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Regularity of fully non-linear elliptic equations on
Kahler cones

RIRONG YUAN*

Abstract: We derive quantitative boundary estimates, and then
solve the Dirichlet problem for a general class of fully non-linear
elliptic equations on annuli of Kéhler cones over closed Sasakian
manifolds. This extends extensively a result concerning the geodesic
equations in the space of Sasakian metrics due to Guan-Zhang. Our
results show that the solvability is deeply affected by the transverse
Kahler structures of Sasakian manifolds. We also discuss possible
extensions of the results to equations with right-hand side depend-
ing on unknown solutions.

Keywords: Dirichlet problem, degenerate fully non-linear elliptic
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1. Introduction

In Kéhler geometry, Donaldson conjectured in [8] that the space of Kéhler
metrics is geodesic convex by smooth geodesic and that it is a metric space.
By the observation of [8, 24, 27| the geodesic equation in the space of Kéhler
metrics can be deduced to a homogeneous complex Monge-Ampeére equation
on a manifold of one dimension higher. In [3], Chen proved the existence of
Ch@-geodesics (V0 < a < 1) in the space of Kéhler metrics, and then solved
the second part of Donaldson’s conjecture.

In the setting of Sasaki geometry, which can be viewed as an odd dimen-
sional counterpart of Kéhler geometry, Guan-Zhang [21] studied the corre-
sponding geodesic equation in the space of Sasakian metrics H and partially
verified the counterpart to Donaldson’s conjecture in Sasakian setting. As in
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[21], such a geodesic equation connecting the potentials ¢1 and ¢y in H is
similarly equivalent to

()" =0, in S x (1, g),

(1) u|7‘=1 = ¥1,

3
ul,—g = w2 +4log(3),

where (5,€,n, ®, g) is a closed Sasakian manifold of dimension (2n—1), Q,, =
5 A il

W+ /=1(00u— 3L90r), w = 1d(r?n) is the Kéhler form of the Kahler cone

(C(S),9) = (S x RT,r2g + dr?), r is the coordinate on R*. Here

Hi={v e CF(S) : (n+djv) A(dn + V=10505v)" " # 0},

and df = @(53 — 0p) (where dp, 0p defined as below). Furthermore, they
obtained the uniqueness of transverse Kéahler metric with constant scalar
curvature in each basic Kéhler class if first basic Chern class is non-positive.

In this paper, our aim is to study a class of fully nonlinear elliptic equa-
tions on an annulus M := S X (a,b) (0 < a < b < +00),

Fglu)) :== f(Mglu])) =, in M,
(2) u’r:a = Pa,
u|7‘:b = ©b,
where ¥ and g, ¢ are prescribed functions with appropriate regularities,
g =g[u = x +v—1(90u — %857"), X is a smooth real (1,1)-form, \(g) =
(A,-+, Ap) are the eigenvalues of g with respect to w, and f is a smooth

symmetric function defined in a convex I' C R™ with vertex at the origin and
boundary OT" # 0,

Ipi={AeR":04(\) >0foreach 1 <k<n}CT,

where oi()) is the k-th elementary function

or(N) = > DYRRRED Vil

1<i1 << <n

For convenience we define op(\) = 1.

The most important equation is complex Monge-Ampeére equation corre-
sponding to f(\) = (0,(\))Y™ with ' = T',,, as the relation to the represen-
tation of Ricci curvature on Kéhler manifolds. The complex Monge-Ampere



Fully non-linear elliptic equations 1587

equation thus plays important roles in the existence of canonical Kéhler met-
rics in complex geometry. A celebrated work is due to Yau [36], in which he
proved Calabi’s conjecture and showed that the existence of Kéhler-Einstein
metrics on closed Kéhler manifolds of vanishing or negative first Chern class.
The existence of Kéhler-Einstein metric on the closed Kéahler manifold with
negative first Chern class was also proved by Aubin [1] independently.

In the setting of real variables, the study of equations of this type can
be traced back to the work of Caffarelli-Nirenberg-Spruck [2] on the Dirichlet
problem on bounded domains €2 C R™. In order to study the equation within
the framework of elliptic equations, we solve the equations in the class of
admissible functions satisfying \(g[u]) € I'; moreover, f satisfies the following
standard and fundamental conditions:

(3) fi(A) = gic A >0inT, 1<i<n,
(4) f is concave in I,
(5) inf ) > sup f,
M or
where

sup f := sup limsup f(\), and M := S x [a, b].
ar M€l Ao

We also denote dy, r := inf; 1) —supyr f by the constant which measures
if the equation is degenerate.

Furthermore, we assume

(6) For any o < supr f and A € I" we have tLler fltN) > 0.

The above condition allows one to derive gradient estimate by using the blow-
up argument used in [30]. Typical examples satisfying (3), (4) and (6) are as
the following: the corresponding cone of f is I' =I',,, or if f is homogeneous
of degree one with f > 0 in I.

We further present some additional materials: A Sasakian structure
(&,n, D, g) consists of a Reeb field £, a contact 1-form n with n(X) = g(&, X),
and a tensor ® with ®(X) = Vx&. Also, the metric cone (C(S), g) is a Kéhler
manifold with the compatible complex structure J given by

There is an important fact: ® determines a complex structure on the contact
subbundle D = ker{n}, and (D, ®|p, dn) further provides S with a transverse
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Kéhler structure admitting with Kahler form w’ = %dn. The complexification

DC of the sub-bundle D can be decomposed into its eigenspaces with respect
to ®|p as DC = DL @D A class of Cl-smooth functions v with v = 0 are
called basic. The basic functions play crucial roles in the theory of Sasakian
geometry, as they are invariant along the Reeb field £. Let’s denote

CE(S) = {ue Ch(9) - u=0},C(8) = {u e CP(S) : gu =0},
Ch(M) = {ue C* (M) gu=0},Cp (M) = {u e CPo(M) : gu = 0}, etc.
It is easy to see that the exterior differential preserves basic forms. The

transverse complex structure follows the splitting of the complexification of
the bundles of the sheaf of germs of basic p-forms A% (S) on S,

AB(S) ® C = BipjpAF (S),

where A%/ (S) denotes the bundle of basic forms of type (i, 7). Set d|p = d|ar,
we can decompose d|p = dp + Jp, where Jp : A%j — Agrl’j, Op : Aléj —
AZéjH. Furthermore, 9% = 5,29 =0, dgdp + Opdp = 0. From now on, P*n
and P*dn will be used to denote pull-backs by 1 and dn, respectively, where
P:C(S) — S is the natural projective map. Given a real (1, 1)-form g, let

P*D1,0x P*PO,1 © P*Dl’o X P*Do’l — (C,

gT('7 ) =9

and X(g[v]T) = (\},---, X, ;) be the eigenvalues of g[v]” with respect to
r%wT. In particular, g[v]?(-) = xT'(:) + V=100 pv(-) for v € C%(M).

