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Vanishing viscosity limit to the 3D Burgers equation in
Gevrey class

RIDHA SELMI* AND ABDELKERIM CHAABANI

Abstract: We consider the Cauhcy problem to the 3D diffusive pe-
riodic Burgers equation. We prove that a unique solution exists on
time interval independent of the viscosity and tends, as the viscos-
ity vanishes, to the solution of the limiting equation, the inviscid
periodic three-dimensional Burgers equation, in Gevrey-Sobolev
spaces. Compared to Navier-Stokes equations, the main difficul-
ties come from the lack of the divergence-free condition which is
essential to handle the nonlinear term. Our alternative tool will
be to use a change of functions to estimate nonlinearities. Fourier
analysis and compactness methods are widely used.
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1. Introduction
We consider the diffusive Burgers system

ou —vAu+ (u-Vu=0, (t,x)€cRy xT?
(Bay) { (u- V) (t.2) € Ry

Um0 = u™(x), €T

and the inviscid Burgers system

(Bgo)

atu—l—(uV)u:O, (t,l') €R+ XTB
Ulg—o = u™™(x), € T3

Forall s > 1,7 > 0 and a € (0,1), the homogeneous Gevrey-Sobolev space
for a positive real number s is given by

HI, ={f e LAT%; N fe H'(T%)
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endowed by the norm
1/2
1/s, »

1/s
gy = A7 fllge = | D2 (KPP

kezZ3

where fk is the Fourier coefficient of f and A = v/—A. The nonhomogeneous
Gevrey-Sobolev space is given by

Hi, ={f € LX(T%; ¢V fe H(T%),

endowed by the norm

1/2

Jil?

1/s 1/s 1/s
1z, = 1™ fllpe + 1A flle = | D7 (1 + [k)re ™
kez3

Also, we will use the notation F(-) for the Fourier transform and F~!(-)(x)
to denote the inverse Fourier transform.

Burgers equation is the simplest nonlinear model equation for diffusive
waves in fluid dynamics. In 1948, Burgers [4] was the first to develop the
one dimensional Burgers equation to shed light on the study of turbulence
described by the interaction of the two opposite effects of convection and
diffusion. Later on, the three-dimensional viscous Burger equation was con-
sidered in cosmology as the Zeldovich approximation [15]. The non-viscous
Burgers equation is perhaps the simplest equation that models the nonlinear
phenomena in a force free mass transfer as said in [1].

Mathematically, Burgers equation is the incompressible Navier-Stokes
ones, without the incompressibility condition and pressure term. This sim-
ilarity leads to think about a parallel mathematical analysis to the one done
for Navier-Stokes equations, as in [9] where authors proved that the periodic
diffusive three-dimensional Burgers equation is globally in time well posed in
Sobolev space H'/2, and in [14], where authors proved existence and unique-
ness of global in time solution to the viscous Burgers equation in critical
Gevrey class. In [6], Kato proved that the solution to the three-dimensional
Navier-Stokes equations exists on a time interval independent of the viscosity
v and tends to the solution of the Euler equation when v — 0, provided that
u™ belongs to H™, for m > 3. Other results concerning the viscosity limit can
be found in [3, 8]. It is worth mentioning that convergence results, as a small
parameter (Rossby number) vanishes, were proved in the case of geophysical
magnetohydrodynamic systems, see for example ([11, 12, 13]) and references
therein, or also as a regularizing small parameter goes to zero [10].
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In this paper, we will prove the local-in-time existence and uniqueness of
solutions to (Bg,) and (Bgg) on the periodic domain T3, with initial data
u™ e HY , for r > 5/2. Then, we return to prove that the solution of (Bg, )
exists on a time interval independent of the viscosity v and tends to the
solution of the inviscid Burgers equation (Bgp) when v vanishes. Mainly, we

have the following theorems.

Theorem 1.1. Given u™ in H}, (T?) where r > 5/2, then there exists a
unique local solution to (Bg,), such that

u€ O([0,T); Hy ((T%)) N L([0,T); Hy 1 (T%)).

Given u™ in H (T%) where r > 5/2, then there exists a unique local
solution to (Bgo), such that u € C([0,T); Hj ,(T?)).

