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Infinitesimal deformation of Deligne cycle class map

SEN YANG

Abstract: In this note, we study the infinitesimal forms of Deligne
cycle class maps. As an application, we prove that the infinitesimal
form of a conjecture by Beilinson [1] is true.
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1. Introduction

In [1], Beilinson made the following conjecture:
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Conjecture 1.1 (Conjecture 2.4.2.1 [1]). Let X be a smooth projective variety
defined over a number field k, then for each positive integer p, the rational
Chow group CHP(X)q injects into Deligne cohomology of Xc, where X¢ :=
X xi C. Concretely, if a class in CHP(X)qg vanishes in Deligne cohomology

H%p(X(C, Z(p))g under the composition

CHP(X)g — CH"(Xc)g =+ Hp (Xc, Z(p))a,

where the right arrow r is the cycle class map for Deligne cohomology, then

it is 0.

This conjecture is very difficult to approach, and up to now there is not
a single example with dimension X > 2 with large Chow ring CH (X xj, C)
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for which this conjecture has been verified.! Esnault and Harris [5] suggest a
modest conjecture (see Theorem 0.1 [5]) which follows from Conjecture 1.1
and has been proved in a particular case (see Theorem 0.2 [5]) by using l-adic
cohomology.

The main result of this note is to study the infinitesimal form of the
Deligne cycles class map, see Lemma 2.7 and Theorem 2.9. As an application,
we prove that the infinitesimal form of the Conjecture 1.1 is true, see Theorem
2.11.

As a further application, we show that the infinitesimal form of the fol-
lowing conjecture (due to Griffiths-Harris) is true, see Theorem 3.5,

Conjecture 1.2 ([13]). Let X C P& be a general hypersurface of degree
d > 6, we use

Vs CHjop(X) = J3(X)

to denote the Abel-Jacobi map from algebraic 1-cycles on X homologically
equivalent to zero to the intermediate Jacobian J*(X), ¢ is zero.

2. Deformation of Deligne cycle class map

Let X be a smooth projective variety defined over C and Cl[e]/(g%) be the ring
of dual numbers, we use X [¢] := X x Spec(C[e]/(£?)) to denote the first order
infinitesimal deformation of X. The classical definition of Chow groups can
not recognize nilpotents, so to overcome this deficiency, for each positive inte-
ger p, one uses the following Soulé’s variant (see Theorem 5 in [17]) of Bloch-
Quillen identification to study the infinitesimal deformations of Chow groups,

(2.1) CHP(X) = HP(X, K;)V[(OX)) modulo torsion,
where K;)V[ (Ox) is the Milnor K-theory sheaf associated to the presheaf
U — K)(Ox(U)).

Using the identification (2.1), one considers H?(X, K} (Ox)) as the first
order infinitesimal deformation of C HP(X) and defines,

Definition 2.1. Let X be a smooth projective variety defined over C, for each
positive integer p, the formal tangent space to CHP(X), denoted TyCHP(X),
is defined to be the kernel of the natural map

HP(X, KM (Oxg)) =% HP(X, KM(Ox)).
1See the first paragraph of page 1 [5].
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Deligne cohomology H%p (X,Z(p)) is defined to be the hypercohomology
of the Deligne complex Z(p)p (in analytic topology):

Z(p)p : 0—>Z(p)—>OX—>---—>Q§(_/(1C—>O,

where Z(p) = (2mi)PZ is in degree 0. The infinitesimal deformation of this
complex, denoted Z(p)p[e], has the form,

Z(p)ple] : 0 = Z(p) = Oxpe — -+ — Qg(_[gl]/(c[g] — 0,

where Z(p) is still equal to (27i)PZ.

Definition 2.2. Let X be a smooth projective variety defined over C, for each
positive integer p, the tangent complex to the Deligne complex Z(p)p, denoted
Z(p)p, is defined to be the kernel of the natural map

Z(p)ple] = Z(p)p.

' Since the map X — X|e| has a retraction X|[e] — X, Qé{[e]/@[e] = Qé{/c ®
5le/(c, where ¢ = 0,--- ,p — 1. The tangent complex to the Deligne complex
is a direct summand of the thickened Deligne complex

One easily sees that

Lemma 2.3. Let X be a smooth projective variety defined over C, for each
positive integer p, the tangent complex (to the Deligne complex Z(p)p) Z(p)p
is of the form

0—>OX—>-~-—>Q§’(T/(1C—>O,

where Ox is in degree 1 and QI;{/(IC 1s in degree p.