Observing that equation (2) involves the radial derivation of the unknown
solution u, say %, we know that it is much more complicated than the stan-
dard one and draws a hard difficulty due to the two different types of complex
derivatives.

A feasible approach to overcoming the difficulty is to complexify the radial
derivation in equation. To do this we need to ensure J(%)u =leu=0 (ie.

u is basic) under the following condition
(7) Vex =0, and g, ¢p, ¢ are all basic,

where V is Chern connection of g. Such a condition is very natural from
the view-point of Sasakian geometry. The following lemma states that every
admissible solution of Dirichlet problem (2) is basic with assuming (7) holds.

Lemma 1.1 ([21, 26]). Suppose (3), (5) and (7) hold. Let u € C3(M)NC* (M)

be an admissible solution of Dirichlet problem (2), then {u =0 in M.
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The above lemma was first proved by Guan-Zhang [21] for complex Monge-
Ampeére type equation with y = 7%(:), and further by Qiu and the author [26]
for general fully nonlinear elliptic equations. Moreover, the author showed in
[37] that condition (7) can be removed for certain fully nonlinear elliptic equa-
tions, including Dirichlet problem of complex Monge-Ampere type equation
for n = 2.

A powerful notion of a subsolution is developed to study Dirichlet problem
for fully nonlinear elliptic equations and the related geometric problems (cf.
[3, 13, 14, 18, 19, 20, 21, 22] and references therein).

For purpose of constructing the desired basic admissible subsolution,
we assume that there exists a basic function v € C’;;’a(M ) with v|,—, =
©Ya, V|r=b = @p such that

(8) N(alo)) € Tuo, lim f(N(ale)7), ) > 0, in M.
R—+o00

Asin [32], T == {(A, -+, Ano1) € R (A, -+, A\yo1, R) € T for some
R > 0} stands for the projection of T' onto R"~!. Such a condition is very
closely related to the transverse Kéahler structure of the underlying Sasakian
manifold (S,&,n, P, g).

The following theorem shows that the solvability of Dirichlet problem (2)
is heavily determined by cone condition (8), thereby being deeply affected by
the transverse Kéahler structures of underlying Sasakian manifolds.

Theorem 1.2. Let ¢ € CR*(M), @a,p € CH2%(S), k> 2,0 < a < 1.
Assume (3), (4), (5), (6), (7) and (8) hold. Then Dirichlet problem (2) has a
unique basic admissible solution u € C'?_z’a(]\;[).

We stress that condition (8) can be viewed as a kind of cone condition.
Moreover, in contrast to the cone conditions in [10, 28, 29] as well as the
notion of C-subsolution in [30], our cone condition is much more easier to
check. In particular, if YT (-,7) = x7(-) (i.e. xT is invariant with varying
radial variable r) and

9) lim f(\N,t) >0, forany o <supf, N €Ty,
r

t—-+o00
then condition (8) can be replaced by
(10)  N(x" +vV=1089p¢a), N (X" +V—-10p05¢s) € T, in S,

which is completely determined by the given basic boundary data. Conse-
quently, we get
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Theorem 1.3. In addition to (3), (4), (5), (6), (7) and (9), we assume
XT(,r) = X7 () andp € O (M) is a smooth basic function. Then the Dirich-
let problem (2) with basic smooth boundary data ¢4, ey satisfying (10) has a
unique smoothly basic solution u € C¥(M).

It is noteworthy that such a condition does not rely on the right-hand side
of the equation, and the condition holds for ¢ with supypr f < ¥ < supp f
which is necessary for the solvability. There is no any other restriction to the
upper bound of the right-hand side. Hence, if (9) holds, we can solve the
Dirichlet problem with only assuming necessary fundamental assumptions
mentioned in this context. We should figure out a simple fact that, even
for the existence of a C%-smoothly basic admissible function with the given
basic boundary data, such a condition is necessary and needed. Therefore, it
is necessary for the solvability of Dirichlet problem (2) in the class of basic
admissible functions.

For degenerate equations, we have the following existence results.

Theorem 1.4. Let ¢ € CZ’V(M) be a basic function with 6y r = 0 for some
v € (0,1), and pq, op € C5'(S). Suppose (3), (4), (6), (7) and (8) hold. We
further assume f € C®(T)NCOT), T =T UAL. Then there exists a (weak)
basic solution u € C5*(M), Y0 < o < 1, with Mg[u]) € T and Au € L>®(M)
to the Dirichlet problem (2) for degenerate fully nonlinear elliptic equations.
Moreover, the solution is C*7-smooth in M* := {z € M : 1(2) > supgp f}.

Theorem 1.5. Suppose (3), (4), (6), (7) and (9) hold. Assume x*(-,r) =
XT() and ¢ € CF(M) is a smooth basic function with 6, ¢ > 0. Then the
Dirichlet problem (2) with basic smooth boundary data @g, ey satisfying (10)
has a (weak) basic solution u € C5*(M), Y0 < o < 1, with A(g[u]) € T and

Au € L*®(M). Moreover, the solution is smooth in the subset M.

Our result is applicable for some geometric problems, as condition (10)
originates naturally from Sasakian geometry. A typical and important exam-
ple satisfying (10) is x* = dn and ¢, v, € H, in which dn++/—1050ppa > 0
and dn + /=100y, > 0. This example can be applied to the above-
mentioned geodesic equations in the space of Sasakian metrics H which were
studied in [21]. Applying Theorem 1.5 or 1.4 to Dirichlet problem (1) for com-
plex Monge-Ampeére type equation, one immediately obtains Guan-Zhang’s
result in [21]: the existence of a basic weak solution of the geodesic equation
in the space of Sasakian metrics. Furthermore, the results obtained in this
paper remove some additional assumptions in [26] and so extensively extend
main theorems proved there. Moreover, condition (9) allows many interesting
symmetric functions. In addition to a class of functions f = Z;V:l g; with the
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cone I'y :== {A € R" : 0;(\) > 0 for 1 < i < k}, where k is a fixed integer
with 2 < k < n,

N; k-1 Op. 1 Qi
9j=H<Cz‘+ZCi,l(—)W> ,
i=1 1=0 i

. . N,

where ¢;,¢;; and «; are all nonnegative constants with ) .7 aicio > 0,
N; _ ) .

