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Almost duality for Saito structure and complex
reflection groups II: the case of Coxeter and Shephard
groups

YUKIKO KONISHI* AND SATOSHI MINABE'

Abstract: This article is a sequel to [6]. It is known that the orbit
spaces of the finite Coxeter groups and the Shephard groups admit
two types of Saito structures without metric. One is the under-
lying structures of the Frobenius structures constructed by Saito
[12] and Dubrovin [4]. The other is the natural Saito structures
constructed by Kato-Mano—Sekiguchi [5] and by Arsie-Lorenzoni
[1]. We study the relationship between these two Saito structures
from the viewpoint of almost duality.

Keywords: Frobenius structures, Saito structures, Coxeter groups,
Shephard groups.

1. Introduction

In 1979, K. Saito constructed flat structures on the orbit spaces of the fi-
nite Coxeter groups (i.e. the finite real reflection groups) [12]. See also [11].
Nowadays, his flat structure is called the Frobenius structure [3]. Generalizing
Saito’s results, Dubrovin constructed Frobenius structures on the orbit spaces
of the Shephard groups [4]. (A Shephard group is the symmetric group of a
regular complex polytope.) We call these Frobenius structures the Coxeter—
Shephard (or CS) Frobenius structures. Dubrovin gave a characterization of
the CS Frobenius structures using his almost duality for Frobenius structures
[4].

In this article, we call the Saito structure without metric the Saito struc-
ture for short. A Frobenius structure has a Saito structure as an underlying
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structure [10]. In other words, a Frobenius structure is a Saito structure to-
gether with a compatible metric.

There is a distinguished class of finite complex reflection groups called
the duality groups. It includes the finite Coxeter groups and the Shephard
groups. See [9, §B.4] and also Table 1. Recently, Kato, Mano and Sekiguchi
showed the existence of Saito structures on the orbit spaces of the duality
groups [5]. Arsie and Lorenzoni also studied the same Saito structures for the
duality groups of rank n = 2,3 [1]. In [6], we formulated the almost duality
for the Saito structure and characterized their Saito structure. We call it the
natural Saito structure because it comes from the trivial connection.

So the orbit space of a finite Coxeter group or a Shephard group has
both the CS Frobenius structure and the natural Saito structure. A natural
question is that whether the latter is the underlying Saito structure of the
former. Arsie and Lorenzoni obtained results on this problem for rank n = 2,3
[1].

In this article, we revisit the construction of the CS Frobenius structure
from the viewpoint of the almost duality of the Saito structure (Theorem 4.4)
and show that the multiplication of the natural Saito structure and that of
the CS Frobenius structure agree for all the finite Coxeter groups and all the
Shephard groups (Corollary 5.3). To prove this, we do not use the classification
of these groups explicitly, but use their characterization by degrees (see the
condition (CS3) in §4). We also compare the connections and find that they
coincide only for all the finite Coxeter groups and some of the Shephard
groups (Theorem 5.4). We need the classification to prove this theorem. In
the case of rank n = 2, 3, our results are in accord with [1].

Moreover we find that the natural Saito structure admits a compatible
metric if and only if it agrees with the underlying Saito structure of the
CS Frobenius structure (Theorem 5.5). Again, the proof does not use the
classification explicitly.

The article is organized as follows. In §2, we first recall the definitions of
the Saito structure, the Frobenius structure and the almost duality. Then in
§3, we summarize the natural (almost) Saito structure for the duality groups.
In §4, we explain the CS Frobenius structure for the finite Coxeter groups
and the Shephard groups from the viewpoint of the almost duality for Saito
structures (Theorem 4.4). §5 contains the main results of this article, Theorem
5.4 and Theorem 5.5. The remaining sections are devoted to proofs. §6 is a
preliminary: we write down conditions in the matrix form with respect to flat
coordinates of the natural Saito structure. In §7, we give a proof of Theorem
4.4 and Theorem 5.1. In §8, we prove Theorem 5.5. In §A, we describes some
technical details of the example G(m, 1,n).



/G(mdﬂa n) (I <p<m,n>2), Gr,Gi1,Gi2,G13,G15,G19,G22,G31 \

/ Duality groups \

G(m,m,n) (m,n >3), Gau, Ga7,G29,G33,G34

ﬁ finite Coxeter groups 4\

G(2,2,n) = D, (n>4)

Gss = Fg, Gzg = Er, G3r = Eg

A1 (n>2), G(2,1,n)=DB, (n>2)
G(m,m,2) = I3(m) (m > 5)

K Ga3 = H3, Gaog = Fy, G3o = H, /

G3 =2y (m>2), G(m,1,n) (m>3,n>2)

\ G4a G57 G67 GSa G97 GlOa G14) G167 G177 GlSa GQO) G217 G257 G26a G32 /

Shephard groups

- )

Table 1: Irreducible finite complex reflection groups [9, §B.4]. Notations follow [13].
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2. (Almost) Saito structure and (almost) Frobenius
structure

The definition of Saito structure (without metric) can be found in [10]. See
also [6] for almost Saito structures.

Definition 2.1. A Saito structure (SS for short) on a manifold M consists
of

e a torsion-free flat connection V on T'M,
e an associative commutative multiplication * on T'M with a unit e €

I(M, Tu),
e a vector field E' € I'(M, Tys) called the Euler vector field,

satisfying the following conditions. Let X,Y, Z € Ty;:

( Vx(Y*Z)=Y*«VxZ-Vy(X+«Z)+XxVyZ=[X,Y]xZ.
( [B,X «Y] — [B,X]*Y - X« [E,Y] = X +Y .