We consider the hypercohomology H?(X,Z(p)ple]) of the complex
Z(p)ple] as the infinitesimal deformation of the Deligne cohomology
HZ(X,7Z(p)) and define,

Definition 2.4. Let X be a smooth projective variety defined over C, for
each positive integer p, the formal tangent space to the Deligne cohomology
HY (X, Z(p)), denoted TyHY(X,Z(p)), is defined to be the kernel of the nat-
ural map

H? (X, Z(p)p[e]) <= H* (X, Z(p)p).
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By the definition, the formal tangent space to the Deligne cohomology is
the hypercohomology of the tangent complex Z(p)p:

TrHE (X, Z(p)) = B (X, Z(p)p) = B (X, Z(p)p[-1]).

The following isomorphism is a standard fact in complex geometry,

Lemma 2.5 (cf. Proposition on page 17 of [9]). With the notations above,
one has the isomorphism

H (X, Z(p)p) = H* " (Ox) & HP () @ -+ @& H' (% p)-
Let F;w (Ox) denote the kernel of the natural map

KEM(Ox1g) =% KM(Ox).

Since the map X — Xle| has a retraction X[e] — X, KM(Oxy)) =
KM (Ox) GBF;V[(OX). By Definition 2.1, the formal tangent space TyC HP(X)

is HP(X, ?;W(O x)). Next, we would like to construct a map between tangent
spaces

H (X, K, (Ox)) = B (X, Z(p)p).
which is the infinitesimal form of the Deligne cycle class map CHP(X) —
HY' (X, Z(p)). iy o o
KN O] et ot S 0} = 0 Ty e i hedd 1o

looking at {f1 + g1, ., fp +€gp} € KI],”(OX[E}) such that {f1,---, f,} =
0 € K)'(Ox). One sees that?

(22) {fiteg, - S +59p}

= {1+€fc—17f2+592,"' 7fp+59p}+{f17f2+592;"' o+ egp}
1

Jj=p

7

= Z{f1, e fienl +€f—7,fj+1 +egiti sty +€gp},
i=1 j

where we have used for j = p+ 1 that {fi,---, f,} =0.

2This presentation (2.2) follows from the referee’s suggestion.
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Using €2 = 0, one sees that
(23) dlog{f1+5917 T fp + Egp}
—ed g(_lyl(ﬂ)d_ﬁ...@ i dhy
j=1 fj 1 fjfl j fp ’

where d = dg(.

The following commutative diagram, which gives a quasi-isomorphism
from the upper complex to the bottom one, is the tangent to the commutative
diagram in Section 2.7 [7] (page 56),

Ox y oo Oe — %  —— 0
| Lo | |
—&1 —0p—2 -2 —0p-1 -1 =% +1
Ox Mo — W@V —— WedWe

where o;(z) = (—=1)""1(z) for 1 <i < p—1and a,(z) = (=1 (dcz, z);
di(z) =dzfor 1 <i<p—2, 6, 1(x) = (0,dz) and d,(x,y) = (—dz, —x+dy).

— SVUEP(_q\i-1(%ydeh | defion defin | defy P
Let w =327 (-1) (fj) A Frrm fpp,for(dcw,w)eQX/CEB

Qgg/(lc, there exists the unique (—1)P"lw € Qg’;/(lc such that a,((—1)P71w) =

(d(cw, w).

Definition 2.6. One defines a map (3 : ?;,M(OX) — Q%é by

(2.4) {fi+teg, -, frteg)— ()P,

Where {f1,---, fp} =0 and

Jj=p
N1 (9 deh defi defj defy
“ ;( D (fj) fi fi-1 fin fo

We can see the map (3 (2.4) in an alternative way.® In (2.2),

{fiteg, - fp+eg}

j=p

g;

= Z{fl,”' fi-1,1 +€ﬁafj+1 tegjr1- - 7fp+€gp}'
i=1 J

3We thank Spencer Bloch and Jerome William Hoffman for comments.
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Firstly, applying dlog to Y370 {f1,- -+, fi-1, 1+e¥, fs1+egipn -+, fotegp},
where d = dg¢, one obtains

(2.5) dlog{fi+egr, -+, fp +€gp}

J=p
S (% @h%%)
E( =1 (fj)fl ficv five  h

ey (G A A d
+d€< — <fj) i fisv fin fp>.

