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A Nekhoroshev type theorem for the nonlinear wave
equation on the torus

LUFANG Mr1*, CHUNYONG L1U, GUANGHUA SHI', AND RONG ZHAO

Abstract: In this paper, we prove a Nekhoroshev type theorem
for the nonlinear wave equation

Ut = Ugy — MU — f(u)

on the finite z-interval [0, 7]. The parameter m is real and positive,
and the nonlinearity f is assumed to be real analytic in u. More
precisely, we prove that if the initial datum is analytic in a district
of width 2p > 0 whose norm on this district is equal to ¢, then if €
is small enough, the solution of the nonlinear wave equation above
remains analytic in a district of width p/2, with norm bounded on
this district by Ce over a very long time interval of order ¢ ¢! 1“'5,
where 0 < 8 < 1/7 is arbitrary and C' > 0 and o > 0 are positive
constants depending on 3 and p.

Keywords: Wave equation, Birkhoff normal form, long time sta-
bility.

1. Introduction
We consider the nonlinear wave equation
(1.1) Ut = Uge — mu — f(u)

on the finite a-interval [0, 7] with Dirichlet boundary conditions

u(t,0) = u(t,m) =0, teR.
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The parameter m is real and positive, and the nonlinearity f is assumed to
be real analytic in v and of the form

(1.2) f(u) = au® + Z fruktt a # 0.

k>2

Equation (1.1) is a typical model of infinite-dimensional Hamiltonian system
associated with the Hamiltonian function

1 1 &
H:§<v,’u>—|—§<Au,u>—|—/ g(u)dz,
0

where A := —d?/dz* +m, g = [, f(s)ds and < -,- > denotes the usual scalar
product in L?, which is well studied by many authors, such as the existence of
invariant tori by Kolmogorov-Arnold-Moser theory (see [5], [9] and [13]-[20])
and the long time stability result (see [1]-[4], [7] and [8]).

In [3], Bambusi proved a Birkhoff normal form theorem which is applied
to equation (1.1) and studied the dynamical consequences on the long time
behavior of the solutions with small initial Cauchy data in Sobolev spaces.
Afterwards, Bambusi-Grébert [6] proved that for s sufficiently large, if the
Sobolev norm of index s of the initial datum wy is sufficiently small (of order
€), then the Sobolev norm of index s of the solution is bounded by 2¢ during
a very long time (of order ™" with r arbitrary).

In [6], Bambusi-Grébert exploited the tame property of the nonlinear
term for some semilinear Hamiltonian PDEs, such as nonlinear Schrédinger
equation and nonlinear wave equation to prove the long time stability of the
origin by constructing a partial normal form of high order. Later, Cong-Liu-
Yuan and Cong-Gao-Liu generalized the method in [6] to prove the KAM tori
is stable in a polynomial long time for nonlinear Schrédinger equation and
nonlinear wave equation respectively, see [10] and [11].

Recently, a Nekhoroshev type theorem for the nonlinear Schrodinger equa-
tion

V=lu = =Du+Vsu+ f(lu)u, zeT

is given by Faou-Grébert in [12] in an analytic space. The authors prove that
if the initial datum is analytic in a strip of width p > 0 with a bound on
this strip equals to ¢ then, if € is small enough, the solution of the nonlinear
Schrodinger equation above remains analytic in a strip of width p/2 and
bounded on this strip by Ce during very long time of order ¢~ nel’ for some
constants C' > 0,a >0 and 0 < 9 < 1.

In our paper, we would like to generalize the method in [12] to nonlinear
wave equation (1.1). However, as we all know, the frequencies of nonlinear
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wave equation have worse approximations than nonlinear Schrédinger equa-
tion. Fortunately, inspired by the method in [6], we successfully estimate the
measure of nonresonance set (see section 4 for the details). In addition, The
definition of zero momentum (see (3.2)) is a little different from the one in
[12] since the Dirichlet conditions is considered here, which also leads to some
worse estimates (see Proposition 3.1 and Proposition 3.2 for details).

To state our result, we will introduce the analytic function space. For
p > 0, we denote by A, = A,([0,7];C) the space of functions ¢ that are
analytic on the complex neighborhood of z-interval [0, 7] given by I, = {x +
iy | z € [0,7],y € R and |y| < p} and continuous on the closure of this
district. We then denote by | - |, the usual norm on A,:

9], = sup |¢(2)].

z€l,

We note that (A,,|-|,) is a Banach space. Then our main result is as follows:

Theorem 1.1. There exist 0 < < 1/7 and p > 0, the following holds: there
exist constants C > 0 and ey > 0 such that if

u, V9 € Aoy and  |uglap + V0|2, = € < €,

then the solution of (1.1) with initial datum ug and vy exists in A,y for times

It| < eI’ and satisfies
(1.3) u(t)|,y2 < Ce  for |t] < eorlinel”
with 0, = min{5, £}.