( Ve=0.

( VyVyE — Vo, yE=0.

Definition 2.2. An almost Saito structure (ASS for short) on a manifold N
with parameter r € C consists of

e a torsion-free flat connection V on T'N,

e an associative commutative multiplication x on T'N with a unit F €
I'(N, Tw),

e a nonzero vector field e € I'(N, Ty)

satisfying the following conditions. Let X,Y, Z € Ty:

(ASS1) V(Y *Z2)—Y*VyxZ—Vy(X+2Z)+X*VyZ=[X,Y]*Z.
(ASS2) e, X *Y]—[e, X]*xY — X x[e,Y]+ex XxY =0.

(ASS3) VyE=rX.

(ASS4) VxVye—Vy,ve+Vxuiye=0.

There is a following relationship between the Saito structure and the
almost Saito structure [6, Proposition 3.7]. Let (V,x, ) be an ASS on N with
the unit £ and parameter r. For a point p € N, let P, = ex : T,N — T,N
and

No :={p € N | P, is invertible} .
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Then if we define a multiplication * and a connection V by

(2.1) ex (XxY) = X*Y,
VxY = VxY -Vxuwe,

then e is the unit of * and (V, x, F) is a SS on Ny. Moreover, it holds that

(2.3) Ex(X*xY) = XxY |
VxY = VxY+rXxY —-Vx,wFE.

We say that the SS (V, x, E) is dual to the ASS (V,x,e).

Remark 2.3. Given a SS (V,*, ) with the unit e, one can make a dual
ASS (V,x,e) with the unit £ by (2.3) and (2.4). Notice that there exists a
one-parameter family of dual ASS’s depending on the choice of the parameter
reC.

A Frobenius structure [3] on a manifold M of charge D € C is a Saito
structure (V,*, E') on M together with a nondegenerate symmetric bilinear
form (“metric”) n on T'M satisfying the following conditions. Let X,Y,Z €
Tar:

(2.5) XY, 2)) =n(Vx Y, Z) +n(Y,Vx Z) .
(2.6) N XY, Z)=n(X,Y xZ) .
(2'7) E’?(X7Y) - U([Ea X],Y) - U(X> [E, Y]) = (2 - D)U(Xv Y) :

Note that (2.5) means that V is the Levi-Civita connection of 7 (i.e. the
unique torsion free connection on 7'M compatible with 7).

An almost Frobenius structure [4, §3] of charge D € C on a manifold N
is an almost Saito structure (V,*, e) with parameter

together with a metric ¢ on TN satisfying the following conditions. Let
XY, Z € Tn:

(2.8) X(g(Y,2) =9(VxY,Z)+g(Y,Vx Z) .
(2.9) X +Y,Z) = g(X,Y % Z) .
(2.10) eg(X,Y)—g([e, X],Y) —g(X,[e,Y]) + g(ex X, Y) =0 .
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There is a following relationship between the Frobenius structure and the
almost Frobenius structure [4]. Let (g, *, ) be an almost Frobenius structure
on N of charge D with the unit E. Let us define a multiplication * by (2.1).
If we define a metric n by

(2.11) nX,)Y)=g(X,ExY),

then (V, *, E) is a Frobenius structure on Ny of the same charge D. Moreover,
the Levi-Civita connections V and V of g and n are related by (2.2). We say
that (n, *, ) is dual to the almost Frobenius structure (g, *, €).

3. The natural Saito structure for duality groups
3.1. Finite complex reflection groups

For finite complex reflection groups, see [7] and [9].

Let V = C" and denote by u', ..., u" the standard coordinates of V. Let
G be a finite complex reflection group acting on V. It is well known that the
ring of G-invariant polynomials C[V]¢ = C[u]¢ is generated by n G-invariant
homogeneous polynomials. Such a set of generators !, ..., 2" is called a set
of basic invariants for G. We assume that x',..., 2™ are ordered so that the
degrees d,, = degx® (1 < a < n) are in descending order, i.e.,

dy >dy >dz > ... >d, .

The C[V]%module of G-invariant differential 1-forms on V is denoted
Qg[v]. It is a free C[V]%module of rank n and dz!,...,dz" form its basis

(see [9, Theorem 6.49]). The C[V]%-module of G-invariant derivations on V
is denoted Derg[v]. It is also a free C[V]%-module of rank n (see [9, Lemma
6.48]). A homogeneous basis {X1,...,X,,} of Derg[v] is called a set of basic

derivations for G. The degrees! di, ..., d} of Xi,..., X, are called the code-
grees of G. When necessary, we order X, ..., X, so that the codegrees are in
ascending order:

O=di<d;<..<d .

A polynomial f € C[V] defines a homomorphism Hess(f) from the C[V]-
module of derivations to the C[V]-module of differential 1-forms by

0 " 0%f -
Hess - | = ——du’ .
(£) (auz) = outou)
'In this article, the degree of 830 is counted as —degu® = —1. If f € Clu] is a

homogeneous polynomial of degree d, the degree of the vector field f 8% isd—1.
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If f is G-invariant, this homomorphism induces a map from ng to Derg[v]
(see [9, Lemma 6.9]).

