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Introduction

In these lectures we review a new approach to soliton equations of KAV type
developed by the author together with B. Feigin and B. Enriquez [11, 12, 8].

The KdV equation is the partial differential equation on a function v =
v(z,7):

vy = 60V, + Vs, (0.1)

Introduced by Korteweg and de Vries in 1895, it has a long and intriguing
history, see, e.g., [26]. We will view this equation as a flow, parametrized by
the variable 7, on the space of functions v(z) in the variable z. Perhaps, the
most remarkable aspect of the KdV equation is its complete integrability, i.e.,
the existence of infinitely many other flows defined by equations of the type

Or, = Pu[v,v,,v.2,...], n=34,..., (0.2)

which commute with the flow defined by (0.1) (we set 71 = 2z and 72 = 7). The
important fact is that the right hand sides P, of equations (0.2) are polynomials
in v and its derivatives, i.e., differential polynomials in v.

This fact allows us to treat the KdV hierarchy (0.2) in the following way.
Consider the ring R = C[v(],>¢ of polynomials in the variables v(™ (we
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132 Edward Frenkel

shall write v for v(9)). Let 8, be the derivation of R defined by the formula
9, - v(™ = v(»*+1) (so that v(® = 87v). Note that any derivation on R is
uniquely determined by its values on v(™’s via the Leibnitz rule.

Any equation of the form 8.v = Plv,v,,...] gives rise to an evolutionary
derivation D of R (i.e., such that commutes with 9,) defined by the formula
D-v = P € R. The condition of commutativity with 8, implies that D -v(™ =
92 - P, so that D can be written as

n 0
D= (ar Py

n>0

From this point of view, KdV hierarchy is an infinite set of mutually commut-
ing evolutionary derivations of R. This is the way we will think of the KdV
hierarchy and other, more general, hierarchies throughout these lectures.

We will not discuss the analytic issues related to the KdV equation, but
will focus on its universal aspects, such as the origin of its integrability. This
approach to soliton equations, initiated by I.M. Gelfand and L.A. Dickey [16],
can be summarized as follows. A particular choice of functional space F, in
which we want to look for solutions (we assume that it is an algebra closed under
the action of the derivative 8,) gives us a specific realization of the hierarchy.
On the other hand, R is nothing but the ring of functions on the space of
oo—jets of functions at a point. Hence a solution v(z,7) in the realization
F gives us a family of homomorphisms r(t) : R — F, which send v(® to
0%v(z,t). Thus, Spec R can be considered as a scheme-like object associated
with the KdV hierarchy, while various solutions correspond to various “points”
of this “scheme”. This way R captures the universal, realization independent
properties of the KdV equations.

In these notes we will try to answer the question: where do the infinitely
many commuting derivations of KdV hierarchy (and other hierarchies of KdV
type) come from? From the outset, they look rather mysterious. But in fact
there is a very simple explanation. Very briefly, the answer is as follows:

(i) we can identify the vector space with coordinates v(™ n > 0, with a
homogeneous space of an infinite-dimensional unipotent algebraic group
(a subgroup of a loop group);

(ii) this homogeneous space has an obvious action of an infinite-dimensional
abelian Lie algebra by vector fields;

(iii) rewritten in terms of the coordinates v(™, these vector fields become the
KdV flows (0.2).

Thus we will show that the KdV hierarchy is encoded in the differential
geometry of a loop group.

For technical reasons, this program is easier to realize for a close relative of
the KdV hierarchy—the so-called modified KdV (or mKdV) hierarchy; such a
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hierarchy is associated to an arbitrary affine Kac-Moody algebra. In Lecture 1
we explain (1)-(iii) for the generalized mKdV hierarchies. The reader who is
only interested in the main ideas may read just this lecture.

In Lecture 2 we study the mKdV hierarchy in more detail, and write the
equations of the hierarchy explicitly in the so-called zero-curvature form. In
Lecture 3 we compare our approach to mKdV with the earlier approaches of
Drinfeld-Sokolov and Wilson. We remark that in Sects. 2.1-2.2 and Sects. 3.4—
3.6 we follow closely [8].

In Lecture 4 we consider the generalized KdV hierarchies from the point of
view of our approach and that of the Drinfeld-Sokolov reduction [7]. Some of
the results of this lecture (e.g., Theorem 4.1) are new. Finally, in Lecture 5
we discuss the Toda field theories and their connection to the mKdV and KdV
hierarchies, following [12]. In particular, we show that the KdV and mKdV
hierarchy are hamiltonian, and their hamiltonians are the integrals of motion
of the corresponding affine Toda field theory.

The original motivation for the formalism explained in these lectures came
from the study of deformations of conformal field theories, where one needs to
show that the integrals of motion of affine Toda field theories can be quantized
(see [32, 10]). It turns out that, in contrast to other approaches, our formalism
is well suited for tackling the quantization problem. In particular, using the
results of Lecture 5 and certain results on quantum groups, we were able to prove
that the Toda integrals of motion can be quantized [10, 11]. We briefly discuss
this at the end of Lecture 5. Recently these quantum integrals found some
spectacular applications in two-dimensional quantum field theory {1]. We hope
that quantization of our formalism will help elucidate further the connections
between differential geometry of integrable systems and quantum field theory.
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which allowed me to simplify the proof of Theorem 4.1 on the structure of the
KdV jet space. I also thank L. Feher for pointing out an inaccuracy in [8],
which is corrected here.
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Lecture 1

1.1 Background material on affine algebras

Let g be an affine Kac-Moody algebra. It has generators e;, fi,a,i =0,... ¢,
and d, which satisfy the standard relations, see [22]. The Lie algebra g carries
a non-degenerate invariant inner product (-,-). One associates to g the labels
ai,af,i =0,...,¢, the exponents d;,i = 1,...,£, and the Cozeter number h,
see [23, 22]. We denote by I the set of all positive integers, which are congruent
to the exponents of g modulo h (with multiplicities).

The exponents and the Coxeter numbers are given in a table below. Note

that for all affine algebras except D&), each exponent occurs exactly once. In

the case of DS

2n»

the exponent 2n — 1 has multiplicity 2.

[ Type l Coxeter numberT Exponents j
AY | n+1 1,2,...,n
AZ | 4n+2 1,3,5,...,2n—1,2n+3,... ,dn+1
AD | an -2 1,3,5,...,4n — 3
BY | 2n 1,3,5,...,2n—1
D | op 1,3,5,...,2n—1
DY op—2 1,3,5,...,2n~3,n—1
DB, |2m+2 1,3,5,...,2n+1
D |12 1,5,7,11
EM |12 1,4,5,7,8,11
E® |18 1,5,7,11,13,17
EM |18 1,5,7,9,11,13,17
EM | 30 1,7,11,13,17,19, 23,29
F&Yol 12 1,5,7,11
&Y e 1,5
The elements e;,i = 0,...,4, and f;,i = 0,...,¢, generate the nilpotent
subalgebras ny and n_ of g, respectively. The elements o,i =0,...,¢, and d

generate the Cartan subalgebra H of g. Wehave: g = n . @b_, whereb_ =n_ @E.
The element z
C = Z a)ay
=0

of b is a central element of §. Let g be the quotient of [9,9] by CC. We can
identify g with the direct sum g @& CC @ Cd. The Lie algebra g has a Cartan
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decomposition g = ny ® h @ n_, where b is spanned by a),i = 1,...,£. Each
z € g can be uniquely written as z + z_, where z4 € ny and z_ € b_.

There exists a unique element p¥ € B, such that (ai,p¥) =1,Vi=0,... ¢,
and (d, p¥) = 0. But 5* is isomorphic to H via the non-degenerate inner product
(,-). We shall use the same notation for the image of p¥ in § under this
isomorphism. Then pV satisfies: [p¥,e;] = e;,[pY,hi] = 0,[pY, fi] = —fi,t =
0,...,£. The adjoint action of p¥ on g defines the principal Z—gradation on g.

Denote by § the simple Lie algebra of rank ¢, generated by e, f;,a),i =
1,...,¢ (the Dynkin diagram of g is obtained from that of g by removing the
Oth node). It has the Cartan decomposition g = . @ h & n_, where b is the
Cartan subalgebra of g, spanned by o,i =1,... ,£.

Remark 1.1. Affine algebra g can be identified with the universal central ex-
tension of the loop algebra g°[t,¢~!], where g° is a simple Lie algebra, or its
subalgebra [22]. More precisely, if g is non-twisted, then g° = gand g = g[t,¢71],
so that g is the universal central extension of g[t,¢~!] & Cd:

0->CK »g—glt,t7']eCd — 0.

A twisted affine algebra g can be identified with a subalgebra in the universal
central extension of g°[t,t~!] @ Cd. a

1.2 The principal abelian subalgebra
Set

£ (@i, )
P-1 :Z 1’2 : fi:
1=0

where «;’s are the simple roots of g, considered as elements of § using the inner
product. Let a be the centralizer of p_; in g. Recall that we have a principal
gradation on g, such that dege; = —deg f; = 1,degy = degd = 0. Since p_,
is a homogeneous element with respect to this gradation, the Lie algebra a is a
Z-graded subalgebra of g. In particular, it can be decomposed as a =a; @ a_,
whereay =anNni,and a_ =anb_.

Proposition 1.1 ([20], Prop. 3.8).

(1) The Lie algebra a is abelian.

(2) The homogeneous component of ax of degree i with respect to the principal
gradation has dimension equal to the number of occurencies of i in the set
=

We call a the principal abelian subalgebra of g. Its pull-back to [g,g] is
called the principal Heisenberg subalgebra.

Proposition 1.1 means that for all g except Déz), each homogeneous com-
ponent of ai is either zero-dimensional or one-dimensional, and it is one-
dimensional if and only if i € I. In the latter case we choose a generator p; of
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this component. In the case g = Déil), the homogeneous component of degree

i congruent to 2n — 1 modulo the Coxeter number 4n — 2 is two-dimensional.
We choose two generators of a, p} and p?, that span this component.
In particular, we choose
!
P = Zaiei-
1=0

The properties of a that are most important to us are described in the
following fundamental proposition, due to V. Kac.

Proposition 1.2 ([20], Prop. 3.8).

(1) Ker(adp_;) = a.
(2) The Lie algebra g has a decomposition

g=ad®Im(adp_1).

(3) With respect to the principal gradation, Im(adp_1) = ®jezg;, where
dimg; = ¢, and the map adp_, : g; = gj—1 s an isomorphism.

Remark 1.2. Propositions 1.1 and 1.2 can be derived from B. Kostant’s results
about cyclic elements in simple Lie algebras (see Sect. 6 of [23]). d

Remark 1.3. L. Feher has pointed out to us that Prop. 5 of [8] was stated
incorrectly: it is true only if n is relatively prime to h (see, e.g., [6]). However,
the case n = 1 (given above) is sufficient for the purposes of [8], as well as for
us here. a

Ezamples. Consider first the case of
_ [ (a(t) b(®) _
Lsly = { (c(t) d(t) ,a(t) +d(t) =03.

a = span{p; };odd,

(0 ¥
D2j+1 = g+ o)

More generally, for g = Lsly,

Then

where

a = span{p; }i=0 mod N

where
01 0 0
‘ 001 ...0
pi = (p1), pr=| il
0 0 O 1
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Remark 1.4. It is known that in the non-twisted case maximal abelian subalge-
bras of g are parametrized by the conjugacy classes of the Weyl group of g, see
[21]. In particular, h[t, 7] corresponds to the identity class, and a corresponds
to the class of the Cozeter element. 0

1.3 The unipotent subgroup

Let n be the completion of the Lie subalgebra n, of g defined as the inverse
limit of finite-dimensional nilpotent Lie algebras n&m),m > 0, where ni™ =
ny/(g? ® t™C[[t]] N ny). In the non-twisted case, ny = 7y & g ® tCt], and so
ny =0 ®g®tC((t)). In general, ny is a Lie subalgebra of g°((t)).

Let Nfrm) be the unipotent algebraic group over C corresponding to ng_m).

Clearly, the exponential map nfl_m) — Nim) is an isomorphism. We define the

prounipotent proalgebraic group Ny as the inverse limit of N. im),m > 0. We
have the exponential map n, — N, which is an isomorphism of proalgebraic
varieties. Thus, the ring C[N,] of regular functions on Ny, is isomorphic (non-
canonically) to the ring of polynomials in infinitely many variables. Below we
will construct such an isomorphism explicitly, i.e., we will construct explicitly
a natural coordinate system on N,.