Secondly, applying the truncation map | % |e=0: ng a/c = Q_Z;(_/(lc to (2.5),

one obtains (—1)P~!(J2H(—1)~H(§) 4 - L= i Ay This shows

that the composition
—M dlog J%E:o 1
Kp (Ox) — Q])D([e]/(C - Qﬁ(/@v

agrees with the map [ (2.4).
The map [ (2.4) induces a map from the complex

0%0%'--%0%?24(0;(),

where f;,w(OX) is in degree p, to the complex Z(p)p,

0 s 0 0O — FQ/I(O)()
(2.6) ol ol ol ol ﬂl(2-4)
0 > Ox Boe — Qg’;/}c.

This induces a map between (hyper)cohomology groups
_M —
(2.7) A HP(X, K, (Ox)) = H*(X,Z(p)p).

By Lemma 2.5, H**(X,Z(p)p) = H* Y(Ox)® -+ @ HP(Q&T/}:) and by
the diagram (2.6), we note the image of the map (2.7) lies in HP(Q§(7(1C). So
the map (2.7) is indeed the composition:

HP(X, K, (Ox)) = HP () = H? (X, Z(p)p).
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According to the known construction [4, 7, 14] of the Deligne cycle class,
the Deligne cycle class comes from two parts: the fundamental cycle class
(which is induced by the topological homology class) and the de Rham cycle
class. Since the fundamental cycle class remains unchanged in the infinitesimal
deformation, it does not contribute to the infinitesimal form of the Deligne
cycle class map. Only the de Rham cycle class map is relevant with the
infinitesimal form of the Deligne cycle class map. To study the infinitesimal
form of the Deligne cycle class map, we need to see a construction of de Rham
cycle class by using Milnor K-theory. This has been done by Esnault-Parajape

[6].

There is a dlog map
dlog : Ox — Q;}C[l]
inducing
dlog : K)'(Ox) — Q;’/’C[pL

where Ké\/l(OX) is the Milnor K-theory sheaf. By using both the Soulé’s vari-
ant of Bloch-Quillen identification (see (2.1) on page 2)

(2.8) CHP(X) = HP(X, KZI)W(OX)) modulo torsion
and the dlog map, one obtains the de Rham cycle class map
CHP(X) — H”(X,05).

See Esnault-Parajape [6] (line 8-24 on page 68) for discussions.
The dlog map

dlog : K)'(Ox) — Q;’/)C[pL

is in the same way as (2.3). In this sense, we consider A (2.7) as the infinites-
imal form of the Deligne cycle class map. In summary,

Lemma 2.7. Let X be a smooth projective variety defined over C, for each
positive integer p, the infinitesimal form of the Deligne cycle class map

r:CHP(X) — H%p(X,Z(p)),

is given by (2.7) X : HP(X,FII,W(OX)) — H?"(X,Z(p)p), which is the compo-
sition:
—M _ j—
HP(X, K, (Ox)) = HP (9 ¢.) = H?(X, Z(p)p).
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Remark 2.8. When we consider the infinitesimal deformation of the Deligne
complezx Z(p)p, Z(p) is fized so that it does not appear in the tangent complex
Z(p)p. This explains why the construction of X (2.7) is simpler than the known
construction [4, 7, 14] of the Deligne cycle class map.

In the following, we consider HP(X, fﬁ/l(OX)) — Hp(Qi’f/(E) as the in-
finitesimal form of the Deligne cycle class map r : CHP(X) — HQP(X, Z(p)),
and describe it explicitly.

It is well known that FI])V[(OX) =N Qgg/}@, where Qg’g/é is the absolute
differential. For p = 2, this was computed by van der Kallen [18], Maazen

and Stienstra did further computation in [16]. The isomorphism ?Q/[(OX) =
Q% /g 1s given by

gZdel gldeQ
o i h fo

see Green-Griffiths [11] (page 130) and see also [3] (Lemma 3.1 on page 216)
for the discussions of two methods: the formula of Maazen-Stienstra and the
Chern character from K-theory to negative cyclic homology.

(2.9) {fi+egr, fot+ege} —

For general p, the isomorphism Fi/[ (Ox) = Q])D(_/(a is given by

(2.10) {fit+eg, -, frtegt— (=1 wg,
where wg = ?j(—l)j_l(?—j)d?}fcl - d%ﬁf” . d“}fﬁl - de" . Consequently, the
formal tangent space TyC' HP(X) can be identified Wlth Hp (X, 0% /(1@)

Let w = ng( 1)1_1(?])‘1“}{1 . d(;]fj L -—d‘;ﬁfl iy d‘Cfp as on page 5, there

exists the following commutative dlagram

B

Urtem - foteg) o (C)7 7w
gl(zlo) l:
(—1)Plwg dozde, (_qyp-ty,

This shows that the following diagram is commutative,

-—M B p—1
Kp (OX) W Qx/(c

gl(z.w) l:

p—1 d@%dc p—1
QX/Q QX/C.
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Passing to cohomology groups, one has the following commutative dia-
gram,