Let M = Spec C[V]% = SpecC[z] = C" be the orbit space of G and let
7w : V. — M be the orbit map. The complement of reflection hyperplanes is
denoted V° and its image 7(V') is denoted M°. The orbit map 7 : V° — M®°
is an unbranched covering map. So we can regard the standard coordinates
ul, ... u™ of V as local coordinates of M°. We will use the two (local) coor-
dinate systems z = (x!,...,2") and u = (u},...,u"™) on M°.

Since m : V° — M° is locally a homeomorphism, the trivial connection on
TV induces a connection V" on TM°. In the local u-coordinates, it is given
by

0
1 Vo — = 1<i,5<n).
(3.1) V=0 (1<ij<n)

By definition, V" is flat and torsion free.

In this article, we only treat the finite complex reflection groups G which
are irreducible (i.e. G acting on V' irreducibly) and which satisfy the strict
inequality dq > dy. The irreducibility implies dy, > 2 (1 < a < n). The
inequality dy > dsy implies that the vector field

52 s (=S am)

on M is independent of the choice of the set of basic invariants z', ..., 2" up
to scalar multiplication.? We also set
(3.3) E=_ Edeg , Baeg = Z u’ W Z doz®

2 Assume that d; > do and that = (#!,...,3") is another set of basic invariants

for G. Then by degree consideration,

1 n

#' = az' + a polynomial in 22,...,2" (a €C, a#0)

2

and #2,...,&" are polynomials in x2, x". Therefore by the chain rule, we have

0 " 03 0 0

ort ~ 2= 0al 97 "ot
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Notice that the derivation Egeg acts on a homogeneous polynomial f € Clu]

or f € Clu]® = Clz] as
(3.4) Eacg(f) = (deg f) f -
3.2. The natural Saito structure for the duality groups

For an irreducible finite complex reflection group G of rank n, the following
conditions are equivalent. See e.g. [2, Theorem 2.14].

(D1) do +df, = di(1 < a <n).
(D2) G is generated by n reflections.
(D3) There exists a set of basic invariants such that the discriminant A €

Cl[z] of G is a monic polynomial of degree n as a polynomial in x!.

An irreducible finite complex reflection group G satisfying these conditions is
called a duality group.

Let G be a duality group and let x!,..., 2™ be a set of basic invariants
for GG. For a duality group, d; > ds holds. This follows from the classification.
Recall that V" given in (3.1) is flat and torsion free. In [6], the followings
are proved using the property (D3).

Theorem 3.1. 1. The endomorphism
T,M° = T,M°, X Ve

of the tangent space T, M° is invertible at every point p € M° [6, Corol-
lary 7.3]. Therefore the following condition (ASS4) uniquely determines
the multiplication x on TM°:

(3.5) ViVye— vg)v(y e+Viye=0 (XY ETy).

2. The multiplication * is associative and commutative and has the unit
E

3. (VY. x,e) is an ASS of parameter i on M° [6, Corollary 7.6].
Definition 3.2. (VV,*, e) is called a natural ASS for the duality group G.

For convenience of the next examples, let us write the statements (1) and
(2) in Theorem 3.1 in the u-coordinates. Denote the structure constants of
the multiplication * with respect to %, ey 8% by ij, ie.
0 0 "0
LS o - L
out  ouwl L= ouP

(1<ij<n).
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Let us set
p OouF De*
€ = — 5 .
ozl ou
The matrix Q = (Qk ) is nothing but the representation matrix of the map

X — VX e with respect to the basis 3 1 ey d —. Therefore the statement
(1) is equivalent to the condition det Q 7& 0. Eq. (3.5) is equivalent to

Q= —

826k n 86 Qk n N
pugw L ga i = g t LBy =0 (<igk<n).

(3.6)

Example 3.3. For G =Z,, (m >2), n =1, 2! = (u!)™, d; = m. Therefore

1 ~ m
1 1
e = —— By =—.
m(ul)m—1 ’ H U1

Example 3.4. For G = G(m,1,n) (m > 3, n > 2),
% =en1o(()™, ..., ()™ (1<a<n),

where e, denotes the a-th elementary symmetric polynomial. The vector field
e= 8%1 is given by

n _1\n+1 )
Zekaa _ ni(ulk))ml H ((uk)m . (ug)m)fl )
k=1 lﬁjgéﬁkny

See Corollary A.5. Then it is not difficult to check that the following ij’s
satisty (3.6):

\m—1

Pi m(u') m

Bii - ; ((u@)m _ (ul)m) + Ui )

B m(ui)m72uk (i 7& k)
()= wh)m)

B i m(u/)™ ! C

Bij_Bji_ (i #7)

B =0 (i#j#k#10).

These are the structure constants of x with respect to the u-coordinates.
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Now, let * and V be the multiplication and the connection on T'M° dual
to x and V" (see (2.1) and (2.2)):

(3.7) ex(X*Y)=X+Y, VxYV=V{Y-Vi,e.

Then (V,*, E) is a SS on M° and called a natural SS for G. Notice that for
this case, the converse relations (2.3) and (2.4) become

1
(3.8) Ex(XxY)=XxY, V}’(Y:VXY+d—X*Y—VX*yE.
1

In [6, Theorem 7.5 (3)], the following theorem is proved.
Theorem 3.5. The natural SS (V,*, E) for G is polynomial i.e.,

(i) there exists a system of V-flat coordinates t = (t', 2, ... t") which is a
set of basic invariants for G, and

(ii) the structure constants of the multiplication with respect to the basis
6%1, e a% are polynomials in t.
Therefore the natural SS (V, %, E') is canonically extended to the whole

orbit space M.