1.4 The action of g

The group N acts on itself from the left and from the right:
n-pg=n_lg, n-rg=gn

In addition, it has a remarkable structure, which is the key in soliton theory:
N is equipped with an infinitesimal action of the Lie algebra g by vector fields.
Let G be the simply-connected simple algebraic group over C with Lie algebra
g- In the non-twisted case, there exists an ind-group G, whose set of C-points
is G((t)). Thus, G can be viewed as the Lie group of g. In the twisted case
G is defined in a similar way. The group G has subgroups N, and B_, where
the latter is the ind-group corresponding to the Lie subalgebra b_. We have an
open embedding Ny — B_\G. Hence the obvious infinitesimal action of g on
B_\G from the right can be restricted to Ny.

It is easy to write down the resulting action of g on N, explicitly. We
can faithfully represent N, in the Lie algebra of matrices, whose entries are
Taylor power series; for instance, N, is faithfully represented on g°[[t]]. Each
Fourier coefficient of such a series defines an algebraic function on N4, and the
ring C[NV.] is generated by these functions. Hence any derivation of C[N.] is
uniquely determined by its action on these functions. We can write the latter
concisely as follows: v-z = y, where z is a “test” matrix representing an element
of Ny, i.e. its (7,7)th entry is considered as a regular function f;; on N, and
y is another matrix, whose (¢, j)th entry is v - f;; € C[NV4].
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Remark 1.5. One can also take a slightly different point of view: all formulas be-
low make sense for an arbitrary representation of N, . Hence instead of picking
a particular faithful representation of N, one can consider all representations
simultaneously. The corresponding matrix elements generate C[N,]. 0

For a € g, let us denote by a® the derivation of C[N, ] corresponding to the
right infinitesimal action of a. Also, for b € n; we denote by b’ the derivation
of C[N,] corresponding to the left infinitesimal action of b.

In order to simplify notation, we will write below aza™! instead of Ad,(z).

Lemma 1.1.

aft -z = (zaz™) iz, Ya € §, (1.3)

bl oz =—bz, Vben,. (1.4)

Proof. Consider a one-parameter subgroup a(e) of G, such that a(e) = 1 +ea+
o(e). We have: z -a(e) = = + eza + o(e). For infinitesimally small ¢ we can
factor z - a(e) into a product y_y4, where y4 = z + eyil) + o(e) € Ny and
yo =1+ ey(_l) € B_. We then find that y(_l)x + yg_l) = za, from which we
conclude that y_(l_l) = (zaz™');z. This proves formula (1.3). Formula (1.4) is
obvious. 0

1.5 The main homogeneous space

Now we introduce our main object. Denote by d; the completion of ay in
n;. Let A, be the abelian subgroup of Ny, which is the image of ay in N,
under the exponential map. Consider the homogeneous space N4 /A,. Since
g acts on N, infinitesimally from the right, the normalizer of @, in g acts on
N, /A, infinitesimally from the right. In particular, a_ acts on Ny /A, and
each p_n,n € I, gives rise to a derivation of C[N,/A.], which we denote by
pE,.

Our goal is to show that the derivations pf, are “responsible” for the equa-
tions of the mKdV hierarchy.

1.6 The space of jets

Now we change the subject and consider the space U of oco—jets of an h—valued
smooth function u(z) at z = 0. Equivalently, this is the space of functions
u(z) : D — b, where D is the formal disk, D = Spec C[[z]].

We can view u(z) as a vector (uy,... ,uz), where u; = (a;,u(z)). The space
U is therefore the inverse limit of the finite-dimensional vector spaces

(n)
Um = span{ui }i:l,_,, Ain=1,...,m,

where u; = {(a;,u(0)), and uE") = 0Zu; (so, the value of uﬁ") on u(z) is given by
9%u;(0)). Thus, the ring C[U] of regular functions on U is C[uﬁ")]i=1,,,, Lin>0-
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The derivative 0, gives rise to a derivation 8, of C[U], such that 9, - u§”) =
W™, We will write u; for u{®).

Introduce a Z-gradation on C[U] by setting degu!™ = n + 1.

1.7 Main result

Theorem 1.1 ([12],Prop. 4). There is an isomorphism of rings
QN /A4,] ~ U],

under which p, gets identified with 9, .

Proof. We will explicitly construct a homomorphism C[U] — C[N; /A,] and
then show that it is actually an isomorphism. In order to do that, we have
to construct regular functions on Ny /A corresponding to u§") e CU,i =
1,...,4n>0.

Define a function u; on Ny by the formula

ﬂl(K) = (ai,Kp_lK_l), K e N+. (15)

This function is invariant under the right action of 4. Indeed, if y € A, then
1

Yp-1y~" = p-1, and so u;(Ky) = 4;(K). Hence @; can be viewed as a regular
function on N, /A, . Next, we define the functions
agn) = (pf)" -, n >0,

on N;/A,. Consider the homomorphism C[U] — C[N, /A,], which sends uE")
to ™.

To prove that this homomorphism is injective, we have to show that the
functions u( ™) are algebraically independent. We will do that by showing that
the values of their differentials at the identity coset 1 € Ny /A, du;lg, are
linearly independent. Those are elements of the cotangent space to Ny /A,
at 1, which is canonically 1somorph1c to (ny/ay)*. Using Proposition 1.2 and
the invariant inner product on g, we identify (n4/a;)* with (a;)* Nn_. By
Proposition 1.2, with respect to the principal gradation, (ay )t = @j>o(a+)fj,
where dim(ay)t; = ¢.

Let us first show that the vectors du;|1,i = 1,... ¢, form a linear basis in
(a;)L,. Indeed, the tangent space to 1 is lsomorphlc to n./a4, and it is clear
that the projections of e;,¢ = 1,...,¢, onto n}/ay are linearly independent.
Hence it suffices to check that the matrix [(es, dU;|1)]1<ij<¢ is non-degenerate.
But B

{ei, dilz) = (ef - u;)(1),
and we find
(e - u;)(K) = —(ay, [ess Kp—1 K1) (1.6)
= —(aj,[es, p1] +...)
= ~(aj, @) (17)
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(the dots above stand for the terms lying in n,., and so their inner product

with o; is 0). Thus, we see that the matrix [(e;, dus|7)]1<ij<¢ coincides with

minus the symmetrized Cartan matrix of g, —[(a, a;)]1<i,j<¢, and hence is non-

degenerate. Therefore the vectors du;|1,7 =1,... , ¢, are linearly independent.
Now, by definition,

di{™ Y|y = adp_, - dul™);.

But according to Proposition 1.2, adp_; : (a+)£j — (u+)£]-_] is an isomor-

phism for all j > 0. Hence the vectors dﬂgm)h are all linearly independent.
Therefore the functions ﬂg”),i =1,...,¢,n >0, are algebraically independent
and our homomorphism C{U] — C[N4 /A,] is an embedding,.

Now let us compare gradations. Consider the derivation (p¥)F on N;. It
is clear that for any v € ay,[p¥,v] € a; (see Sect. 1.1). Hence (p¥)% is a well-
defined derivation on C[N; /A,]. We take —(p") as the gradation operator
on C[N4 /A] (to simplify notation, we will denote it by —p").

We have by formula (1.3),

(=p" - @)(K) = —(as, [(KpYK ™)y, Kp_1 K1)
= —(a;, [Kp"K ' Kp 1 K] + (a4, [(Kp" K1) _, Kp_1 K1)
= —(ai, K[pY,p-1]K ") + ([os, (Kp K ~)_], Kp1 K1)
= (a5, Kp_ K~) = iy(K).

Hence the degree of @; equals 1. Since [—p¥,p_1] = p_1, the degree of p?, also
equals 1, and so deg ﬂg”) =n+1

On the other nand, the function ugn) has degree n + 1 with respect to
the Z-gradation on C[U]. Hence our homomorphism C[U] — C[N,/A4] is
homogeneous of degree 0. To show its surjectivity, it suffices to prove that the
characters of C[U] and C[N; /A4] coincide. Here by character of a Z-graded
vector space V we understand the formal power series

chV = E dim V,,q",
nez

where V,, is the homogeneous subspace of V' of degree n. Clearly,

chCU] = [ -¢™~"

n>0

Now, it is well-known that as a g-module, C[N.; ] is isomorphic to the module
M contragradient to the Verma module with highest weight 0 (these modules
are defined in Lecture 4). Hence, as an ny-module, it is isomorphic to the
restricted dual U(n4)* of U(ng). This implies that C[/Vy /A, ] is isomorphic to
the space of ay-invariants on U(ny)*.

By the Poincare-Birkhoff-Witt theorem, U(n;)* has a basis dual to the ba-
sis of lexicographically ordered monomials in U(n;). We can choose this basis
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in such a way that each element is the product AB, where A is the product
of pn,n € I (a basis in a;), and B is a product of elements of some basis in
Im(adp_1) Nny. Then the elements of U(ny)* dual to the monomials of the
second type form a basis of the space of ay—invariants on U(n,)*. Hence the
character of C[V; /A}] equals that of a free polynomial algebra with ¢ genera-
tors of each positive degree. Thus its character coincides with the character of
C[U], and this completes the proof. |

1.8 Definition of the mKdV hierarchy

Having identified C[U] with C[N4 /A.] in the theorem above, we can now view
the derivation pF,,,n € I of the latter, as a derivation of C[U], which we denote
by 8,. Thus, we obtain an infinite set of commuting derivations of the ring of
differential polynomials (C[ugn)], of degrees equal to the exponents of g modulo
the Coxeter number.

We call this set the mKdV hierarchy associated to the affine algebra, g.

According to Theorem 1.1, to each map D — b we can attach a map D —
Ny /A, (here D is the formal disk). From analytic point of view, this means
that we have a mapping that to a every smooth function u(z) from, say, R to b,
assigns a smooth function K (z) : R = N, /A, . Moreover, this mapping is local
in the sense that K (z) depends on u only through the values of its derivatives
at z (the jets of u(z) at z). Due to this property, u(z) can just as well be a
smooth function on a circle, or an analytic function on a domain in C.

Next we say that on N /A, we have a family of commuting vector fields
pE, that come from the right action of the Lie algebra a_. The flows of the
mKdV hierarchy are the corresponding flows on the space of smooth function
u(z) : R — h. Note that the function u(z) does not really have to be smooth
everywhere; it may have singularities at certain points.

In principle, we have now answered the question posed in the Introduction
as to where commuting derivations acting on rings of differential polynomials
come from. But we would like to have explicit formulas for these derivations.
From the construction itself we know that the first of them, 8y, is just 9,.
But we don’t know the rest. On the other hand, the mKdV hierarchies have
been previously defined by other methods, and we want to make sure that our
definition coincides with the earlier definitions.

These issues will be the subject of the next two lectures. We will first write
the derivations 8, in the so-called zero-curvature form and then compare our
definition of the mKdV hierarchy with the other definition to see that they are
equivalent.
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Lecture 2

2.1 Zero curvature representation

Let w) € b be the fundamental coweights that satisfy: (a,-,w;-’) = d; ;. Define
u to be the element

¢
> wY ®us € he U]
i=1
Denote by g the completion of g, which is the inverse limit of g/(g° ®t™C[t]N
g). Thus, if g = g[t,t™!], then g = g((¢)), and in general g is a Lie subalgebra
of g°((t))-
For each K € Ny/A;, Kp_,K~! is a well-defined element of g. Thus
we obtain a algebraic map N /A, — §, or, equivalently, an element of § ®
C[N;/A4+].! By abuse of notation, we denote this element by Kp_,K~!, and

its projection on b_ ® C[N. /A4] by (Kp_,K~1)_. Since C[N4 /A;] =~ (C[ugn)],
by Theorem 1.1, we can apply to it 1 ® 8,,, which we denote simply by dp,.

More explicitly, recall that the Lie algebra g can be realized as a Lie subalge-
bra of the Lie algebra g°((t)), where g° is a finite-dimensional simple Lie algebra;
e.g., in the non-twisted case, g® = g. If we choose a basis in g°, we can consider
an element of § as a matrix, whose entries are Laurent power series. The entries
of the matrix Kp_,K ~! are Laurent series in ¢ whose coefficients are regular
functions on Ny /Ay. Hence, under the isomorphism C[N,/A4] ~ C[uﬁ")],
each coeflicient corresponds to a differential polynomial in u;’s. Applying 0,,
to Kp_,K~! means applying 0,, to each of these coefficients.

We are going to prove the following result.