Y =1¢+ Zfzol ¢y > 0 for each 4, condition (9) also allows

=

log P(\) = Z log( N\, +--+ A,

1<ii<-<im<n

with the cone P, ;= {A € R": \j, +---+ X, >0forany 1 < i3 < -+ <
im < n}. The function log P,,_; recently has received attention, as it is related
to Gauduchon’s conjecture which can be reduced to solving log P,,—1(A(x +
V—100u + W (-,0u,0u))) = 1 on closed Hermitian manifolds (see [25, 34]),
where W (-, du, Ou) is a certain real (1, 1)-form depending linearly on du and
Ou. Please refer to [31, 33, 34] for series works on the Gauduchon’s conjecture,
and to [16] for related work.

It would be worthwhile to note that the constant C' in (14) of Section 2 is
a uniform constant depending only on |SO|CQ71(M)7 \1,!1|01,1(M) and other known
data (but not on (d4 ¢)~"). The boundary estimates of this type depending
on the C%!-norm of boundary data is proved for equation (16) on compact
Hermitian manifolds with certain boundary, thereby posing in [39, 40] some
new phenomenon on regularity assumptions on boundary and boundary data.
Unfortunately, I don’t know if there is such new phenomenon on regularity as-
sumptions, since the second order estimate in Theorem 2.1 above relies heavily
on condition (7) in a significant way and the approximation method may not
work any more in the class of basic functions. More precisely, at least to the
best of my knowledge, I don’t know if every basic C''!-function (respectively,
basic C?%!-functions) can be approximated by certain basic C*7-functions
(respectively, basic C*7-functions) in the sense of C'h'-norm (respectively,
C*norm).

The rest of this paper is organized as follows. In Section 2 we outline
the proof of quantitative boundary estimates. In Section 3, the desired basic
admissible subsolution will be constructed there with assuming cone condi-
tion (8) holds. In Section 4 we establish the quantitative boundary estimates.
In Section 5 we further study fully nonlinear elliptic equations with the right-
hand side depending on the unknown solutions. In Appendix A, we finally
append the proof of Lemma 2.5.
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2. Outline of proof of main estimate

The central issue for proving Theorem 1.2 is to derive the a priori estimates
for the complex Hessian of the solution, so that equation (2) becomes to be
a uniform concave elliptic equation. The uniform bound of the real Hessian
can be derived directly as in [15], since C? estimates yield that the equation
is uniformly elliptic. Finally, one can use Evans-Krylov theorem [9, 23] and
Schauder theory to establish the higher order regularity.

The proof of gradient estimate for the solutions of fully nonlinear elliptic
equations is exceedingly hard in complex setting. Our approach to deriv-
ing gradient estimate is based on a blow-up argument developed by Dinew-
Kotodziej [7], and further by Székelyhidi [30]. To achieve it we need to prove

(11) sup |Au| < C(1 +sup |Vul?).
M M

The following second order estimate was established in [26].

Theorem 2.1 ([26]). In addition to (3), (4), (5) and (7), we assume that
there is a basic admissible subsolution u € C%(M) for Dirichlet problem (2)
with ¥ € CE(M) N Cx (M) and ©q, 05 € C3(S). Then for any admissible
solution u € C*(M)NC?(M) of the Dirichlet problem, there exists a uniformly
positive constant C' depending on |u|coipy, [¥|craanys [Uleznys [Xle2ny and
other data under control (but not on supy; |Vul|), such that

(12) sup |Au| < C(1 4 sup |Vul? + sup |Aul).
M M oM

Moreover, the constant C is independent of (85 ¢) ™ .

Remark 2.2. Throughout this paper we say that a constant C' does not depend
on (8p,¢)' if C' remains uniformly bounded as dy ¢ tends to zero, while we
say a constant £ depends not on dy, s if £ has a uniformly positive lower bound
as (5¢, f— 0.

With Theorem 2.1 at hand, the main estimate in this paper is to derive
the quantitative boundary estimates as follows.

Theorem 2.3. Let ) € CL(M)NCY (M), ¢u, 0 € C5'(S), and

1

(13) P(1) = T (b= r)pa + (r — a)gy) .
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Suppose conditions (3), (4), (5), (7) and (8) hold. Then for any admissible
solution u € C3(M) N C?(M) of Dirichlet problem (2), we have

(14) sup |Au| < C(1 4 sup |Vul?),
oM M

where C' is a uniformly positive constant depending on ]¢|Co,1(]\-4), ]@]02,1(1\7[)

and other known data. Furthermore, the constant C is independent of (6, )~ .

The proof of quantitative boundary estimates is based on the following
proposition.

Proposition 2.4. Fixp = (¢q,-) € S x {a} US x {b}. Let X; be the vectors
given by (26) and (27), in which we choose the local coordinate around q such
that (24) and (25) hold. Let’s denote g;; = glu|(Xi, JX;) for the solution u.
Then

n—1

g (p) < C(1+ D |gan(p)?).

a=1

The key ingredient in the proof of Proposition 2.4 is the following lemma
proposed in [39], which is a quantitative version of Lemma 1.2 in [2].