4. The Coxeter—Shephard Frobenius structures
4.1. The finite Coxeter groups and the Shephard groups

The duality groups include the finite Coxeter groups® and the Shephard
groups. For an irreducible finite complex reflection group G, the following
conditions are equivalent (see [9, Theorem 6.121]):

(CS1) G is a finite Coxeter group or a Shephard group.
(CS2) Hess(z") : Derg[v] — ng is an isomorphism.
(CS3) do +dnt1—a =d1 +d, (1 <a<n).
In this section, G is a finite Coxeter group or a Shephard group. Let
x',... 2" be a set of basic invariants for G.
From the classification, we can see that the strict inequalities

(4.1) di >dy>...>d,

3Among the duality groups, the finite Coxeter groups are characterized by the
property that d,, = 2.
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hold for a finite Coxeter group or a Shephard group G. The condition (CS3)
and eq. (4.1) together imply that
(4.2) do+dg > di+d, (a+B <n+l), do+dsg < di+d, (a+p>n+1).

Now let h be a symmetric bilinear form on T'M° corresponding to the
map Hess(z"), i.e.

(4.3) h(-,-) = (Hess(z")(:), ) -

The condition (CS2) implies that h is a metric on TM°. Let V be the
Levi—Civita connection for the metric h. In the local u-coordinates, h is given
by

. I AN o 24

where ( , ) is the canonical pairing. The Levi-Civita connection V¢ is
expressed as

(D) Sa sl
(4.5) o \gw) =2 Sg » 55=3 £ Quidu oul

ou’ k=1

Here HY (1 < i,§ < n) denotes the (i,) entry of the inverse matrix ! of
H = (Hy;). From this expression, we can immediately see that Sk = 0 holds
if d,, = 2. In other words, V¢ = VV if G is a finite Coxeter group.

Example 4.1. For G = Z,, (m >2), n =1, 2! = (u!)™, d; = m. Therefore

m— 2

ﬁn =m(m — 1)(U1)m_2 ) §111 = 2ul

Example 4.2. For G = G(m,1,n) (m >3,n>2), 2" = (u})" +- -+ (u")™
Therefore

and

w [ G=i=h
“ 0 (otherwise) -

Lemma 4.3. 1. V* is flat.
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2. V¢ and E (given in (3.4)) satisfy (ASS3) with r = 2dT"].'

d
V —X (X S TMO) .
2d,
Proof. Let us set
&k Gk .

(1) The flatness is equivalent to

03, a5,

- o+ 58, 555, (5.8 -88)=0.

(4.6)

If G is a finite Coxeter group (i.e. if d, = 2), then S; = O (1 < i < n) by
(4.5). In the cases G = G = Zy,, (m > 1) and G = G(m, 1,n) (m > 3,n > 2),
it is easy to check that S’ij’s obtained in Example 4.1 and Example 4.2 satisfy
(4.6). For the remaining exceptional groups, 2" can be found in [7, Chapter
6], [9, §B.3]. We checked that (4.6) holds using Mathematica.

(2) Recall that the derivation Eqeg in (3.3) acts on a homogeneous poly-
nomial f € Clz] = C[u]” by Eaeg(f) = (deg f) f (see (3.4)). So we have

cs 1 k 0
Va.E__<auz 9 Z Jsljauk)

au'L
(4.5) 1 1 = aH zl Je il 0
N d1 au’ 2 kz é)uk

1 {0 dp—2 ~ 8

_ n H1 kl
dq <6u’ 2 k%:l 8uk)

1 ( 0 dy,—2 0 ) dn 0 0
d; \ Ou’ 2 oul 2d, Ou?

Theorem 4.4. 1. The endomorphism
T,M°® = T,M°, X = Ve

of the tangent space T,M°® is invertible at every point p € M°. There-
fore the following condition uniquely determines the multiplication ¢ on

TM®:

(46) VCSVYG_VCVSS(SYe‘i_V%OYe:O (X,YETMO) .
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2. The multiplication ¢ is associative and commutative and has the unit E.

3. (V% 0 e) is an ASS with parameter 2%"1 on M°.
dn

4. (h,o,€) is an almost Frobenius structure of charge 1 — a on Me.

The proof of Theorem 4.4 will be given in §7.
Now let ® be the multiplication dual to ¢ and let V be the connection
dual to V (see (2.1), (2.2)):

(4.7) eo(X@Y)=XoV, VXY =VYY-Vigye.

Notice that the converse relations (2.3) and (2.4) become

d
(48) E®(XoY)=X®Y, VY =VSY+ ﬁXOY—VXoyE :
1
Then the multiplication ® has e as the unit. Moreover, by the almost duality,
(Ve ®, F) is a SS on M°. The following theorem says that this SS can be
extended to M.

Theorem 4.5. The SS (V,®, E) is a polynomial SS on M.

The proof will be given in §7.4.
Let n be the metric dual to h (see (2.11)):

(4.9) N(X,Y)=hX,E®Y).

Then (n, ®, E) is a Frobenius structure on M of charge D = 1— Z_T which has
(Ve ®, E) as the underlying Saito structure. In this article, we call (n, ®, F)
the Coxeter—Shephard (CS) Frobenius structure.

5. Relationship between the two Saito structures

Let G be a finite Coxeter group or a Shephard group.
Recall that a finite Coxeter group or a Shephard group is a duality group.
Therefore we have two ASS’s for G. The one is the natural ASS (VY %, ¢) with

parameter d_11 explained in §3.2 and the other is (V o, e) with parameter
d'lL

3¢~ explained in §4. So it is natural to ask whether they are the same or not.