2. Hamiltonian system

We study the equation (1.1) as an infinite dimensional Hamiltonian system.
As the phase space one may take, for example, the product of the usual
Sobolev space H}([0,7]) x L%([0,7]) with coordinates u and v = u;. The
Hamiltonian is then

1 1 m
(2.1) H:§<v,v>+§<Au,u>+/ g(u)dz,
0

where A := —d?/dx® + m, g = [, f(s)ds and < -,- > denotes the usual scalar
product in L?. The Hamiltonian equations of motions are

_oH vt:—a—H:—Au—f(u).

(22) Uy = % =, 8u
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To rewrite it as a Hamiltonian in infinitely many coordinates we make the
ansatz

(2.3) u= Z qﬁj, v=> \//ijj%',

= VA j>1

where ¢; = \/2/msinjz for j = 1,2,--- are the normalized Dirichlet eigen-
functions of the operator A with eigenvalues )\? = j2 + m. The coordinates
are taken from some Banach space £, (p > 0) of all real valued sequences
w = (wy, ws, - -+ ) with finite norm

[l o= lwjle™.

Jj=1
Then the Hamiltonian (2.1) turns into
g;
(2.4) Z)\ P +q) +/ ( ;_ij)dm
]>1 7>1 j

with equations of motions

( ) (:IJ ap] ]p] p] 8q] ¥l QJ aq] ]

where

(26) 0=/ (z gb])dx
j>1

These are the Hamiltonian equations of motion with respect to the standard
symplectic structure ;-4 dg; A dpj on L, x L,. Since the nonlinearity f in
(1.1) is real analytic in a neighborhood of zero and of the form (1.2), we have

+oo (k)
(2.7) glu) =" QT(O)uk.
k=4

and g+ (0) =0, 1=2,3,.... Then

7 100 (k)
F(Q) = /0 Z g Z QS] kdx - Z Z Fj17"',jkq]'1 © Qs

k=4 ! ]>1 k= 4J1i £ =0
Jk>0
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where

LI N U P

Let Z := Z'\ {0}. Now the Hamiltonian is defined on the complex Banach
space L, collecting all the two-side sequences with norm:

lw llpi= > [wslel,

JjEZ

(2.9) Fjio i

and the corresponding symplectic structure is i}~ dw; A dw_;. For a func-
tion P of C'(L,p, C), we define its Hamiltonian vector field by Xp = JVP
where J is the symplectic operator on £, induced by the symplectic struc-
ture. For two functions P and @, the Poisson Bracket is defined as

oP 0Q 0P 0Q
aw,j 8wj 8wj 8w,j '

(2.10) {P,Q}y=VP'IVQ=1i)

j>1

We say that w € £, is real if w; = w_; and that a Hamiltonian H is real if
H(w) is real for all real w € L, .

Definition 2.1. For a given p > 0, we denote by H, the space of real Hamil-
tonian P satisfying

Pe Cl(ﬁp’b,C) and Xp € Cl(ﬁpyb,ﬁpyb).

Clearly, for P and @) in H, the formula (2.10) is well defined. With a
given Hamiltonian function H € H,, we associate the Hamiltonian system

W= Xpg(w) =JVH(w)
which is equivalent to

OH . OH
and w_j; =i—

(2.11) Wy = —i o,

;o gz L

8w,j

We define the local flow @, (w) associated with above system. Note that if
both w and H are real, the flow is also real, i.e. ®4;(w) is real for all ¢.
Now we introduce the complex coordinates

(2.12) zj = %(q]’ +1ipj), 2z = %(QJ‘ — ip;).
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It is convenient to introduce another set of coordinates (- ,w_q, w_1, w1,
wa,---) in L, by setting

(2.13) zj = wj, Zj=w_; for j>1
Then the system (2.5) is changed into

OF
(2.14) W = —i\wj —i———, j#0
J J =0 aw_]

with Hamiltonian

H(w) = Z Ajwjw_j + F(w),

Jj=1

where \; = sgnj - v/j? + m and F(w) is given by

400 = >
F=Y Y F R I
- J15 50k
J1sr i >0

+o00
1
(2'15) = Z Z 7}7]'1,"' JeWiy - Wy, -

k=4 j1%--+ip=0 (\/ﬁ)k

J1. 2 J#0

Notice that Fj, ... j, = Fjj)|, ljal-
Finally, we give a lemma showing the relation between the space A, and
the space L, .

Lemma 2.1. Let u,v be complex valued function analytic on a complex neigh-
borhood of the x-interval [0, 7], and let (w;);ecz be the sequence of its coordi-
nates defined by (2.3), (2.12) and (2.13). Then for all pn < p, we have

(2.16) if w,ve A, then we L,y and |w|, < cup(lul, +|v]p),
(217) of weLyy then w,v € A, and  |uly, v, < cupllwll,,

where ¢, , 15 a constant depending on pu and p.