Lemma 2.5 ([39]). Let A be an n x n Hermitian matriz

dq ay
da ag

dnfl Gp—1
a; as -+ Ap_1 a

with dy, -+ ,dp_1,a1,-+ ,an_1 fixed, and with a variable. Denote A1,--- , Ay,
by the eigenvalues of A. Let € > 0 be a fixred constant. Suppose that the
parameter a in A satisfies the quadratic growth condition

2n

(15) a>—

_3”71 ) n—1 (’I’l—z)ﬁ
i -1 d; .
S ol (o= 1) X o+ G

Then the eigenvalues (possibly with an order) behavior like

|do — Ao <€,V1<a<n-—1,
0< M\, —a<(n—1e
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Remark 2.6. We follow the argument developed in [39, 40], in which the
author derive quantitative boundary estimates for equations on Hermitian
manifolds (X,w),

(16)  f(M(x 4+ V—=190u 4+ vV/=10u A0 + /=1n*° A du)) = ¢ in X

with Dirichlet boundary u|sx = ¢, where n'? is a smooth (1,0)-form. When
nt = 0, this is the standard case and was studied by the author in [39]. The
corresponding proposition analogous to Proposition 2.4 was proved by the
author in [39, 40]. When (X, w) is a closed Hermitian manifold, equation (16)
is also studied in [40]; while the special case of equation (16) corresponding
to f = (0n)" (complex Monge-Ampere equation) is also studied by Tosatti-
Weinkove [35] independently. As a corollary, this partially extends some re-
sults in [37]. Moreover, as in Remark 1.2 of [35], equation (16) can be used
to study the deformation of Aeppli cohomology class of bidegree (1, 1).

Remark 2.7. We shall remark here that, when the boundary of background
Hermitian manifold is supposed to satisfy the condition in main theorem
of [39], inspired by the work [39], we can try to give a proof of gradient
estimate for Dirichlet problem of the equation corresponding to Gauduchon’s
conjecture by applying blow-up argument used in literature (cf. [7, 30, 31, 34])
in which the underlying manifolds are all closed without boundary. This
is discussed in future work*. To do this, as in [39], we only need to prove
analogous Proposition 2.4 in this context.

Remark 2.8. Shortly after T. Collins and S. Picard posted their paper [5] to
arXiv.org, T. Collins also informed me Lemma 2.5 (in a different and weak
form) was also proved independently in [6] (see the Lemma 6.3 there). Indeed
the Lemma 6.3 in [6] was used in a different way than our application. I want
to thank T. Collins for informing me the Lemma 6.3 in their work.

Remark 2.9. We can use Proposition 5.1 of [4] in place of Székelyhidi’s Liou-
ville type theorem to derive the gradient estimate and so prove Theorem 1.2
for certain equations without obeying the additional assumption (6) but with
'Y € —KoI + T, for some Ky > 0, which includes specified Lagrangian
phase equation and deformed Hermitian-Yang-Mills equation (with super-
critical phase condition) as a special case. Here I= (1,---,1) e R™ and

ey .— {/\ el:infy < f(N) < supi/)}.
M M

*Recently, this was done by the author, and the proof is appended in part II of
new version of [40].
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The direct gradient estimate for deformed Hermitian-Yang-Mills equation
(with supercritical phase condition) can be also derived by the argument
used in [37], as it satisfies the condition (3.5) there (see also Remark 1.7 and
proof of Theorem 1.2 in [37]).

3. The construction of a (strictly) basic admissible
subsolution

Under the cone condition (8), we can construct a basic admissible subsolution
of the Dirichlet problem. Together with Lemma 1.2 of [2] or Lemma 2.5,
condition (8) also implies the following condition in [26],

Ma[v] + V—=1RO™ A G™) € T for some R > 0,

(17) m FMale] + VIR A6Y) > 0,

where 0" = dr 4+ /—1rn and 6" = dr — v/—1rn defined as in (28).
Given the function v € C'*(M) satisfying condition (8), we set

(18) u=uv+ A(r—a)(r—>o).
It is easy to verify that u < v in M. By a simple computation, we have

(19) J—T(aﬁ-a&%) ((r—a)(r—b)) = gewén.

By setting A > 1, u is an appropriate (strictly) basic admissible subso-
lution of Dirichlet problem (2). Namely,

F\glu])) > ¢ in M,
(20) ﬂ|r:a = Pa,

uly=p = pp.
4. Proof of the quantitative boundary estimates

In this section, we will give the proof of quantitative boundary estimates,
which also extensively extends certain results in [21, 26].
The proof of quantitative boundary estimates consists of two steps:

e The proof of Proposition 2.4.
e The proof of quantitative boundary estimates for mixed derivatives.
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Firstly, we derive a priori C%-estimate and gradient estimate on the
boundary. Let w be a C? solution to

trg(g[w]) =0 in M,
(21) w|T:a = Pa,
Wly=p = Py

The solvability of (21) can be found in [12]. Let u € C?(M) be an admissible
solution for Dirichlet problem (2), then trg(g[u]) > 0. Therefore the maximum
principle, together with the boundary value condition, yields
(22) u<u<w, in M.
Hence there is a positive constant C* depending only on [u|c1 7y and |w|cr iy,
such that

sup |u| 4+ sup |Vu| < C*.

i oM

Given a point p € OM, let p(z) = dist;(z,p) be the distance function
from z to p and

(23) Q={zeM:pz)<di},0<i< 1.

As in the Kéhler setting, the Sasakian metric can be locally generated
by a free real function of 2(n — 1) variables. For the given point p = (¢, a) €
S x{a} (or p = (¢,0) € S x {b}), we may pick a local coordinate chart
(24, -+, 2"l a), 28 = o' + /—1y". Around ¢, there is a local basic func-
tion h and a local coordinate chart (z1,--- 2" ) € C"! x R on a small
neighborhood U around ¢ such that

o Do A »
(24) €=, g=n@n+2hda'de, 0 = do —V/=1(hjdz — hyd7),
hz(q):O h*( ):(513 and dhl5|q:0,

25
(25) 6w<h _U,Z|h| )< 1,VzeUCS.

Moreover, D ® C is spanned by

(26) X, = oo l<i<n—1L
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Let

1,0 19, o 1,0 10
27 _ L0 mloy L0 L9y
27) Xn Q(E)r 1rax)’ Xn 2(8r i 17“8:/5)
Then

JXZ = \/—1)(1'7 JXZ = _\/_1Xi fOI' Z = 1, e, N
Hence { X1, -+, X, 1, X, } is a basis of THM. Let {6',--- 6"} be the dual
basis
(28) O =d'1<i<n—1, 0" =dr++/—1rm.
The Kahler form w of (C(5),g) can be written as

n—1
) 1 _
(29) w=V-1()_ r’hjdz' NdZ + 0" A0,

1,j=1

We refer the reader to [11] for more details.
By the computation in [21], for w € C?(M) one has

dow — 2(X,,w)d0r = Z (XX w)0" A7
ij=1
Moreover, if w is basic then
I n _ o
0w — =90 = > (X Xw)f' A6