It is clear that the parameters 2d£1 and d_11 agree if and only if d,, = 2 i.e. G is

a finite Coxeter group. The connection V¢ agree with V" agree if and only

if (H;;) is a constant matrix, i.e. d, = 2. As for the multiplication, for any
finite Coxeter group or any Shephard group GG, we have the following




734 Yukiko Konishi and Satoshi Minabe

Theorem 5.1. The multiplication x and the multiplication ¢ are the same.
The proof of Theorem 5.1 will be given in §7.1.

Corollary 5.2. The two ASS’s (VY ,x,e) and (V,0,¢) for G agree if and
only if d, = 2, i.e. if and only if G is a finite Cozeter group.

Similarly, we may ask whether the two dual Saito structures (V, %, F') and
(Ve ®, E) are the same or not. Theorem 5.1 and the first equations of (3.7),
(4.7) imply the following

Corollary 5.3. The multiplication ® and the multiplication x are the same.

As for the connections, the second equations of (3.7), (3.8), (4.7), (4.8)
imply that V¢ = V holds if and only if

dp — 2
VY = VY + S XY (X,Y € Tu) .
1

In the u-coordinates, the above relation can be expressed as

dp, —2
2dy

&k _ Rk

Using the classification of the Shepard groups, we obtain the following

Theorem 5.4. 1. V =V holds if and only if G is a finite Coxeter group
or one of the following groups:

Gs = Ly, Gi, G5, Gg, Gis, Ga, Gas, G3a.

2. The Saito structures (V,*, E) and (V*,®, E) for G agree if and only
if G is a finite Coxeter group or one of the above groups.

Proof. 1f G is a finite Coxeter group, (5.1) is true since Slkj = (0 and d,, = 2. For
G = Zy, (m > 2), we can see (5.1) holds by comparing Examples 3.3 and 4.1.
For G = G(m,1,n) (m >3, n > 2), we see (5.1) does not hold by comparing
Examples 3.4 and 4.2. For the remaining exceptional Shephard groups, we
checked whether (5.1) holds or not using Mathematica® and obtained the
result. O

4Given a set of basic invariants, it is not difficult to compute S’fj and ij using
Mathematica. See (3.6) and (4.5). Formulas for basic invariants can be found, e.g.,
in 7, 9]. For G3a, see [8].
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Studying the condition V = V¢ in the xz-coordinates, we are led to the
following

Theorem 5.5. The natural SS (V, *, E) admits a compatible Frobenius struc-
ture if and only if V.= V. Moreover, a compatible metric is a constant
dn

multiple of n and the charge is D =1 — e

The proof will be given in §8.

6. The matrix representation with respect to V-flat
coordinates

Let G be a finite Coxeter group or a Shephard group of rank n and let
xl,..., 2" be a set of basic invariants for G. We take e and h as in (3.2)
and (4.3). Denote by (V,*, E) the natural Saito structure for G with the
unit e. For the sake of convenience, we take a system of V-flat coordinates
t = (t',...,t") satisfying (i) and (ii) in Theorem 3.5. Here we choose the
normalization t! = 2t +C[z?, ..., 2"], t* = 2" so that e and h are unchanged,
i.e.
9 n
€= 31 h(-,-) = (Hess(t")(-),) .

Notice that Ege; and E defined in (3.3) is also written as

o L1

— Faeg -
ot ; dl deg

(6.1) Eqeg = Y _ dat®
a=1
Below we write C[t!,#2,...t"] = C[t], C[t'] = C[t?,...,t"] and

0 (1 <a<n).

O = e =

The V-flatness is expressed as V(9,) =0 (1 < a < n).
6.1. Matrix representations

In this subsection, we write down the conditions for the natural SS (V, *, E)
and the natural ASS (V" x,¢) in the the matrix form with respect to the
V-flat coordinates ¢. (See also [6, §5]).

For two n x n matrices A and B, [A, B] := AB — BA. The identity matrix
and the zero matrix are denoted / and O. M, (C[t]) denote the space of n xn
matrices whose entries are polynomials in ¢.
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First, let us consider the conditions for the natural SS (V,x*, E) for G.
Denote by Cgﬂ (1 < a,B,7 < n) the structure constants of the multiplica-
tion *:

n
Oax05=> Clsdy, (Ca)g:=Cly.
v=1
The matrix C, is the matrix representation of d,* with respect to the basis

(01,...,0,). Since the multiplication * is commutative, associative, and has
e = 0; as the unit, we have

(6.2) s =Cly. [CaCsl=0, C1=1.

Denote by U the representation matrix of Ex with respect to the basis

81,...,8n:
n N n da N
(6.3) Exdg=> U350, , U:Zd—lt Ca -
y=1 a=1

Notice that the second equation of (6.2) implies

(6.4) U,Col =0 (1<a<n).

Given that V(9,) = 0, the conditions (SS1), (SS2) are written as follows.
(6.5) 0.Cp =08C, , 0,U=WC,—-C,W+Cy (1<a,f<n),
where

1
W = —diag(dy,...,d,) .
dq

It is clear that e = 0y and E satisfy the conditions (SS3), (SS4).
Recall that the natural SS (V, *, E) is polynomial, i.e., C, 5 € C[t]. By the
first equation of (6.5) and by Cy = I, we have 0,C,, = 9,C1 = O. Therefore

(6.6) Cy € M,(C[t")), U—tT¢e M,(C[t]).

