenation of v; and 7. provides a curve v in P N U, connecting x to
y with L(v) < C-d(z,y).

As was observed in Remark 6.16 the constant C' in the above argument
can be chosen to be the same for all f,; and hence, since all G,; are

uniformly bi-Lipschitz, all P; are sc-connected for all large i for the same
x(t) = Ct. O

The proof of the stability theorem proceeds by reverse induction in fram-
ing and, in fact, it requires us to to prove the following stronger version of it:

THEOREM 7.8 (Parameterized Stability Theorem). Suppose X" — X"
s a converging noncollapsing sequence of Alexandrov spaces with curvature
bounded below and diameter bounded above. Let 0;: X — X; be a sequence
o(i) -Hausdorff approzimations.

Let P C X be a k-framed compact subset of X whose framing respects
g: X - R Let K C P be a compact subset such that the framing of P
respects g on P and (g,h) on K for some g: X — R! and h: X — R.

Then for all large i there exist homeomorphisms 0}: P — P; such that
0; is o(i)-close to 0; and respects g on P and (g,h) on K.

Proor. We proceed by reverse induction in k.

If £ = n then the locally defined maps gn,i: Uai = R",g0: Uy — R"
are bi-Lipschitz homeomorphisms. By construction, the maps 6,; = g;; o
9ot Uy — Uy, are homeomorphisms Hausdorff close to ¢;. Moreover, by
construction, 6,; sends PN U, onto P, NU,;.

Thus the statement of the theorem follows from Strong Gluing Theo-
rem 4.10 and Lemma 7.7.

Induction step.

Suppose the theorem is proved for £+ 1 < n and we need to prove it
for k.

Let P be k-framed and let p lie in P. Then p € U, for some «. Let
ga = Go 0 fo: Uy — RF be the admissible map regular at p coming from
the definition of a k-framed set.
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To simplify the notations we will assume that G, = Id and f, = go. The
proof in the general case easily follows from this one with obvious modifica-
tions.

Let p; = 6;(p)-

By possibly adding more components to f, we can construct an admis-
sible map fp: X — Rk where k, > k which is incomplementable at p.

Let h: B(p,R) — R be a strictly concave function provided by
Lemma 6.9. By choosing a sufficiently small r, A > 0 we can assume that
the set U, = f, 1 (I*(f,(p),r) N {h > —A} is compact. By reducing r fur-
ther we can assume that |h(z)| < a < A for z € SNU,. We will call U, a
special neighborhood of p.

By Lemma 6.9 we have that U, is a k-framed compact subset of X .

Since h and all the coordinates of f, are admissible, they have natural
admissible lifts h; and f,; which define corresponding neighborhoods Uy,
of Di -

The proof of Stability Theorem 7.8 will easily follow from the following

LocAL StABILITY LEMMA 7.9. For all large i there exist homeomor-
phisms 0, ;: U, — U, respecting f, and o(i)-close to the Hausdorff approzi-
mation 0; .

Let us first explain how to finish the proof of theorem 7.8 given Lemma, 7.9.

Choose a finite cover of P by the interiors of the special neighborhoods
Upg - For all large i, Lemma 7.9 provides homeomorphisms 6, ;: Up, —
Upg,i respecting fp,, and o(i)-close to 0;.

Observe that since each 6,,; respects fp,, it sends P N Uy, onto
PN Up,.i-

Taking into account Lemma 7.7 we can apply Gluing Theorem 4.10 to
obtain the desired homeomorphism 6,: P — P;.

PrROOF OF LOCAL STABILITY LEMMA 7.9. All throughout the proof of
the Lemma we will work only with points in U, in X and U,, in Xj.

If k£, > k then the statement follows directly from the induction hypo-
thesis.

Let’s suppose k, = k.

First we change the function h to an auxiliary function h by shifting h
by a constant on each fiber of f to make it identically zero on S'.

