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Categorical representation of superschemes

YASUHIRO WAKABAYASHI

Abstract: In the present paper, we prove that a locally noethe-
rian superscheme X® may be reconstructed (up to certain equiv-
alence) category-theoretically from the category of noetherian su-
perschemes over X©. This result is a supergeometric generalization
of the result proved by Shinichi Mochizuki concerning categorical
reconstruction of schemes.
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Introduction

Superschemes (or, supermanifolds) were introduced and discussed in vari-
ous works, especially in connection with the important physical applications,
which stem from superstring theory. Besides having such physical applica-
tions, the theory of superschemes will be interesting on its own from the
purely mathematical viewpoint. In the present paper, we are interested in un-
derstanding the richness of algebraic supergeometry from category-theoretic
aspects.

The main result of our study provides a supergeometric generalization of
the result proved by S. Mochizuki (cf. [5], Theorem A) concerning categori-
cal reconstructibility of locally noetherian schemes, as described below. (Note
that Mochizuki also proved a generalization of his own result to arithmetic log
schemes, see [6].) Let X® = (X3, Oxe) be a superscheme (cf. Definition 1.1
(1)), i.e., a scheme X, together with a certain quasi-coherent sheaf of super-
algebras Oye on Xj. Suppose that X® is locally noetherian in the sense of
Definition 1.2. For each such X®, one obtains the category

(1) 6ch%{©

consisting of noetherian superschemes over X® (cf. (3) for the precise defi-
nition of 6cb§®x©). The problem that we consider in the present paper is to
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know to what extent one can reconstruct the superscheme-theoretic struc-
ture of X from the categorical structure of GCF)/®X©. Our main result is the
following assertion.

Theorem A. Let X© and X'® be two locally noetherian superschemes.
Then,

2) x® L x'® if and only if 6CU§DX© = GChf)X’@’

(Here, L denotes the equivalence relation defined in (24).)

Theorem A implies, unlike the result of [5], that isomorphism classes of
locally noetherian superschemes may not be determined uniquely from the

categorical structure of Gcf)%(@. Indeed, suppose that X®© L X'® that is

to say, X’® is isomorphic to a fermionic twist of X® (cf. Definition 1.7). By
definition, X’® may be obtained by twisting the fermionic portion of X® by
means of some element a in the first étale cohomology group Hp (Xp, p2). By
twisting various superschemes over X© by means of a in the same manner, we
obtain the assignment from each object in Gcb%@ to an object in th)%(,(@;

this assignment gives an equivalence of categories GCb%@ = 6ch§®X,©, and
hence, shows one direction of the equivalence in Theorem A (cf. Proposi-
tion 1.10 and the discussion in its proof).

~Y

On the other hand, the proof of the reverse direction (i.e., 6ch/®X© =

GCh/©X,@ implies X®© L x ®) is technically much more difficult. To com-
plete the proof, we reconstruct step-by-step various partial information of
(the equivalence class of) X© from the categorical structure of 6(6%(@,

as discussed in § 2. If X© is a scheme in the classical sense, then any fermionic
twists of X'® are in fact isomorphic to X® (in particular, X’® is a scheme);
in this case, Theorem A is exactly the same as the result by
S. Mochizuki.

In the last section of the present paper, we shall prove further rigidity
properties concerning the category GCFJ%@ (cf. Propositions 3.1 and
3.2).

Finally, we want to remark that, as a different type of reconstruction of a
superscheme, one may find a result by U. V. Dubey and V. M. Mallik (cf. [3]);
according to this result, Balmer’s construction of Spec of a tensor triangulated
category can be used to reconstruct superschemes from its category of perfect
complexes.
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1. Superschemes

In this section, we recall first the definition of a superscheme (cf. Defini-
tion 1.1). Basic references for the notion of a superscheme are, e.g., [1], [2].
Then, we introduce the notion of a fermionic twist (cf. Definition 1.6), and the

equivalence relation “ L (cf. (24)) appearing in the statement of Theorem A.
One direction of the equivalence in Theorem A (which is much easier to prove
than the reverse direction) will be proved in § 1.4 (cf. Proposition 1.9).

Throughout the present paper, we denote, for any category C, by Ob(C)
the set of objects of C. Also, if both A and B are objects of C (i.e., A,
B € Ob(C)), then we shall denote by Map,(A, B) the set of morphisms
(in C) from A to B. By a superalgebra, we mean a supercommutative Z/27-
graded algebra R = R, ® Ry (where R, and Ry denote the even and odd parts
respectively) such that it includes Ry as a central subalgebra, and 2% = 0 for
all x € Ry.

1.1. Superschemes

Definition 1.1. (i) A superscheme is a pair X® := (X}, Ox) consisting
of a scheme X3 and a quasi-coherent sheaf of superalgebras Oxe over
Ox, such that the natural morphism Oy, — Oxe is injective and its
image coincides with the bosonic (i.e., even) part of O xe. We shall write
Ox, for the fermionic (i.e., odd) part of Oxe and identify Ox, with the
bosonic part via the injection Ox, — Oye (hence, Oxo = Ox, ®Ox;).

(ii) Let X® := (X;,0y0) and Y® := (¥}, Oye) be two superschemes. A
morphism of superschemes from Y© to X® is a pair f© := (f,, f°)
consisting of a morphism f; : Y, — X; of schemes and a morphism
of superalgebras f° : f(Oxe) (:: Oy, ®=1(0x,) fb_l(OX@)) — Oyo
over Oy,.

In the following, let us fix a superscheme X© := (X, Oxe).

Definition 1.2. We shall say that X® is locally noetherian (resp., noethe-
rian) if X is locally noetherian (resp., noetherian) and the Ox,-module Ox,
is coherent.

We shall denote by

(3) 6ch%{©

the category defined as follows:
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e the objects are morphisms of superschemes Y® (= (v3, Oye)) — X® to
X©® such that Y® is noetherian and the underlying morphism Y; — X,
of schemes is of finite type;

e the morphisms (from an object Y1© — X© to an object Y2® - X©)
are morphisms of superschemes Y1© — Y2® lying over X©.

Note that the fiber products and finite coproducts exist in GCh%(@ (cf. [2],
Corollary 10.3.9).

Remark 1.3. Let X be a scheme (in the usual sense). Then, X carries a
superschemes of the form X8 = (X, Oyve (= Ox @ Ox,;)) with Ox, = 0.

riv
(Conversely, any superscheme with vanishing fermionic part arises uniquely
from a scheme in this manner.) In the rest of the present paper, we shall not
distinguish between X and X8 .

1.2. Superschemes arising from a bilinear map

Let X© := (X}, Oxo) be a superscheme. The multiplication morphism O ye ®
Oxe — Oxe restricts to a skew-symmetric Oy, -bilinear map

2
(4) mxe : O}eéf (;: OXf ®0Xb OXf) — OXb-
The associative property of the multiplication gives rise to the equality
(5) mxe X id(ij = idOXf &® mxe : Og%;’ — OXf'

One verifies that the superscheme X® is uniquely determined (up to isomor-
phism) by the triple

(6) Axe = (X3, Ox;, mxo).
To make the discussion precise, let us define
(7) A

to be the category, where

e the objects are triples (Y, F,w) consisting of a locally noetherian scheme
Y, a coherent Oy-module F, and a skew-symmetric Oy-bilinear map
w: F®F — Oy on F satisfying the equality w ® idr = idr @ w :
F® — F;
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e the morphisms from (Y, F,w) to (Y', F',u") (where both (Y, F,w) and
(Y’ F',w') are objects of 2) are pairs (f, f°) consisting of a morphism
f:Y — Y’ of schemes and an Oy-linear morphism f° : f*(F') — F
satisfying the equality

(8)
wo(f & f)=rW): ff(F)e f{(F) (= [(FeF) = Oy

Then, the following proposition may be verified.

Proposition 1.4. The assignment X© +— Aye defined above is functorial,
and the resulting functor from the category of locally noetherian superschemes
to A is an equivalence of categories.

Proof. Let us take an object (Y, F,w) of 2. Then, the direct sum Oy & F
admits a structure of Oy-superalgebra (where the first and second factors are
the bosonic and fermionic parts respectively) with multiplication given by

9) (Oy @ F)® (Oy & F) — Oy & F
(a,€0) ® (byep) > (ab+ w(eq, €p), acp + bey).

The pair Y}@’w = (Y, Oy @& F) forms a superscheme and the resulting assign-
ment (Y, F,w) Y}S?w is functorial in 2A. This assignment defines a functor

forming the inverse to the functor X© — Aye. This completes the proof of
Proposition 1.4. O

1.3. From superschemes to schemes

In the following, we shall fix a superscheme X® := (X3, Oxo (= Oy, ©0x,)).
By considering the morphism

(10) Bxe 1 X© = X,

corresponding to the inclusion Ox, — Oxe, we may regard X© as a super-
scheme over the scheme Xj. The construction of fxe is evidently functorial
in X®, that is to say, Bye o f® = f, 0 fye for any superscheme Y® and any
morphism f®© (:z (fos fb)) 1 Y® — X©® of superschemes.