ij=1
(See (2.12) of [21]). From now on, let’s denote w;; = v/—180w(X;, JX;), and

5= 2 (g0,

ij
The linearized operator L is given by

i_' ah
(30) Lh=FY(h; — Erﬁ).
In addition, if h is basic then

(31) Lh = F9X;X;h.
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The second order boundary estimates for pure tangential derivatives is

standard. The boundary value condition implies that there exists a uniformly

O(u—u)
ar

control, such that for any 1 <4,7 <n — 1 one has

positive constant C] depending on supy, | | and other known data under

0%u
Oytoyd

0u )
Oxtoyd b

0“u y
dwiow )| =

!
= 1>

(32) (p)| <

‘ 2

Moreover, C} is independent of (8, ;)"
4.1. Proof of Proposition 2.4

The proof follows the outline of the proof of corresponding proposition in [39)].
Fix pe OM = S x {a} US x {b}. In what follows the discussion will be given
at p, and the Greek letters «, 8 range from 1 to n — 1, we can assume further
that {g_ B} is diagonal at p (otherwise we can make a suitable transformation
for {g B} at p). It follows from the boundary value condition that

(33) 9op = 8,5 at P,

where 1 < a,8 <n—1, g = gly.
Firstly, we claim that there exist two uniformly positive constants g, Ry
depending on g and f, such that

(34) f(gli — &0, 72(,”71)@ — €o, RO) > ,lp

and (g,; — €0, '8 Ty €0 Ry) € I'. We leave the proof of (34) at the
end of the proof of this proposition.

Next, we apply Lemma 2.5 together with (34) to establish the quantitative
boundary estimates for double normal derivative. Let’s denote

g11 O1n
923 9on

9n-1)m-1 Bn-1n
L R ) R
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and

gli glﬁ

225 g2’ﬁ

A(R) = :

-1 B-Dn
T T ) R
Let’s pick € = {35 in Lemma 2.5, and we assume
128(2 (n —2)eg

R, = ain]> 4+ (n—1) ———— + R,.
Z [Baa|” + (n Z %0l 12572 —5) T 0

It follows from Lemma 2.5 that the eigenvalues of A(R,.) (possibly with an
order) shall behavior like

€0 €0

587' o 72(,%1)@ - @,Rc) +Fn cT.

(35) MA(R.)) € (9,7 —
Applying (3), (33), (34) and (35), one hence has
F(A(R.)) = F(A(R.))
o €0
> flg;; — 128 8- @ch)
> f(gli — &0, " 7g(n_1)m — &0, Rc) Z w
Therefore,
gnﬁ(p) S Rc-
To finish the proof of Proposition 2.4, what is left to prove is the key
inequality (34). We propose two proofs of (34). Writing

gli glﬁ
9on

[
[\
S]]

811 Bm—1)n
gni gni gn(nfl)

The first proof is as in the following: For R > supy,, |g|, one has

(36) FMB(R))) > ¢ on OM.
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It follows from (3), (4), (36) and the openness of I' that
€0 €0 =
67 FABER) - 20 > v and (MB(R) - DT T,

where T = (1,---,1) € R" defined as in Section 2, and ¢ (small enough)
and R; (large enough) are two uniformly positive constants depending only
on g and other known data. Moreover, by applying Lemma 2.5 to the matrix

B(R) (by setting the parameter ¢ = {3 in Lemma 2.5), we know that the

eigenvalues \(B(R2)) = (p1, -+, ftn) (Ro = O(%?_?’)@Q)) behavior as

€ €
~ o5 <Ha < 8,ut o B2 S < Rot

(TL — 1)60
90a 128 28 ‘

128

Combining it with (37) we can derive (34) by setting g = 3¢p. We shall

point out that in this proof (4) may be replaced by the convexity of the level
sets of f. Moreover, condition (37) can be also derived from

Rl fAMB(R))) > ¢ on OM.

This condition can be achieved by the boundary data ¢ according to Lemma
2.5 and (33). Also, this condition is satisfied by a C-subsolution u with the
same boundary value condition u|gn = ¢.

The second proof is the following: Applying Lemma 2.5 to B(R) we can
prove there is a uniformly positive constant R3 depending on g such that

(Eﬁa e 7g(n_1)m7 R3) erl.

Here we also use the fact that I' is an open set. The ellipticity and concavity
of equation (2), couple with Lemma 6.2 in [2], therefore yield that

F(A) = F(B) 2 F7(A)(a; — by)
for the Hessian matrices A = {a;} and B = {b;;} with A\(A), A(B) € T

Thus, there exists a uniformly positive constant R4 > R3 depending only on
g such that

f(g]_i7 e ’g(nfl)m7 R4) = F(dlag(gli, e 79(7171)@’ R4))
>F(g) = 9.

Thus one can derive (34). We thus complete the proof of Proposition 2.4.
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4.2. Proof of quantitative boundary estimates for mixed
derivatives

In this subsection we establish the quantitative boundary estimates for mixed
(tangential-normal) derivatives. It is an extension of Proposition 1 in [26].

Proposition 4.1. Let u € C3(M) N C?*(M) be any admissible solution to
Dirichlet problem (2). Let ¢ € Ch(M) N C%Y(M), we also assume that con-
ditions (3), (4), (5) and (8) hold. Then for any 1 < a < n — 1 there is a
positive constant C' depending on |ulcziipy, [Plezany: [¥lcorry and other
known data, such that

9%u
Ordz« (p)

(38) < C(1+sup|Vul).
M

Moreover, the constant C' in (38) does not depend on (8y,¢)~".

Proposition 4.1 yields that the quantitative boundary estimates for the
mixed (tangential-normal) derivatives

(39) |9an(P)]; |8na(p)] < C(1+ Sup [Vul),

for any 1 < o < n — 1. Here we use the fact that u is basic according to
Lemma 1.1.

The quantitative boundary estimates for mixed derivatives will be proved
by constructing barrier functions. This type of construction of barrier func-
tions originally follows from [22, 18, 13].

Let by = \/1 + 2supy; [Vul? + 2supy; [ V|2, The barrier function is given
by

A n—1
(40) U = Aibiv — Asbip? + b_13 Z |1 X-(u— @),
=1

where Aj, Ag, A3 are positive uniform constants to be determined, p(z) =
dist;;(z,p) is as defined before (23), and v is the function defined by

g—u—i—g(r—a)z—t(r—a) in S x (a,a+9),

(41) v=
g—u-i-g(b—r)Q—t(b—r) in S x(b—9,0b).
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We choose ¢ small enough (§ < 2£), such that v < 0 in Ms := S x (a,a+6)U
S x (b — 6,b). Moreover, |Vr| = 3, £(r) =0 in Ms, and

N
(42) Lv=L(u—u)+ ZF”“.