More precisely, let h(z) = h(z) — h(S N f~1(f(x))). Recall that by
Lemma 6.9(iii), SN f~(f(z))) consists of a single point so that this defi-
nition makes sense. Also by Lemma 6.9(iii), we have h(S N f~(f(z))) =
maxXyer,nf-1(f(x) P(y) and therefore h=h—Hof where H: R¥ — R
is given by H(v) = max,cy,ns-1(s) h(x). Since f is co-Lipschitz and h is
Lipschitz, using Lemma 4.13 we easily conclude that H is Lipschitz.

In particular, (f, 71) = Ho (f,h) where H is a bi-Lipshitz homeomor-
phism of some open domains in R¥*! given by H(a,b) = (a,b — H(a)).
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Therefore, we still have that (f,h) is regular on U,\S and hence it’s
locally a bundle map on Up\S by Theorem 6.8.

In addition, by construction, h =0 on S and h < 0 on Up\S.

We define h;, H; and H; in a similar fashion using f;, h;. We obviously
have that fzz — fz, H; — H,H; — H. Moreover, since f; are uniformly
co-lipschitz, all H; are uniformly Lipschitz and hence all H; are uniformly
bi-Lipschitz.

Then we again have that h; =0 on S; and h < 0 on Up,\Si. By
Lemma 6.14 we also have that (f;, h;) is regular on Up,\S;.

Fix a small § < A. Then the set {h < —0} is (k + 1)-framed with
the corresponding sets in U, given by {iLl < —0} and therefore, by induc-
tion assumption, for large ¢ there exist homeomorphisms 9:5,1‘: {h< -0} —
{hi < =8} respecting (f,h) and o(i|8)-close to 6;.

In particular, the fiber F; of (f;, BZ) is homeomorphic to the fiber F' of
(f,h) for all large i.

Next consider the set {h > —35/2} and consider the map (f,h): {h >
—30/23\S — I*(f(p),r) x (=36/2,0).

By Lemma 6.9, this map is regular and proper. Therefore, by Theo-
rem 6.8 and Theorem 4.4, it is a fiber bundle.

Hence, {h > —30/2}\S is homeomorphic to I*(f(p),r) x (—35/2,0) x F
with the first two coordinates given by (f, B) By restriction this gives a
homeomorphism {h > 6}\S to I*(f(p),r) x [=6,0) x F with the first two
coordinates still given by (f,h).

By Lemma 6.9 and construction of fz, h has a unique max ( equal to
zero) on f~'(v) for any v € I*(f(p),r). Therefore, the above homeomor-
phism can be uniquely extended to a homeomorphism ¢;: {iL > =0} —
I*(f(p),r) x KF respecting (f,h).

Similarly, for all large i« we have homeomorphisms 5 ; : {ﬁl > —0} —
I%(f(p),r) x KF; respecting (f;, h;).

Recall that F; is homeomorphic to F' for large i. Modulo that homeo-
morphism we can take the composition <p5_’i1 o (s and obtain a homeomor-
phism 6§ ;: {h > =6} — {h; > —&} respecting (f,h).

Since 05, respects f and S; is o(i)-close to S, it is clear that 0, is
#(0) 4 o(i|0)-close to 6;.

Gluing 05, and 6, we obtain homeomorphisms 05;: Uy — Uy, respect-
ing f and 3(d) + o(i|)-close to 6.

Since § was arbitrary, a standard diagonal argument provides the desired
homeomorphisms 97’071: Up — Up, respecting f and o(i)- close to ;. g

To conclude the proof of Theorem 7.8 observe that all the maps f, above
can be chosen to respect f on P and h on K. O
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REMARK 7.10. It’s instructive to point out precisely what’s needed to
make the proof of the Stability Theorem work in the Lipschitz category.

1. One needs to generalize the deformation of homeomorphisms results of
Siebenmannform [24] used in the proof of Theorem 4.6 to Lipschitz category.
This is probably possible and in fact it is already known in case of Lipschitz
manifolds by [25].