Proof. Due to (2.3), it is clear to know that

\/72 Sln]x_[z . 1_71 _.e—ljlt

2 Sgn] q|J| 1jx

T2 L A

|1
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2 o 2 6ijaz: _ 67ijx
e =2 3 P = 25
j=1 j=1
1 2 - ijx
=5\ >/ Auisens - ppe
70

Then combining the transformation (2.12), (2.13) with the fact that ;) ~ 7]
for |j| large enough, we can prove this lemma by a small change of the proof
of Lemma 2.1 in [12]. O

3. Space of polynomial and some properties

In the beginning of this section, we introduce some terminology about the
polynomial on CZ. Let £ > 2 and j = (ji, jo, ..., j¢) € Z*, we define

e the monomial associated with j
Wy = Wiy« * Wy,
e the divisor associated with j

(3.1) QG) = Ajp -+ Ao

where for j; € Z, \j, =sgnj; - \/j2+m,i=1,2,..., ¢
Besides, we also define the set of indices with zero momentum by

(3.2) T ={j = (j1,j2, ..., je) € 25, with j; £ jo & --- £ j, = 0}.

On the other hand, we say that j = (ji, j2, ..., j¢) € Z° is resonant, and we
write j€ Ny, if £ is even and j is of the form (1, —j1,- - vjé’_jé) or some
permutation of it. In particular, if j is resonant then its associated divisor
vanishes, i.e., Q(j) = 0, and its associated monomials depends only on the
actions

(3.3) Wy = Wy« +* Wi, = Wiy W—jy * =~ Wy )y W—jip g = I, - 'IjZ/zv
where for all j > 1, I; = wjw_; denotes the action associated with the
index j. Finally, we note that if w is real, then I; = |w;|? and we remark that

for odd ¢ the resonant set Ny is the empty set.

Definition 3.1. For k > 2, a (formal) polynomial P(w) = Y ajw; belongs
to Pr if P is real, of degree k, has a zero of order at least 2 in w = 0, and
satisfies the following conditions:
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e P contains only monomials having zero momentum, (i.e. such that j€ Z,
for some €, when a; # 0), and thus P reads

k
(3.4) P(w) = Z Z ajw;
(=2 jeI,
with the relation a; = ajy, 3] = (|j1],- -, [Jel),
o The coefficients aj are bounded, i.e. sup |a;| < +oo for all =2,... k.
J€Ly
We endow Py, with the norm
k
(3.5) 1P|l =" sup|a].
(=23€Le

The nonlinearity f in (1.1) is assumed to be complex analytic in a neighbour-
hood of zero in C. So there exist positive constants M and Rg such that the
Taylor expansion of its primary function

+oo (k)
TOEDIE kfo)uk

k=4

is uniformly convergent and bounded by M on the disc |u| < Ry of C. Hence
formula (2.8) defines an analytic function on the ball [|wl|, < Ry of £,; and
we have
F(w) = Z Py,
k>4

where Py, € Py, is homogeneous polynomial of degree k. Due to (1.2), we have
Py =0, 1=2,3,.... Using Cauchy integral formula and by (2.9), (2.15),
we obtain

| i 19 (0))] K
3.6 P.|| = sup L < MR;".
(36) I1Fl ien 2" R\(y/m)k—2 ’

At last, in the polynomial space we will give some useful estimates in
which the zero momentum plays an important role.

Proposition 3.1. Let k > 2 and p > 0, we have P, C H,. Moreover, for
any homogeneous polynomial F, of degree k, in Py, we have the estimates

(3.7) |F(w)] < ||| [lwlly
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and
(3.8) | Xp(w)]|, < 25 k||F|| Hw”lg_l, Jor all we L.
Proof. Set
w) =) ajuy,
JELk
we have
[F@) < IFI Y2 s - Jwg ] < IFIHwlli < IF] el
jezk
where || - ||;1 denotes the I'— norm of vector. Thus the first inequality (3.7) is
proved.

To prove the second estimate, let us take ¢ € Z, by using the zero mo-
mentum condition, we get

oF
8 <k||F|| Z ‘wjl ”.wjk:71|'
jezk—1
J1iok g ==L
Therefore,
¢ ¢
Xl = e ZE < HIFIY Y el
2 ez jezk-1

j1EjoE-tip_1=%¢L

But if j; £ jo &£ - - - = jr_q = &£, then

k-1
e < exp (p(|j1| + - + ljw—a]) < [ e,

n=1

Hence, after summing in ji,--- , jx—1 and £, we get

IXp()llp < 2 RIFN D ey, |- el | < 25K F| ]l
jezh-1
which yields (3.8). O

Proposition 3.2. For F' a homogeneous polynomial of degree k in Py and
G a homogeneous polynomial of degree € in Py, then {F,G} € Piyi—a2 and we
have the estimate

(3.9) {F, G} < 22891k F| |G-
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Remark 3.3. The zero momentum (3.2) is a little different to the one in
[12]. So we get the conclusion that have a small change. This will influence
the last result.