Denote by

(11) Nxe
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the superideal of Oye generated by Ox,. The quotient of Oye by Nye
determines a scheme X; equipped with a morphism

(12) o : Xy = X©
of superschemes. The composite
(13) vx = Bxe o Tye : X; = Xp

is a closed immersion of schemes corresponding to the quotient Ox, —
OXb/ngf (= Oxe/Nxo) by the nilpotent ideal (’)g(f C Ox,.

If f©:Y® 5 X© is a morphism of superschemes, then it induces a
morphism

(14) ft : Y;L — Xt

of schemes satisfying that 7xe o f; = f© o 7ye.
Next, we denote by

(15) 6“)/_}(@

the full subcategory of GCUSS)X© consisting of objects of the form Y — X©,

where Y is a scheme. The assignment Y® + Y; (where Y® ¢ Ob((‘Scf)%@))
defines a functor

(16) 7 SchPe — Schyx,
which turns out to be a right adjoint functor of the functor

(17) Schx, —  SehPg

“Z s Xy S - Xy 29 XO,
That is to say, the functorial map of sets

(18) Mapgch%@(Z, YO) = Mape.y,, (2. V1)

is bijective, where Y € Ob(&¢h,y,) and Z®© € Ob(@ch%(@). In particular,

we obtain an equivalence of categories &cbx, = Geh /xo (given as in (17)).
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Definition 1.5. Let X®© be a superscheme and U an fppf scheme over Xj,.
Then, we shall write

(19) XOly = X9 x5 ox, U

By an open subsuperscheme (resp., a quasi-compact open subsuper-
scheme) of X® we mean a superscheme of the form X®|y for some open
subscheme (resp., quasi-compact subscheme) U of X,.

1.4. Fermionic twists

Let us define the notion of a fermionic twist of a given superscheme. In the
following, let us fix a locally noetherian superscheme X® := (X3, Oxo).

Denote by (p2)x, the fppf sheaf on X}, represented by the group of square
roots of unity pg := Spec(Z[T]/(T?—1)). For each ¢ € u2(Xp) (= (p2)x, (X)),
we shall define (¢) yo to be the automorphism

(20) <€>X® = (idev <C>g(©) L X® 5 X©

of X® where (¢ >E*X© denotes the automorphism of Oye = Ox, ®Ox, given by
assigning (a, €,) + (a, (-€4). In particular, (¢) yoo{¢) yo = idye, and if X® is
a scheme (i.e., Ox, = 0), then the equality (¢) yo = idye holds. If, moreover,
Y® is a locally noetherian superscheme and f®© (: (fo, fb)) (Y® 5 XO g
a morphism of superschemes, then (by regarding ¢ as an element of p5(Y3)
via f5) we have the equality of morphisms f® o (()ye = (¢) yo o f©. Hence,

the collection of automorphisms {(C)y® }yecop(en® o) defines a center of
/X

GCbE@X@ (i.e., an automorphism of the identity functor GC[]%(© = GChSS)X@).

Definition 1.6. We shall refer to (¢)ye as the fermionic involution of
X® associated with (.

Write Autx, (X®) for the fppf sheaf on X consisting of locally defined
automorphisms of X® over X, (i.e., the sheaf which, to any fppf scheme U
over Xj, assigns the group of automorphisms of X®|; over U). Then, we have
a homomorphism

(21) Nxe® - (,UQ)Xb - 'AUtXb(X@)

determined by nyxe(¢) = ({)xe. By applying the functor Hflppf(Xb, —), we
have a homomorphism

(22) Hflppf<77X®) : Hflppf(XbMUQ) — Hflppf(vaAUtXb(X(@))
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Definition 1.7. A fermionic twist of X® is a superscheme defined to
be the twisted form of X® (over the fppf topology on Xj) corresponding to
Hi i(nxe)(a) € Hi (X, Autx, (X®)) for some a € Hfé) (X, p2). We shall
refer to this superscheme as the fermionic twist of X© associated with
a and denote it by

(23) @X©®,

Remark 1.8. By the definition of a fermionic twist, the set of isomor-
phism classes of fermionic twists of X© corresponds bijectively to the set
Im(Hg, ¢(1xe)). For example, if k is a separably closed field in which 2 is
invertible and Xj is proper over k, then H, ((nye) is finite (cf. [4], Chap. ITI,
§3, Theorem 3.9, and Chap. VI, §2, Corollary 2.8). This implies that there
are only a finite number of isomorphism classes of fermionic twists of X®.
Also, if Hflppf(Xb,uz) =0 (e.g., Xp, as well as Xj, is simply connected and
2 is invertible in I'(X,, Ox,)) or X® is a scheme (i.c., Ox, = 0), then all
fermionic twists of X© are isomorphic.

Consider a relation “A 7 in the set of locally noetherian superschemes
defined as follows:
(24) v® L 70 & yo i isomorphic to a fermionic twist of Z®.

One verifies immediately that this relation forms an equivalence relation. The
following proposition is one direction of the equivalence in Theorem A.

Proposition 1.9. Let X®© and Y® be two locally noetherian superschemes

and suppose that X® L Y®. Then, there exists an equivalence of categories
GCh(/SD)(@ — 6cb/©y©.

Proof. Let a € Hflppf(Xb,,uz), and suppose that Y© = ¢X®© (ie, Y® is a
fermionic twist of X® associated with a). If we are given a morphism f© :
7Z® — X®in GCb%@, then the homomorphism H, o( Xy, pi2) — HE (Zy, p12)
induced by f; sends a to an element of Hflppf(Zb, p2); we write, by abuse of
notation, for *Z® the fermionic twist of Z® associated with this element. It
follows from the functoriality (with respect to X©) of (¢)ye for each ¢ €

112(X3) that f© induces a morphism ¢f® : ¢Z® — y©® (: “X©> in Gch/®y©.

The assignment Z© — ¢Z® is functorial, and hence, defines a functor

(25) Gcb%@ — ech%@.
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Since X® is fermionic twist of Y® associated with —a (under the natural iden-
tification HE ((Xy, pio) = Hy o ¢(Vs, p12)), the same argument as above gives

rise to a functor GCh?},@ — GCE);SDX@, which turns out to be the inverse to the
functor (25). This completes the proof of Proposition 1.9. O

1.5. Fermionic twists in the Zariski topology

Denote by (G,,)x, the fppf sheaf on X represented by the multiplicative
group G,,,. The Kummer sequence

(26) 0= (p2)x, = (Gm)x, = (Gm)x, =0

a = a

induces an exact sequence

(27)
0— 2 (Xp) = T'(Xp, O%,) = T(Xp, 0%,) 2 Hi (X, 12) % Pic(Xp) = Pic(Xp)
a +—  a® L] — [£%%.

Recall (cf. [4], Chap.III, §4, the discussion following Lemma 4.10) that any
element of Hflppf(Xb, ) may be represented by a collection of data

(28) S = ({Ua}aeh {sa}a617 {taﬁ}(a,ﬁ)eh)?

where

e [ is an index set;

o {U,}acr is a Zariski open covering of Xp;

e cach s, (a € I) is an element of I'(Uy, OF );

o Ih:={(a,B) €I xI|Uyp:=U,NUz#0D);

o {tasl(ap)er isal-cocycle of {Us faer with coefficients in O, satisfying
the equality sglu, , - 12 5 = salv, , for any (o, ) € Ia.

The homomorphism ¢ (resp., o) is given by assigning u — ({Xp},{u}, {1})
for any u € I'(Xy, O%,) (resp., 5 = ({Ua}as {ta,p}a,s) for any s as in (28)).
Now, let u € I'(Xj, O, ). We shall write

(29) nx©® = 0w x©

by abuse of notation. One verifies that it is a unique (up to isomorphism) su-
perscheme such that the triple A, yo associated with it (cf. Proposition 1.4)
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coincides with (Xp, Ox;,u- mxe). (In particular, O.ye = Oxe as an Ox,-
module.) Indeed, let us write Y® for the superscheme corresponding to
(Xp,Ox;,u - mxo) (hence, ¥, = Xjp). Also, let us take an étale covering
U — X, such that there exists v € I'(U, O}5) with v? = u. The automorphism
of the Opy-module Oy @ Ox, |y given by assigning (a,€,) — (a,v - €,) deter-
mines an isomorphism X®|;; = Y®|;; that induces the identity morphism of
Xp. This implies that Y'® is the fermionic twist of X® associated with &(u),
as desired.