So det U € CJt] is a monic of degree n as a polynomial in t'. In fact, det U
agrees with the discriminant polynomial of G and

M\ M°={teM]|detU =0} .
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Applying the derivation Egeg to C7 5, We obtain

(3.4) i (6.5) —
(deg CU5)Ch5 =" BaegCly = Y dut'0,CL5 =" dut"0.C)

=

p=1 pu=1

— 10U — duCly "2 (A1 + dy — do — dg)CJ.
Therefore
(6.7) deg035:d1+d,y—da—d57 degU75:d1+d’y—d5.

Next let us consider the ASS (VY x,¢) with parameter r = d_11 which is

dual to (V,*E). Denote by Bgﬂ (1 < a,B,7 < 1) the structure constants of
the multiplication *:

Oax85 = Blsdy, (Ba)'yg=DBls.
y=1
Substituting X = 0, and Y = 0z into the first equation of (3.8), we have

6 Y
Y U'sBos=Cls
=1

or UB, = C,. Thus,
(6.8) B.=U"'c,' Yot

(Therefore the entries of B, are homogeneous rational functions in ¢ with the
denominator det U. B, is only defined on M°.)
Egs. (6.2) and (6.4) imply

(6.9)  Blg=DBj,, [BaCsl=0, [Ba,Bsl=0, [Bs,Ul=0.
Eq. (6.5) together with (6.9) implies that

9aBs = 0,(CsU™Y) = (0,Co) U™ — CoU (0, U) U

(6.10) 2 B 71
= (0aCs)U™ = BsW B, + U CsC, WU — BB, .

Especially, if o« =1, Cy = I and 0,C3 = dgl = O. So we have

(6.11) B =—-BgU ™' .
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Now let €, be the connection matrix of VV:

n

Vga(aﬁ) = Z QZﬁOV ) (QQ)V,B - Qlﬂ :

=1

Substituting X = 0,, Y = 03 into the second equation of (3.8), we obtain

1—d
(6.12) V=3B
Moreover, (3.1) implies that
"L out oul 9
6.13 Ql,=— — e -
(6.13) of Z ot OtP dutdul

2,7=1
6.2. Representation matrix of the metric h

In the t-coordinates, the metric A is given by

(4.4) o~ Ou' Ou!  O*t"

Hep := (0, O5) Zl 50 918 ouiows @ 2 (Hagp) -
J=

i
Comparing this with (6.13), we have
Therefore from (6.12), we obtain a key relation

dy—1

6.14 Hypg=-Q;= —— .
( ) B af d afB

6.3. Representation matrix of Hess(t™)

Define vector fields Xg (1 < 8 < n) on M by
(6.15) Xg=Exdg=> U0,
y=1

They are G-invariant vector fields on V and form a basis of the C[V]“-module
Dergm of G-invariant vector fields on V' [6, §7.3]. Take dt!, ..., dt" as a basis
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of the C[V]%-module ng of G-invariant 1-forms on V. Let A = (A.3) be
the representation matrix of Hess(t") with respect to them:

(6.16) Hess(t")(X3) = ZA g dt® .

Notice that
A.p € Clt], det A#0,
since Hess(t") is the isomorphism (see (CS2) in §4).
Lemma 6.1. A= HU and
dp — 1
App = — o C[t
8 dl af € [ ]

Proof. First we show A = HU. By definition of Agg,

Aug =(Hess(t") (X5), 0a) "2 S U7 (Hess(t")(,), D)

v=1
=Y Uh(0y,00) =Y UlgHya =Y UlgHay
=1 =1 =1
= (HU)ozB :
To show the second statement, recall (6.14).

& (6.14) dp (6.8) dn — 1

Awg =) Hy U7 B, U ng -

B ; Y dl ( ) dl af
Then Ayp € C[t'] follows from (6.6). O

Lemma 6.2. 1. deg Aop =di +dy, —do — dg and

Aup =0 (a+p<n+1)
Aup € C\{0} (a+pB=n+1)
Aqp € Clt'] (a+pB>n+1)

2. A7l e M,(C[t)).
3. ATYWA € M, (C[t]) is upper triangular and its diagonal entries are
dpt1—p _ di+dn —d,

-1 po— =
(AT WAH, i 4
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4. A710,A € M, (C[t']) is strictly upper triangular.
Proof. (1) By Lemma 6.1 and (6.7), the degree of A,z is

degAag :deg(]gﬁ =d +d, —d, —dﬁ .

Recall that do, + dg > di + dy, holds if a4+ 3 < n+1 (see (4.2)). Therefore if
a+p <n+1,degAyp <0, hence A,g = 0. Recall also that d, +dg = d1 +d,
if 45 =n+1 (see (CS3) in §4). Therefore Ayp is a constant if o+ = n+1.
Then we have

n
n(n—1)
det A = (—1) 2 H Aa,n+1,a .
a=1
Since det A # 0, Aqnti—a # 0.
(2) Let us put

T:
1

Then T'A is the matrix obtained by exchanging the i-th row and the (n +
1 —i)-th row (1 < i < n) of A. So TA € M,(C[t']) is upper triangular
and its diagonal entries are nonzero constants A1, ..., Ay,. Therefore T'A is
invertible, (TA)~! = A7'T € M, (C[t]) is upper triangular and its diagonal
entries are nonzero constants. A~! is obtained from A~!T by exchanging
the j-th column and the (n + 1 — j)-th column (1 < j < n). Therefore
A=l e M, (C[t').