Theorem 2.1 ([8], Theorem 2).
[0: +p—1 +1u,0, + (Kp_, K~ 1)_] =0. (2.1)
The equation (2.1) can be rewritten as
Onu=0,(Kp_nK™1)_ + [p_1 +u,(Kp_,K1)_]. (2.2)

As explained above, this equation expresses d,u; in terms of differential poly-
nomials in u;’s. Since, by construction, 8, commutes with 8; = 9., formula
(2.2) uniquely determines 0, as an evolutionary derivation of C[ul(-")]. Thus, we
obtain an explicit formula for 8,,.

Note that formula (2.1) looks like the zero curvature condition on a con-
nection defined on a two-dimensional space — hence the name “zero curvature
representation”.

Remark 2.1. One should be careful in distinguishing the two variables: ¢ and z,
and the two factors, g and C[V4 /A4], in the formulas below. The variable z is

1 More precisely, it lies in the completed tensor product, e.g., if § = §((t)), then by §®
CIN+ /A+] we mean (5 ® TN+ /A+])((1))-



Five Lectures on Soliton Equations 143

a “dynamical variable” connected with C[N, /A] due to its isomorphism with
(C[u(-")]; in particular, 9, is the derivation of pf, of C[Ny /A,]. On the other

(2

hand, t is just the formal variable entering the definition of the affine algebra g.
We remark that in earlier works on soliton theory, t was denoted by A~!, and
A was called the spectral parameter. ad

2.2 Proof of Theorem 2.1
We will actually prove a stronger result:

Proposition 2.1. For K € N, /A4,
[Om + (Kp—m K1) _,0n + (Kp_nK1)_]=0, Vm,nel. (2.3)

Let us first explain how to derive Theorem 2.1 from Proposition 2.1. We
need to specialize (2.3) to m = 1 and to determine (Kp_; K~ !)_ explicitly.

Lemma 2.1.
(Kp K™')_=p.1+u (2.4)

Proof. 1t is clear that (Kp_1K~!)_ = p_; + =, where z € h. Hence we need
to show that z = u, or, equivalently, that (a;,z) = w;,t = 1,...,4. We
can rewrite the latter formula as u; = (o, (Kp-1K~!)_), and hence as u; =
(a;, Kp_1 K ~1). But this is exactly the definition of the function u; on N4 /A4,
which is the image of u; € C[U] under the isomorphism C[U] — C[N; /4;]. O

Now specializing m = 1 in formula (2.3) and using Lemma 2.1 we obtain
formula (2.1).

In order to prove formula (2.3), we need to find an explicit formula for the
action of 8, on Kp_,, K~}

It follows from formula (1.3) that

af vzt = [(zaz™")y, zvz 7Y, a,v € g. (2.5)

If ¢ and v are both elements of a, then formula (2.5) does not change if we
multiply z from the right by an element of A,. Denote by K the coset of z in
N;/A4. Then we can write:

On - KvK™ ' =[(Kp_o KV, KvK™!], wve€a (2.6)

iting v = p_,, into formula (2.6), we obtain:

’ [(Kp_nK_l)+, Kp—mK—l]'

[(Kp—nK ")+, Kp_mK']_
(Kp_nK ™14, (Kp_mK 1) _]_.
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Therefore we obtain:

[Om + (Kp—mK_l)—-aan + (Kp—nK—l)—]
= Om - (Kp—nK—l)— —On - (Kp—nK_l)— + [(Kp—mKﬁl)—y (Kp—nK_l)—]
= [(Kp-mK )4, (Kp-nK ™) -]- = [(Kp-nK )4, Kp-mK ]~

+ [(Kp-mKE ™), (Kp_nK~1)_]-.

Adding up the first and the last terms, we obtain

[Kp—mK—la (Kp—-nK—l)—]— - [(Kp—nK_1>+, Kp—mK_l]—
= [Kp—mK—17Kp—nK-l]— =0,

and Proposition 2.1 is proved. a

2.3 Recurrence relation

Now we have at our disposal explicit formulas for equations of the mKdV hi-
erarchy. But from the practical point of view, it is still difficult to compute
explicitly terms like (Kp_,K~')_, since the coset K has been defined in Lec-
ture 1 in a rather abstract way. In this section we will exhibit a simple property
of K, which will enable us to compute everything via a straightforward recursive
algorithm.

Given a vector space W, we will write W[U] for W ® C[U].

Recall that for any v € a, KvK ™! denotes the element of g[U] = g ® C[U],
determined by the embedding N, /A, — g, which maps K to KvK~!.

Lemma 2.2.
[0: +p-1+u,KvK™ =0, Wvea. (2.7)
Proof. Using formula (2.6) and Lemma 2.1 we obtain:
0,(KvK™) = [(Kp_1K™ ')y, KvK™]
= ~[(Kp_1K™Y)_,KvK™
= —[p-1 +u, KvK™].

Now suppose that V € g[U] satisfies
[0; +p-1+u(z),V] = 0. (2.8)

Then we can decompose V with respect to the principal gradation on g (the
principal gradation on g should not be confused with the gradation on C[U] =
T[N /A+]):

V=3 Vm, Vo #0,

m>—n
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and write equation (2.8) in components. Recall that degp..; = —1,degu = 0,
and degd, = 0.
The first equation that we obtain, in degree —n — 1, reads:

[p—1,V_n] = 0.

By Proposition 1.2, it implies that V_,, € a. Hence V_,, = p_,, times an element
of C[U], wheren € TU —1.
Other equations have the form

0:Vm + [p—1, Vim-1] + [u, V] = 0, m > —n. (2.9)

Recall from Proposition 1.2 that g = a®Im(adp_1). So we can spliteach z € g
into a sum z = z° 4+ 2+, where z° € a and z* € Im(adp_,). Furhermore, we
can split our equations (2.9) into two parts, lying in a and Im(adp_;). Then
we obtain two equations:
azv(r)n + [P—I,Vm-i—l]o + [u,vm:{o = 07
aZ’V?J;I + [p—lﬂ Vm+1]L + [uvv‘m]J— =0
But clearly, [p_1,Vm41]° = 0, [u,V2]° = 0, and [p_1,V% ] = 0. Also,
[p—1, Vi)t = [p-1, V4 ,1]. Hence we obtain:
9.V +[u, Vi1’ =0, (2.10)
3: Vi + [p-1, Via] + [0, V] = = 0. (2.11)

We already know that V_, € a[U], and so V*_ = 0. Now we can find V°
and Vi, ). First we obtain from equation (2.10):

8V, = —[u, VL ] =0,

which implies that V_, = p_,, times a constant factor. Without loss of gener-
ality we assume that V_, = p_,. Next, we obtain from (2.11),

[P—l ’ an+1] = _[ua V—n]l’

which uniquely determines V<, ., since ad p_; is invertible on Im(adp_) (see
Proposition 1.2).

Now assume by induction that we know V¢, —n <k <m —1and Vi, -n <
k < m. Then we obtain from formulas (2.10) and (2.11):

82\7?71 = _[u’ ’\71_5_1]0> (212)
Vi1 = (adp_1)™" (=0: Vi — [0, V] *) - (2.13)

Consider [u,V}]% € a. It can only be non-zero if m € £1. In that case it is
equal to p,, ® P, P, € C[U), or p}, ® P} + p?, ® P2, if the multiplicity of the
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exponent is 2. If each P} is a total derivative, P}, = 8,Q¢,, then we find from
equation (2.12):

Vo =D P ® Q.
i

After that we can solve equation (2.13) for V;, ;. But we know that Kp_,K =1 =
p_n + ... does satisfy equation (2.9). Hence we know for sure that each P!, is
a total derivative, and equation (2.12) can be resolved (i.e., the antiderivative
can be taken whenever we need it). Therefore we can find all V,,’s following
this algorithm.

Note that the only ambiguity is introduced when we take the antiderivative,
since we then have the freedom of adding ¢y, - pm to V9., where ¢,,, € C. This
simply reflects the fact that adding Kp,, K™™' = p_,, +... with m > —n to
Kp_, K1, we do not violate (2.9). Thus, we have proved the following

Proposition 2.2. Let V be an element of g[U] satisfying
[0, 4+ p-1 4+, V]=0. (2.14)

ThenV = KvK ™!, where v € a. Moreover, if V = p_,,+ terms of degree higher
than —n with respect to the principal gradation on g then v = p_,+ terms of
degree higher than —n.

Now recall that each V, is an element of g[U], i.e., its matrix entries (in a
particular representation of g) are Laurent power series in ¢, with coefficients
from the ring C[U]. That ring has a Z-gradation (which should not be confused
with the principal gradation on g itself!). The corresponding gradation on
C[N4 /A4] is defined by the vector field —p¥. Using this gradation, for each n
we can distinguish a canonical solution V,, of the recurrence relations (2.9) that
equals precisely Kp_, K.

Lemma 2.3. Let = € g be homogeneous of degree k. Then the function f €
C[N4 /AL] given by the formula f(K) = (z, Kp_,K~!) is a homogeneous ele-
ment of C[Ny /Ay] of degree n — m.

Proof. We have to show that p¥ - f = (m —n)f. But

(" - IK) = (2, (Kp"K~ '), Kp_n K1)
= (z,[Kp" K™Y Kp_nK™*)) = (2, [(Kp" K1), Kp_n K1)
= (z,K[p",p-n] K1) + ([p", 2], Kp_n K "))
= (m ~n)(z, Kp_-nK™') = (m - n) f(K),
and the lemma, is proved. O

Our recurrence relations (2.10) and (2.11) imply that if z has degree m,
then (z,V,) has a term of degree n — m in C[U] ~ C[N;/A4] and possibly
other terms of smaller degrees which result from addition of constants when
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taking anti-derivatives at the previous steps of the recursive procedure. It is
clear that there is a unique solution V, of equation (2.8), such that (z,V,) is
homogeneous of degree n — m, and this solution is Kp_, K ~!.

Now we have an algorithm for finding Kp_, K ~!. Hence we can construct
explicitly the nth equations of the mKdV hierarchy by inserting (Kp_, K ~1)_
into equation (2.1). In the next section we will do that in the case of Lsls.

2.4 Example of Lsl,

We have .
—u 0
0 —§u
Hence
Zy  tl
Oy +pa+u=08,+ |2 1 |- (2.15)
1 —=u

The first equation of the hierarchy is
[0 +p-1+u,0, + (Kp_.K™Y)_]=0.
By formula (2.4), (Kp_1K~!)_ = p_; + u. Hence the first equation reads
[0: + p-1+1u,01 +p_1 +u] =0,

which is equivalent to
811.1 = c")zu,

as we already know (note that this is true for an arbitrary g).

Now we consider the next equation in the case of Lsly, corresponding to
n = 3. To write it down, we have to compute (Kp_3K~!)_. In order to do
that we compute the first few terms of Kp_3K ! following the algorithm of
the previous section.

We introduce a basis of Lsly homogeneous with respect to the principal

gradation: _ _
(0 ¥ _ 0 t!
D2j+1 = tj+1 0/’ q2j+1 = _tj+1 0/’
_(t 0
ro; = 0 —tj .

Kp_gK-_l =p_3+R_yr_o+ P_ip_1+ Q_19-1+Roro+....

Then we write

The other terms are irrelevant for us now as we are only interested in (Kp_3 K ~!)_.
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Equation (2.8) reads

1
0. +p-1+ Euro,az +p3+ R or_o+ P ap1+Q-19g-1+ Roro+...]=0.

Rewriting it in components, we obtain the following equations:
2R_5 —u =0, 9, R_2—2Q_1 =0,
0.P_1 +u@Q_1 =0, 8.Q-1 +uP_1 ~ 2Rp.
We find from these equations:

1 1 1 1
R_2 = §U, Q_l = Z(‘?zu, P_l = —§u2, Ro = —'—US + —Bfu.

The equation of the mKdV hierarchy corresponding to n = 3 now reads:

1
—y 7!
(93 2 1 =
1 —§’U,
1 1 1 1 1
—ut™? — [ —ud - =6%u 72+ | —sul+ -0u |t lu t-1
2 16 8 8 4 a.+12
=1 - (Luz v Lo L (LI R - 1 —zu
g T 4% 2 T 2
This is equivalent to the equation
3 1
83u = §u282u - Z(’)gu, (216)

which is the mKdV equation. It is related to the KdV equation (0.1) by a
change of variables (see Lecture 4).