Conversely, any fermionic twist of X® is, Zariski locally on X, isomor-
phic to *X® (for some local section u € 0%, ), as described in the following
proposition.

Proposition 1.10. Let a be an element of Hflppf(Xb, p2) (hence, we have the

fermionic twist °X® of X© associated with a). Also, let ({UnerYact; {5a tacr,
{ta,8}(a,p)cr,) be a representative of a as in (28). Then, there exists a collec-
tion of isomorphisms

~

(30) {9 :°X®y, 5 X®y, Yaer

satisfying the following two conditions:

e For each o € I, the morphism (£4)y of schemes underlying €9 coincides
with the identity morphism of Uy;
e [or each (o, B) € Iy, the automorphism

(31) €90 (€)1 XOy, , B ¥ XOy, ,

corresponds to the automorphism of the Oy, ,-module Oy, , ® Ox;|uv,
given by assigning (a, €,) — (a,tap - €q).

Proof. The assertion follows immediately from the definition of a fermionic
twist and the above discussion. O

1.6. A°P-twists
For each pair (n,m) of nonnegative integers, we shall denote by
(32) Anim

the (n|m)-dimensional affine superspace over Z, i.e., the superspectrum of
the superalgebra Z[t1, -+ ,t,, 11, - ,1Uy], where the t1,--- | t, are ordinary

indeterminates and 1, - - - , 9, are odd indeterminates. Also, let us write
(33) A = XO x ATIm,
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For any Y® ¢ Ob(Gch%@) and any nonnegative integers n, m, the super-

scheme A l belongs to Ob(@ch%@). Also, we have a sequence of functorial
(in Y©) leeCthHS of sets:

(34) Mapg o (Y9, ALY
/Y®

~ 1|0 0|1

% Mapg o (y Allo)xMapecb@ (v®, Al
/Y® /Y®

= F()/lh OYb) X F(}/ba OYf)
:> F(%>OY©)7

where the third bijection is given by (A9, hS) — (1 (t), h3(1)). The multi-
plication and addition in I'(Y}, Oye) correspond, via (34), to morphisms

(35)  pye: ALS xye AL = AL and aye : Apg xye Al — ALY

respectively. That is to say, the set Mapecb@ (YO, Alll o) admits a structure
/Y®

of superalgebra by means of uye and aye (together with the decomposition
Alll = Allo Xy® Ag,%, which induces the parity), and the composite bijection
(34) becomes an isomorphism of superalgebras. In particular, each element a
of I'(V3, Oy, ) corresponds to a morphism

(36) ol y® o Al

Let Autye (A ;'237 0 o) denote the Zariski sheaf on Y}, such that to every open

subsuperscheme U of Yy, assigned is the group of automorphisms of AY©|

over Y®|y; which are compatible with 0y©‘Y®\U' The homomorphism

(37) 05 5 Autye(Ayg, ol%)

which, to any local section a € Oy, assigns the automorphism of Ayg 10" over
Y® determined by ¢ — a -t turns out to be bijective. By applying the functor
Hy. .Yy, —). we have an isomorphism

(38) Pic(Vy) 5 Hpo (Vs, Autye (A, oik)).
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Definition 1.11. (i) An A%'-twist over Y® is a twisted form of
(AyO@,agg]@) (over the Zariski topology on Y;) determined, via (38), by

some a € Pic(Y}); it may be described as a pair

(39) (29, 070v0)

consisting of a twisted form Z® of A;,lo@ over Y® and a section 040 /YO

Y® — Z® of the structure morphism of Z©. We shall refer to the pair
(Z®,040,ve) as the A%'-twist over Y© associated with a.

(ii) Let (Z°,050,y0) and (2'®,00,y0) be two A% twists over Y®. An
isomorphism of A’'-twists from (Z®,040,v0) to (Z'®,040v0)
is an isomorphism h® : Z® 5 Z'® of superschemes over Y® with
h® o T20/y® = 02/0/y®-

By (38), there exists canonically a bijective correspondence between
Pic(Y;) and the set of isomorphism classes of A%-twists over Y©,
1.7. The multiplication morphisms of fermionic twists
Let u € I'(Y3, Oy; ). Since O.yo = Oye as Oy,-modules, the multiplication in
(’)uy© gives rise to a morphism

11 1|1 1|1
(40) Hy®suy® : Ay‘@ Xy® Ay‘(@ — Ayl@

over Y® under the bijection (34). The morphism pye_..ye corresponds to
the homomorphism of superalgebras over Oy described as follows:

(41) Oyolt,¥] = Oysl[t,¥] ®o, o Oyoelt, ¥]
o t@tts YR
b bRt+tR.

Next, let a be an element of H{ (Y3, p2) and let Z© := °Y®, We shall
choose a representative ({Us}acr, {5a}aer {ta,s}(a,)er) Of @ as in (28) (of
the case where the superscheme X® is replaced with Y'®). Write

01
(42) (AY®«~>Z©7 UA(}J/%WZ@)

for the A°M-twist over Y® determined by o(a) € Pic(Y}), and write

11 0|1
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The multiplication morphisms Py ®|y. ~ssayO|y (o € I) may be glued together
to obtain a morphism

R 11 11
(44) Pye-z0  Ays 0 Xve Ave 0 = Aye.,se

over Y®. This morphism does not depend on the choice of a representative of
a. Also, the morphisms «., y®|,, may be glued together to obtain a morphism

et 11 1)1
(45) Aye20  Aye 0 Xyeo Aye 0 = Aye 10

over Y®. This morphism depends only on the A%-twist Ag,‘(l@w 4o (i-e., the
class o(a) € Pic(Y})). Owing to the morphisms aye..ze and pye.,ze, we
have an isomorphism of superalgebras

~ 1|1
(46) P(Zy Oz8) 5 Mabgeyo | (Y, AVS_ o)

which is functorial with respect to Y® € Ob(Gch%@).

2. Proof of Theorem A

This section is devoted to proving the remaining portion of Theorem A,

7

i.e., that the equivalence class defined by “ L7 of a locally noetherian su-
perscheme X may be reconstructed purely category-theoretically from the

category GChSS)X@. In the following discussion, we will often speak of various
properties of objects and morphisms in Gch%@ as being “characterized (or re-
constructed) category-theoretically”. By this, we mean that they are preserved
by arbitrary equivalences of categories GCF);@X(@ = GC[]%(,@ (where X'® is
another locally noetherian superscheme). For instance, the set of monomor-
phisms in Gcf)%(@ may be characterized category-theoretically as the mor-
phisms f©® : Z® — Y® such that, for any W® ¢ Ob(@ch%{@), the map
of sets Mapg (o (W®,Z20) — Mapg yo (W®,Y®) given by composing
/x® /x®

with f® is injective. To simplify notation, however, we omit explicit mention
of this equivalence Gd)%(@ = GChC/QX/@, of X', and of the various “primed”
objects and morphisms corresponding to the original objects and morphisms,
respectively, in 6Ch(/9X©.

In this section, let us fix a locally noetherian superscheme X®.
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2.1.

Our tactics for completing the proof of Theorem A (i.e., recognizing the struc-
ture of superscheme of X @) is, as in [5], to reconstruct step-by-step various
partial information of X® from the categorical structure of GCF)/©X©. As the
first step, we reconstruct the set of objects in GCh%@ which are isomorphic

to spectrums of fields (cf. Proposition 2.5). Of course, these objects allow us
to know the points in the topological space underlying X©.
For each superalgebra R, we denote by

(47) Spec(R)®

the superspectrum of R. Let k be a field and M a finite-dimensional k-vector
space. We shall equip k@ M with a structure of superalgebra over k given as
follows:

e The bosonic part is the first factor k£ and the fermionic part is the second
factor M;

e The multiplication is given by assigning (a, €,) - (b, €) := (ab, aep, + be,)
for any a, b € k and €,, €, € M.

‘We shall write

(48) AMM = Spec(k @ M)®.

In other wards, AgIM is a unique (up to isomorphism) superscheme satisfying
. o[k Wft

that Ao = (Spec(k), Ospec(y i M, 0). In particular, A = A (cf. (33)).

If My and Ms are finite-dimensional k-vector spaces, then any morphism

AglMl — Ag‘MQ of superschemes over k coincides with the morphism induced

from a unique k-linear morphism My — M;. This observation shows the
following two lemmas.

Lemma 2.1. Let us write Uecy, for the opposite category of finite-dimensional
k-vector spaces and write

(49) °Sch,

for the full subcategory of GCU% consisting of superschemes which are iso-

morphic to Ag‘M for some finite-dimensional k-vector space M. Then, the
functor

(50) Uecy, — OGC[]%
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M Ai'M

defines an equivalence of categories.