Next, we are going to prove

Lemma 4.2. Given some constants A1 > Ay > Az > 1 and small 6 > 0,
one has V(p) =0 and

LOV) >1+bFigs  in Qs
(43) U <0 on 0§25 N OM,
U< -—bh on 05N Qg.
A key ingredient in the proof of Lemma 4.2 is the following lemma proved
n [17].

Lemma 4.3 ([17]). € > 0 such that when |v, — vy| > [ Suppose that f
satisfies (3) and (4). Let K be a compact subset of T and > 0. There is a
constant € > 0 such that, for any p € K and X\ € I', when |v, — vy| > f3,

(44) S A= M) 2 ) — )+ e+ 3 )

i=1 =1

where vy = Df(N)/|Df(N)| denotes the unit normal vector to the level surface
of f through X.

When equation (2) becomes degenerate (6, ¢ = 0), we shall use the fol-
lowing observation [17, 38].

Lemma 4.4. If (3)-(4) hold, then for any X\ € T with |A\| < R one has

(15) Zfz > (1 + R)T) - f(RT) > 0

Proof. Using the formula

(46) thi(A) > i+ FID) = FOV,

V
i
?ﬁ

we can derive that ¢t 37, fi(A) > =R, fi(\) + f(t1) — f(JA|]T). Then one
has (45) by setting t = 1 + R. O
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Proof of Lemma 4.2. 1t is easy to verify that F i 9i; = oy fi- We know that
there is a uniform positive constant C), such that

(47) IL(p")] < Cpd_ fiin Q.

The key step of the proof is to estimate

n—1

£(8 1X (= 97 = 3 £0Xelw = 9)P)

=1

From Lemma 1.1 and the construction of ¢ as in ( 3), we know that both u

and ¢ are basic, and so Xi(u —¢) = 8dk (u—v), Xi(u—1y) = dak (u— ) for

each 1 <k <n — 1. Similar to the computation in (4.9) of Guan-Zhang [21],
fix1<k<n-—1,
[£(Xk(u = )] =|FTX0X; Xpu — £(Xr)|
= |FIX, X, X u — L(Xpp)|
=|F" X055 — xi) — L(Xkp)]
<X +C > Fg5,

i,j=1

and |L(Xp(u—¢))| < | Xpp|+C doij=1 Fﬁgﬁ. In the proof, the second equality
follows from the basic of solution u, and

(X, Xl = 5 VT2, [Xa, K] = ~2v/Thygt

[XOUXB] = [XOwX ] [XowXﬁ] [X 7Xn] =
for a, 8 < n. Thus

L(IXi(u—9)*) = Xi(u = ) L(Xi(u = 9))

(48)
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As in Proposition 2.19 of [14], there is an index r such that

n—1
= ]_
(49) > Figig,; > 1 > FAY
T=1 i#T

For completeness we leave the proof of (49) at the end of the proof.
Therefore, it follows from (47), (48) and (49) that

A n
(50)  L(W) > AbiLo+ 8—2 3" FiA2 = A3Ch — (AsCoby + AsC) S i
i#r i=1
Denote by A[v] := A(g[v]) for convenience. For the admissible subsolution

u, Alu] falls in a compact subset of T',

(51) ﬁ = 1 dist(l/)\[ﬂ],al_‘n) > 0.

in
M

\V)

Case I: Lemma 4.3 implies that when |vy,) — vap| > B, we have

Llu—u)>el+ znjfi),

=1

where ¢ is the positive constant in Lemma 4.3 determined by f, 5 and Au].
Let A1 > As > A3z > 1. By (50) and (42), we have

FUETIES Sio)

Case II: Suppose that |vyp) — vap| < 8. Then vy, — Bl el, and

where we use L(u —u) > 01in M.
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As in [17] there exist two uniformly positive constants ¢y and Cp, such
that

(52) DA > col AP Zfz Co ) fi
i#£r i=1

where ¢y depends only on § and n, while Cy depends only on 3, n and |Au]|.
By setting A; large such that

A|NS A3Cy
- - - >
\/ﬁ 8A20p 8A301 b1 - 07
then we have
AN Bby AsCy
> _ _ _ )
L(T) > ( I AsCoby — A3Ch %, );fz
A3CO
(53) !A\ Zfz AsCh

AN AA3CON5
Zmblgﬁ j/ |)‘|Zfz A3Ch,

where we use the elementary inequality @ + b > 2v/ab for a,b > 0.
We know that if |\| > Ry = 1 + supy; |A[u]], then

(54 A ) = b,

where by = 2{ f(RoI) —sup; f(A[u])}. Let us verify it here. By the concavity
of f,

AL i) = FOAT) = FO[u)) = A1 fi(V)
thus
LD i) = S(FIAT) = F(ALw)).

So (54) holds by setting |A| > Ro.
Therefore, by using (54) and Lemma 4.4 we derive that if 4; > Ay >
A3z > 1 then

L) >1 +b1zn:fi~
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Moreover,

v <0 on 05 NOM,
U < -—b on 0€s N Q.

We sketch the proof of (49) to complete the proof: Let U = (a;;) be a
n X n unitary matrix that simultaneously diagonalizes (F/) and (g;;) at a
fixed point. That is

(FZE) = U*diag(fla T 7fn>Ua (gz]) = U*diag(Alv T 7)‘n)U'
Here U* = (b;;), b;j = @j;. Since U is unitary, U* = U~!. Thus <gi3) . (F’5) :
(gi3> = U*diag(fiA\2, -+, fuA2)U, which implies
Z Fﬁgﬁgﬁ = ka)\i|akr|2
ij=1 k=1

for fixed 7. So

3

L i n—1 1
> Figirgs =Y fidi(1 — |agal*) > . > A= 1 > Ak
ij—1 k=1

1
T=1 k#r k#r

where |a,,|? < % corresponding to r (such a,, exists). O

The following lemma can be found in [26].