2. Another ( probably quite difficult ) point is to generalize Perelman’s
Local Fibration Theorem 6.8 to Lipschitz category. To do this one needs to
show that under the assumptions of Lemma 6.9, the homeomorphism of the
"tubular” neighborhood of S to the product of S and the cone over F' can
be made to be bi-Lipschitz. The basic (and probably the most important)
case of this would be to show that if h is a proper strictly concave function
on an Alexandrov space with a unique maximum at a point p then the
superlevel set {h > h(p) — €} is bi-Lipschitz homeomorphic to the cone over
{h = h(p) — €}. This is related to 1. and could possibly be proved using an
appropriate generalization of Siebenmann’s results.

Similar discussion applies to the case of DC rather than Lipschitz stability.

The Stability theorem has a natural generalization to the case of pointed
Gromov-Hausdorff convergence. The following application, saying that the
stability homeomorhisms can be constructed on arbitrary large compact
subsets, seems to be the most useful. For simplicity we only state the unpa-
rameterized version.

THEOREM 7.11. Let (Xﬁ,pi)%{(X",p) where curvX; > k for all i.
71— 00

Let R > 0,e > 0 and let ¢;: B(p,R +¢€) — B(pi,R + ¢€) be o(i|R)-
Hausdorff approximations. Then for all large © there exist open embedding
Yi: B(p,R + €/2) — X; which are o(i|R,¢€)-close to ; and such that
Yi(B(p, R+ ¢€/2)) D B(pi, R) for all large 1.

Proor. Put U = B(p,R),V = B(p, R+¢/2),W = B(p, R+ ¢€). Recall,
that for any point = € X there is r; > 0 such that d(-,z) has no critical
points in B(p, 2r,)\{p}. Cover W by finitely many such balls B(pq,rs) with
all ro < €/4. Let pai = @i(pa). By Stability Theorem 7.8, for all large 4
and all o there exist homeomorphisms ¢q ;: B(pa;7a) = B(Pa,i, o) which
are o(i|R,€)-close to ¢;. Now the statement of the theorem follows by the
direct application of Theorem 4.11. O

REMARK 7.12. In the proof of Theorem 7.11 we could not apply the sta-
bility theorem directly to B(p, R) because in general we have no information
on the existence of critical points of d(-,p) outside a small ball around p. In
particular, B(p, R) need not be an MCS-space or be s-connected for any
large R.

REMARK 7.13. It follows from the stability theorem that for any given
ne€Zy,keR, D >0,v >0 there exists ¢ > 0 such that any X and Y in
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Alex™(D, k,v) with dg_pg(X,Y) < € are homeomorphic. It’s interesting to
see if one can give an explicit estimate on € it terms of n, k, D, v.

8. Finiteness of submersions

The following generalization of the Grove-Petersen-Wu finiteness theo-
rem was proved by K. Tapp [28, Theorem 2]:

THEOREM 8.1. Given n,k € Zy,v,D, A\ € R with k > 4, there are at
most finitely many topologically equivalence classes of bundles in the set of
Riemannian submersions M™* — B™ satisfying vol(B) > v, |sec(B)| < A;
vol(M) > v,diam(M) < D,sec(M) > —\.

Here two submersions m;: M; — B; (i = 1,2) are called topologically
equivalent if there exist homeomorphisms ¢: M; — M, f: B; — By such
that my o = fom.

This definition can be naturally extended to the class of submetries of
Alexandrov spaces. Recall that a map f: X — Y is called a submetry if
f(B(z,r)) = B(f(z),r) for any = € X,r > 0 (i.e if f is both 1-Lipschitz
and 1-co-Lipschitz).

It is obvious that a Riemannian submersion between complete Rieman-
nian manifolds is a submetry. Moreover, converse is also true according to
[1]. It is also clear that if a compact group G acts on a Riemannian manifold
M by isometries, then the projection M — M /G is a submetry.

Submetries enjoy many properties of Riemannian submersions. In partic-
ular, one can talk about horizontal and vertical tangent vectors and curves.
Also, it’s easy to see [2] that submetries increase Alexandrov curvature, that
is, if curvX > k and f: X — Y is a submetry, then curvY > k. For more
basic information on submetries see [15].