Lemma 2.2. Let M be a finite-dimensional k-vector space. Suppose that
Spec(k) is an object of 6“)%(@); in particular, admits a structure morphism

Spec(k) — X©. (Hence, AglM may be thought of as an object of GCE]%(@ by
taking account of the composite Ag‘M — Spec(k) — X®). Then, there exists
a natural bijection

o|M
(51) Machh/@X© (AWM y®)

% {(s,h) | 5 € Mapey, (Spec(k), ¥3), h € Homy(s*(Oy,), M) }

for any object Y® of 6Cf)/©X©.

Proof. The assertion follows directly from the definition of Ag‘M. O

Therefore, we have the following proposition.
Proposition 2.3. A morphism f© (:= (fy, f°)) : Z© — Y® in GCE);S)X(@ is a
monomorphism (in GCh/©X©) if and only if the induced morphism fi : Z — Y;
is a monomorphism in &cb,x, and 21 f7(Oye) — Oy is surjective.
Proof. Let f© (:= (fy, ")) : Z® — Y© be a monomorphism in 6ch§@x®'

Suppose that f° is not surjective, or equivalently, its restriction f°

Iy (Oyg) :
[y (Oy,) = Og, is not surjective. By Nakayama’s lemma (and the condition
that Z® is noetherian), there exists a point s® (:: (b, sb)> : Spec(k) — Z©
of Z® such that (fy o s)*(Oy;) — s;(Oz,) is not surjective. Hence, the
induced morphism between k-vector spaces

(52) Homk(SZ(OZf), k) — Homy((f o Sb)*(Oyf), k)
is not injective. It follows from Lemma 2.2 that the map

0|k ok
(53) Machh%@ (Ak| 7Z®) — Mapech%@ (Ak| 7Y@)

given by composing with f® is not injective, and we obtain a contradiction.
Thus, f° must be surjective.
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Next, suppose that f; is not a monomorphism in &cbhx,, or equivalently,
there exists an object W of Gc¢h,x, whose associated map

(54) Mapecb/xt W, Zt) — Mapech/xt (W, Y2)

is not injective. Since 7 (cf. (16)) is a right adjoint functor of the functor

Sch) x, an, GCb/@X©, the non-injective map (54) may be identified with the
map

(55) Mapg 0 (W, Z®) = Mapg 0 (W, YO).
/x® /X®

This contradicts the assumption that f® is a monomorphism. Thus, f; must
be a monomorphism.
The reverse direction may be verified immediately, and hence, we complete
the proof of Proposition 2.3. O
Definition 2.4. (i) We shall say that an object Y® in GCb%@ is minimal
(over X©®©) if it is nonempty (i.e., not an initial object of GCb/©X©)
and any monomorphism Z® — Y©® from a nonempty object Z® ¢
Ob(Gch/®X®) to Y® is necessarily an isomorphism.
(ii) We shall say that an object Y® in 6“]%(@ is terminally minimal
(over X®) if it is minimal over X© and any minimal object Z® over
XO® with Y® x yo¢ Z© # () admits a morphism Z© — Y©,

These properties on objects in GCf)%(@ give a category-theoretic charac-
terization of spectrums of fields, as follows.

Proposition 2.5 (Characterization of spectrums of fields). The following
assertions (i), (i) hold.

(i) An object Y® of 6ch§®x© is minimal if and only if Y® is isomorphic to
Spec(k) for some field k.

(ii) An object Y® of Gd)%@ s terminally minimal if and only if it is a
point of Xy, considered as an object of Gd)%(@ via composition with
Tx® @ Xt — X0,

Consequently, the objects of GCf)/®X© consisting of (super)schemes which are
isomorphic to Spec(k) for some field (resp., consisting of points of X;) may
be reconstructed category-theoretically from the category Gch%@.

Proof. The assertions are formal consequences of the definitions of being min-
imal and terminally minimal. O
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2.2,

Next, we shall consider the category-theoretic reconstruction of the super-
schemes Azlk (: A2|1> and AZ'O (introduced below) in GCb/©X©. After recon-

structing these objects, one may use them to understand the local structure
of X® (cf. Proposition 2.9 described later).

Definition 2.6. We shall say that an object Y® of GCU%@ is one-pointed
if its underlying topological space consists precisely of one element.

The following proposition may be immediately verified.

Proposition 2.7 (Characterization of one-pointed superschemes). The one-
pointed objects of 6cb/©X® may be characterized category-theoretically as the
nonempty objects Y© which satisfy the following condition:

(A)ye: For any two minimal objects Z© — Y©, Z& — Y© over Y®, the
fiber product ZESD Xy® Z2© s monempty.

For any field k, we shall write
(56) A% = Spec(k[e] /£2).

Proposition 2.8 (Characterization of AZH)_ Suppose that we are given a
morphism Spec(k) — X© (where k denotes a field) belonging to 6ch§®x©.

(Hence, the category GCh% may be characterized category-theoretically from
the data (6cf)/©X®, Spec(k)), i.e., a pair consisting of a category and a minimal
object of it.) Then, the following assertions (i), (ii) hold.

(i) The set consisting of two objects
(57) (A" A7%)

of 6ch%{© may be characterized (up to isomorphism in the evident
sense) category-theoretically as the image (via the functor GCE)%C —
GCE)%@ given by composing with Spec(k) — X©) of the set {S© T®}
of two one-pointed objects of GCE)% satisfying the following two condi-
tions (B)ge 1o and (C)ge re:

(B)soro: S® is not isomorphic to T®, and Spec(k) is neither isomorphic to
S® nor to T®;
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(C)sore: Let V® be a one-pointed object VO of GC[]% satisfying the follow-
ing two conditions:

o VO is not isomorphic to Spec(k);

o Any terminally minimal object over V© (which is uniquely
determined up to isomorphism) is isomorphic to the terminal
object Spec(k).

Then, there exists either a monomorphism S© < V® from S© or
a monomorphism T® — VO from T®.

(ii) Let U® be either Azll or Ai‘o, and denote by U'® the unique object in
{Azll,Azm} \ {U®}. Then, U® coincides with Agll if and only if for
any morphism U'© x,, U'© — U® x;, U® factors through a terminally
minimal morphism over U® x,U® . In particular, the object Agll (resp.,
Ai‘o) n GCf)/®X® may be reconstructed category-theoretically (up to iso-

morphism) from the minimal object Spec(k) in Gcf)%(@.
Proof. First, we shall consider assertion (i). Since the set {AQ‘I,AZIO} is im-
mediately verified to satisfy both the conditions (B)ge re and (C')ge re, it
suffices to prove its reverse direction.
Note that any one-pointed object of GCB% is necessarily isomorphic to the

superspectrum of some (local) superalgebra over k. For a one-pointed object
W® in Gch%, we shall write

(58) dimy, (W®) := dimg (T(Wy, Ope)) (< 00).

Now, let {S®, T®} be a set of two one-pointed objects of GCh% satisfying
both the conditions (B)ge 7o and (C)ge re. Suppose that one of the objects
in this set, say S©, satisfies the inequality dimy(S®) > 3. By Proposition 2.3,
there does not exist a monomorphism from S® to Azll since dimk(Agll) =21t
follows from the condition (C)ge 7o that there exists a monomorphism from
T® to Agll, and hence, that dim(T®) < 2 (by Proposition 2.3 again). Since
T® 2 Spec(k) and there does not exist a monomorphism AZ‘O from Ag‘l, T®
must be isomorphic to Az‘l. On the other hand, by a similar argument where
Agll is replaced with AZIO, T® must be isomorphic to Aslo, and we obtain
a contradiction. Consequently, we have dimy(S®) = dimg(7T®) = 2. This
implies that S® and T® are respectively isomorphic to either Ag‘l or AZ'O.
Thus, we complete the proof of assertion (i).
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Assertion (ii) follows directly from the fact that
(59) AZ‘O X fs AZ'O > Spec(kley, 2]/ (€3, €162, €3))
and

(60) AR i A 2 Spec( AT (K52)®, (AL xi A, == Spec(k)
(where A (k®?) denotes the exterior algebra over k associated with £%2, which
admits naturally a structure of superalgebra over k). O

2.3.

Next, we consider the reconstruction of the schematic structure on Y; for each
Y® e Ob(Gcb%@) (cf. Corollary 2.10 below) and a topological structure of
the underlying space of X© (cf. Proposition 2.11 below). First, we observe
that there exists, by means of Proposition 2.8, the following category-theoretic
criterion for each object Y® € Ob(Gcb%@) to be a scheme (i.e., Oy, = 0).