Proof. Now we assume that F' and G are homogeneous polynomial of degrees
k and ¢ respectively and with coefficients ay, k € Zy and by, 1 € Z,. It is clear
that {F,G} is a homogeneous polynomial of degree k + ¢ — 2 satisfying the
zero momentum condition. Furthermore, we can write

{F.G}w) =Y cuy,

J€Tk o2

where ¢; is expressed as a sum of coefficients axby for which there exists a
J € Z such that

1 CkeZy and —jClel,

and such that if for instance j = k; and —j = #;, we necessarily have
(ko, ..., ki, la,....,0s) = j. Hence, for a given j, the zero momentum condition
on k and on 1 determines the value of j which in turn determines 2min{s.t-1
possible value of j.

This proves (3.9) for monomials. The extension to polynomials follows
from the definition of the norm (3.5).

The last assertion and the fact that the Poisson bracket of two real Hamil-
tonian is real follow immediately from the definitions. O

4. Nonresonance condition

In order to control the divisors (3.1), we need to impose a nonresonance
condition on the linear frequencies \;, j € Z.

Recall that Q(j) = sgngjy - Aj,| +sgnja - Ajjy) + - - - +sgnjr - Aj,|, we define
a set

Se={s: |js| =1}
and let

ke=1q S sgnj, if Sy # @,

SES

{0 it Sy =2,

and k = (k¢)een. Then Q(j) = 3 keAr and |k| < r. In the following we set

>1
k = (k, k), where k = (k1,...,ky) € ZV, k = (kny1,...) € ZN and assume
that |k] < 2. Forr >4 and j = (j1,- -+ ,Jr) € 2", we denote the third largest
integer amongst |ji1|,- -, |jr| by u(j), then we have the following proposition.
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Proposition 4.1. For any v > 0 small enough, there exist a set J satisfying
Meas([mo, Al —TJ,) — 0 as v = 0, and a positive number v such that for any
m € Jy one has for any N > 1

(4.1) 206)| > <
for any j € Z" and u(j) < N.

Proof. Given v > 0 small enough, and a positive number v, define the reso-
nant sets R by

(4.2) R = {m € [mo, Al : | Y kedel < 105 )
>1

By combining Lemma A.3 and Lemma A.4, we can get

1/r ~

G -

(43) Ryl <4 ORI =1,
1/r ;2r;2r ~

c2 N]wﬁl ) |k| = 27

where i, j > N +1, |-| denotes the Lebesgue measure of set and C' is a suitable
constant.
Let

(4.4) R = U Ry
||+ k|0, B |+ | k| < k| <2

Now we would like to estimate the measure of R. We split
K:={kezN:|kl <2}
as the union of the following four disjoint sets
Ko = {f€ =0},
K1 = {k=e},
Kos = {k=ei+e;},
Koo ={k=e;— e, 1 # j},

where

and ¢,57 > N + 1.
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Let |k| =2 andl%:ei—kej € Koy for some i,j > N + 1. If
min{s, j} > 2(r —2)N +1,

then it is easy to see that

N
Zk‘g}\g—F)\i—F)\j >1,

/=1

which is not small. Namely, the resonant set R;; is empty. So it is sufficient
to consider

max{s,j} <2(r—2)N +1,

when the estimate (4.5) is given below. In fact, we obtain

Meas U Rii
(IE,IQ:)EZNXZNQICer
< Z MeasRy;

(k,k)eZN x ZNNKCa 4
1/r
i
< Z ¢ Nvrt
(k,k)eZN xZNNKay
(45) Sclf)/a

where ¢; > 0 is a constant.
Similarly we obtain

(4.6) Meas U Rii < cay
(k,k)eZN xZNNKo

and

(4.7) Meas U Rii < e,

(k,k)€ZN xZNNK,y
where cg, c3 > 0 is a constant. Now let

(k, k) e ZN x ZN N Ky,
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and assume i > j without loss of generality. From X\, = Vi +m,\; =
V7% + m, then we can obtain that there is a constant C' > 0 such that

Ai — A ] C
i-; |\ Ti
Hence,
Ai_)\j Zi—j+Tij,
with
Ca
rij|l < —
and a = ¢ — j. Then we have
N N
> ke A = Nj| > D kede +a| — |ry).
=1 =1
Therefore,
_ N ¥ Ca
R%,}CQ}”WJ: ZZ::II{J()\(‘FCL SW—I—T .