Theorem 1.2. Let u™™ € H”

a,s

where r > 5/2 and T > 0, then

i) there exists Ty depending on ||u™||gr . but not on v, such that (Bg,)
has a unique solution

u, € C([0,Tp]; H; ,) N LY([0, Tp); H;ﬂ;l).

Furthermore, u, is bounded in C([0,To]; Hy, ;) for all v > 0.
i) Foreacht € [0,Tp], uo(t) = hII(l) u, (t) exists strongly in H ' and weakly
v— ’

in Hy o uniformly in t:

lim sup ||lu, — woll—1 =0
v=0¢e00,70] Y Has

and

lim sup (u, —uo, f)ar, =0
v—0 te[0,70] :

where f € H'Y g is a unique solution to (Bg) satisfying

Ug € C([Ov TU]; H;,s)'

Unlike prior efforts, the main difficulty in proving our results stems from
the nonlinear term. Particularly, the lack of divergence-free condition which
usually played the key role in Euler and Navier-Stokes theory prevents us from
applying the usual estimates as in [7, 6, 5]. Also, we note that as the viscosity
v is destined to vanish when taking the limit, any estimates that depend
singularly on v will fail to control the non-linearity as v — 0. However, we
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arrived in the framework of Gevrey-Sobolev space to beat the odds via several
applications of change of functions and Plancherel’s identity.

The following section is assigned to prove the technical lemmas used later
on to control the nonlinear term. In the third section, we prove unique solution
to (Bg,) and to (Bgp). In the last section, we investigate the convergence
result.

2. Estimates of the nonlinear term

We denote by ¢ a generic constant that may change from line to another.

Lemma 2.1. Let u, v and w be three-dimensional vector valued functions,
such that u and v belong to Hy ; and w € Hgi;l forr > 3/2, then there exists
a positive constant C, such that

(1) [((u-V)o,w)my, | < Cllullmg, v,

If v and w belong to H, ; and u € Hg*;l, r > 3/2, then there ezists a positive
constant C, such that

(2) [((u-V)o,wymy | < Cllull g lvllag, lwl g, -

Proof. By Parseval’s identity, the following holds

‘<(u ) V)U7 w>Hg,S’ _ | Z 6a|1€|1/s]:.((u ] v)v)kea\k\l/s <k>2r]:'(w)(k,)|
k

< Z ealkl'®

k

F((u- V)o)ile®™ (k) |Flw) (k)

where (k) := (1+|k|?)"/2. We estimate the Fourier transform of the nonlinear
term F((u - V)v)g as follows

ea‘k‘l/s

f((u . V)U)k‘ _ €a|k|1/s
ea|k.|1/s

F(u) * ( v)|
Z}"u F(Vov)(k —p)

p
< e iy |t | — pllo(k — p)|
p
alp|t/s | ~ alk—pll/s | ~
< X P ()| (K] + [p)e™ = [o(k — p)|
< |k:|2 U fa(p) e o (k — p)|
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+ Z ealp\l/s

p

~ —p|t/s | A
pllacp)e” " ok - p)l,

where we used the inequality e®*"* < ealpl* alk=p* for all p. k in Z3. Let
q Yy ) b,

fi = F e ™ ag)), fo = F (e |op]) and f3 = F(|k|e* " |ag|) for

all k in Z3, it follows that

6a|k|1/s

N

Flu- Vo) < [k[F(f) = F(f2) + F(fs) = F(f2)

k| F(f1- f2) + F(fz- f2).

Therefore, it turns out that
(- Vo, wyy | < SCF(fr- fo) k] (kY| F(w) (k)|
k

+ ST F(fs - f)e M (k)2 | F (w) (k).
k

Let fq = F~1(e®k"* (k)2 [y ), the fact that by definition, the Fourier coeffi-
cients of f3, fo and f4 are all non-negative real valued functions for all k& € Z3
yields

DT (fa- fo)e W (k)2 | F(w)e] = | 3 F(fs - fa)eeH" k)| F(w) ()] |-
k

k

Then, by applying Parseval’s identity once again, we obtain
S F (s L) R IF@)R) = 3T F(fa - f)e T (k)2 | F (w) (k)|
k k

c|(f3+ fa, fa) 12|
cll follLee|[{f5, fa) 2.