Proposition 2.9 (Characterization of schemes). The objects Y© of 6cf)%<©

which are schemes (i.e., objects contained in the subcategory S&ch/xe) may be
characterized category-theoretically as those objects which satisfy the following
condition:

(D)ye: For any minimal object W over X®© (hence W = Spec(k) for some
field k by Proposition 2.5, (1)), the map

(61) Mapgo (W, Y®) = Mapg o (A, Y®)
/x® /x®

induced from the morphism o : Ag“} — W is bijective.
w

In particular, the full subcategory Sch xe of Gcf)%((@ may be reconstructed
category-theoretically.

Proof. The assertion is a formal consequence of Nakayama’' lemma and
Lemma 2.2. ]

Moreover, by the above proposition, one may have, for each Y® ¢
Ob(Gch%@), a category-theoretic reconstruction of the schematic structure
of Y}, as follows.
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Corollary 2.10 (Characterization of Y; for Y® € Ob(6ch%{©)). Let Y® be
an object of 655%(@

(i) The object Y; € Ob(Gch?s)X@) may be characterized (up to isomorphism)

category-theoretically as the object Z© of GC[]%((@ which is a scheme
(i.e., satisfies the condition (D) ze in Proposition 2.9) and satisfies the
following condition:
(E)ze: For any object W in &cbhyo (C Sch%,@), there exists uniquely a
morphism W — Z©.

(ii) The schematic structure of Y; (i.e., a topological space together with a
sheaf of rings on it), as well as the topological structure of (the under-
lying space of) Yy, may be reconstructed (up to isomorphism) category-
theoretically from the data (GCh?X@),Y@), i.e., a pair consisting of a
category and an object of it.

Proof. Assertion (i) follows from the functorial bijection (18). Assertion (ii)
follows from [5], Theorem A, and the fact that the morphism of topological
spaces underlying vy : Y; — Y} is a homeomorphism. Indeed, we may recon-
struct (un to equivalence) the category &ch/y, (= &ch/ye) from the data

(6Cb§@X©7 Y®) by Proposition 2.9 and assertion (i). O

Proposition 2.11 (Characterization of X®|y; for an open U). Let Y© be
an object of GCh/®X© and U a quasi-compact open subscheme oiY}, Denote
by U the (quasi-compact) open subscheme of Yy with vy (U) = U (cf. (13)).
Then, the object Y®|i; of 6C[]%,® may be characterized (up to isomorphism)

category-theoretically as the object Z® of GCh(/@Y@ which satisfies the following
condition:

(F) 05 For any object fO WO YO of Gcf)%,(@ such that the image of

fi : Wy, = Y, lies in U, there exists uniquely a morphism W® — Z©
in Gch%@.

Consequently, the collection of objects in 6&)%(@ consisting of quasi-

compact open subsuperschemes of X© may be characterized as the objects
V® such that for any Y® € Ob(Gch}s)X@), the fiber product VO x yo Y®

satisfies the condition (F) e, YO, for some open subscheme U of Y;.
X b

Proof. This is a formal consequence of the definition of a quasi-compact open
subsuperscheme. O
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2.4.

Next, we consider the reconstruction (cf. Proposition 2.12, Lemma 2.13, and
Lemma 2.14 below) of the ring object Ay)@ over X® (more precisely, the ob-
jects A;‘O@ for various Y© € Ob(Gcb%@)) corresponding to the ring structure
of O Xp-

Proposition 2.12 (Characterization of Ay()@ for Y® € Ob(Gch%@)). Let
Y® be an object of GCF)/©X©. Also, let

(62) 5:=(29,0%9,0'9)

be a triple consisting of an object Z® of GCIJ%@ and two sections c"®, '® :

Y® — Z© of the structure morphism Z© — Y® of Z®©. Then, 3 is isomorphic
to the triple

110 0 1
(63) ay := (AS, 0% ollL)

(more precisely, there exists an isomorphism h® : Z® 5 A;lO@ over Y® sat-
isfying the equalities h® o ¢°®© = a£9}© and h® o ¢'® = ag]®) if and only if it
satisfies the following three conditions (G);-(1);:

(G);: The fiber product Z® xye Y; is isomorphic (over Y;) to the scheme

AQO (which may be reconstructed by Corollary 2.10, (ii));
H),: Suppose that we are given an arbitrary commutative square diagram
3

W —— 29

T

We —~y®

m SCU%,@ such that Wl® is one-pointed and Wé@ is terminally minimal

over both W1© and Z©. Then, there exists a morphism ¢®© : W1© — 7©
making the diagram

We = 2®

4

| RE— )

commaute;
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(I);: The fiber product Y© X 500, 70 ;10 Y® is empty.

Proof. One may verify immediately that the triple ay satisfies the three condi-
tions (G)ay, (H)ay, and (I)q, . Hence, it suffices to prove its reverse direction.
Let 3 := (29,0 5'®) be a triple satisfying the required three con-
ditions. To begin with, we shall prove the claim that Z® s, Zariski lo-
cally on Yy, isomorphic to Ayg W Let y be a closed point of Y, and write
Y'® .= Y® xy, Spec(Oy, ,) and Z’® := Z© xy, Spec(Oy, ,). By the condi-
tion (G);, the fiber of the natural morphism Z’® — Y'® at y is isomorphic
to A;'O. Let us take a morphism f® : 7/® — Ay?@ over Y'® whose restriction
to the fibers at y is an isomorphism. (Such a morphism necessarily exists due
to the universal property of the polynomial ring Oy e[t] with coefficients in
Oy e.) To complete the proof of the claim, it suffices to prove that f® is an
isomorphism. Let z be an arbitrary point of Z] lying over y. Write

(66) f2:(0, Al gy Ml () 7 (Ozie s mze )

(where m(_y denotes the maximal ideal) for the homomorphism of local rings
defined by f© and (for each i > 1) write

(67) fzm : OA;‘?@fb(z)/m 1o o fo(2) - OZ’®,z/miZ’©,z

for the induced homomorphism. By the definition of f® and Nakayama’s
lemma for noncommutative rings, all fZb and fzbz (1=1,2,---) are surjective.
We shall show that f? is also injective. Suppose that f? is not injective. One

verifies, like as the case of commutative rings, that ﬂl>1m o = 0.
/@7 Z

Hence, there exists ¢ > 1 for which fzbl is not injective. By the condition
(H);, there exists a homomorphism

b . i
(68) g OZ’©,z — OA;‘?®,fb(z)/mybvyOA;‘?@,fb(z)
which makes the following diagram

Onstoin ™enOnley i) = Oz

(69) T ;
O, 10

~— Oy
Y’ ®©’

f<z>/ Yoy A”O Jo(2)
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commute, where the upper horizontal arrow denotes the composite of the
quotient Oze , - Ogye /Mmye , and the isomorphism (f>1)~!. This ho-
momorphism ¢° factors through the quotient Oz, Ozgoe, /miz/®7z. The
resulting homomorphism

(70) Ozo./mye,, — OAly'f’@fb(Z)/mAﬂ?@,fb(z)

becomes a split injection of fz“ Thus, we have

(71) Oure 1/ Ao fi(2)

= Oz /myo,.) & Ker(f29),
which contradicts the fact that f2! is an isomorphism. Consequently, f7 is an
isomorphism (for any z), that is to say, f© is an isomorphism. This completes
the proof of the claim.

Finally, it follows immediately from the condition (I), and a standard

argument that Z® is isomorphic to A;,‘g). This completes the proof of Propo-

sition 2.12. O

Let Y® be an object of Gd)%(@. We shall define a functor
(72) (Gu)ye : 6chF, — Gty

(where Btp denotes the category of groups) to be the functor which, to any

object Z® of GCb%@, assigns the group of automorphisms of Alz‘(% over Z®

that are compatible with O'[ZO(]@ 1 79 Alzl(%. It may be represented uniquely

(up to a canonical isomorphism) by an object of 6ch§s’>y®, which we also
denote by (G;,)ye by abuse of notation. (Indeed, the open subsuperscheme

A;I%\ A0\l )y Of A;‘?@ represents this functor.) Write
O\t (%))

(73) 156 (Gm)yo xyo (Gm)yo = (Gm)yo
for the multiplication morphism of (G,,)ye, and write
(74) ML@ : (Gm)ye xyo Aﬂ% - Aﬂ%

0@. The morphism ,u;@) induces a

for the natural action of (G,,)ye on A;‘

morphism
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(75) o (= 1he © (id@,),0 X b)) : (Gm)ye — A}

which is an open immersion. It follows from Proposition 2.12 that the group
object (G,)ye in GCh%/@ and the morphisms ui@ and vye in 6ch/®y© may
be reconstructed (up to isomorphism) category-theoretically from the data
(Sch® / @ Y®). The following two lemmas will be used in the proof of Corol-
lary 2.15 below.