If j > jo, we have
Ql;aj - chajo'

Then it is sufficient to consider
a<2(r—2)N+1,

and let
jo = 7—1/2Nw3/2'
By similar proof of Theorem 6.19 in [3], we obtain

(4.8) Meas U Rij < ca/s
(k,k)eZN xZNNKo—

where ¢4 > 0 is a constant.
In view of (4.4)-(4.8), we let J, = [mo, A] — R, then the proposition is
proved. ]
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5. Recursive equation and normal form results

Now, we define the N-normal form. Fix N > 1 and & > 4. Recalling the
definition of x(j) in the Section 4, we set

Te(N)={j € Ly | n(j) > N}.

Definition 5.1 (N-normal form). Let N be an integer. We say that a poly-
nomial W € Py, is in N-normal form if it can be written

k
W = Z Z a4W;.

£=4 JENUT(N)

In other words, W contains either monomials depending only on the actions
or monomials whose indices j satisfies u(j) > N, that is, monomials involving
at least three modes with index greater than N .

5.1. Recursive equation

At first, we give a lemma which is an easy consequence of the nonresonance
condition and the definition of the normal forms.

Lemma 5.1. Assume that the nonresonance condition (4.1) is satisfied, and
let N be fized. Also assume that Hy := 371 A\jwjw_; is the integrable part of
Hamiltonian (2.4) and Q is a homogenous polynomial of degree n. Then the
homological equation

(5.1) {x,Ho} =W =@

admits a polynomial solution (x, W) homogenous of degree n such that W is
i N-normal form, and such that

NI/TLG
(5.2) Wl <@l and x| < 5

Proof. Assume that Q) = 37;c7 Qjw; and find W = 37,7 Wjw; and x =
> jez, Xjwj such that (5.1) is satisfied. Equation (5.1) can be written in term
of polynomial coefficients

Q-

—1Q0)x; - W;=Q;,  J€In,

where €2(j) is given in (3.1). We then define
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o Wj=—-Qj, xj=0 if jeN,orpu(j >N,
oVVj:O,Xj:—igﬁ if j¢MN,and u(j) < N.
In view of (4.1), this leads to (5.2). O

In the following part, we will introduce the recursive equation. The so-
lutions of recursive equation can generate a canonical transformation ® such
that in the new variables, the Hamiltonian Hy + F' is in normal form modulo
a small remainder term. To obtain the recursive equation, we consider the
problem below.

Seek polynomials y = Z Xn and W = Z W, in normal form and a

smooth Hamiltonian R satlsfymg 0“R(0) = O for all @ € N? with |a] < 7,
such that

(5.3) (Hy+ F)o®, = Hy+W + R.
Recall that for Hamiltonian functions xy and K, we have for all £ > 0

dk

g (Ko@) = {x {- {6 K}HH@) = (adyK)(2)),

where ad, K = {x, K}. Also, if K and L are homogeneous polynomials of
degree respectively n and ¢ then {K, L} is a homogeneous polynomial of
degree n + ¢ — 2. Therefore, we obtain by using the Taylor formula

r/2—2

(54) (Ho+F)odl —(Ho+F)= Y
k=0

1
(k+1)!

adt({x, Ho+ F}) + O

where O, stands for any smooth function R satisfying 0*R(0) = 0 for all
a € N? with |a| < 7. On the other hand, we know that for ¢ € C, the
following relation holds:

r/2—2 r/2—2 1

B /o
(X X Game) =1ro0a™.

k=0

where By, are the Bernoulli numbers defined by the expansion of the generat-

ing function —*5. Therefore, defining the two differential operators

r/2—2

A=Y

k=0
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we get
B.A, =1d + C,,
where C, is a differential operator satisfying
CT‘O’I‘/Q-‘,-Q = 0O,.
Applying B, to the two sides of equation (5.4), we obtain

{x,.Hy+ F}=B,(W—-F)+O,.

Plugging the decompositions in homogeneous polynomials of y, W and F' in
the last equation and equating the terms of same degree, after a straightfor-
ward calculation, we obtain the recursive equations

(55) {Xn;HO}_Wn:Qn> n:4a T
where
n—2
Qn = - Pn + Z{Pn—i-Q—ka Xk}
k=4
"2 2 B,
(5.6) + > o > ady,, - ady, We,, — Pr.,)-
k=1 : O+ +lr1=n+2k
4<l;<n—2k