Lemma 4.5. Let ¢ be the function which is defined in (13). There is a
positive constant C' depending on |X|Co,1(M), |<,0|Cz,1(M) and other known data,
such that

(55) [LXi(u—¢)| < Sup | Xitp| + CFgg; in Qg
5
1

for 1 <i < n. Moreover, C is independent of (6y,5)” "

Combining Lemma 4.2 with Lemma 4.5, we obtain Proposition 4.1.
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5. The equations with right-hand side depending on
unknown solutions

Let’s turn our attention to Dirichlet problem for the equations with right-
hand side ¥[u] = ¥(z,u) with ¢, >0,

F(Mg[u])) = ¢lu] in M,
(56) u|7‘:a = Pa,
Ulr=p = Pb.

It is similar to the proof of Lemma 1.1, we can conclude that every admis-
sible solution u € C3(M) N CY(M) of equation (56) is basic with assuming

(57) Vex =0,V =0, and @q, @, are both basic

where Vé@[} denotes the partial covariant derivative (along the Reeb field &)
of ¢[u] when viewed as depending on z € M only.

If f satisfies (9) and (64), then any C?-admissible function u € C?(M)
must satisfy

(58) tLieroo F(N\(g[u]) + te;) > [u] in M for each 1,
where e; is the i-th standard basis vector, and u is the unknown admissible
solution. Such a condition is hard to verify, since the right hand side depends
on the unknown solution u. It is a slight modification of the notion of a C-
subsolution introduced by Székelyhidi [30], thereby allowing one to use the
following lemma, according to Székelyhidi’s insight.

Lemma 5.1. Suppose that there exists a C-subsolution w € C?(M). Then

there exist two positive constants Ry and € with the following property. If
|A| > Ry, then either

(59) Y (9;‘3 o Bij) > 5,F”§ij
or
(60) F7 > £/ (FPg,0)57 .

In this paper, the lower bound of >~ ; f;

(61) zn:fi > k(o) in 7 :={ el f(\) =0},
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plays an important role in the proof of (67), as > ; fi(A; — Ai) < 0 may
occur at some points when v, > 0. Part (b) of Lemma 9 in Székelyhidi [30]
states (61) holds if f satisfies (3), (4) and (6). In a previous paper [39] the
author gave a characterization of level sets of f satisfying (3), (4) and (6) and
then proved the following Lemma 5.2 which slightly extends (8)" of Caffarelli-
Nirenberg-Spruck [2], thereby giving a new proof of (61); moreover, couple

with (46), we can prove that (o) can be chosen as k(o) = % which
is independent of dy, , where I =(,---,1) € R* and ¢, is the positive
constant such that f(c,1) = o.

Lemma 5.2. Assume f satisfies (3), (4) and (6). Then Y iy fidi > 0 in I

To construct the admissible subsolution or (modified) C-subsolution obey-
ing (58), we hence need assuming that there is a basic function v € C}‘;’Q(M )
such that for large R, one has

(62)  Llr=a = P lr=p = pp, ¥ [u] < sup f, A(glu] + V1RO A o) €T.

By the maximum principle, one derives u < v. Based on v, as in (18), we can
construct the desired admissible subsolution w if (9) holds. (Here we also use
Ylu] < 1plv] which follows from u < v and 1), > 0). Namely, there is a basic
admissible function u € C'g*(M) with

JF(Mglu])) = Plu) in M,
(63) Ulr=a = Pa;
uly=p = P
Let w be the supersolution obeying (21). Then the comparison principle im-

plies (22) holds in this case, and ¥[w] > ¥[u] > P[u] as ¥, > 0. We need
moreover assuming

(64) Ylw] < sup f
r

so that one can construct (modified) C-subsolutions by using (9) and (62).

Theorem 5.3. Let ¢[u] = ¢(z,u) be a smooth function with v, > 0 and

(65) inf ¢(z,t) > sup f for any fired — oo <t < +00
zeEM or

Suppose that (3), (4), (6), (57), (9), (62) and (64) hold. Then Dirichlet prob-
lem (56) is uniquely solvable in class of smoothly basic admissible functions.
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Proof. Let u be the admissible subsolution satisfying (63) which is constructed
n (18), and we denote A = A(g[u]). We need only to prove (39) for admissible
solutions of Dirichlet problem (56), as the global second order estimate

sup |Au| < C(1 + sup |[Vul? + sup |Aul)
M M oM

can be derive by a slight modification of the proof of second order estimate
in [26].

We assume |A| > Ry (otherwise the equation is uniformly elliptic and
the proof is trivial). If (59) holds then the proof is almost same as that
in Proposition 4.1. As above, (52) is important for the boundary estimates
when (60) holds, while the original proof of (52) uses >, fi(A; — Ai) > 0,
which can be derived from (4) and 1, = 0. However, in our case that 1, > 0,
one has

(66) S A= A > o] - vl

which implies that >°1" ; fi(A; — A;) < 0 may occur. Next, we give a proof of

(67) D fidi = AP Zfz oY fi
i=1

iET

without using > 1" ¢ fi(A; — A;) > 0 but with using (61).

If A, <0 then 3, A > [\ and A2 < (n— 1) Y., A So 30, A7 >
LIA]> and (67) holds for ¢, = %’ and Cj = 0 (where &' is the constant in
Lemma 5.1). If A\, > 0, then one has

n

PAT < Al = wlu))? + 2811\1_413 APQ_ )P 20— 1)) 2N,

i=1 itr

here we use (66) and Cauchy-Schwarz inequality. Thus

2supM|A|2 - Ylu] — Ylu])®
gfu_Z A Zfl > i 2n_1) e

and (67) holds by using (61).
Following the line of proof of Proposition 4.1 we can derive (39), and then
obtain quantitative boundary estimates (14). O
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Appendix A

In this appendix, we will give the proof of Lemma 2.5 building on [39].
We start with the case of n = 2. In this case, we prove that if a > @ +d;
then

Ogdl—)\leQ—a<€.

Let’s briefly present the discussion as follows: For n = 2, the eigenvalues

a+di;—+/(a—d1)2+4|a;1|? a+di++/(a—d1)2+4|a1|?
of A are \; = ! (21) loa] and Ay = ! (21) loa]

2
assume a; # 0; otherwise we are done. If a > @ + dy then one has

. We can

2]y |? Jay |? <.

0<di—A=X—a=
=T AT Ja—d )2 +daP+(a—d) a—d —

Here we use a; # 0 to verify that the strictly inequality in the above formula
holds. We hence obtain Lemma 2.5 for n = 2.