(3) and (4) immediately follow from A™*WA = (TA)"Y(TWT)(TA) and
AT19,A = (TA)710,(TA). O

Lemma 6.3. A="A and
AC, ='CoA, AB,='B,A (1<a<n), AU='UA.

Proof. By Lemma 6.1, we have

_dn—l (@)dn—l

A a C’Z}V a C:}u =A, .
We also have
d, —1 n (62) dp—1 d, —

n RS m
(Aca);w = (C,ucoz) = (CQC,LL) v d Z Ca)\o/i\u )
A=1
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and

d, —1
dq

9 d, —1 d,—1
() (BuC,)", = S BLCY, .
d A=1

(ABy)uw = i

(CHBa)ny

In all of the above equations, the RHS’s are symmetric with respect to the
exchange of p and v. So A, AC, and AB, are symmetric matrices. Therefore
A="tA AC, ='(AC,) ='CyA and AB, = '(AB,) = 'B,A. The remaining
equation AU ='UA easily follows from AC, ='C,A and (6.3). O

6.4. Levi—Civita connections for Shephard groups

In the t-coordinates, the Levi-Civita connection V¢ of the metric h is ex-
pressed as

n 1 n
V() = 810y, Slg= 3 > H (0uHsp + 03Hso — OsHap) -
y=1 6=1

Here H = (H,p) is the representation matrix of the metric i defined in §6.2
and H*? (1 < a, 8 < n) denotes the (a, 3) entry of the inverse matrix H~!.
We put

(Sa)”s = 505
Lemma 6.4.

28y = ATVOLA+ (-1 - W + AT'WA)B, .

Proof. With (6.14) and (6.10), we have

dp — 1 "
dp — 1 _ _ _ n
== ((04Cs5) U™ — BsWB, + U™ 'CsC,WU ™ — BsB,) 5
1
Therefore
(6.2)(6.9) dp, — 1 "
OaHsg — OsHop = = (BaW B;s — BsWB,)"

di

CLY HW Bs)as — (HW Ba)ss

D (HW Bg)as — (HW Ba)ss .
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On the other hand, by (6.14) and Lemma 6.1,

dy—1_
aﬁH&l - (95Ha5 - dl ag ad
dy —1
= = (95Ca U™ — BoWBg + U CoCaWU™ — B,Bg)"s
1
dy — 1 _ _ _
= ——(0.C3U ' — B,WBg+ CsB,WU ™! — CyBU )"
1

= (AU )5 = (HW Bg)as + (ABaWU )55 — (ABoU ™) g5
Adding these two equations, we obtain
OoHsg + OgHsa — OsHap = ((OaA + ABo(W — 1)U 55 — (HW By )sg -

Therefore

257, = ; H*((0aA+ ABo(W = D)U™Y) 35 — ; H"(HW Ba)ss
= ((0a A+ ABo(W = D)UT'H™Y) " = (WBa),

= ((OuA+ AB(W = 1))A™Y) )" — (WBa)5 .
Using Lemma 6.3, we see that the matrix in the first term is the transpose of
A9, A+ AH W — 1)AB, .

Therefore
2505 = (AT 0u A+ (-1 =W+ A"'WA)B,)"; . O
7. Proofs of Theorem 4.4, Theorem 4.5 and Theorem 5.1

7.1. Proofs of Theorem 4.4-(1)(2) and Theorem 5.1

First we show that

det Sl # 0
holds on M?°. Substituting ;4 = O and B; = U~ ! into Lemma 6.4, we have

(7.1) 28 = (=1 - W+ A"'WAU .
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By Lemma 6.2 (3), —1 — W + A=W A is upper triangular and

d d dn_d —2d dn 4.1
(<] — WA WAp =1 a7 p _ 2yt dy 0D
g dy dy dy

This implies det(—1 — W + AYW A) # 0. Since det U # 0 on M°, det S; # 0
on M°. The representation matrix of the map X — Ve is given by Sj.
Therefore det S # 0 implies that this map is invertible. This proves Theorem
4.4-(1). Thus (4.6) determines the multiplication <.

Next we prove Theorem 5.1. Let BS® (1 < a < n) denote the represen-
tation matrix of d,¢. To show that the multiplication ¢ agrees with x, it is
enough to show that BS® = B,. Notice that (4.6) is written as follows.

O = 0,51 + SaS1 — 5180 + S1BS = 0154 + S1B:° .
In the last line, we used the flatness of V. Therefore
(7.2) B = —57'0,8, .

Since A is independent of t! (Lemma 6.2), we have

20180 = (—1 — W + A" 'WA)B, "2 (-1 —W + A'WAUB, .

Substituting this equation and (7.1) into (7.2), we obtain BS® = B,
Theorem 4.4-(2) immediately follows from Theorem 5.1.

7.2. Proof of Theorem 4.4 (3)

We show that (V o = x, F) satisfies (ASS1)-(ASS4). We already showed
that V¢ and E satisfy (ASS3) in Lemma 4.3. It is clear that ¢ satisfies
(ASS2) since x = ¢ satisfies (ASS2). It is also clear that (ASS4) holds since
the multiplication ¢ is made from V“ and e by the condition (ASS4). So we
only have to check the condition (ASS1).