Lecture 3

In the previous lecture we have written down explicitly the equations of the
mKdV hierarchy in the zero curvature form. In this lecture we will discuss
another approach to these equations, which is due to Drinfeld and Sokolov and
goes back to Zakharov and Shabat. We will then establish the equivalence
between the two approaches.

3.1 Generalities on zero curvature equations

Let us look at the general zero curvature equation

[0: +p-1+ 1,0, +V]=0. (3.1)
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The element p_; has degree —1 with respect to the principal gradation of g,
while u has degree 0 (with respect to the gradation on g). This makes finding
an element V' that satisfies (3.1) a non-trivial problem. Indeed, equation (3.1)
can be written as

Oru=[0; +p-1+u, V] (3.2)

The left hand side of (3.2) has degree 0. Therefore V' should be such that the
expression in the right hand side of (3.2) is concentrated in degree 0.

Such elements can be constructed by the following trick (see [31, 7, 29)]).
Suppose we found some V € g[U] which satisfies

[0: +p_1 +u,V] = 0. (3.3)

We can split V into the sum V, + V_ of its components of positive and non-
positive degrees with respect to the principal gradation. Then V' =V_ has the
property that the right hand side of (3.2) has degree 0. Indeed, from (3.3) we
find

(0: +p_1 +u(2),V_] = —[0: + p_1 + u(z), V4],

which means that both commutators have neither positive nor negative homo-
geneous components. Therefore equation (3.2) makes sense. Thus, the problem
of finding elements V' such that (3.2) makes sense, and hence constructing the
mKdV hierarchy, has been reduced to the problem of finding solutions of equa-
tion (3.3).

In Proposition 2.2 we described the solutions of equation (3.3) in terms of
the isomorphism U ~ N, /A, which attaches K € Ny /A, to u.

There are other ways of solving this problem. In the next section we will
discuss the approach of Drinfeld and Sokolov [7], closely related to the dressing
method of Zakharov and Shabat [31]. Another approach, proposed by Wilson
[29], will be mentioned briefly later.

3.2 Drinfeld-Sokolov approach

Consider the group N, [U] of U-points of N4. Thus, in a representation of Ny
elements of N[U] are matrices, whose entries are differential polynomials in
u;’s.

Proposition 3.1 ([7], Prop. 6.2). There exists an element M € N, [U], such
that

M_l (az +p—1 + u(z)) M = az +p—-1 + Z hipia (34)
i€l

where h; € C[U],Vi € I. M is defined uniquely up to right multiplication by an
element of A+[U].
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Proof. Since the exponential map n; — N, is an isomorphism, we can write
M = expm, where m € n,[U]. For any a € g, we have:

M™aM = Z (_1')n(adm)" Q.

n
n>0

Decompose m with respect to the principal gradation:
m = Z m]‘.

Then for the nth component of equation (3.4) reads
[p-1,m]+u=0, (3.5)
for n =0, and
[p—1, mp,11] + terms involving m;,i < n, and u = h,p, (3.6)

for n > 0 (here we set h, = 0, if n ¢I). Since u € Im(adp_;), we can solve
equation (3.5) and start the inductive process. At the nth step of induction
we would have found m;,7 < n and h;,i < n. We can now split the nth
equation (3.6) into two parts, lying in a and Im(adp-;). We can then set
m,,; = (adp_;)~! of the Im(adp_,) part, and h,p, = the a part of the
equation (everything evidently works even if the multiplicity of n is 2). Clearly,
both m, and h, is local. This inductive procedure gives us a unique solution
M of equation (3.4), such that each my4; lies in Im(ad p_1). a

Now observe that formula (3.4) implies:
[0; +p_1 +u,MuvM™'] =0, Yv € a. 3.7
Hence the zero curvature equations
[0:+p_1+u,0,, +(Mp_, M Y)_]=0 (3.8)

make sense. Drinfeld and Sokolov called these equations the mKdV hierarchy
associated to g. We will now show that these equations coincide with our
equations (2.1).

3.3 Equivalence of two constructions

In both [7] and [12], one assigns to a jet (uE")) € Spec C[U], a coset in Ny /A,.
We now show that they coincide.

Theorem 3.1 ([8], Theorem 3). The cosets M and K in Ny/A, assigned
in [7] and [12], respectively, to a jet (uﬁ"’), coincide.
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Proof. According to formula (3.7),
[6z +p_1+u, Mp_lM_l] = 0.

Since Mp_yM~' = p_;+ terms of degree higher than —1 with respect to the
principal gradation on g, we obtain from Lemma 2.2 that Mp_ M ~! = KvK ™1,
where v € a. Let us show that this implies that v = p_; and that X = M in
N, /Ay,

Indeed, from the equality

Mp_M~' = KvK™!

we obtain that (K~'M)p_1(K M)~ lies in a. We can represent K 1M as
expy for some y € ny. Then (K~*M)p_1(K~'M)~! = v can be expressed as
a linear combination of multiple commutators of y and p_1:

_ 1 .
ep_a(e’) Tt =) —(@dy)™ por.

n>0

We can write y = 5 j>0Yj, where y; is the homogeneous component of y of
principal degree j. It follows from Proposition 1.2 that ny =a; @ Im(adp_;).
Therefore each y; can be further split into a sum of 4§ € @, and y} € Im(adp_).

Suppose that y does not lie in @,.. Let jo be the smallest number such that
yj, # 0. Then the term of smallest degree in e¥p_;(e¥) ! is [¥],>P~1] which lies
in Im(ad p_1) and is non-zero, because Ker(adp_;) = a;.. Hence e¥p_;(e¥)™!
can not be an element of a.

Thereforey € a; and so K~'M € A, which means that K and M represent
the same coset in Ny /A, and that v = p_;. O

Remark 3.1. In the proof of Theorem 3 of [8] one has to replace p_, by p_;. O

From the analytic point of view, Proposition 3.1 produces the same thing
as Theorem 1.1: it associates to a smooth function u(z) : R — h, a smooth
function M(2) : R = Ny /A4 (cf. Sect. 1.8). What we have just shown is that
the two constructions are equivalent, and K(z) = M(z).

Having established that K = M, we see that the two definitions of mKdV
hierarchy: (2.1) and (3.8), coincide. Thus, now we have two equivalent ways of
constructing these equations. One of them is based on Theorem 1.1 identifying
Spec C[uz(.”)] with N4 /A4, and the other uses the “dressing operator” M defined
by formula (3.4). One can then use an element of N, /A, (K or M) to solve
equation (3.3), and produce the mKdV equation (3.2).

Wilson [29] proposed another approach, in which one solves (3.3) directly
without constructing first the dressing operator. Recall from Sect. 2.3 that when
one tries to solve equation (3.3), one has to be able to take the antiderivative
at certain steps. If we know in advance the existence of solution (as we do
in the two other approaches), then this is insured automatically. Wilson [29]
gave an argument, which demonstrates directly that the antiderivatives can be
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taken at each step. Thus, he proved the existence of solution V of (3.3) of the
form V = p_,+ terms of higher degree. He then constructed the equations of
the mKdV hierarchy using these V. We now see that all three approaches are
equivalent.

In the next two sections we will give another, more illuminating, explanation
of the fact that K = M.

Remark 3.2. There exist generalizations of the mKdV hierarchies which are as-
sociated to abelian subalgebras of g other then a (see Remark 1.4). It is known
that the Drinfeld-Sokolov approach can be applied to these generalized hierar-
chies [5, 19]. On the other hand, our approach can also be applied; in the case
of the non-linear Schrédinger hierarchy, which corresponds to the homogeneous
abelian subalgebra of g, this has been done by Feigin and the author [13]. The
results of this lecture can be extended to establish the equivalence between the
two approaches in this general context. O

3.4 Realization of C[V,| as a polynomial ring.

The approach to the mKdV and affine Toda equations used in [12] and here is
based on Theorem 1.1 which identifies C[N; /A4] with the ring of differential

polynomials C[uf")]izl,,,, in>0. In this section we add to the latter ring new
variables corresponding to A, and show that the larger ring thus obtained is
isomorphic to C[N4]. In this and the following two sections we follow closely
(8]

Consider u
Recall that

(n)

i

,i=1,...,¢n >0, as A —-invariant regular functions on N,..

ui(z) = (@i, zp_127"), T € Ny,

Now choose an element x of E, such that (x,C) # 0. Introduce the regular
functions x.,n € I, on N, by the formula:

Xn(2) = (x,2p-nz™!),  z€ Ny (3.9)

Theorem 3.2 ([8], Theorem 5). C[N,] ~ (C[ugn)]i:l,,_. £n>0 ® Clxnlner-
Proof. Let us show that the functions ugn)’s and xn’s are algebraically inde-
pendent. In order to do that, let us compute the values of the differentials of
these functions at the origin. Those are elements of the cotangent space to the
origin, which is isomorphic to the dual space n% of 0.

Using the invariant inner product on g we identify n} with n_. By Proposi-
tion 1.2 n_ = a_ @ (a4 )*. Recall that with respect to the principal gradation,
(a4)t = ®j>0(ay)L;, where dim(ay)L; = £, and adp- : (a4)L; = (a4)L;_,
is an isomorphism for all j > 0.

By construction of u;’s given in the proof of Theorem 1.1, du;|1,i =1, ... ,¥,

form a basis of (a4 )+, , and hence du™|,i = 1,... , £, form a basis of (a4)%,,_,.
Thus, the covectors dugn)h,i =1,...,¢;n > 0, are linearly independent. Let
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us show now that the covectors dy,|1 are linearly independent from them and
among themselves. For that it is sufficient to show that the pairing between
dFp|1 and p, is non-zero if and only if n = m. But we have:

pﬁ : (X,I‘p_ml‘_l) = (X:I[pnap—m]x_l)' (3.10)
Since p,,n € 1, generate a Heisenberg subalgebra in g (see [22], Lemma 14.4),
[pn;p—m] = anC(sn,m; (311)

where a,, # 0,Vn € I. Therefore the pairing between dF,,|; and p, is equal to
an(x,C)én,—m, and it is non-zero if and only if n = m.

Thus, the functions u"™

have an embedding C[ugn)]izl,,,, n>0®Cxnlner = C[N,]. But the characters
of the two spaces with respect to the principal gradation are both equal to

[Ta-¢m—*Jla-a"

n>0 iel

’s and x,’s are algebraically independent. Hence we

Hence this embedding is an isomorphism. O

3.5 Another proof of Theorem 3.1.

Let ¢, = (an(x,C))™1, where a,,,n € I, denote the non-zero numbers deter-
mined by formula (3.11).

Proposition 3.2. Let K be an element of N,.. We associate to it another

element of N,
K= K exp <_ Z Cnann(K)>
nel

In any finite-dimensional representation of Ny, K is represented by a matriz
whose entries are Taylor series with coefficients in the ring of differential poly-
nomials in u;,i =1,... ¢

The map Ny — Ny which sends K to K is constant on the right A, —cosets,
and hence defines a section Ny fA, — N..

Proof. Each entry of

K = Kexp <— Z Cnann(K))

nel

is a function on N,. According to Theorem 1.1 and Theorem 3.2, to prove the
proposition it is sufficient to show that each entry of K is invariant under the
right action of ay. By formula (3.10) we obtain for each m € I:

R -1
P Xn =Cp 6’!1,—777,1
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and hence
pg' <I(eXp("§E:cﬂann(K)>) =
nel
Kpmexp (— > cnann) + K exp <— > cnann) (=pm) =0.

nel nel

Therefore K is right a, -invariant.

To prove the second statement, let @ be an element of A4 and let us show
that Ka = K. We can write: a = exp (};.; @ip;). Then according to formulas
(3.9) and (3.10), xn(Ka) = (x,Kap_najK‘l) = (x, Kp—nK™ ') + c;la, =
Xn(K) + c;'a,. Therefore

Ka= Kaexp <_ Zanpn - chann(K)> =K.

nel nel

O

Consider now the matrix K. According to Proposition 3.2, the entries of K
are Taylor series with coefficients in differential polynomials in u;’s. In other
words, K € N,[U]. Hence we can apply to K any derivation of (C[uz(.")], in
particular, 8, = pft,..