Suppose w: X — B is a submetry between compact Alexandrov spaces.
It trivially follows from the definition that if f: B — R is admissible then
fom is admissible on M. Moreover, f is regular at p € B iff for is regular
at any y € 7 !(p). In particular, if B is a Riemannian manifold (or more
generally, if B is everywhere n-strained) then 7 is a fiber bundle. Thus the
above notion of equivalence of submersions naturally extends to submetries.

Theorem 8.1 generalizes a theorem of J. Y. Wu, [29] which proved the
same result under a strong extra assumption that fibers of the submersions
are totally geodesic. The proof of Theorem 8.1 relies on the proof of Wu'’s the-
orem which just as the proof of Grove-Petersen-Wu finiteness Theorem 1.2
uses techniques of controlled homotopy theory. This explains the assumption
k > 4 in Theorem 8.1. However, this assumption is, in fact, unnecessary as
this result follows from the Parameterized Stability Theorem which does not
require any dimensional restrictions.
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THEOREM 8.2. Given k € Z,,V,D,€ Ry, \,k € R, there are at most
finitely many equivalence classes of submetries X"* —  B"™ where
Xtk e Alex"t*(D, k,v) and B™ is a closed Riemannian manifold sat-
isfying vol(B) =V, |sec(B)| < A.

ProOOF. We first give a proof in case of fixed B.

Let m: X — B be a submetry where X is an Alexandrov space of
curvature bounded below.

Let p € B be any point. Choose n + 1 unit vectors vo,...,v, € T,B
with pairwise angles bigger than 7/2. Then for all sufficiently small R > 0
the points p; = exp,(Rv;) define an admissible map f: B — R" given
by y — (d(y,p1),-...,d(y,pn)). This map is obviously regular on B(p,r)
for r < R and it gives a bi-Lipschitz open embedding ( in fact a smooth
one) f: B(p,R) — R™. Let F; = n'(p;). Let f: X — R" be given by
f(z) = (d(z, F1),...,d(z, F,)).

Since 7 is a submetry we obviously have that d(z, F;) = d(w(z),p;) for
any ¢ and any xz € X. Therefore f = fom. It is also obvious that f is
regular at x € X iff f is regular at 7(x). In particular, f is regular on the
r-neighborhood of 7~!(7(p)). Thus, up to a bi-Lipschitz change of coordi-
nates on the target, when restricted to U,(7~1(7(p))), we can write 7 as
a proper regular map f to R™. Let’s cover B by finitely many coordinate
neighborhoods U, = B(pa,ra) as above and let f,: U, — R™ be the cor-
responding coordinate projections. Since all f, are bijections we obviously
have that for any z,y € 71Uy NUy), fa(z) = faly) iff fa(z) = f3(y).

Therefore Parameterized Stability Theorem 7.8 can be easily amended
to include the case when a framing on X respects a submetry to a fixed
manifold as all the arguments can be made local on B where instead of the
submetry 7 one can work with regular maps fa.

The case of variable base easily follows given the fact that by Cheeger-

Gromov compactness the class of manifolds {B" | vol(B) >V, |sec(B)| <
A,diam(B) < D} is precompact in Lipschitz topology and its limit points
are C1®-Riemannian manifolds (see e.g. [8]). O

REMARK 8.3. It’s interesting to see whether Theorem 8.2 remains true
if one removes the assumption about the uniform upper bound on the
curvature of B.

9. Stability with extremal subsets

The results proved in this section are new.
The notion of an extremal subset in an Alexandrov space was introduced
in [21].

DEFINITION 9.1. A closed subset E in an Alexandrov space X 1is called
extremal if for any g € X\E and f =d(-, E) the following holds:



PERELMAN’S STABILITY THEOREM 131

If p € E is a point of local minimum of f|g then it’s a critical point of
mazximum type of f on X, i.e.

dfp(§) <0 for any § € £, X

Alternatively, it was shown in [20] that F is extremal iff it’s invariant
under gradient flows of all semiconcave functions on X.