HP (XK, (Ox)) —— HP(Qt)

gl l:

HP (O} HP(QP L),

dQ-)dc
X/Q) X/C

To summarize,

Theorem 2.9. Let X be a smooth projective variety defined over C, for each
positive integer p, the infinitesimal form of the Deligne cycle class map

r:CHP(X) — H,%p(X,Z(p))’

s given by
or s HP(Q0) = HP (% 0),
where Or is induced by the natural map Q% 5 — QP L

X/Q x/C"
Let X be a smooth projective variety over k, where k is a field of char-

acteristic 0. For each positive integer p, one still has the Soulé’s variant of
Bloch-Quillen identification

CH?(X) = H(X, KI])VI(OX)) modulo torsion.

Corollary 2.10. Let X be a smooth projective variety defined over k, where
k is a field of characteristic 0, for each positive integer p, the infinitesimal
form of the composition

CHP(X)g — CHP(Xc)g & HP(Xc, Z(p))g,

has the form

— — 67‘ —
HP () = HP (o) = HP (03 o),

which s

(2.11) HP(Q00) = HP (5 )

If £ is a number field, Qx /g = Qx/x and HP(QZ;/(E)) = HP(QI;(;i). By base

change, Hp(Qi’(_Cl/(c) = HP(QI;(_/i) ®j C. The map (2.11) can be rewritten as

HP (%) — HP(Q% ;) @4 C,
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which is obviously injective. In summary,

Theorem 2.11. The infinitesimal form of Conjecture 1.1 is true. To be pre-
cise, let X be a smooth projective variety defined over a number field k, for
each positive integer p, the infinitesimal form of the composition

CHP(X)q — CH"(Xc)q — Hp (Xe. Z(p))o
in Conjecture 1.1 is of the form,
HP(Q% 1) — HP (9% 1) @4 C,
which is injective.

Conjecture 1.1 is part of the Bloch-Beilinson conjecture. Let X be a
smooth projective variety over C, for each positive integer p, Bloch-Beilinson
conjecture predicts that there is a filtration which has the form

CHP(X)g = F'CH?(X)g D F'CHP(X)g
.- D FPCHP(X)g D FPHCHP(X)g = 0.

The first two steps are known and F?C HP?(X)g is the kernel of the Deligne
cycle class map

r: CH?(X)g — HZ(X,Z(p))g-
An alternative way to state Conjecture 1.1 is,

Conjecture 2.12 (cf. Implication 1.2 [10] page 478). If X is a smooth pro-
jective variety over a number field k, then

F?CH?(X)g =0,

where F?CHP(X)q is the filtration induced from F?*CHP(Xc)g under the
natural map CHP(X) — CHP(X¢).

Theorem 2.11 suggests that this Conjecture (and Conjecture 1.1) looks
reasonable at the infinitesimal level.

Remark 2.13. The assumption“k is a number field” in Theorem 2.11 is
crucial, it guarantees Qlx g = Qx/i. This suggests that the assumption“k is
a number field” in Conjecture 1.1 can not be loosened. In fact, for the ground
field of transcendental degree one, Green-Griffiths-Paranjape [12] has found
counterezamples, extending earlier examples by Bloch, Nori and Schoen.

To understand algebraic cycles, the transcendental degree of the ground
field does matter.
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3. Deformation of Abel-Jacobi map

As a further application of Theorem 2.9, we study the infinitesimal form of
the following conjecture of Griffiths and Harris:

Conjecture 3.1 ([13]). Let X C P¢ be a general hypersurface of degree
d > 6, we use

s CHjop(X) = J*(X)
to denote the Abel-Jacobi map from algebraic 1-cycles on X homologically
equivalent to zero to the intermediate Jacobian J*(X), v is zero.

There are many known results showing that the image of the Abel-Jacobi
map is torsion, or even that a Chow group is torsion. For example, Green and
Voisin studied this conjecture and showed that

Theorem 3.2 (Theorem 0.1 of [8]*, 1.5 of [19]). For X C P{ a general
hypersurface of degree d > 6, the image of the Abel-Jacobi map on algebraic
1-cycles on X homologically equivalent to zero has image contained in the
torsion points of the intermediate Jacobian.

In the following, we give an illustration of the use of tangent spaces to
Chow groups to prove that the infinitesimal version of Conjecture 3.1 is true,
see Theorem 3.5.