Lemma 3.1. In any finite-dimensional representation of Ny, the matriz of K
satisfies:

—_— — —1 —
K (Bn + (Kp-nK )_)K =0h +p_pn— Z ci(p®,, - xi)pi- (3.12)
i€l

Proof. Using formula (1.3), we obtain:
K (00 + (®Ep oK ) )R =0,+F 02, E)+K (KpK ). K

1l e =1, — —_—1 =1, —
=0, +K (Kp-nK )+K-> ci(p?, -xipi+E (Kp-nK )-K

i€l
=0 +p-n— e, xi)pi,
iel
which coincides with (3.12). O

Let now K be the point of N, /A, assigned to the jet (uﬁ")) by Theorem 1.1.
Then K is a well-defined element of N corresponding to K under the map
Ny /Ay — Ny defined in Proposition 3.2. By construction, K lies in the A, -
coset K.
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According to Lemma 2.1, (Kp_; K ')_ = p_; +u. Letting n = 1 in formula
(3.12), we obtain:

K 0. +p1+u()K =0, +p1 - Y ailpRy - xipi
el

This shows that K gives a solution to equation (3.4), and hence lies in the
A —coset of the Drinfeld-Sokolov dressing operator M. Therefore the cosets of
K and M coincide, and this completes our second proof of Theorem 3.2.

3.6 Baker-Akhiezer function

In this section we adopt the analytic point of view. Recall that in Lecture 1
we constructed a map, which assigns to every smooth function u(z) : R — b, a
smooth function K(z) : R - N4 /A4, with the property that the action of nth
mKdV flow on u(z) translates into the action of pf, on N,/A4;. One can ask
whether it is possible to lift this map to the one that assigns to u a function
R — N, with the same property. Our results from the previous section allow
us to lift the function K(z) to the function K(z) : R — N, using the section
N, /Ay — Ny. But one can check easily that the action of the mKdV flows
does not correspond to the action of aft on K (z). However, its modification

R(Z) = ?(3) €Xp (Z Cnann(F))

nel

does satisfy the desired property.

Unfortunately, x» §£C[u§")] C C[N.], so K(z) can not be written in terms
of differential polynomials in u; (i.e, the jets of u(z)), so K(z) is “non-local”.
Nevertheless, one can show that H, = pf, - xn does belong to Clu{™] (in
fact, this H,, can be taken as the density of the hamiltonian of the nth mKdV
equation, see Lecture 5). Therefore we can write:

chpn /z Hndz> .

nel

K(z) = K(z)exp (

Now let u(t), where t = {¢;};cr and t;’s are the times of the mKdV hierar-
chy, be a solution of the mKdV hierarchy. The Baker-Akhiezer function ¥(t)
associated to u(t), is by definition a solution of the system of equations

(On + (Kp_ K1) )¥ =0, Vn el (3.13)
In particular, for n = 1 we have:

(0; + p—1 +u(2))¥ =0. (3.14)
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From formula (3.12) we obtain the following explicit formula for the solution
of the system (3.13) with the initial condition is ¥(0) = K(0):

U(t) = K(t)exp (— Zp—iti) :

i€l

But by construction,

where

I'(t) = exp (ZP—%)

el
and g, denotes the projection of g € B_ - Ni C G on Ny (it is well-defined for
almost all ¢;’s). Hence we obtain:

Similar formula for the Baker-Akhiezer function has been obtained by G. Se-
gal and G. Wilson [28, 30]. Following the works of the Kyoto School [4], they
showed that Baker-Akhiezer functions associated to solutions of the KdV equa-
tions naturally “live” in the Sato Grassmannian, and that the flows of the
hierarchy become linear in these terms (see also [3]).

We have come to the same conclusion in a different way. We have identified
the mKdV variables directly with coordinates on the big cell of B_\G/A,,
and constructed a map u(z) — K(z). It is then straightforward to check, as
we did above, that the Baker-Akhiezer function is simply a lift of this map to
B_\G. In the case of KdV hierarchy, we obtain a map to G[t~!]\G (see the
next lecture), which for G = SL,, is the formal version of the Grassmannian
that Segal-Wilson had considered.

Lecture 4

In this lecture we define the generalized KdV hierarchy associated to an affine
algebra g. We then show the equivalence between our definition and that of
Drinfeld-Sokolov.

Throughout this lecture we restrict ourselves to non-twisted affine algebras.

4.1 The left action of N

Let n; be the Lie subalgebra of n, generated by e;,7 = 1,...,£. Thus, n,
is the upper nilpotent subalgebra of the simple Lie algebra g — the “constant
subalgebra” of g, whose Dynkin diagram is obtained by removing the Oth nod
of the Dynkin digram of g. Let N be the corresponding subgroup of N,.. The
group N acts on the main homogeneous space Ny /A, from the left.
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Lemma 4.1. The action of Ny on Ny /A, is free.

Proof. We need to show that for each K € N, /A, the map 7 from 7, to the
tangent space of N, /A, at each point K is injective. But the tangent space
at K is naturally isomorphic to ny /(KaK '), and 7 is the compositon of the
embedding 1, — N4 and the projection n; — 1, /(KaK~1). Thus, we need to
show that iz NKaK~! =0 for any K € N;/A,. This is obvious because each
element of N is a constant element of g, i.e. does not depend on t, while each
element of KaK ~! does have a t—-dependence. O

4.2 The KdV jet space

Now we show that C[N ;\N,/A1] can be identified with a ring of differential
polynomials.
We define the functions v; : Ny — C,i = 1,... ,£, by the formula:

vi(K) = (fo, Kp-a, K ), KeN,. (4.1)
It is clear that these function are right A,—invariant. We also find:
(ef - vi)(K) = (fo, [ex, Kp-nK ™)) = ([fo, ex], Kp-nK ') = 0

for all k = 1,...,£. Therefore v; is left n —invariant, and hence left N,-
invariant. Thus, each v; gives rise to a regular function on N \Ny/A;. Let us
compute the degree of v;. We obtain:

(0" vi)(K) = —(fo, (Kp"K ™)+, Kp_g, K1)
_(fO’ [KPVK_l’Kp—d.-K_I)] + (fo, [(KPVK_I)_{_, Kp_diK_l)]

—(fo, K[p",p1 1K) + ({fo, V], Kp—a, K )]
(di + 1)(f0,Kp_d‘.K_l) = (dl + 1)UZ(K)

Il

Hence v; is homogeneous of degree d; + 1.
Now denote vgn) = (p®)™ - vs.

Theorem 4.1.

CIN {\Ny /A4] = Clof™ izt tinz0.
Proof. We follow the proof of Theorem 1.1. First we prove the algebraic in-
dependence of the functions vt("). To do that, we need to establish the linear
independence of the values of their differentials dvgn) 1 at the double coset 1 of
the identity element. Note that dv§")]1 = (adp_1)" - dv;|7.
Using the invariant inner product on g, we identify the cotangent space to
1 with N = (ay @74 )t Nn_. It is a graded subspace of n_ with respect to the
principal gradation. Moreover, the action of adp_; on N is free. One can choose
homogeneous elements (1, .., 8¢ € N, such that {(adp_1)"Bi}i=1,... £;n>0 is a
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basis in (a; @ fiy)t Nnk. It is also easy to see that degf; = —(d; + 1).
This follows from Proposition 1.2 and the fact [23] that the set of degrees of a
elements of a homogeneous basis in fi_ is U._;{1,... ,d;}.

We claim that dv;|; can be taken as the elements ;. Let us compute dv;ls.
From formula (4.1) we find, in the same way as in the proof of Theorem 1.1:

(x,dvili) = —(fO’ [va—di]) = ([nyp—d.'Lz) Vz € ny.

Hence
dUitT = [fO:p-di] (42)

as an element of N C n_. This formula shows that the degree of dv;|7 equals
d; + 1 as we already know.

According to Proposition 1.2, (a4)% C n_ has an /-dimensional component
(a+)£j of each negative degree —j (with respect to the principal gradation).
Furthermore, since n_ has no homogeneous components of degrees less than or
equal to —h, minus the Coxeter number, we obtain that (a+)J_-]- = N_; for all
j > h. Now let

vi = (adp_1)" 471 - dvil; = (ad p_1)" 41 - [fo, p-a.) € (a3) %, = Nop
(4.3)

for all i = 1...,£. Recall that the operator adp_; : (a4+)L; — (a4)Z;_, is an
isomorphism. If the vectors «y; are linearly independent, then the covectors

dvf =4V = (adpo1) ™41 [fo, p-a,] € Ny,

are linearly independent for each j > 1 (here we ignore dvi")li, ifn < 0). We see

that the linear independence of the covectors {dvﬁ") |1 }i=1,... ;n>0 is equivalent
to the following

Proposition 4.1. The vectors {v;}i=1,... ¢ are linearly independent.

The proof is given in the Appendix. This completes the proof of the al-
gebraic independence of the functions UE"). Hence we obtain an injective ho-

momorphism (C[UE")] — C[N\N4/A;]. The fact that it is an isomorphism
follows in the same way as in the proof of Theorem 1.1, from the computation
of characters. Clearly,

£
ch ™ =T] I] 0 -¢™)* (4.4)
i=1n;>d;

On the other hand, since N acts freely on N, /A4,

chC[N\N;/Ay] = chC[Ny /A4 ](ch C[N 1)) 7,
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and
. £ d;
ne¥) = I TL -,
i=1n;=1

by [23] (here we use —p" as the gradation operator). Hence ch C[N +\N; /A4]
is also given by formula (4.4), and the theorem is proved. O

Remark 4.1. One can prove that C[N .\ /N4 /A4] is isomorphic to a ring of dif-
ferential polynomials without using formula (4.1) for the functions v;. However,
the proof given above is shorter and more explicit. O

4.3 KdV hierachy

Theorem 4.1 means that just like Ny /A, the double quotient N\ N, /A, can
be identified with the space of co—jets of an £—tuple of functions. We call this
space the KdV jet space and denote it by V. The vector fields pf,, still act
on N,\N; /A, and hence give us an infinite set of commuting evolutionary
derivations on C[V]. This is, by definition, the KdV hierarchy associated to g.

The natural projection Ny /A, — N \N, /A, gives us a map U — V,
which amounts to expressing each v; as a differential polynomial in u;’s. This
map is called the generalized Miura transformation. It can be thought of as a
change of variables transforming the mKdV hierarchy into the KdV hierarchy.

4.4 Drinfeld-Sokolov reduction

In this section we give another definition of the generalized KdV hierarchy
following Drinfeld and Sokolov. We will show in the next section that the two
definitions are equivalent.

Denote by Q the space of co—jets of functions q : D :— b, where b, is
the finite-dimensional Borel subalgebra h) @ A, (recall that 04 is generated by
e,i=1,...,0). If we choose a basis {w),i =1,...,£} U {eq,a € Ay} of by,
then we obtain the corresponding coordinates qin),qz(xn),n > 0 on Q. Thus,
C[Q] is a ring of differential polynomials equipped with an action of &,.

Let C(g) be vector the space of operators of the form

d; +p-1+q, (4.5)

where

¢
Q=Zw2/®qi+ Z ea ® o € by ® C[Q].
i=1 aEAL

The group N.[Q] acts naturally on C(g):
z-(0:+pa1+q =28 +p1+ Q2 =8, +[z,p-1 +d] - F:z. (4.6)

Note that
P-1=D_1 te€max® t.—la
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where

=y s en (47)

j=1

and epax is a generator of the one-dimensional subspace of g corresponding to
the maximal root.

We have a direct sum decomposition b, = ®,>ob+ i with respect to the
principal gradation. The operator adp_, acts from by ;4 to b+ i injectively
for all ¢ > 1. Hence we can choose for each j > 0 a vector subspace S; C b_._,J,
such that by ; = [P_q, b4 j41] ® S;. Note that S; # 0 if and only if j is an
exponent of g, and in that case d1m S; is the multlphmty of the exponent j. In
particular, Sop = 0. Let S = ®;cgS; C fiy, where E is the set of exponents of
g. Then, by construction, S is transversal to the image of the operator adp_;
in ﬁ+ .

Proposition 4.2 ([7]). The action of N.[Q] on C(g) is free. Furthermore,

each N [Q]-orbit contains a unique operator (4.5) satisfying the condition that
q € S[Q].

Proof. Denote by C'(g) the space of operators of the form
az +ﬁ-—1+q7 q€E+®C[Q]'

The group N [Q] acts on C'(g) by the formula analogous to (4.6). We have an
isomorphism C(g) — C'(g), which sends 8, + p_1 + q to 3, + D_; + q. Since
[Z,emax] = 0,Vz € T}, this isomorphism commutes with the action of N.[Q).
Thus, we can study the action of N, [Q] on C'(g) instead of C(g).