An extremal subset is called primitive if it doesn’t contain any proper
extremal subsets with nonempty relative interiors.

We refer to [21, 20] for basic properties of extremal subsets. It is easy
to see [21] that closures of topological strata in an Alexandrov space X are
extremal. Therefore stratification into extremal subsets can be considered
as a geometric refinement of the topological stratification of X .

It is of course obvious that a homeomorphism between two Alexandrov
spaces has to preserve topological strata.

The goal of this section is to generalize the Stability Theorem by show-
ing that the stability homeomorphisms can be chosen to preserve extremal
subsets. Namely we will prove the following

THEOREM 9.2 (Relative Stability Thorem). Let XZ"MX" be a noncol-

71— 00
lapsing sequence of compact Alexandrov spaces in Alex" (D, k). Let 6;: X —
X, be a sequence o(i)-Hausdorff approzimations. Let E; C X; be a sequence
of extremal subsets converging to an extremal subset E in X . Then for all

large i there exist homeomorphisms 0.: (X, E) — (X;, E;), o(i)-close to 6;.

In order to prove this theorem we’ll need to generalize all the machinery
used in the proof of the regular Stability Theorem to its relative version
respecting extremal subsets. This is fairly straightforward and only minor
modifications of the proofs are required.

In particular we’ll have to prove the relative version of Local Fibration
Theorem 6.8. Along the way we’ll obtain some new topological informa-
tion about the way a general extremal subset is embedded into an ambient
Alexandrov space.

It was shown in [21] that just as Alexandrov spaces, extremal subsets
are naturally stratified in the sense of the following definition.

DEFINITION 9.3. A metrizable space X is called an MSC-space of
dimension < n if every point x € X has a neighborhood pointed homeo-

morphic to an open cone over a compact MC'S -space of dimension <n—1.

As for MCS-spaces we assume the empty set to be the unique MCS -space
of dim < —1.

We will also need a relative version of the above definition.

DEFINITION 9.4. Let X be an ]\/4:5’6—517@06 of dim < n. A subset E C X
is called a stratified subspace of X of dimension < k if every x € X has
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a pointed neighborhood (U,p) such that (U,U N E,p) is homeomorphic to

—_—~—

(KX, KY',0) where ¥ is a compact MSC -space of dim < n—1 and ¥’ C 2
18 a compact stratified subspace of ¥ of dimension < k — 1. As usual, the
only stratified subspace of dim < —1 is the empty set.

It is obvious from the definition that a stratified subspace in X of

dim < k is an M CS-space of dimension < k.

REMARK 9.5. It is easy to see that a connected M SC-space is an MC'S-
space iff its local topological dimension is constant. It was shown in [21] that
a primitive extremal subset is equal to the closure of its top dimensional
strata and therefore is an M C'S-space by above.

In the process of proving the Relative Stability Theorem we’ll obtain
the following result which clarifies the relative topology of extremal subsets
with respect to their ambient spaces.

THEOREM 9.6 (Relative Stratification Theorem). Let X be an Alexandrov
space and let E C X be an extremal subset. Then E is a stratified subspace
of X.

Just as in the non-relative case, this theorem is a Corollary of the fol-
lowing local fibration theorem applied to the natural map X — RO.

THEOREM 9.7 (Relative Local Fibration Theorem). Let f: X — R be
reqular at p € E where EE C X s an extremal subset. Then there exists an
open neighborhood U of p, an MCS -space A, a stratified subspace B C A
and a homeomorphism ¢: (U, ENU) — (A, B) x R¥ such that mpop = f.

It was shown in [21] by Perelman and Petrunin that the intrinsic metric
on an extremal subset of an Alexandrov space is locally bi-Lipschitz to the
ambient metric. On closer examination their proof actually gives the fol-
lowing somewhat stronger statement which we’ll need for the proof of the
relative stability theorem:

LEMMA 9.8. There exists € = ¢(n.D,k,v) > 0 such that if X € Alex"
(D,k,v) and E C X is extremal, then for any p,q € E with d(p,q) < €
there exists a curve in E connecting p and q of length < e 'd(p,q).