IN

By definition of f3 and f4, we have

‘<f37f4>L2| = Czea‘k‘l/s
k

1/2

k

~ /s A
e (k)[R 1|

1/2

F(Vw) \2>
k

< clull gy [Jwl g1,

where we achieved the last step by using the Cauchy-Schwarz inequality. It

remains to estimate Z F(fi -fz)\k:|e“|k‘1/s (k)*"| F(w)(k)], to do so, we proceed
k
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as follows

STFfr - fo) ke (k)2 | F (w) (k)] =
k
SOF(fr - fo) [kl (k)20 | F(w) (k)|
k

Let f5 = f‘l(]k|e“|k|1/s(k)QT\@kD. Then, we infer that

SCF(fu - B K R Fug = [ fo, f5)i2]
k
2l e | (1 o)l

IN

By definition of f; and f5, we have

(1 o)zl = 32 (k) fo (k)
k
= 0 e g | (L [k e

wk|
k
1/2
< <Z(1 + |k|2)r620\k‘1/s N 2) ( (1+ |k[*)" e2alkl!/* ]:(Vw)|2>
k

< lull &,

where we achieved the last step by using the Cauchy-Schwarz inequality. The
Fourier expansion of fs is given by

= (ke = 3o e
k

kyeikx.

It follows that

A

Ifalli= < e
k
o)

= SR T K2y 2 gy,
k

1/2
(Srrsier)
k

1/2
1
The series (E 4%) is convergent since r > 3/2, and (1) follows.
(LK)

Estimate (2) follows the same way, only the application of Cauchy-Schwarz
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on [{fs, fa)r2| and |[(f1, f5) 12| differs. In fact,
[(f3, fa)ezl= D Fa(k) fa(k)
k
= Z || e@l¥”
k

1/2
< (Z(l + rkl2>re2“’““rf<w>|2>

k

~ r alk|l/s
Gigs| (1 + [K|?)"e?l¥]

(o

1/2
X (Z(l + |k[?)re2alkl” f(w)(k)l2>

k

<l gy ool

and

[ fr fodrzl= D 1Kl () (k) (1 + [K]2) e | F (w) (k)]

k

k

1/2
F(Vu) |2>

1/2
X (Z(l + [K|2)re2alkl f(w)(k)\Q)
k

<llull e 1wl ., - O

Remark 2.2. Let u, v and w be three-dimensional vector valued functions such
that u, v and w are all in H] ; where r > 5/2, then there exists a constant
C, such that

yS

(3) [((u- Vv, w)my,

< Cllullay,

vl Hj w| Hy -

Proof. By Parseval’s identity, the following holds

(- Vo, wya | <30 ™ F (- V)o)ele™ ()| F(w)yl.

k

Where (k)?" := (14 |k|?)"/2. The non-linear term can be estimated, by using
the following steps:

1/s
paltd

Fllu-Vyw) < S e agp)|lk — ple?™ 7" ok — p),

p
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let
g o= F e M ay),
o= Fe

and g3 = ]:_1(6“|k|1/s(k>2rhbk|). It turns out that

A

)

ealkll/s

F(u- Vo) < Flg1) * Flg2)
= Fl(91-92),

and hence,

(- V), whr| < ¢S Flgr - ga)ee™ (k)| F(w)i],

k

Thus, by applying Plancherel’s identity once again, we obtain

> Flgr- g2)e ™ RTIF@)(B)] = 3 Flgr - go) e (k)2 F(w) ()]
k k

= \(91 ‘92;93>L2|
| fallzo< (g1, g3) 2.

IN

By definition of ¢; and g3, we have

/s
g1, 93) 2| = Y el
k

1/2 1/2

k k

| (1 + [K]) el

W]

< ul

g |l g,

where we achieved the last step by using the Cauchy-Schwarz inequality. The
Fourier expansion of go is given by

go = Z}—(g?)(k)ezkx _ Z |k,‘€a|]§|1/s
k k

@k‘eikm.