We claim that each element of C(§) can be uniquely represented in the form

8:+P_1+q=-exp(adl)- (8, +p_; +4°), (4.8)
where U € 1.[Q] and ¢° € S [Q] Decompose with respect to the princi-
pal gradation: U = 3 .50Uj, 4 = X 5095 q° = 2 i>0 q). Equating the
homogeneous components of degree jin both sides of (71 8), we obtain that
q? + [Uiy1,D_,) is expressed in terms of q;,q?,...,q%_;,U1,...,U;. The di-
rect sum decomposition by ; = [B_;, b4 ;4+1] © S; then allows us to determine
uniquely q? and U;;1. Hence U and q° satisfying equation (4.8) can be found
uniquely by induction, and lemma follows. O

From the analytic point of view, Proposition 4.2 means that every first
order differential operator (4.5), where q : R — b, is a smooth function,
can be brought to the form (4.5), where q takes values in S C 74, by gauge
transformation with a function z(z) : R = N,. Moreover, z(z) depends on
the entries of q only through their derivatives at z, and on those it depends
polynomially (i.e., it is local).
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Remark 4.2. The statement of the lemma remains true if we replace the ring of
differential polynomials C[Q] by any differential ring R. For example, we can
take R = C[[z]]. Then the quotient of C(g) by the action of N [[z]] is what
Beilinson and Drinfeld call the space of opers on the formal disc. This space can
be defined intrinsically without choosing a particular uniformizing parameter 2z
(using the notion of connection on the formal disc). In this form it has been
generalized by Beilinson and Drinfeld to the situation where the formal disc is
replaced by any algebraic curve. For instance, in the case of g = sl,, the notion
of oper coincides with that of projective connection. O

It is easy to see from the proof of Proposition 3.1 that its statement remains
true if we replace the operator 8, + p_; + u(z) by operator (4.5). Using this
fact, Drinfeld and Sokolov construct in [7] the zero-curvature equations for the
operator (4.5) in the same way as for the mKdV hierarchy using formulas (3.4).
Drinfeld and Sokolov show that these equations preserve the corresponding
N, [Q]-orbits (see [7], Sect. 6.2). Thus, they obtain a system of compatible
evolutionary equations on N [Q]-orbits in C(g), which they call the generalized
KdV hierarchy corresponding to g.

These equations give rise to evolutionary derivations acting on the ring of dif-
ferential polynomials (C[sgn)]i:l,_" n>0. Indeed, the space S is £-dimensional.
Let us choose homogeneous coordinates sj,...,8¢ of S. Then according to
Proposition 4.2, the KdV equations can be written as partial differential equa-
tions on s;’s. It is easy to see that the first of these derivations is just 9, itself.
Hence others give rise to evolutionary derivations of C[SE")]izl,___ £in>0-

4.5 Equivalence of two definitions

Recall that Q is the space of co—jets of q with coordinates ¢, ¢\™,n > 0.

Denote by S the space of co-jets of q° with coordinates 55"),2' =1,...,4,n>0.
Note that we have a natural embedding 2 : U — Q, which sends ugn) to

qﬁn). Let 1 : U — S be the composition of the embedding ¢ and the projection
Q-—S.

Proposition 3.1, suitably modified for operators of the form (4.5), gives us
amapv:Q — N,/A, and hence amap 7 : S - N;\Ny/A;. According
to Theorem 3.1, the composition of the embedding ¢+ with the map v coincides
with the isomorphism U ~ N, /A, constructed in Theorem 1.1. Hence the
maps v and U are surjective.

Proposition 4.3. The map 7: S — N, \N, /Ay is an isomorphism.
Proof. By construction, the homomorphism 7 is surjective and homogeneous

with respect to the natural Z-gradations. Hence, it suffices to show that the
characters of the spaces C[S] and C[N ;+\N;/A4] coincide. Since, by construc-
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tion, degs; = d; + 1,

chCs] =[] J[ a-g¢)"
d.

=1 n; i+1

But in the proof of Theorem 4.1 we showed that that ch C[N , \N, /A,] is given
by the same formula. O

Thus, we have shown that there is an isomorphism of rings

(C[vﬁ")]i:l,... Lin>0 — (C[Sgn)]i:l,...,e;nzo,

which preserves the Z—gradation and the action of 8,, and such that it sends the
derivations of generalized KAV hierarchy defined in Sect. 4.3 to the derivations
defined in Sect. 4.4 following Drinfeld-Sokolov [7]. It also follows that the map u
defined above as the composition of the embedding U — Q and the projection
Q — N:\Q ~ S coincides with the projection U~ N, /4, = N,\N, /A, ~
S. This is the generalized Miura transformation.

4.6 Example of sl,

The space C'(sly) consists of operators of the form

a b
8z+(1 _a>.
(1 =z
tT\0 1

acts on C’(slz) by gauge transformations (4.6). We write canonical representa-
tives of N —orbits in the form
0 s
0, + (1 0) .

The group

2

We have:

where

s=-u+ lazu. (4.9)
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This formula defines the Miura transformation C[s(™] — (C[ugn)]. If we ap-
ply this change of variables (4.9) to the mKdV equation (2.16) we obtain the
equation

3 1
Ozs = 55823 — Z@fs, (4.10)

which, as expected, closes on s and its derivatives. This equation becomes the
KdV equation (0.1) after a slight redefinition of variables: s - —v, 73 =& —47.
Thus, the results of this lecture prove the existence of infinitely many higher
KdV flows, i.e., evolutionary derivations on (C[v(")], which commute with the
KdV derivation defined by equation (0.1).

The fact that the KdV and mKdV equations are connected by a change of
variables (4.9) was discovered by R. Miura, who also realized that it can be

rewritten as u u

0 —s=(0.-5) (2 +3)
It was this observation that triggered the fascinating idea that the KdV equation
should be considered as a flow on the space of Sturm-Liouville operators 82 —s(z)
[15], which led to the concept of Inverse Scattering Method and the modern view
of the theory of solitons (see [26]).

4.7 Explicit formulas for the action of n

In this section we obtain explicit formulas for the action of the generators
et = 0,...,¢ of ny on C[U]. This formulas can be used to find the KdV
variables v; € C[U], and we will also need them in the next lecture when we
study Toda field theories.

In order to find these formulas, we need a geometric construction of mod-
ules contragradient to the Verma modules over g and homomorphisms between
them. This construction is an affine analogue of Kostant’s construction [24] in
the case of simple Lie algebras.

For A € h*, denote by C, the one-dimensional representation of by, on
which h C b acts according to its character A, and ny C by acts trivially. Let
M) be the Verma module over g of highest weight A:

My =U(g) ®u(sy) Ca.

we denote by vy the highest weight vector of M}, 1® 1.

Denote by (-,-) the pairing M} x My — C. Let w be the Cartan anti-
involution on g, which maps generators eg,... ,es to fo,..., f¢ and vice versa
and preserves h [22]. It extends to an anti-involution of U(g). Let M3 be the
module contragradient to M. As a linear space, M is the restricted dual of
M. The action of z € g on y € M3 is defined as follows:

(m-y,z):(y,w(z)-z), 2 € M.
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The module M} can be realized in the space of regular functions on NV, (see
[12], Sect. 4). Indeed, the n.—module C[N4] (with respect to the right action)
is dual to a free module with one generator, and so is each M3. Hence we can
identify M} and C[N.] as ny-modules for any A. It is easy to see that for
A = 0, M{ is isomorphic to C[N4] on which the action of g is defined via the
left infinitesimal action of g on N, by vector fields, described in Lecture 1. For
general A, the action of g is given by first order differential operators: for a € g
this differential operator is equal to af + f(a), where f\(a) € C[N;]. The
function fy is the image of a - vy under the isomorphism M} ~ C[N,]. Hence
if a is homogeneous, then fy(a) is also homogeneous of the same weight.

Here is another, homological, point of view on fy(a). As a g—module,
C[N4] = Mg is coinduced from the trivial representation of b_. By Shapiro’s
lemma (cf., e.g., [14], Sect. 1.5.4), H!(g,C[N,]) ~ H}(6_,C) ~ (b_/[b_,b_])* =
h*. We see that all elements of H* (g, C[N; ]) have weight 0. On the other hand,
functions on N4 can only have negative or 0 weights and the only functions,
which have weight 0 are constants, which are invariant with respect to the action
of g. Therefore the coboundary of any element of the Oth group of the complex,
C[N4], has a non-zero weight. Hence any cohomology class from H*(g, C[N.])
canonically defines a one-cocycle f, i.e., a map g — C[N]. Thus, having iden-
tified H!(g,C[N.]) with h*, we can assign to each A € h* and each a € g, a
function on N, — this is our fi(a).

The following two results will enable us to compute the action of el.

Proposition 4.4 ([24], Theorem 2.2). Consider A € h* as an element of b,
using the invariant inner product. Then

i) (z) = (A, zaz™t). (4.11)
Proposition 4.5 ([12], Prop. 3). For any a € g we have:
lef,af) = —fa.(a)ef, i=0,...,L (4.12)

Substituting A = a; and a = p_; in formula (4.11), we obtain:
fai(p-1)(@) = (@i, zp-127") = wi.
Hence formula (4.12) gives:
lef,p%] = —uief. (4.13)

Let us write 5
L _ (m)
€ = Z Cii ™’
uj

1<5<l,n>0

where Ci(g-l) € Clul™ li<i<t;n>0. Formula (4.13) now gives us recurrence rela-
(m-1)

tions for the coefficients of /0u; in the vector field e;:

-1 -1
o = —u,C7 Y 0.0,
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where we have identified p®, with 8, and used the formula

0 0
) az = 3
[Bu(") ] auﬁn‘”

1

if n > 0. We also have, according to formula (1.7),
€ Uj = —(ai,a]-).

This gives the initial condition for our recurrence relation. Combining them,
we obtain the following formula:

ek =5 BMa™, (4.14)
n>0
where
o =3 (a o) =2 (4.15)
1 (2} a (n)7 .
1<5<i Uj

(m);

and Bi(") ’s are polynomials in u; ’’s, which satisfy the recurrence relation:

B™ = —u,B™Y 4+ 6,B"Y), (4.16)

with the initial condition B{®) = 1.

Formula (4.14) is valid for all ¢ = 0,...,¢. Using this formula, we can
find explicitly the KdV variables v;,i = 1,... , ¢, following the proof of Theo-
rem 4.1. Consider, for example, the case § = sly. In this case C[U] = Clu(™],
and C[V] = C[v(™] is the subspace of C[U], which consists of differential poly-

nomials annihilated by
0
L_ _ B _—
e’ = E .
n>0 BU(n)

We find from formula (4.16): B(®) =1, B(Y) = —y, etc.
The KdV variable v lies in the degree 2 component of C[U], i.e., span{u?, 8,u},

and we have: e’ - u? = —2u, e’ - §,u = u. Hence
1, 1
= - - 4.1
v=qu + 282u (4.17)

is annihilated by el and can be taken as a KdV variable. As expected, this
agrees with formula (4.9) obtained by means of the Drinfeld-Sokolov reduction.

Lecture 5

In this lecture we consider the Toda equations and their local integrals of mo-
tion. The Toda equation associated to the simple Lie algebra g (respectively,
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affine algebra) reads

8:0:¢:(z,t) = Y (ai,05)e™ 30, i=1,... ¢ (5.1)

jeJ

where J is the set of vertices of the Dynkin diagram of g (respectively, g). Each
di(2,t),i=1,...,4,1s a family of functions in z, depending on the time variable
T, and

1 &
¢o(z,t) = "2 ;aifﬁi(tﬂ)-

If we set formally u;(t) = 8.¢:(t),i = 1,...,¢, then equations (5.1) can be
rewritten as an equation on u(z):

a‘rui = Z(ai,aj)e—d’j, 1=1,... ,E, (52)
JjEeJ

where ¢; is now understood as the anti-derivative of u;.

Certainly, equation (5.2) is not in the form (0.2), since the terms e~%i on
the right hand side are not differential polynomials in u;’s, so our differential
algebra formalism can not be applied. However, we can modify our formalism
to suit the Toda equations. Moreover, we will see that these equations are
closely connected to the derivations el studied in the previous lecture. After
that, we will introduce the notion of local integral of motion of the Toda equa-
tion. We will describe these local integrals of motion, and will show that the
corresponding hamiltonian flows are the mKdV flows.

5.1 The differential algebra formalism of Toda equation

Let A be the (£+1) dimensional lattice spanned by ag, ... ,ay. For any element
A = Y gcicy Mioi of A, define the linear space 7y = C[u,(")] ® e*, where A =
Y o<i < Xidi, equipped with an action of 8, by the formula

9. (Poe)=@:P o+ 3 2P| e, (5.3)

0<i<l

where we put

1
W =L S g,
% S

This formula means that we set 0,¢; = u;. In particular, 7y = (C[ugn)].