PROOF. Because the argument is very easy we give it here for reader’s
convenience. It is well-known (see [21] or [6]) that for the class Alex" (D, k, v)
there exists an € > 0 such that the following holds:

If X € Alex" (D, k,v) and p,q € X with d(p,q) < € then

(9-1) IVpd(-,q)| > € or [Vyd(:,p)| > €

Suppose the first alternative holds. Then there exists z near p such
that Zxpq > /2 +¢. Then V,d(-,x) is polar to 1) so that /V,d(-, ) <
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7 /2—e. This means that moving p along the gradient flow of d(-, z) decreases
d(p,q) in the first order (with the derivative at 0 at least €). Since E is
extremal, the flow through p remains in FE.

Now a standard argument shows that we can construct a curve in E
connecting p and ¢ of length < e 'd(p, q). O

We will need the following generalization of Lemma 6.7 proved in [21]:

LEMMA 9.9. [21, 20] Suppose X"~ ! has curv > 1 andlet fo,..., fr: B —
R be functions of class DER such that € = min;«; —(f;, f;) > 0. Let E C X
be an extremal subset. Then

(1) There exists w € E such that fi(w) > € for all i #0.
(2) There exists v € E such that fo(v) > €, fi(v) < —e and fi(v) =0
fori=2,... k.

Just as in the case of regular functions on Alexandrov spaces, this lemma
implies that if f: X — R¥ is regular at p € E where E C X is extremal
then f|g is co-lipschitz near p.

The main geometric ingredient in the proof of the Relative Local Fibra-
tion Theorem and the Relative Stratification Theorem is the following rela-
tive analogue of Lemma 6.9.

LEMMA 9.10. Let p € E be a reqular point of f: X — RF where E is
an extremal subset of X . Suppose f is incomplementable at p € E.
Then there exists an admissible function h: X — R with the following
properties
(i) h(p) =0.
(ii) h is strictly concave on B(p, R) for some R > 0.
(iti) There are r > 0, A > 0 such that h < A on f~' (I*(f(p),r)) and
FH(I*(f(p),r)) N{h = —A} is compact in B(p,R).
(iv) h has a unique mazimum in B(p, R) N f~Y(v) for all v € I*(f(p),r).
Let S denote the set of such maximum points.
(v) (f,h) is regular on f=1 (I:k(f(p),r)) N B(p, R)\S.
(vi) S C E.

PRrOOF. The proof is identical to the proof of Lemma 6.9 except for
part (vi) which is new. Let x be a point of max of h on E N f~1(v). Let
2 be the unique point of maximum of h on f~'(v). If x # 2z then (f,h)
is regular at by Lemma 6.9. However, by Lemma 9.9, a point on F is
regular for F': X — R™ iff it’s regular for F'|g. Thus, (f, h)|g is regular at
x. Therefore, (f,h)|g is co-lipschitz near x and hence z is not a point of
maximum of h on EN f~(v). O

This Lemma easily implies that if f: X — RF is regular at p € E
where F C X is extremal then the local dimension of F near p is >k
and the equality is only possible if F|g is locally bi-Lipschitz near p (cf.
Corollary 6.10).
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Lemma 9.10 also yields the relative local fibration theorem in exactly
the same way as Lemma 6.9 yields the absolute local fibration theorem.

PrOOF OF THEOREM 9.7. Since the proof is almost identical to the
proof of the fibration theorem in [17] we only give a sketch.

We argue by reverse induction in k. Since the base of induction is
clear we only have to consider the induction step from k£ 4+ 1 < n to
k. Let f: X — RF be regular at p € E where E C X is extremal.
If f is complementable at p the statement follows by induction assump-
tion. Suppose f is incomplementable at p. Let h be the function pro-
vided by Lemma 9.10. Suppose for simplicity that h is identically zero
on S. Let U = f~' (I*(f(p),r)) N{—4 < h < 0} N B(p,R) and W =
FHIF(f(p),r) N{=A<h <0} N B(p,R).