Lemma 2.13. Denote by

1|0 110 110 1|0
(76) prle ALY Xy ALY — ALY

the morphism corresponding to the multiplication of Oy, (via the functorial
bijection (34)). Then, a morphism u® : A l@ Xy® A;lo@ — Allo in GCB%/@

coincides with MY© if and only if it satisfies the following condition:

(J)ue: the equality
(77) 1® o (vye X vye) = vye o Uy

of morphisms (Gn,)ye Xye (Gn)ye — A;lo@ holds;

Consequently, the morphism ui,l()@ n GChSSDY@ may be reconstructed cate-

gory-theoretically (up to isomorphism) from the data (Gch/x©, ®).

Proof. Since the equality /J,i,l()@ o (rye X Vye) = Vye © uyg holds, the as-
sertion follows directly from the fact that vye X vye is an epimorphism in

6ch/y© O

Lemma 2.14. Denote by

(78) ayle AR xye Ale — ALY

the morphism corresponding to the addition of Oy, (via the functorial bijection
(34)). Then a morphism a® : A I@ Xy® AHO — Allo in SCh%@ coincides

with a zf and only if it satisfies the following two conditions (K).o and
(L)a©'
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(K)po: The square diagram

(79)
id Gm) Xa©
1/0 110 Emlye 1/0
(Gm)ye xye Ayg Xyo Ayg (Gm)ye xyo Ayg
(e X“L©)°A©J/ l*‘;@
1/0 110 1/0

is commutative, where \© denotes the morphism

(80)
(Gm)ye xye Aifl()@ Xy® Aifl()@ = (Gm)ye Xyo Aly‘% xye (Gm)ye Xye Aifl()@
(g,al,CLQ) = (gaalvgan)
over Y®,
L) o: We have the equalities
(L)a q
(81) Oé® o (U£9]© X idAuo ) == Oé© 9] (idAuo X O'£9]©) = idAl\o .
y® y® Yy®

of endomorphisms of A;‘?@.

Consequently, the morphism ay(J@ n GCFJ%,(@ may be reconstructed cate-

gory-theoretically (up to isomorphism) from the data (GCf)?X@,Y@),

Proof. Let a® be a morphism satisfying the conditions (K),e and (L),e. We
write o’ : Oyolt] = Oyolt] ®0,e Oyolt] for the homomorphism of superal-
gebras over Oy corresponding to a®. The condition (K),e implies that o’
isgiven by t —a-t®1+b-1®t for some a, b € I'(Y3, Oy, ). Moreover, the
equalities in (L),e imply that @ = b = 1, that is to say, a® = ail/l%. Thus, we
complete the proof of Lemma 2.14. O

2.5.

By combining the results in §2.3 and §2.4, one may reconstruct category-
theoretically the schematic structure of Xj as follows.

Corollary 2.15 (Characterization of Y} for Y® € Ob(Gcb/®X©)). Let Y® be
an object of GCh%(@, Then, the schematic structure of Yy, (i.e., a topological
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space together with a sheaf of rings on it) may be reconstructed category-
theoretically (up to isomorphism) from the data (Gcb%@,Y@). Moreover,

this reconstruction is functorial (in the evident sense) in Y© € Ob(Gch/®X©);
strictly speaking, if we are given a morphism f© : Z® — Y® in 6([)%(@,
then (the two schemes Yy, Zy, and) its underlying morphism fy : Zy — Yy, may

be reconstructed category-theoretically.

Proof. By Corollary 2.10 and Proposition 2.11, one may reconstruct (up to
equivalence) category-theoretically the topological structure of X} and the
full subcategory of 6ch§®x© whose objects are the collection

(82)
{X®\U € Ob(6cf);®x@) ’ U is a quasi-compact open subscheme of Xb} .

Moreover, it follows from Proposition 2.12, Lemma 2.13, and Lemma 2.14
that one may reconstruct ring objects A0 € Ob(Gch%@) (for each quasi-

XO|y
compact open U in X3) over X®|y corresponding to Op. By considering
the set of various sections X®|; — Aﬁ}%lu, we obtain the ring structure

of I'(U, Ox,) that is compatible with restriction to open subschemes of U.
Consequently, the schematic structure of X may be reconstructed, as desired.
The latter assertion follows from this reconstruction procedure. O

2.6.

In this subsection, we consider the reconstruction of the various A°-twists
associated with fermionic twists of X®, together with the multiplication and
addition maps. As a consequence, one may reconstruct (cf. Corollary 2.20)

the schematic structure of superschemes Z® with Z® L x®.
Let us fix an object Y® of GCh/®X@.

Proposition 2.16 (Characterization of A% -twists). Let (Z©,0®) be a pair

consisting of an object Z® 0f6ch§9Y© (i.e., a morphism f© : Z© — Y®) and

a morphism ¢® : Y® — ZO© in GCh%@ (i.e., a section o® of f©). Then,

the pair (Z©,0®) forms an AV -twists over Y© if and only if it satisfies the

following three conditions (M)Z@yg@—(O)Z@J@ :

(M)ze ,0: The underlying morphism fy : Zy — Yy of schemes (which may be
reconstructed category-theoretically from the data (6ch§@X©,f©)
by Corollary 2.15) is finite;
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(N)Z@,U@ : For each minimal object W® over Y© the fiber product Z© Xy®
W® s isomorphic to A%‘}@ (which may be reconstructed category-
theoretically from the data (GCIJ%@7 W®) by Proposition 2.8);

(0)z0,0: Let Y'® be an open subsuperscheme of Y© (i.e., an object Y'®
of 6ch(/®y® satisfying the condition (F')y.,e 7 in Proposition 2.11
or some open subscheme U of Y;). Also, let (Z'®,6'®) be a
f P
pair, where Z'® denotes an object in GCE)%//@ and o'® denotes
a morphism Y'® — Z'® in GCh%,,@, satisfying the conditions
M) e 0 and (N) e 0. Then, there exists an open subsuper-

7' o 7' o

scheme Y"® of Y'® and a monomorphism h® : Z'© xy,e Y"® —
79 xyo Y'® in 6ch§®w@ satisfying the equality of morphisms

(83)
h© o (OJ© X idy//@) = 0'® X idy//@ . Y//© — Z© Xy® Y”©.

Consequently, the collection of objects in 6ch§®y® which are isomorphic

to AN -twists over Y® may be reconstructed category-theoretically (up to iso-
morphism) from the data (GCh%(@,Y@).

Proof. Let (Z®,0®) be a pair satisfying the required three conditions. By
the existence of a section 0©® and the condition (N)ze ,e, the underlying
continuous map of f© is a homeomorphism (hence, we consider O as a sheaf
on the underlying topological space of Y®). The conditions (M) 26 »© implies
that Oy4e is a finite Oye-module. It follows from the condition (V) 70 ,® and
Nakayama’s lemma that one may find, locally on Y, an isomorphism O,e —
Oyo @ (Oye/J) of Oye-superalgebras, where the multiplication of the right-
hand side is given by (a,b) - (¢,d) = (ac,ad + cb). Moreover, the universal
property described in (O)zo ,0 implies that Z = 0. Consequently, (29, 5®)
forms an A%'-twist over Y®. Since the reverse direction of this assertion may
be verified immediately, we complete the proof of Proposition 2.16. O

Next, let us fix an A% -twist (Z©,UZ@/y©) over Y©®,
Lemma 2.17. We shall write

(84) Autyo(Z2®,050,/y0) : 6cb§®y© — B

for the functor which, to any W® € Ob(6c6/®y©), assigns the automorphism
group of the A% -twist (Z© xye W©,0‘Z©/y© X idye) over W®. Consider
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the isomorphism
(85) nze : (Gm)yo = AUtY@D(Z@aUZ@/Y@)

which, to any automorphism in (G,,)ye(W®) (where W € Ob(Gcb%@))
corresponding to the automorphism of Owe[t] determined byt — g -t (where
g € T(Wy, Oy, ) ), assigns the automorphism of (Z®xyoW®, 070 /ye Xidyoe)
corresponding to the automorphism of (’)Z©XY©W@ (which is locally isomor-
phic to Owel]) determined by ¢ + g - . Then, an isomorphism n® :
(Gp)ye = Auty©(Z©,oZ©/y@) coincides with nyze if and only if it satis-
fies the following condition:
(P)yo: Let W® be an object of GCT)?Y@ and h® an automorphism in
(G)yo(W®)  such that the induced automorphism of Ow,t]
(: O(A‘l,[‘,o)b) is given by t +— g -t for some g € T'(Ow,, Oy, ). (Such a
pair (WO, h®) may be characterized category-theoretically thanks to
Corollary 2.15.) Here, note that the section

(86) (020)volwe, 020, yelwe) : we — ZI% Xwe Z{%

(where Zv(?/ = 7® Xy@)W@) determines a decomposition O(ZSDVXW©Z§v)b

= Ow, ®Ow, €, where the multiplication of the right-hand side is given
by (a,be)-(c,de) = (ac, (be+ad)e). Then, the automorphism n®(h®) x
n®(h®) of Z& xwe Z induces the automorphism of Ow, ® Ow,e
given by assigning (a, be) — (a, g* - be).