It follows that

IN

3 e ko |

k

= S A+ KAHT A+ kP

k

. 1/2
(Z i IkP)’"‘l) ol

k

g2l o

7‘;1 ‘k’ealk‘l/s

A

’l}k’
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1/2
1
The series is convergent since r > 5/2, and (3) fol-
)r—l

zk: (1+ |k

lows. O
3. Existence and uniqueness results
3.1. Existence and uniqueness result to (Bg,)

We use Galerkin approximation. For n € N, let P,, be the projection onto the

Fourier modes of order up to n, that is P, Z pe™ | = Z ipe’™ . Let
kez? k|<n
u, = P,u be the solution to

(4) Oy, + Po[(un - V)u,] — vAu, =0
(5) un(0) = Pyuo.

This is a finite-dimensional locally-Lipschitz system of ODEs. So that, for
some T, there exists a solution u, € C*([0,T,) x T?). By the H} -inner
product, we have

1d

(6) S — 0.

lunllFiy , + 2NV unllzry, + (o - V)tn, un) i

T
a,s

The fact that Hy , is a Banach algebra, as r > 5/2, yields

(7) [((un - V)Unaun>Hg,s| < CHunH%IgYS |v“nHHg,s-
Hence, applying the Young inequality yields

d 2 2 * 4
(8) g [l + VI Vunllg | < Cllunllky

where C* is a positive constant that depends on v. Thus,

in |2
e,

1= Ctuin?,

(9) lualil . <
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1
as long as t < T* := W So, there exists T > 0, saying T' = T%/2,
u’L'ﬂ Hr

such that 7,, > T for all n. We use (8) to close the energy estimate

in|2
Hum|Hg,S

sup HunH%Igs < =Cr

te[0,T] 1- C*THum’%Igﬁ

and
T
/0 IVun(t)3, dt < C = C*TC3 .

These are uniform bounds on the approximate solution u, in L>(0,7; H ;)
and L?(0,T; H;t'). Then, Aubin lemma [2] allows to extract a subsequence of
u, that converges strongly to u. To prove uniqueness, we suppose that u; and
uy are two solutions to (Bg,) that have the same initial data uo € H ((T?)
(without loss of generality we suppose that v = 1). Let U = uy — ug, we have

(Opur, Uy, — (Aur, Uy + ((u1 - Vur, Uy =0,
and so on for uy. Since

(u1 : V)u1 - (UQ . V)Ug = (u1 : V)u1 - <U1 . V)Ug
(u1 . V)U2 - (Ug . V)Ug
(u1 . V)U + (U . V)UQ,

_|_

one takes the difference to obtain

d
MU, +2AVUDOIG,, < [(w - VIV Oy [+ (U - V)us, U |-

M1 M2

Using estimate (3), one controls M; and M, and infers

d
NNy, < Cllurllg, + luzllng VU ;.

The Gronwall inequality yields
||U(t)||%lr < HU(O)H%F oCt8uPrepoq (lur (Mllarg  +llwa()llay )

As uy and ug are in C([0,7); H ;) and U(0) = 0, uniqueness follows.
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Similar computation can be done for (Bgp) and by (3) we obtain

d
(10) el (®) 3., < ellun(®)y
which implies that
™[,
11 un ()%, < I .
( ) H ( )HH,LS (1 - 2tCHuzn||Hg,s)2

Then, compactness method applies to obtain existence of solution. Uniqueness
can be proved in analogues way to the viscous equation.

4. The inviscid limit
4.1. Uniform bound in viscosity v

Consider u, the solution to (Bg, ). In equation (Bg, ), taking the inner product
<eaA1/s . eaAl/s >

Hr(T3), We obtain
Lajeah ™y 12+ v]le™ " Vu, ||

12 1/s 1/s
(12) < [{e®h / (uy - V), e / Uy) g (T3)) -

Using (3), we infer

1d

(13) Sl Ol + IV @)l < clu Ol

where ¢ does not depend on v. Dropping the non-negative viscous term from

the left-hand side of (13), it holds

d
(14) E”Uu(t)”Hg& < QCHUV(t)H%Ig,S~

By Gronwall type estimate yields

(15) e ()] b
VI = ot |uin|

T
Ha,s

The right-hand side in (15) is continuous on a certain interval of time [0, Tp],
where Tg is uniform with respect to v. By using an iterative argument, one
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can prove that wu, can be extended over [0, 7p] with estimate (15) through-
out. Furthermore, integrating estimate (13) over the interval of time (0, 1)
yields

t
(16) v [ 1), dr < cb(), ¢ € (0.7
0 a,s
where ¢ is a continuous function independent of v.
4.2. Zero viscosity limit of solutions to Burgers equation
Let u; and us be the solution to Burgers equation respectively for v = vy and
v = vy, where 11 < 1o, Taking the difference and denoting w := u; — ug, it
follows that
d
(17) Ew — 1 Aw — (11 — v2)Aug = w - Vug + ug - V.
Taking the H, g;l—inner product, we obtain