We introduce a Z-gradation on 7 by setting deg P ® e = (pY, ) + deg P,
where the gradation on C[ugn)] is the one previously defined (recall that pV
satisfies (pV, ;) = 1,1 =0,...,4).
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An evolutionary operator X : my — 7, is, by definition, a linear operator
x — 7T,, which commutes with the action of 8,. Defining an evolutionary
operator X acting from mp to ©jesmy, is the same as defining X - u; as an
element of ©jesmy; for all j € S. Hence given an equation of the form

Oru; = Z By,
JjES
where P; € ),, we obtain an evolutionary operator
X{Py}=>_ X,
Jj€ES
where

L
0
(07 Pij) —-
=1 ’ auz('n)

2

X;=)
n>0

Toda equation (5.2) gives rise to the evolutionary operator

H:my — EBjEJﬂ'—aja (54)
which is the sum of the terms
Qi=3 @re o, (5.5)
n>0

where 81-(") is given by formula (4.15). Here Q; is an evolutionary operator
acting from 7y to m_4,. Clearly,

3;16—45{ - bg")e—m ,
(n)

where bg") ’s are differential polynomials in u;

lation

s, satisfying the recurrence re-

™ = —ub{™ ) 4+ 9, b,

This recurrence relation coincides with the recurrence relation (4.16) for the

L

differential polynomials Bg") appearing in formula (4.14) for e;. Hence we

obtain the following result.

Proposition 5.1. Let T; be the operator of multiplication by e=% acting from
mo to m_qo,. The evolutionary operator H associated to the Toda equation equals

H=- Z Tj 6]I~'.
=
Thus, while the mKdV flows come from the right action of ay on Ny /A4,
the Toda flow comes from the left action of the generators of n, (or fiy) on
Now we want to introduce the notion of local integral of motion of the Toda
equation. In order to do that, we first review the general hamiltonian formalism
of soliton equations.
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5.2 Hamiltonian formalism

In this section we briefly discuss the hamiltonian structure on the space of
local functionals. This is a special case of the formalism of generalized hamilto-
nian structures and of generalized hamiltonian operators developed by Gelfand,
Dickey and Dorfman [16, 17, 18] (see [11], Sect. 2; [12], Sect. 2 for review).

First we introduce the concept of local functional. Consider the space F(h)
of functions on the circle with values in the Cartan subalgebra §) of g, u(z) =
(u1(2),...,ue(2)). Then each differential polynomial P € (C[ug")] gives rise to
a functional on F(h) that sends u(z) to

/ P(ugn) ) dz.

Such functional are called local functionals. It is easy to see that this functional
is 0 if and only if P is a sum of a total derivative (i.e., 8,Q for some Q € C[uﬁ") D
and a constant. Hence we formally define the space of local functionals JF as the
quotient of g = (C[ugn)] by the subspace Im 8, & C spanned by total derivatives
and constants. We introduce a Z-gradation on Fy by subtracting 1 from the
gradation induced from 7o, and denote by [ the projection mp — Fo.

iFrom now on, to simplify notation, we shall write 0 for 0,.

Introduce variational derivatives:

. OP )
P =" > (w,0;)(-0) POl i=1,...,0L
n>01<;< j
Now for each P € mp, define an evolutionary derivation £p of mg by the formula.
n d
¢p = ‘Z (o 'MD)W’ (5.6)
1<i<l,n>0 i

Since ;P = 0,i = 1,... ,6,VP € Imd, & C, we see that {p depends only on
the image of P in Fo, [ Pdz. So sometimes we shall write & [ Pd- instead of {p.

We can view £ : P — £p as a linear map Fy — Der®:, where Der®-
of evolutionary derivations on g (note that it is a Lie algebra).

For instance, we find:

is the space

_ (ne1)_ 0 _ _1 ;
0= Z U PR ép, P = 3 Z uiut, (5.7)
1<i<l,n>0 i 1<i<l
where ut,i = 1...,¢, are dual to u;,i = 1...,{, with respect to the inner

product defined by (-,-).
Now we define a Poisson bracket on Fy by the formula

{/sz,/Rdz} = /(EP-R) dz. (5.8)
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Proposition 5.2 ([16, 17, 18]). Formula (5.8) defines a Lie algebra sructure
on Fg. Furthermore, the map £ : Fo — Der? is a homomorphism of Lie algebras,
so that

&pry = [P, €R); VP, R € mo. (5.9)

Remark 5.1. Using the isomorphism my ~ C[Ny/A4], B. Enriquez and the
author have expressed the formula for Poisson bracket (5.8) in terms of the
corresponding unipotent cosets [9]. O

Now we extend the map £ to incorporate the spaces 7y, following Kuper-
schmidt and Wilson [25, 29].

Let F\ be the quotient of 7y by the subspace of total derivatives and [
be the projection my — Fy,P — dez. We define a Z-gradation on F, by
subtracting 1 from the gradation induced from .

For any P € F, the derivation £p : mg — mp can be extended to a linear
operator on @xeamy by the formula

o)
— n+1
p= Y (@ P

1<i<l,n>0

B
Z 51-P675i,

1<i<l

where 9/0¢; - (Sex) = /\iSex. This defines a structure of Fp-module on ).
For each P € mp the operator £p commutes with the action of derivative.
Hence we obtain the structure of an Fp-module on F), i.e., amap {-,-} : Fp x

Fyx— Fy:
{/sz,/Rdz} =/(EP-R) dz.

Similarly, any element R € 7, defines a linear operator &g, acting from g
to my and commuting with 9:

fox= Z " 6((5,6'-@;)—5?EE 9 . (5.10)
o 1<i<l,n>0 0 8“571)

The operator £g depends only on the image of R in . Therefore it gives rise
toamap {-,-}: Fx x Fog = Fy. We have for any P € Fy, R € F:

/(£R-P)dz=—/(5p-R)dz.

Therefore our bracket {-,-} is antisymmetric.
Note that, by construction, the operators £g are evolutionary. Furthermore,
formula (5.9) holds for any P € Fo, R € ®xeaF -

5.3 Local integrals of motion
We obtain from the definition of &:

e-0; = Z(ane—xpi)ai("),

n>0
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which coincides with formula (5.5) for @i. Hence

éj = {/e“”%z,-},

is a hamiltonian operator, and we obtain:

Proposition 5.3. The evolutionary operator H defined by the Toda equation
is hamiltonian:

H=> {/e*‘f’fdz, } . (5.11)

jed
Consider the corresponding operator
{H,}: Fo = ®o<i<iT-as,

where
H= Z / e % dz
jeJ
can be viewed as the hamiltonian of the Toda equation (5.2).

We define local integrals of motion of the (finite of affine) Toda field theory
as local functionals, which lie in the kernel of the operator H. Thus, local
integrals of motion are quantities that are conserved with respect to the Toda
equation.

Denote the space of all local integrals of motion associated to g by I(g) and
the space of local integrals of motion associated to g by I(g). Denote by Gi the
operator ¥y — F_,, induced by Qi. Then,

£ y4
I(ﬁ) = ﬂ Ker?o aia I(g) = m Kerﬁro Gi'
i=1

=0

Thus, we have a sequence of embeddings: I(g) C I(g) C Fo. From the fact that
@i’s are hamiltonian operators, it follows that both I(g) and I(g) are Poisson
subalgebras of F.

Recall that in the previous lecture we defined an embedding (C[vz(")] —
(C[ugn)]. Let 'W(g) be the quotient of (C[vgn)] by the total derivatives and con-
stants. We have an embedding W(g) — F,.

The following results describe the spaces I(g) and I(g).

Theorem 5.1 ([11], (2.4.10)). The space of local integrals of motion of the
Toda equation associated to a simple Lie algebra g equals W(g).

Theorem 5.2 ([12], Theorem 1). The space of local integrals of motion of
the Toda equation associated to an affine Kac-Moody algebra g is linearly spanned
by elements I,,, € Fy,m € I, where deg I, = m.
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The proof of these results is based on the following idea [11]. We need to
compute the Oth cohomology of the two-step complex

3-0 - @]‘EJ?—Q]W

where the differential is given by the sum of Q,,i € S. We will extend this
complex further to the right (this certainly does not change its Oth cohomology),
and then we will compute the cohomology of the resulting complex by using
the Bernstein-Gelfand-Gelfand (BGG) resolution.

5.4 The complexes F*(g) and F*(3)

Recall [2, 27] that the dual of the BGG resolution of g is a complex B*(g) =
®;j>0B7(g), where Bi(g) = Duwew,i(w)=j My, Here M} is the module con-
tragradient to the Verma module of highest weight A, W is the corresponding
affine Weyl group, and ! : W — Z is the length function. The differentials
of the complex are described in the Appendix. They commute with the action
of g. The Oth cohomology of B*(g) is one-dimensional and all higher coho-
mologies of B*(g) vanish, so that B*(g) is an injective resolution of the trivial
representation of n.

By construction, the right action of the Lie algebra g on this complex
commutes with the differentials. Therefore we can take the subcomplex of
invariants F*(g) = B'(g)"i with respect to the action of the Lie algebra

af. Since M} ~ C[N.] as an n,-module (see Sect. 4.7), we can identify

(M/(‘)“‘}+1 ~ C[Ny /A4] with 7wy = (C[ul(-n)] ® e* using Theorem 1.1. Hence
Fo(g) = 7r01 Fl (g) = @f:oﬂ—ai-

Moreover, according to Sect. A.2 of the Appendix, the differential F°(g) —
F*(g) equals H given by formula (5.11) with J = {0,...,£}.

By construction, the differential of the complex F*(g) commutes with the
action of af, in particular, with the action of 8 = pf,. It is also clear that the
space of constants C C mp = F°(g) is a direct summand in F*(g). Hence the
quotient F*(g)/(C & Im ) is also a complex. We have, by definition,

F%(g) = Fo, F(g) = Bo<i<eTF—ai>

and the differential §° : 3°(g) — F'(g) is given by

SO: Z éi-

0<i<s

Therefore the Oth cohomology of the complex F*(g) is isomorphic to the I(g).
This cohomology will be computed in the next section.
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5.5 Proof of Theorem 5.2
First we compute the cohomology of the complex F*(g).

Lemma 5.1 ([12], Lemma 1). The cohomology of the complez F*(g) is iso-
morphic to H*(ny,mo). The action of af* on the cohomology of F*(g) is trivial.

Here H*(n4, 7o) denotes the Lie algebra cohomology of ny with coefficients
in mo ~ C[N;/A4] (see [14] for the definition). The ny-module C[Ny /A4] is
coinduced from the trivial representation of a. Hence, by Shapiro’s lemma (see
[14], Sect. 1.5.4), H*(n4,mp) ~ H*(a4,C). Since a4 is an abelian Lie algebra,
H*(ay,C) is isomorphic to the exterior algebra A®(a%) ~ A*(a_).

Lemma 5.2. The 0th cohomology of the complex F*(g) is isomorphic to the
1st cohomology of the complex F*(g), and hence to a_.

This readily implies Theorem 5.2. Indeed, with respect to the Z—gradation
on F), the differentials of the complex are homogeneous of degree 0. Moreover,
the corresponding Z-gradation on cohomology coincides with the one induced
by the principal gradation on a;. Therefore the space I(g) is linearly spanned
by elements I,,,m € I, where deg I,, = m.

The proof of Lemma 5.2 is given in the Appendix. Here we only explain
how to construct an integral of motion in the affine Toda field theory starting
from a class in the first cohomology of the complex F*(g).

Consider such a class H € @o<i<iT_o,. Since 8 = pF, € aF acts trivially on
cohomologies of the complex F°(g) (see, H is a coboundary, i.e. there exists
H € 7 that §° - H = 6H. _

By construction, the element H has the property that Q; - H € m_,, is a
total derivative for 1 = 0,...,£. But it itself is not a total derivative, because
otherwise H would also be a trivial cocycle. Therefore, [ Hdz # 0. But then
J Hdz is an integral of motion of the mKdV hierarchy, because by construction
8- [Hdz = [(3°- H) dz = 0 and hence Q; - [ Hdz =0 for any i = 0,... ,Z.

We denote by H,, the integral of motion corresponding to p_,, € a_ via
Lemma 5.2. By Lemma 5.2, I, = [ Hndz,m € I, span I(g). Explicit formulas

for H,, and H,, can be found in [8], Sect. 5.