Consequently, the morphism nze in 6ch§@y© may be reconstructed catego-
ry-theoretically (up to isomorphism) from (GSC!)(/@X@7 Y®, (Z©,UZ®/y@)), i.e.,
a collection of data consisting of a category 6ch/©X®, an object Y® of it, and
a pair (Z9®, 070 /ye) satisfying the conditions described in Proposition 2.16.

Proof. The assertion follows from the various definitions involved. O

We shall write
(87) inhe : (Gm)yo xyo Al — AJS

for the action of (G,,)ye on AJS (2 ALY xye Z®) defined by

(88) (Gm)y© Xy© A;/'(?@ Xy@ Z© — Ai/'(?@ Xy@ Z©

(ga a, b) = (M;©(97a)>772©(9a b))
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According to Proposition 2.12, Lemma 2.17, and the discussion preceding
Lemma 2.13, this action may be reconstructed category-theoretically from

(6ch§x©v Y©7 (Z©a UZ©/Y®))'

Lemma 2.18. Let u® : A |© Xy® Alzl(% — A, | be a morphism in GCF)/@Y@

and consider the following condition concerning ,u@:

(Q)o: There exists a fermionic twist WO of Y® satisfying that the A'-

twist (Ag}@WW@,O—AOU ) (cf (42)) over Y® associated with W®
y® ®

~ W

coincides with (Z®, 0z0/ye) and the equality 1® = pye_we holds.

Then, the above condition (Q),e is equivalent that u® satisfies the fol-
lowing four conditions (R),e-(U),e:

(R)ue: The square diagram

(89)
id(G ) ><;,L©
1]0 m)y® 0
(Gm)ys Xyo Ay Xyo Ajs —— = (Gp)yo xyo Ajg
(“’7Z©X“"z©)°)‘©l J//mZ@V
1j0 1|0 1/0

is commutative, where /miz@ denotes the action of (G,)ye on Alzlg)
given by (g,a) — unTZ(@(gQ, a) and \® denotes the morphism

(90)
)\® : (G )y Xy AHO Xy AHO (Gm)y Xy A1Z|0 Xy (Gm)y Xy Alzlo

(ga arg, a2) = (ga a, 9, a?);
(S)u@: The square diagrams

(91)

1‘0 id(Gm)Y© XM©

(Gm)yo xXyo A l@ Xy® A (Gm)ye Xyo A
T
xid t
6] ;%J/ J{unz©
1[0 1|0 1[0
AJS xyo ALS A)
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and
(92)
i ®
(Gm)ye xyo AZ© Xy® Alzg M) (Gm)y® Xyo Alzg
(WIZ© XidAu%)C’e@l lmfz@
A l(% Xy® AHO 4 Alz‘g)

are commutative, where 0 denotes the isomorphism

(93)  (Gm)ys Xyo Ajs Xy Ade 3 (Gum)ys Xye Aje Xyo ALY

(9, a1, as) = (9, az, ar);
: Let us write
(94)
p® = [Ylgxo'z©/y© y® %AHO q© —ag,gxﬂz@ Z©%Allo

Then, the following equalities hold:

(95) o (p° x p®) =p® : Y® - ALg;
(96) 1o (1° x ¢®) = ¢®: 20 — AJY;
(97) 1O 0 (¢ x p®) = : 28 — A,

Also, it holds the equality

(98) 190 (4% x ) = oy 0 70y © (h® x h)

of morphisms Z® xye Z© — Alz‘(%, where h® denotes the structure

morphism Z© — Y® of Z©;

: The morphism

(99) ((idyn0 x h®) 0 4@ 0 (4% x 4®))y : (29 xye 2 — (AY3)s

s a closed immersion of schemes.

Moreover, if these equivalent conditions are satisfied, then the fermionic
twist W® resulting from (Q) u© s uniquely determined up to isomorphism.
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Consequently, the objects AY‘(@ W

Y©) together with morphisms oo

YO w®

(up to isomorphism) category-theoretically from the data (Gch/x©, ®).

o (where W® is any fermionic twist of
and pye.,we may be reconstructed

Proof. Let u® be a morphism satisfying the required four conditions. It cor-
responds, Zariski locally on Y3, to a homomorphism

(100) Mb : OY® [tﬂﬂ - OY© [t7¢] ®Oy© OY® {tv w]

of Oye-superalgebras. By the conditions (R),e and (S5),e, 1’ may be given
by

(101) ta t@t+ag- P RY+b P @t+by-t@Y
and
(102) Vi by t@t+b- V@Y +taz- Y Rt+ag-t®Y,

where a; € I'(Y;, Oy,) and b; € I'(Yy, Oy;) (1 < i < 4). The equality (95) im-
plies that a; = 1 and b3 = 0. The equality (96) implies that by = 0 and ay = 1.
The equality (97) implies that by = 0 and ag = 1. The equality (98) implies
that by = 0. Hence, the morphism (99) corresponds to the homomorphism
Oy, [t] = Oy, @ (Oy, - ¥ @) of Oy,-algebras given by ¢ — ay - ¢ ® 9. But,
the condition (U),e implies that ay € I'(Y3, Oy; ). Thus, there exists a Zariski
open covering {U, }aer of Y3 such that the pair (A I@, 1®) may be obtained

by gluing the pairs (Aw@'l} ,1®) together, where u® denotes the morphism

A;,I(ls)‘[] Xy®|y., Agg@w — Aly'(l% corresponding to the homomorphism
(103) Oyey,, [t:¥] = Oyey,, [t ¥] ®0,0,, Ovey, [t, ]

t — tRt+ 5S4 -1 R,

¥ = t@Y+y®t.

(for some sq € D'(Ua,Op,)). If Unp := Ua N Uz # 0, then the gluing
11 (

Yol , over Ay‘©| ) is given by ¢ — tap - ¢

automorphism {gﬁ of A

for some top € T'(Uap, OF. ) Since { 5 18 compatible with ;® and ,u?,
we have the equality s, = t a5 - Hence, we obtain a collection of data
{Uata, {satas {tastas) representlng an element a of Hg ¢(Yp, u2) (cf. (28)).
One verifies immediately that W® := Y® hecomes the required fermionic
twit of Y®. This completes the proof of Lemma 2.18. O
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Lemma 2.19. We shall assume that there exist a fermionic twist W of Y®

and an isomorphism h® : (Ag/%WW@, 701 ) = (Z29,040,v0) of AL
®ww®

twists. (This assumption may be chamctemzed category-theoretically thanks
to Lemma 2.18.) Let a® : A l@ Xy® Allo — AHO be a morphism in 6cf)§s>y©.
Then, a® coincides with aye._,we (cf. (45)) via the isomorphism h® xid o :
A;,%WWQ@ = Alzlg if and only if a® satisfies the following two conditions
(V)pe and (W)ye:

(V)ao®: The square diagram

(104)
id(Gm) ><Ot©
(Gm)ye xyo Ag'@ Xy® Allo o (Gm)ye xyeo Ajg .
(unl g XMnZ@))O/\@l lun;(@
1j0 1)0 1j0
Ao xye Ajs ) Age

is commutative, where \® is as defined in (90).
(W)ae: We have the equalities

(105)

a®o ((O'[ZO]© 0 040/y0) XAlzlg) =a®o0 (NZ'(% X (U[ZO]©OUZ©/y®)) :idAlzw,

of endomorphisms of Allo

Consequently, the objects AY® we (where W® is any fermionic twist of

Y®) together with morphisms o Ao and aye.yye may be reconstructed
Y@wW@

(up to isomorphism) category-theoretically from the data (GCh%@, Y®).

Proof. The assertion follows from an argument similar to the argument in the
proof of Lemma 2.14. O

Corollary 2.20 (Characterization of fermionic twists over Y®). The col-
lection of fermionic twists over Y® (i.e., a collection of topological spaces
together with a sheaf of superalgebras) are reconstructed category-theoretically
(up to isomorphism) from the data (GCh/X©, ®). Moreover, this reconstruc-

tion is functorial (in the evident sense) in Y® € GCU%@.

Proof. The assertion follows from Proposition 2.11, Lemma 2.18, Lemma 2.19,
and the discussion in § 1.7 (especially, the isomorphism (46)). O
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2.7.