In the last sum, ¢; < n — 2k as a consequence of ¢; > 4 and 1 + -+ g1 =
n~+2k. Once these recursive equations solved, we define the remainder term as
R = (Hy+F) oq);—Ho —W. By construction, R is analytic on a neighborhood
of the origin in £,;, and R = O,.. As a consequence, by the Taylor’s formula,

n/2—
1
Z Z Kl Z adle ) "adxek Hy

n2r+1 k=2 by =n+2k—2
4<0;<r

22

(5~7) + Z Z El Z adle o 'adsz Pfkﬂ'

n>r+1 k=0 b1+l 1=n+2k
4<ly, - L <r
4<lpy1

Lemma 5.2. Assume that the nonresonance condition (4.1) is fulfilled for
some constants v,v. Then there exists C > 0 such that for all r, N, and
forn =4,--- r, there exist homogeneous polynomials x, and W, of degree
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n, with Wy, in N-normal form, which are solutions of the recursive equation

(5.5) and satisfy
(5-8) Il + Wl < (C4mnN")™

Proof. We define y,, and W,, by induction using Lemma 5.1. Note that (5.8)
is clearly satisfied for n = 4, provided C' big enough. Estimate (5.2) yields

_ 6
(5.9) AN Dl Wl < 1@nll-

Using the definition (5.6) of the term @), and the estimate on the Bernoulli
numbers, |By| < k!c* for some ¢ > 0, together with (3.9), which implies that
for all £ > 4, [lad,,R| < 2™™n8=1n0|R| |x¢|| for any polynomial R of
degree less than n, we have for all n > 4

(5.10)
n—2

1Qull SHPall +27 >~ k(n+2 — k)| Pl Ikl
k=4

n/2—2

+2 Z (Cn)k Z C(n, k‘)elHX&H o EkHkaH HWEk+1 _P5k+1 H>

b+l 1=n+2k
4<l;<n—2k

where

C(n k‘) _ 2min{€1,n+2751}712min{€2,n+2-27€1752}71 o 2min{£;€,£k+1}71
)

and C' is a constant. It is easy to know C(n, k) < 4
We set 5, = n(|[xnl + [[Wnl]). Equation (5 9) 1mphes that

(5.11) B < (CN")™n)|Qul,

for some constant C' independent of n.
By the fact that || P,|| < MRy" (see (3.6)), we obtain

B < B + 5,

where

(5.12) B = (CN")™2"n 32@
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and

(5.13)
n/2—2

ﬁr(L2) = ]\Vm6 (Cn)n_14n Z Z ,3@1 e ‘B&c (/Bfkﬂ + HPZICH ”)’

k=1 £1+---+£1€+1 =n+2k
4<t;<n—2k

where C' depends on M, Ry and ~. It remains to prove by induction that
Bn < (C4”nN”)"7. Assume that §; < (C4ij”)j7,j =4,--- ,n—1. Then for
C > 1, we have

(5.14) (C4"nN")" >1 forall n >4,

so we get

B < (CNVY" 2"t (C4™nNY) 1" < Z(Carn NV )™

1
-2
for n > 4 and provided C' > 2.

Using (5.14) again and the induction hypothesis, we obtain

n/2—-2
ﬂr(?) < Nyn6 (Cn)n—14n Z Z (CNV4n—1(n _ 2/€))£I+W+ZZ+1.
k=1 Z1++Zk+1=n+2k

4<t;<n—2k

Notice that the maximum of ¢] + --- + E,ZH when ¢ + -+ {1 = n+ 2k
and 4 < ¢; < n — 2k is obtained for {1 = --- ={; =4 and {1 = n — 2k and
its value is (n — 2k)” 4+ 4"k. Furthermore, the cardinality of {f; +- -+ {xy1 =
n+ 2k, 4 < {; < n — 2k} is smaller than n¥*!, and hence we obtain

ﬁr(LQ) S max Nynﬁ (Cn)nflcnk+24n(CNy4n (n _ 2k))(n,2k)7+47k
k={1,-+,n/2-2}

1
< i(C'éLnnN”)”7
for n > 5 and after adapting C' if necessary. O

5.2. Normal form result

For any Ry > 0, we set B,(R1) ={w € L, | [|[w]|, < Ri}.
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Theorem 5.3. Assume that F is analytic on a ball B,(R;1) for some Ry > 0
and p > 0. Assume that the nonresonance condition (4.1) is satisfied, and let
B < 1/7 and M > 1 be fized. Then there exist constants eg > 0 and o > 0 such
that for all € < €q, there exist: a polynomial x, a polynomial W in N-normal
form, and a Hamiltonian R analytic on B,(Me), such that

(5.15) (Hy+ F)o®, = Hy+W + R.
Furthermore, for all w € By(Me),
(5.16) | Xw (w)[l, + 1 Xy (W), < 262 and | Xp(w)||, < el

Remark 5.4. In this theorem, we let § < 1/7 (see (5.17)) rather than 8 < 1,
because the nonresonance condition (4.1) is a little different to the one in [12].
Then we get the stability of the solutions for times that is shorter than [12].

Proof. Using Lemma 5.2, for all N and r, we can construct polynomial Hamil-
tonians

W) =3 ) and Ww) = 3 Wilw),
k=4 k=4

with W in N-normal form, such that (5.15) holds with R = O,.. Now for fixed
€ > 0, we choose

N =|lne**? and r=|lne’.