Then U = W\S and (f,h) is regular on U. Therefore the relative local
fibration theorem holds for (f,h) on U by induction assumption.

By Lemma 9.10, (f,h) is proper on U and hence, (f,h): (U,UNE) —
I*(f(p),r) x (—A,0) is a relative bundle map by [24, 6.10]. This means that
(U,U N E) is homeomorphic to (F,B) x I*(f(p),r) x (—A,0) respecting
(f,h) where F is an MCS-space of dim =n — k — 1 and B is a stratified
subspace in F'. By Lemma 9.10, we can extend this homeomorphism to a
homeomorphism (W, W NU) — (KF,KB) x I*(f(p),r) which proves the
induction step.

The general case when h is not constant on S is handled in exactly the
same way as in [17] and the proof of Key Lemma 7.9 by constructing an
auxiliary function & obtained by shifting h by constants on each of the fiber
of f to make it identically zero on S. U

Before we can start with the proof of the Relative Stability Theorem we
first need to observe that by [24] the corresponding version of Theorem 4.4
and Strong Gluing Theorem 4.10 hold in relative category for pairs of MCS
spaces and their stratified subspaces.

The relative version of Theorem 4.4 follows from [24, Complement 6.10
to Union Lemma 6.9] by the same argument as in the proof of the absolute
version of Theorem 4.4 given by [24, Corollary 6.14].

The relative version of the Strong Gluing Theorem still follows from the
same deformation of homeomorphism result [24, Theorem 6.1] which also
covers relative homeomorphisms. Here we’ll need the following definition

DEFINITION 9.11. A pair of metric spaces (X, E) is called »-connected
if both X and E (taken with the restricted ambient metric) are »-connected.

Let us state the Relative Gluing Theorem. For simplicity we only state
the unparameterized version.

RELATIVE GLUING THOREM 9.12. Let (X, E) be a stratified pair,

{Ua}aenu be a finite covering of X . Given a function sy, there exists »x =
#((X, E), {Us}acu, 20) such that the following holds:
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Given a »-connected stratified pair (X,E), an open cover of X
{Uo}aent, a 6-Hausdorff approzimation ¢: (X,E) — (X,E) and a fam-
ily of homeomorphisms po:(Uy, Uy NE) = (Us, Uy NE), §-close to o, then
there exists a homeomorphism @: (X, E) — (X,E), »(d)-close to .

Observe that under the assumptions of the Relative Stability Theo-
rem, all the elements of the sequence (Xj;, E;) and the limit (X, F) are
»-connected by Lemma 9.8.

Furthermore, Lemma 6.15 and Remark 6.16 hold for regular level sets
of admissible functions on extremal subsets. The proof is exactly the same
as the proof of Lemma 6.15 modulo Lemma 9.8 and the fact that extremal
subsets are invariant under all gradient flows.

We are now ready to prove the Relative Stability Theorem.

PRrROOF OF THEOREM 9.2. The proof proceeds by reverse induction on
the framing and is, in fact, exactly the same as the proof of the usual stability
theorem except we make all the arguments relative. Everywhere in the proof
substitute U (with various subindices) by (U,U N E). In the proof of the
relative version of Key Lemma 7.9, use Lemma 9.10 instead of Lemma 6.9
whenever necessary. Also, use the Relative Local Fibration Theorem instead
of Local Fibration Theorem 4.4 and the Relative Gluing Theorem instead
of the Gluing Theorem whenever called for. O

REMARK 9.13. The relative stability theorem trivially implies the
following hitherto unobserved fact. Under the assumptions of the Relative
Stability Theorem, E; — FE without collapse. Then dim E' = dim F; for all

71— 00
large 7.
A fairly simple direct proof of this statement can be given without using
the Relative Stability Theorem. However, we chose not to present it here
because this indeed obviously follows from the Relative Stability Theorem.
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