The following lemma enables us to count the eigenvalues near the diagonal
elements via a deformation argument. It is an essential ingredient in the proof
of Lemma 2.5 for general n.

Lemma A.1 ([39]). Let A be an n x n Hermitian matriz

dl aq
do az
dnfl Up—1
aiy Qg -+ Ap_q a
with dy, -+ ,dp_1,01,"** ,an_1 fized, and with a variable. Denote \y,--- , Ay

by the eigenvalues of A with the order \y < Ao < -+ < \,. Fiz a positive
constant €. Suppose that the parameter a in the matriz A satisfies the following
quadratic growth condition

(68) a> %z—:|ai]2—|—z_:[di+(n—2)|di\]—|—(n—2)e.

Then for any Ao (1 < a < n — 1) there exists an d;, with lower index 1 <
1o < n—1 such that

(69) |)\a - dza| < €,
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(70) Og)\n—a<(n—1)5+|nz_:l(da—diu)|.

a=1

Proof. Without loss of generality, we assume Y7 '[a;[> > 0 and n > 3
(otherwise we are done, since A is diagonal or n = 2). Note that in the
assumption of the lemma the eigenvalues have the order Ay < A < -+ < Ay,
It is well known that, for a Hermitian matrix, any diagonal element is less
than or equals to the largest eigenvalue. In particular,

(71) An > a.

We only need to prove (69), since (70) is a consequence of (69), (71) and

n

(72) D oAi=tr(A) = nf do +a.

i=1
Let’s denote I = {1,2,--- ,n — 1}. We divide the index set I into two
subsets by
B={acl:|\a—di|>¢ Viel}
and G = I\ B = {« € I : There exists an 7 € [ such that |\, — d;| < €}.

To complete the proof we need to prove G = I or equivalently B = (). It
is easy to see that for any a € G, one has

n—1
(73) Mol <D |di| + €.
i=1
Fix o € B, we are going to give the estimate for A,. The eigenvalue A,
satisfies
- n—1
(74) (Ao —a H/\ —di) =Y (lail’ T[ra

i=1 J#i

By the definition of B, for a € B, one then has |\, — d;| > € for any i € I.
We therefore derive

n—1

CLZ

n—1 ’a 1TL—1 )
! - i, if a € B.
Z’)\ 6Z;|a| if o
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Hence, for a € B, we obtain
(76) A >a—1§:|a‘|2
= € “ B

For a set S, we denote |S| the cardinality of S. We shall use proof by
contradiction to prove B = (). Assume B # (). Then |B| > 1, and so |G| =
n—1—|B|<n-2.

In the case of G # (), we compute the trace of the matrix A as follows:

tr(A) =X+ D Aat D Aa

acB aeG

17171 n—1
> A+ [Bl(a — - Yo lail?) =G| |dif +€)
i=1 i=1

1n—1 n—1
>2a — . Z la;|* — (n — 2)(2 |d;| + €)
i=1 i=1

n—1

> Zdz +a= tr(A)7
i=1

where we use (68), (71), (73) and (76). This is a contradiction.
In the case of G = (), one knows that

n—1

(78) tr(A) >a+(n—1)(a— %Z|ai\2) > idi+a=tr(A).
i=1 i=1

Again, it is a contradiction.
We now prove B = (). Therefore, G = I and the proof is complete. O

Consequently we can apply it to prove Lemma 2.5 via a deformation
argument.

Proof of Lemma 2.5. Without loss of generality, we assume n > 3 and

S ai|> > 0 (otherwise n = 2 or the matrix A is diagonal, and then

we are done). Fix a1, -+ ,an-1, d1, -+ ,dp—1. Denote Ay(a), -+, A\, (a) by the

eigenvalues of A with the order A\j(a) < --- < \,(a). Clearly, the eigenvalues

Ai(a) are all continuous functions in a. For simplicity, we write A\; = \;(a).
Fix € > 0. Let I}, = (do — 5.5, da + 5.—) and

P(;:Qn

-3 n—1 ) n—1 (n _ 2)6
S haf -0+ G

€
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In what follows we assume a > PJ (i.e. (15) holds). The connected components
of U'ZL I are as in the following:

a=1 "«
Ji J2 Ji n—1
/ / / /
=y, L= U L. 2= \J L .Jda= U L.
a=1 a=j1+1 a=j;—1+1 a=jm-1+1

(Here we denote jo = 0 and j,,, = n — 1). Moreover,
Ji() k=0, for 1 <i<k<m.

Let

Cardy, : [P, +o0) = N

be the function that counts the eigenvalues which lie in Ji. (Note that when

the eigenvalues are not distinct, the function Cardy denotes the summation
of all the multiplicities of distinct eigenvalues which lie in Ji). This function
measures the number of the eigenvalues which lie in Jg.

The crucial ingredient is that Lemma A.1 yields the continuity of Card;(a)
for a > BJ. More explicitly, by using Lemma A.1 and

n—1

An >a>PO>Z]d|+

=1

-3

we conclude that if a satisfies the quadratic growth condition (15) then

An €R\ ( O \ (U %),
(79) e =
Ao € U[£:UJifor1§a§n—1.
3 i=1

Hence, Card,(a) is a continuous function in the variable a. So it is a constant.
Together with the line of the proof Lemma 1.2 of Caffarelli-Nirenberg-Spruck

[2] we see that Ea:riii(a) = j; — ji—1 for sufficiently large a. The constant of
Card; therefore follows that

Card;(a) = ji — ji-1.
We thus know that the (j; — j;—1) eigenvalues

)\ji—1+17 )\ji—1+27 tee 7)‘j1:
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lie in the connected component J;. Thus, for any j;—1 +1 < v < j;, we have
IQ C J; and A, lies in the connected component J;. Therefore,

(2(Ji — Jim1) — 1)e
Ay —dy| < T <e.

Here we also use the fact that d, is midpoint of I% and every J; C R is an
open subset.

To be brief, if for fixed index 1 < i < n — 1 the eigenvalue \;(P)) lies
in J, for some «, then Lemma A.1 implies that, for any a > P}, the corre-
sponding eigenvalue A;(a) lies in the same interval J,. Adapting the line of
the proof Lemma 1.2 of Caffarelli-Nirenberg-Spruck [2] to our context, we get
the asymptotic behavior as a goes to infinity. O
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