1d

2dt

(18) +{w - V), w) |
{2 - V), w) g |

Hw||§ﬂ;1 + Vl”vai[;;l < (e — i) (—Aug, w) e

We use the same technicalities as the ones used in the previous section to
estimate the exponential weight, and the fact that H"~! is a Banach algebra
to obtain

[{(w - V)ur, w)yra] < eal| V| gy [wlf,
< alluillmg, w|§1§;1.
Using estimate (2) yields
|((u2-V)w,w)H;;1| < 02HU2||H;’5 w||i1g;1.

Dropping the second non-negative term in the left-hand side of (18) to obtain

(19) %dt < (VQ - V1)<_AU2,U}>H;;1
+ (alluilleg, +colluallmg,) %15;1-

|w]|
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Since ||ug|| gy ., 1 <7 < 2 is uniformly bounded with respect to v, there exists
C, such that

1d

(20) 2dt

—wll - < val Vsl + Cllwl| .

Using Gronwall inequality, we obtain

1/2
@) el < 0005 (v [ 9l )

By estimate (16), the right-hand side of (21) tends to zero, when vy goes to
zero. Consequently, there exists ug(t), such that u,(t) — uo(t) strongly in
C([0, To]; Hy ') and w,(t) — ug(t) strongly in L*([0,Ty); H;,'). Estimate
(15) ensures that ug(t) belongs also to Hj, .. Furthermore u, (t) — uo(t) weakly
in C([0, Tp]; H;S), and

™|y,
1-2c

uollmy, <

Let f € Hg:;l. Then, for all to, t € [0, Tp], the following holds

t
wnt), Ppgs + / vy (£), —Af) gy

to

t
b Vs f) g ads

to

= (w(to), [y

(22)

By Cauchy-Schwarz inequality, (u,(t), =Af) yr—1 < [Ju, ()| gr-2

f||Hgfg1 and

t

(23) lim [ v(u,(t), =Af)yr-ds = 0.

v—0 t

Also, we have

lim (u, (1), f) s = (uolt). f) gy

,S a,s

v—0
lim (u, (o), gy = {uo(to), )y

It remains to take the limit in the non-linear term. To do so, we have

((uy - V)uy, f)Hggl — ((uo - V)uo, f>H;';1 = ([(w — uo) - V]uy, f)H,’;;l
+ ((uy - V) (uy — uo), f>H§;1'
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We integrate over (to,t) and use Holder’s inequality, to obtain

([(w = wo) - Viwy, f)gr=rds| < uy = wol| o= lluw | oo 0,1057,) Ot

t
|
to

where C is a positive constant that depends on f. As u,, is bounded uniformly
in v in L>(0,7To; H; ;) and u, converges strongly to ug in H"' then

a,s

t
lim | [ ([(uy — o) - Vg, f) yr1ds| = 0.

v—0 to

We use estimate (1) and Holder’s inequality, to obtain

[{(w - V) (wy = wo), [yl < Clluwllg

Uy, — g e,

r—1
Ha,s

and

((uy - V) (uy — ug), f>Hg;1dT| < luy — UOHHggl UV(T>||L°°(O,T0;Hg,s)c}kt7

t
|
to

where C7 is a positive constant that depends on f. As u, is bounded uniformly
in v in L>®(0, Ty; H; ,) and u, converges strongly to ug in H] ', then

a,s

t

lim | [ ((uy - V)(uy, — up), f>Hg;1dS‘ = 0.

v—0 to

At this point, we infer that ug is a solution of (Bgp), in the following sense

20 {uo®) Pz + [ o Vo, Pz = (aolto) fagr

Taking the limit as tg tends to 0, we infer that ug exists within the same class
as u, with maximal time Tj.
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