This choice is motivated by the necessity of balance between W and R in
(5.15): The error induced by W is controlled as in Lemma 6.2, while the error
induced by R is controlled by Lemma 5.2. By (5.8), we have

(5.17)
ell <(CAEEN"F < exp (R(wAS(1+ 8) In[Ine| + £ In4 + k9 In Ck) )

<exp (k(vr®(1+ A)In[Ine + 5 nd + 1%l Cr) )
<exp (k?| Ine|(v|Ine|® 11+ B)In|Ine| + |Ine[Pn4

+ [Ine/®1nC| lne[ﬁ)>
<¢k/8

as f < 1/7, and for € < ¢ sufficiently small. Therefore using Proposition 3.1,
we obtain for w € B,(Me)

‘Xk(w)’ < Efk/S(ME)k < Mk€7k/8
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and thus

|X<w)| < ZMk€7k/8 < 63/2
k>4

for € small enough. Similarly, we have for all & <r,
X ()|, < 25 ke P8 (Me)h 1 < (2M)F 1™/

and
HXX(w)Hp < Z k(ZM)k_1€7k/8_1 < 06_1628/8 < 63/2
k>4
for € small enough. Similar bounds clearly hold for W = >7;._, W}, which
shows the first estimate in (5.16).
On the other hand, using ady, Ho = Wi, + Qg (see (5.5)) and then
combining Lemma 5.2 with the definition of @, we get

lady,, Holl < (C4%6N¥)% < /8,

where the last inequality proceeds as in (5.17). Thus, due to (5.7), (5.17) and
| Py ]l < Mllfgk+1 we obtain by Proposition 3.1 that for w € B,(Me)

n/2—2
IXr()ll, < 30 30 ama(Cr)*e St < 3T ptc)e?
n>r+1 k=0 n>r+1

< (4Cr)Prer/?.

Since r = [Inef? > 2 (¢ small enough), we get | Xa(w)], < e 5™ for

w € By(Me). O
6. Proof of the main result

Before giving the proof, we will introduce two important lemmata.

Lemma 6.1. Let f : R — Ry a continuous function and y : R — Ry a
differentiable function satisfying the inequality

GV S2O\/ylt), veeRr

Then we have the estimate

MSM-f-/(:f(s)ds, vt € R.
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Proof. The proof can be found in [12]. O

Fix N > 1, for any w € £, we define

Ry (w) = eMuyl.

l3[>N
Notice that if w € £,4,5, then
(6.1) Ry (w) < e M wllpp-

Lemma 6.2. Let N € N and k > 4. Suppose that W is a homogeneous
polynomial of degree k in N-normal form. Let w(t) be a real solution of the
flow generated by the Hamiltonian Hy + W . Then we have

o =1l

(6.2)  RY(w(t)) < RY(w(0)) + 4k*2" 1w /Ot RY (w(s))?|w(s)|[-2ds
and
6.3)  Jw®)l, < [[w(0)], + 4k*25 W] /Ot R (w(s))*[w(s)|[} " ds.

Proof. Fix j € Z and let I;(t) = w;(t)w_;(t) be the actions associated with
the solution of the Hamiltonian system generated by Hy + W. Due to (3.9),
we have

€201 15| = [e*I{1;, W}
< 2/1:71]{:”W” ’ ePl]l\/Z‘ ( Z eﬂ‘j"wﬁ c w]k71‘)

JiEee ki =%
2 indices>N

Then using the Lemma 6.1, we get

(6.4)

ePlil [ 1(t)
) t . .
< e/l [1;(0) + 25 k||| /0 (> ey eel ).

J1EEjp_1=%7
2 indices>N

Ordering the multi-indices such way |j1| and |j2| are the largest, and making
use of the fact that w(t) is real (and thus |w;| = /I;), we obtain, after
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summation in |j| > N,
N
R, (w(t))

¢ , .
< BY (w(O) + 42 [ S ey e, s
l71hl2|=2N

73, Jg—1€2

t
< Riv(w(O))+4k32k_1||WH/0 Ry (s)?[lw(s) ][~ ds.

Inequality (6.3) can be proved in the same way. O

We are in position to prove the main theorem of section 1 in which we
will take advantage of the bootstrap argument.

Proof of the main theorem Let ug,vy € Ag, with |ugla, + |vo|2, = €, and
denotes by w(0) the corresponding sequence of its Fourier coefficients which
belongs, by Lemma 2.1, to in L3, with [lw(0)]s, < “e. Let w(t) be the
local solution in £, of the Hamiltonian system associated with H = Hy+ F'.