We turn to the proof of the main result of the present paper, i.e., Theorem A.
Before beginning the proof, let us first mention the following rigidity property
concerning 6ch§s)X®.

Proposition 2.21. Let X© and X'® be two locally noetherian superschemes.
Let

(106) Jsom(SchPye, Sch o)
denotes the category of equivalences 6ch§®X® = GCh%(,@ and
(107) Isom(&¢hPy g, SchPyo)

denotes the set of isomorphism classes of equivalences 6“)(/@)(@ = GCf)%{/@

(i.e., the set of isomorphism classes of objects in Jsom(Gcbgs)X@, Gcf)%{,@)).
Also, let

(108) Isom(X'®, X©)

denotes the set of isomorphisms of superschemes X'® 5 X®  Consider the
map of sets

(109) Isom(X'® X®) - Isom(GCf)?X@,GCh?X@)

which, to any isomorphism f© : X'© 5 X© assigns (the isomorphism class
of) the equivalence Gd)/@X@ = 65‘)%«@ given by base-change via f©. Then,
this map (109) is injective.

Proof. The assertion follows immediately from the functorial bijection (34)
and the various reconstruction procedures involved.
)

Remark 2.22. Unlike the case of schemes proved in [5], Theorem 1.7 (ii)
the map (109) may not be surjective. Indeed, suppose that X® = X'® =Y
for some scheme Y and there exists a nonzero element a € Hflppf(Y, H2).
Then, the assignment Z® — *Z® defines an autoequivalence ¢ : Gch/©y =
GCb%/. Since Z® is, in general, not isomorphic to *Z®, %¢ is not isomorphic
to the identity functor. But, one may verify immediately that *¢ cannot
arise from the base-change via any automorphism of Y. This implies that the
isomorphism class of “¢ does not lie in the image of the map (109).
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Finally, by applying the results obtained so far, we prove the remaining
portion of Theorem A (cf. Proposition 1.9) as follows:

Proof of Theorem A. Suppose that we are given an equivalence of categories:
(110) b : Gcb%@ Y Gch/©X,©.

Let us take a Zariski open covering {Uy, }aer of X3, where each U, is quasi-
compact, i.e., X®|y, € Ob(Gch?X@). The image ¢(X®|p, ) of X®|y;, (for each
a € ) is isomorphic (as an object of GCf)/©X,©) to X'®|y, for some quasi-
compact open subscheme U/, of X] (cf. Proposition 2.11). It follows from
Corollary 2.20 (and the various reconstruction procedures involved) that one
may find an isomorphism (& : Z& 5 X®|;  of superschemes, where Z&
denotes a fermionic twist of X’ ©|U&; such an isomorphism (® is uniquely
determined (thanks to Proposition 2.21) by the condition that the functor
GCh%(@IUQ — Gch;@Z[@ given by base-change via (& is isomorphic to the com-
posite functor

(111) S &S Mo &S, P sep®

a /X®lu, /X' @y /22

where the first arrow denotes the restriction of ¢ to Gch/®X®‘U . For any
pair (o, 3) € I x I with U, := U, NUg # (), we obtain an isomorphism
LSS?’B = (LS))_l 0@ : 28y, , & ZE‘UQ,B- Proposition 2.21 implies that the
collection of isomorphisms {Lgﬁ}aﬁ satisfies the cocycle condition (in the
evident sense), and hence, the superschemes { Z®} . may be glued (by means
of {La® 5}a,8) together to obtain a superscheme Z ®. By construction, Z® is a
fermionic twist of X’® and the isomorphisms {t®},c; may be glued together
to an isomorphism (® : Z® 5 X©. Consequently, we have X® L X' This
completes the proof of Theorem A. O

3. Further rigidity properties

In this final section, we propose further rigidity properties concerning the
category of superschemes.

Proposition 3.1. Let X© and Y© be two locally noetherian superschemes.
Also, let f© (:: (fos fb)) :Y® 5 X© be a morphism of superschemes such
that fy is quasi-compact. We shall write

(112) SchFy - SehPye — SchFo
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for the functor induced by base-change via f©. Then, the following properties
hold.

(i) If there exists an open subscheme U of Xy, such that 2 is invertible
in T'(U, foe(Oy,)) (in particular, T'(U, f(Oy,)) # 0), then the functor

GCf)f© has no nontrivial automorphisms.
(ii) IfY® is a scheme (i.e., Oy, = 0), then each automorphism of Gd)]@@ cor-
responds to the collection of automorphisms {(C) zox o v®} z0cob(cc®
x® ( ch/x©)
for some ¢ € pa(¥s) (cf. (20)).

Proof. First, let us make the following observation. Let k be an automorphism
of GCh%, which consists of automorphisms

(113) Hg)(@ (:: (HZ’b,HbZ)) YO X0 20 5 YO x o Z€©

in 6cb§9},@ that are functorial in Z© € Ob(GcF);S)X@). If Gebhy, @ Gehyx, —
Sch y, denotes the functor defined by base-change via fy, : ¥, — Xj, then it
makes the following square diagram commute

Schy,

Schx, Schy,
(114) GchﬁXC@\L lGCbBY(@

(GTY ) — 11 ,
h/x@ GCh?(@ b/y@

where the left-hand and right-hand vertical arrows arise from base-change via
Bxe and fye respectively. Since (W xx, Y®), = W xx, Y} (for any W €
Ob(&ch)x,)), the automorphism r restricts to an automorphism k|g.p, x, of
GSchy,, which is given by {(RWXXbX(@)b}WeOb(GCh/Xb)' By [5], Theorem 1.7,
(i), we have (”WxXbX@))b = idwxy,, for any W € Ob(&¢h x, ). In particular,

the equality (k,10 )p = id, 10 implies the equality
x® Yy
115 K9, =id, 0 .
) i, =g

0J2 ot . ®
vo — Ayg in Sch yo

corresponding to the homomorphism Oye[y)] = Oye[Y] ®o ¢ OyelY] given

by ¥ — ¥ ® 1 (resp., ¥ — 1 ® ). Note that the automorphism /{%u of
x®

Ag,lg@ is given by ¢ + (-1 + a for some ¢ € I'(Y}, Oy, ) and a € F(Y},,O;f).

Next, let us denote by vg@ (resp., q/%@ ) the morphism A
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Since fyg : A(;/I?@ — AOH (for each 0 = 1,2) is compatible with K%Z and
x®
Kfml (due to the functoriality of K(;D@ with respect to Z®©), ®0‘2 is given by
x® x@

ﬁi%(w@ 1)=(¢-¢+a)®1 and /{10%(1 @) = 1®(C-1p+a). It follows that
X! X!

(116) lizo‘%(w(@w)=C2-¢®¢+C-w®a+C-a®¢+a®a.

Here, for any superscheme Z®, we shall write AZ‘% = 79 x Spec(Z[e]/€?).
Since A l@ lies in the essential image of the composite Schg o o Scebhy,, we

have (ka0 )p = id But, a morphism 7® : A0|2 — AEI over Y® given
x®

(A
by assigning € — 1 ® 9 is compatible with /iAm and /ﬁ?AdO . This implies

x® x®
that w2 (Y @Y) =19 @1, ie,a=0and (? =1 (&€ us(Yy)). Since

we have obtamed the equality (115), HAm corresponds to the automorphism

X®
of the Oye-superalgebra Oyelt, ] given by ¢ — ¢ and ¢ — ( - 1. Hence,
by the discussion in § 1.6 (especially, the composite bijection (34)) and the
functoriality of Z® K(Z@®, the equality H(;)© = (()zox  gyo holds for any
79 € Ob(&chPys).

Now, we shall prove assertion (i) and (ii). Assertion (ii) follows directly
from the above observation, so it suffices to consider assertion (i). Let U be
an open subscheme of X satisfying the assumption. Then, since there is no
nontrivial automorphism of the initial object Y® in GCU;S)Y@, /{%@‘U must
be the identity morphism of Y®| ) In particular, the fermionic part of
F&@IU coincides with the identity morphism of Oy | 5w It follows from the
assumption in (ii) that ¢ = 1, i.e., k coincides with the identity morphism.
This completes the proof of Proposition 3.1. O

Proposition 3.2. Let X© be a locally noetherian superscheme. Suppose that
for any Y® € Ob(Gcb;@X(@) one has an automorphism, /@© of Y® (which is

not necessarily over X®) and for any morphism f© : Y® — Y® mn GC[)/X@),
one has a commutative square diagram:

"Po
Y1© 1 Y©

(117) f®l lf©

Yy —= Y2
KJY©
2
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Then, there exists ( € pa(Xp) such that 11(3@ = ((yo for all YO €
Ob(&chPye)-

Proof. The assertion follows immediately from an argument similar to the
argument in the proof of Proposition 3.1. O
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