5.6 Proof of Theorem 5.1

Let W be the Weyl group of g. It is a finite subgroup of the affine Weyl group
W of g. Consider the subcomplex F*(g) of F'*(g), where
FI(g) = BueWTw(p)—p-

In particular,
FO(E) = To, Fl (g) = @leﬂ-—a“

and the differential F°(g) — F!(g) equals 3 given by formula (5.11) with
J={1,...,¢}.
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Consider the quotient complex F*(g)/(C @ Im d). We have, by definition,
F°(g) = Fo, F1(g) = ®1<i<tF—an,

and the differential F°(g) — F(g) is given by > ., Q;:. Therefore the Oth
cohomology of the complex F°*(g) is isomorphic to the I(g).

Lemma 5.3 ([11]). The cohomology of the complex F*(g) is isomorphic to
H*(ny,my). Hence the Oth cohomology of F*(g) is isomorphic to C[vgn)] C

Clu{™], and the higher cohomologies vanish.

Theorem 5.1 immediately follows from this lemma. Thus, the space of in-
tegrals of motion of the Toda theory associated to g is the Poisson algebra
'W(g), which is a Poisson subalgebra of Fy. It is called the classical W-algebra
associated to g.

5.7 KdV hierarchy is hamiltonian

Denote by n,, the derivation &g, where H,, is the density of the mth integral of
motion of the affine Toda field theory associated to g (it is defined up to adding
a total derivative). In particular, we can choose as the one-cocycle ﬁl, the
vector Ygc,<pe”%. Then 0H; = — Y gcic uwie™% and Hy = 37,  uind,
where u'’s are dual to u;’s with respect to the inner product on h. Hence ;)1 =9,
by formula (5.7).

Now we have for each m € I, a hamiltonian vector field 7,, on U. On
the other hand, we have a vector field p®,, coming from the right infinitesimal
action of the Lie algebra a_ C g on Ny /A ~ U; these vector fields define the
flows of the mKdV hierarchy.

Theorem 5.3 ([12], Theorem 3). The vector field 0y, coincides with the vec-
tor field p®,, up to a non-zero constant multiple for any m € I.

This, we can rescale H,, so as to make n,, = p}jm. The theorem means
that the vector field p® , is hamiltonian, with the hamiltonian being the mth
integral of motion H,, of the affine Toda field theory. Note that we already
know it when m = 1, since p; =9 = pf’l.

This means that the mKdV equations are hamiltonian, that is the mth
equation of the mKdV hierarchy can be written as

Onui(z) = {ui(z), / Hmdz}

(up to constant multiple). In this formula u;(z) stands for the delta-like func-
tional whose value at u; : R — b is u;(z) (see [11]). Now recall that W(g)
is a Poisson subalgebra of Fy, by Theorem 5.1. It is clear from the definition

that H,, can be chosen in such a way that it lies in C[vi")] C (C[ugn)], so that
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J Hndz € W(g). Then we see that the KdV hierarchy is also hamiltonian, i.e.,

it can be written as
Onvi(z) = {vi(z),/Hmdz}.

Proposition 5.4. The integrals of motion of the affine Toda field theory (equiv-
alently, the hamiltonians of the corresponding (m)KdV hierarchy) commute with

each other:
{/Hndz,/Hmdz} =0

Proof. Since p_,,,m € I, lie in a commutative Lie algebra, they commute with
each other; so do the corresponding vector fields. By Theorem 5.3, the same
holds for the vector fields 1, m € I: [9n,nm] = 0. By formula (5.9), injectivity
of the map £ on Fy, and the definiton of the vector fields 7,,, the corresponding
integrals of motion also commute with each other. O

in Fo for anyn,m € I.

We conclude that the KdV and mKdV hierarchies are completely integrable
hamiltonian systems.

5.8 Quantization

In conclusion of this lecture, I would like to describe the problem of quantization
of Toda integrals of motion, which was the original motivation for developing
the formalism of these lectures.

The map £ : mp — Endmg defined in Sect. 5.2 can be quantized in the
following sense. Let % = m,[[A]]. There exists a linear map & : n® — Endnf
such that

(1) &* factors through F& = F[[A]] = 72/(Im & & C)[[R));
(2) the bracket [-,-]s : F& x T2 — FE, defined by the formula

[/sz,/Rdsz /(55‘; -R) dz,

where [ denotes the projection 7§ — Ff, is a Lie bracket;

(3) ¢" = heW 4+ K2(...), and the map 7o — Endnp induced by £ coincides
with £.

Such a map £" can be defined using the vertex operator algebra structure on
mp. This is explained in detail in [11], Sect. 4 (where A is denoted by 3%). The
key observation that enables us to construct this map is that w9 can be viewed
as a Fock representation of a Heisenberg algebra with generators b;(n),i =
1,...,¢;n € Z, and relations

[bi(n), bj(m)] = hn(os, a;)bn,—m.
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This module is endowed with a canonical vertex operator algebra structure
YP: 7l — Endnl{[z,271]],P - Y*(P,z). Given P € =f, we denote by &&
the linear endomorphism of 72 given by the residue, i.e. the (—1)st Fourier
component, of Y*(P, z). This gives us a map " : 7 — End nf?, which satisfies
the conditions above.

Thus, the Gelfand-Dickey-Dorfman structure on 7y can be viewed as a clas-
sical limit of the structure of vertex operator algebra on .

In [11] we also defined quantum deformations of the maps £ : 7 — End 7y
and 7y — Hom(mp, ). This enabled us to quantize the operators Qi P My —
T_o, and Q; : Fo = F_,,. Hence we can define the space of quantum in-
tegrals of motion as the intersection of the kernels of the quantum operators
@Q, ... ,@? This space could a priori be “smaller” than the space I(g) of clas-
sical integrals of motion, i.e., it could be that some (or even all) of them do not
survive quantization. However, we proved in [11] that all integrals of motion of
affine Toda field theory can be quantized. _

Our proof was based on the fact that the quantum operators Q? in a certain
sense generate the quantized universal enveloping algebra U,(n..), where ¢ =
exp(mih) (recall that the operators Q; generate U(n,)). Using this fact, we were
able to deform the whole complex F*(g) and derive the quantization property
from a deformation theory argument (see [11]).

Appendix

A.l

Proof of Proposition 4.1. The proposition has been proved by B. Kostant
(private communication). The proof given below is different, but it uses the
ideas of Kostant’s proof.

Recall that for the non-twisted g = g ® C[t,t 7],

P-1= ﬁ——l + fO)

where p_, is given by formula (4.7) and fo = emax ® t7'. Here emax is a
generator of the one-dimensional subspace of 0 corresponding to the maximal
root. More generally, for i = 1,... , £, we can also write

P-ag; =P @Ll+r; @17, (5.12)

where p_, € i_, and r; € fiy. It is clear that [p_g4;,p—q4,] = 0 implies

[p_i,p-j] = [ri,r3] = 0. (5.13)
Since [z, eémax] = 0 for all z € ny,
[anp~—di] = _[.Z_j—lap—d,'] = —[ﬁ_pl_?_i +7r; & t—l]

=—[p_1,7]® t1L,
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Furthermore, we find from formula (4.3):
i = —(adp_ )" @t ehot!

Hence the linear independence of the vectors ; is equivalent to the linear in-
dependence of the vectors

Vi = (adﬁ-l)h_di *Ti, i=1,...,L

Let {e, h, f} be the principal sl, subalgebra of g, such that f = p_; and
h = 2p". Recall from [23] that as a principal sla—module, § splits into the direct
sum of irreducible representations R; of dimension 2d; + 1, where i = 1,... ,£.
The multiplicity of R; in the decomposition of g equals the multiplicity of the
exponent d;. Note that different components R; are mutually orthogonal with
respect to the invariant inner product (-,-) on g, and hence every element of g
can be written canonically as a sum of its projections on various R;’s.

The linear independence of the vectors 7, is equivalent to the statement that
each r; has a non-zero projection on R; (and moreover, if d; has multiplicity two,
then the projections of the corresponding r},7? on R; are linearly independent).
Note that degr; = £ — d;, with respect to the gradation operator p¥. Thus,
it suffices to show that (r;,B_,,;) # O (resp., the pairing between span(r},r?
and span(p,, ;, 0% ;) induced by (-,-) is non-degenerate).

Now recall that according to Kac [22], Lemma 14.4, the inverse image
of a in g is a (non-degenerate) Heisenberg Lie subalgebra a & CC. Thus,
[Pn,P-n] # 0,¥n € I (and moreover, if n has multiplicity two, the pairing
between span(pk,p2) and span(p! ,,p?,) induced by the commutator is non-
degenerate). But note that

Pd; =D g1 @t +T10 QL. (5.14)
We find from formulas (5.12) and (5.14) the following commutator in g:

[P’éupl_d,.] = (PE i mh)C.

The proposition follows.

A.2. The BGG resolution.

Vector y from the Verma module M), is called singular vector of weight u € §*,
ifny -y =0and z-y = u(z)y for any z € h. We have M) ~ U(n_) - vy,
where vy, which is called the highest weight vector, is a generator of the space
Cyx. This vector is a singular vector of weight A\. Any singular vector of M) of
weight p can be uniquely represented as P - vy for some element P € U(n_)
of weight 1 — A. This singular vector canonically defines a homomorphism of
g-modules ip : M, — My, which sends u - v, to (uP) - vy for any u € U(n_).
Denote by i} the dual homomorphism M} — M.
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There is an isomorphism U(n_) — U(n;), which maps the generators
fo,...,fe to —eo,...,—e;. Denote by P the image of P € U(n_) under this
isomorphism.

The homomorphism sending o € ny to o, can be extended in a unique
way to a homomorphism from U(ny) to the algebra of differential operators on
N, . Denote the image of u € U(n,) under this homomorphism by u*.

Proposition A.1 ([12], Prop. 2). If P- vy is a singular vector in My of weight
W, then the homomorphism ip : My — M is given by the differential operator

P

In the case of simple Lie algebras, these homomorphisms were first studied
by B. Kostant [24]. Using Proposition A.1l, one can explicitly construct the
differentials of the dual BGG resolution B*(g) of Sect. 5.4.

It is known that for each pair of elements of the Weyl group, such that

w < w', there is a singular vector Py w  Uy(p)—p In My (,)—, of weight w'(p) —p.
. . . L
By Proposition A.1, this vector defines the homomorphism P, ., : My ,_, =
M;’(o)_—p‘ . . .
It is possible to normalize all Py 4 ’s in such a way that Py Py w =
Pwé’wu Pw,wrz for any quadruple of elements of the Weyl group, satisfying w <

. =L =L =L =L
wy,wy < w". Then we obtain: Py, 1 Pyt i = Py g P -

. J L 'UJ,’LUQ
The differential 67 : B(g) — B?*1(g) of the BGG complex can be written
as follows: ' .
§ = Z €ww' Py

H(w)=4,l(w)=j+1,w<w’

where €, = £1 are chosen as in [2, 27].

A.3. Proof of Lemma 5.2.

Since & = pf, commutes with the differentials of the complex F*(g), we can
consider the double complex
+p_
C — F*(g) =25 F*(g) — C. (A.3)

Here C — my C F*(g) and F*(g) — mp — C are the embedding of constants
and the projection on constants, respectively. We place C in dimensions —1
and 2 of our complex, and F*(g) in dimensions 0 and 1.

In the spectral sequence, in which £p_; is the Oth differential, the first term
is the complex F*(g)[—1], where

57(9) = Biw)=iF (o) —p-
Indeed, if X # 0, then in the complex

P-1
Ty — T
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the Oth cohomology is 0, and the ﬁrét cohomology is, by definition, the space
Fy. If A =0, then in the complex

j
(C—)ﬂ'o——l)ﬂ'o—)c

the Oth cohomology is 0 and the first cohomology is, by definition, the space
Fo.

We need to find the Oth cohomology of the complex F*(g), which is the same
as the 1st cohomology of the double complex (A.3).

We can compute this cohomology, using the other spectral sequence associ-
ated to our double complex. Since H*(F*(g)) ~ A°(a_), we obtain in the first
term the following complex

C — A*(a) 23 A%(al) — C.

By Lemma 5.1, the action of p_; on A®(a_) is trivial and hence the cohomology
of the double complex (A.3) is isomorphic to A®*(a-)/C & A*(a-)/C[-1]. In
particular, we see that the space of Toda integrals is isomorphic to a_.
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