Let X be a smooth projective variety over C, for each positive integer p,
there exists the commutative diagram:

CHP(X)
P P N
0 — CH?, (X) —— CHP(X) CHT (X 0

wl Tl cll
0 —— J/(X) —— HZX(X,Z(p)) —— Hg?(X) —— 0.

We briefly explain the terminologies in this diagram,

e JP(X) is Griffiths intermediate Jacobian and 1 is the Abel-Jacobi map.

. H%p (X,Z(p)) is Deligne cohomology and r is the Deligne cycle class
map. For the construction of r, we refer to [4, 7, 14].

e HgP(X)is the Hodge group, defined as f~1(HPP?(X)), where f : H?(X,
Z(p)) — H? (X, C) is induced by the inclusion Z — C. The map cl is
the cycle class map, see [15] for a survey.

Since the Hodge group Hg?(X) (C H?*(X,Z(p)) is discrete, so JP(X) and

HZ(X,7(p)) have the same tangent space. Similarly, Ciﬁ# (C H*(X,Z))
hOTYL( )

4In fact, Green [8] proved analogous results in all dimension.
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is discrete so that CH?(X) and CHY

hom (X ) have the same tangent space. So
we have,

Theorem 3.3 (known to experts, see [19] (line 9-11 on page 707)). Let X be a
smooth projective variety over C, for each positive integer p, the infinitesimal
form of the Abel-Jacobi map,

b CHY,,,(X) = J7(X),
agrees with that of the Deligne cycles class map,
r: CHP(X) — H (X, Z(p)).

Combining Theorem 3.3 with Theorem 2.9, one has,

Corollary 3.4. Let X be a smooth projective variety over C, for each positive
integer p, the infinitesimal form of the Abel-Jacobi map,

b2 CHY,, (X) = JP(X)

s given by
or s HP (95 0) — HP (% ¢),
where Or is induced by the natural map Qﬂ’(_/(lQ — Qg(_/é:.
In particular, for X a smooth projective three-fold over C, the infinitesimal
form of the Abel-Jacobi map
V1 CHjipp(X) = J*(X)
is given by

This has been known to experts, see page 189 (line 21-27) of [11].
Now, we prove that the infinitesimal form of Conjecture 3.1 is true,

Theorem 3.5. For X C P{ a general® hypersurface of degree d > 6, the
image of the infinitesimal form of the Abel-Jacobi map

or : HQ(Q}X—/Q) — HQ(QE—/(C)

1S zero.

In Conjecture 3.1, general means outside a countable union of proper subvari-
eties. In Theorem 3.5, general means all the coefficients of the defining equation of
X are algebraically independent.



Infinitesimal deformation of Deligne cycle class map 1719

Proof. There is a natural short exact sequence of sheaves
0 = Qg ®c Ox — Qg = /e — 0.
The associated long exact sequence is of the form

0 — H(Qk g ®c Ox) = -+ — H*(Q ) LLN H*(Q ¢)

L B3Ok ®c Ox) = -+ .
So the image of §r can be identified with the kernel of f,
Im(ér) = Ker(f).

f ~
The dual of HQ(Qk/C) = H3(Q(1c/Q ®c Ox) (= Q<1C/@ ® H3(Ox)), can be
rewritten using the Poincaré residue representation as

Q(%j/*(@ ® Rd75 N R2d75’

where R/ is the Jacobian ring of the hypersurface at degree j (the assumption
“d > 6" guarantees d — 5 > 1).
Let S¢ C C[zo, 21, 29, 23] denote homogeneous polynomials of degree d.
The map Q¢ Jo— R% is defined as
0 . OF
da  Oa’
where a € C and F' is the equation of the hypersurface X. Let a run through
all the complex numbers, then g—i generates a subspace of S¢, denoted W.
Now, the map

Q(%j/*@ ® Rd—5 N RQd—5

can be described as a composition
Otfu ® R7™° = W @ RS — B2,

where the right map W ® R — R?4=5 is polynomial multiplication.

Since X is general, all the coeflicients of F' are algebraically independent,
the codimension of W in S is zero. By taking p = 0 and & = 2d — 5 in
the Theorem on page 74 of [9] we see that W ® S4° — S29-% is surjec-
tive. Consequently, W ® R ® — R??75 is surjective because of the following
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commutative diagram (both of the vertical arrows are surjective),

W ® Sd_5 ; S2d—5

l l

%74 ® Rd—5 . RQd_5.

So the map Q(%: /*@ ® RY“® — R?5 is surjective. Dually, the map

HQ(Qﬁ(/C) ER HS(Q(%:/Q ®c Ox) is injective. In conclusion, Im(dr) = Ker(f) =
0. O
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