Let x,W and R given by Theorem 5.3 with M = ¢, and let y(t) =
P} (w(t)). We recall that since x(w) = O(||lw||*), the transformation @, is
close to the identity, ®} (w) = w + O(||w||*) and thus, for e small enough, we
have Hy(O)HL%p < Ze. In particular, notice the facts that

[SIaS)

c, _ Cr _o
Ry (y(0)) < Fee 2 < Lee™

— P
where 0 =0, < §.

Let T. be the maximum of time T such that R} (y(t)) < c,ee”7" and
ly(t)|l, < cpe for all |t| < T.. By construction, we have

) =9 + [ Xy lo(s)ds + [ Xaly(s))ds.

So using (6.2) for the first vector field and (5.16) for the second one, we get
for |t| < T,

1 T
< §Cp€€_UN F AR [Wel[E (2c,€) e 2N 4 |t|eealtnel"”
k=4

1 T
< (5 +4ft ST IWallk® (2¢,6)" 26N 4 [tlee 5 ) e e N,
k=4

=
=
<
=
A

—~
&
(@)

=
A\
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where in the last inequality we used o = min{{5, 5} and N = |In¢|'*F.
Using Lemma 5.2, we then verify

1 —0. —0
R/]_,V(y(t)) < (5 + Clt|ee N)cpee N

and thus, for € small enough,

(6.6) Riv(y(t)) < cee” for all |t| < min{T,,e"V}.

Similarly, we obtain

(6.7) ly()|l, < cpe for all [¢t| < min{T,, e},

In view of the definition of T}, inequalities (6.6) and (6.7) imply 7, > eV .

In particular ||w(t)]|, < 2cpe for |t| < eV = e=oIme” and using (2.17), we
finally obtain (1.3).

Appendix A

In this section, we will give some technical lemmas.

Lemma A.1. For any K < r, consider K indexes j1 < ... < jg < N;
consider the determinant

)\]1 /\]2 )\]K
Ay dAjy d>\jK
(A1) p._| m T Tdm
dl‘(*'l,\]1 d *'1Aj2 dK*i,\jK
dm¥X -1 dmE-1 dmEK—1
One has
5 C
—2K+1 N2 2
(A'Z) D= (HAJ) - )( H (]l) - (]k) ) > 2K
=1 1<I<k<K
Proof. By explicit computation, one has
1 /.2 —
d™\; 5 (J% +m)2 0<n<l,
(A.3) i = (2n—3)! (—1)"
dm n=2(p—1)2n (j2+m)n7% 2 S n S K —-1.

Substituting (A.3) in the right hand site of (A.1) we get the determinant to
be estimated. To obtain the estimate factorize from the j-th column the term
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No= (2 + m)%, and from the n-th row the term % Forgetting the

essential power of —1, we obtain that the determinant to be estimated is given

1 1 1
K K-1 . . .
1 (2n — 3)' Ljy ZLjo e Tjk
A4 il = _—
(A-4) [11;[1 ”] [2 };[2 2n=2(n — 1)!24 : ’
K-1 K-1 K-1
i Lja Tix

where we denoted by z; = (j2+m)~!. The last determinant is a Vandermond
determinant whose value is given by

(A.5) T ey =)

1<i<n<K
Now we have
S
ji+m o gE4ml o (G +m)(GE +m)

’sz - xjn’ - > ijzxjnv

with a suitable C. So (A.5) is estimated by

K i(”*l) K—1 K K
Il Czjay, =Cn= II (xf - xa) =C [«
=1

=1 n=Il+1 =1 n=Il+1

from which, using the asymptotics of the frequencies, the thesis immediately
follows. O

Next we need the lemma from appendix B of [8], namely

Lemma A.2. Let u™ - w5 be K independent vectors with ||u®|p < 1.
Let w € RE be an arbitrary vector, then there exists i € [1,..., K], such that

[wlln det(u)

[u® - w| > Tk ,

where det(u?) is the determinant of the matriz formed by the components of
the vectors u(®.
Proof. The proof can be found in proposition of appendix B in [8]. O

Combining Lemma A.1 and Lemma A.2, we deduce the following lemma.
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Lemma A.3. Let w € Z* be a vector with K component different from
zero, namely those with index ji,--- , ji; assume that K < r, and assume
that j1 < --- < jx < N. Then for any m € [mg, A], there exists an index
je0,---, K —1] such that

@\ [wlln
(A.6) ‘w . W(m)‘ > Oyt
where X = (N, Aj,, ..., Aj) 1s the frequency vector.

From [18] we learn the following lemma.

Lemma A.4. Suppose that g(m) is r times differentiable on an interval
JCR. Let J, == {m € J : [g(m)] <7}, v > 0. If [¢"(m)] > d >0 on
J, then |J,| < M~AY" where M :=2(2+3+---+r+d~1).

Proof. The proof can be found in Lemma 2.1 of [18]. O
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