In the matrix representation, (ASS1) is equivalent to

8(135 + [Sa, Bﬂ] = 8ﬂBa + [Sﬁ, Ba].
Using Lemma 6.4, this is equivalent to

(7.3)
2 (aaBﬂ - aﬁBa) = —[Ail({“)a/L Bﬂ] + [AilaﬁA, Ba]
+ Bs(—W + AT'WA)B, — Bo(-W + A"'WA)B; .
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To show (7.3), let us compute 0,83 — dgB, in two ways. By (6.10), we have
3(135 — 3ﬁBa = —BgWBa + BQWBﬁ .
On the other hand, using B, = A71(!B,)A (Lemma 6.3), we have

(%Bg - 65Ba = 8a(A’1 tBBA) — 6[3(14’1 tBaA)
— AT, AATMB A AT O, By A+ AT By 9. A — (a ¢ )
N—— N——
:Bﬁ :BBA’1
= —[AilaaA, Bg] + [Aila,@A, Ba] + Ailt(aaBg — a,gBa)Afl

= —[A7'0,A, Bg] + [A7103A, B,] — B,AT'WABg + BsA'WAB,, .

Adding these two equations, we obtain (7.3).
7.3. Proof of Theorem 4.4 (4)

To show that (h, %, e) is an almost Frobenius structure, we have to check (2.8),
(2.9), (2.10) with V, g replaced by V¢ h. Eq. (2.8) trivially holds since V¢
is the Levi-Civita connection of h. In the matrix form, (2.9) and (2.10) are
equivalent to the followings.

> BlsHyny =Y BjHan, O1H+HB =0.
A=1 A=1

But these immediately follows from (6.14), (6.9) and (6.11).
7.4. Proof of Theorem 4.5

The proof is almost the same as the proof of [6, Theorem 7.5-(3)].

Consider the Saito structure (V, ®, e) dual to (Vo = %, E). Compar-
ing the first equations of (3.7) and (4.7), we see that the multiplication ®
agrees with the multiplication * of the natural Saito structure for G. To show
that (V,® = %, e) is a polynomial Saito structure, we will find a set of basic

invariants s = (s',..., s") satisfying the following (i) and (ii):
(i) s=(s',s%...,s") is a system of V¢-flat coordinates.
(ii) The structure constants of the multiplication ® = x with respect to the
basis %, ceey a% are polynomials in s.
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Since ® = *, the representation matrix of 9,® is C,. Let

V(C?i(aﬂ) = Z Tlﬁ ) (Ta)’yﬁ = ng .

=1

Then by the second relation of (4.7) and Lemma 6.4,
1
(7.4) Yo =2S,—5Cy= §A‘18QA (1<a<n).

Notice that Lemma 6.2 implies that T, is strictly upper triangular and that
deg Tgﬂ = d, — do — dg. Moreover, the flatness® of V implies that

(7.5) 8QT5 — 35Ta + [Ta, Tﬁ] =0.

Lemma 7.1. There exists a unique upper unitriangular matriz X € M, (C[t'])
with homogeneous entries satisfying

(7.6) 0. X4+TX=0 (1<a<n).
Moreover deg X7g = d — dg.
Proof. Let us set
X7, =1 (1<y<n), X'=0 (1<8<~v<n).

We will solve the equation (7.6). Component-wise, it is written as
(7.7) OaXTg=—> Y1:X% (1<a<n).
5=1

Notice that the sum in the RHS is taken for v < § < @ since Y7, =01if v > §
and X°5 = 0if 0 > 3.

Now let us fix 1 < g < n. If v > 3, the RHS of (7.7) is zero because ¢
satisfying v < 0 < /3 does not exist. The LHS is also zero since X7g = 0 or
1. So (7.7) holds.

Consider the case v =  — 1. The system of partial differential equations
(7.7) for X?~15 becomes

8aXﬂ715 = —ngl (1<a<n).

>The connection V¢ is flat since it is constructed from V° by (4.7). See [6,
Proposition 3.7].
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The homogeneous polynomial solution X#~! 3 € CJt] uniquely exists due to
(7.5). Its degree is

deg X715 = deg Y25' + do = (dp—1 — do — dg) + do = dg_1 — dj .
For v = 3 — 2, (7.7) becomes
0 X 25 = —Y02 - Y02 X (1<a<n).

The homogeneous polynomial solution X#~2 3 € C[t] uniquely exists due to
(7.5) and its degree is dg_o —dg. For vy = -3, ...,2, 1, the similar argument
shows the existence of homogeneous polynomial solution X7 5 € C[t] of degree
dy — dg.

Since deg X75 < d, < dy, X7p is independent of ¢!, i.e. X753 € C[t']. O

Now let X € M, (C[t']) be the matrix in Lemma 7.1. Since X € M, (C[t'])
is upper unitriangular, X is invertible and X1 € M,,(C[t]) is also upper uni-
triangular. Moreover deg(X ~1)7 5 = dy —dg. Then we can find homogeneous

polynomials s, ..., s" € C[t] satisfying

Z 5dtﬁ degs®*=d, (1<a<n).

By degree consideration, s!, ..., s are of the following forms:
st=t", Sl=t" e B (), ., st=tt e B8t .

We can solve these equations for ¢ and express t',...,t" as polynomials in

st ..., s" Therefore s = (s!,...,s") is a set of basic invariants. We obtain

C[s] = C[t] and C[s'] = C[t'].
Next let us show (i). Taking the dual of ds', ..., ds™, we obtain

8 n
y=1

Applying , we have

= (7.6)
Baaﬂ Z&XJrTX d5 =0

Thus s = (s!,...,s") is a system of V-flat coordinates.
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Finally we show (ii). Denote by C’gﬁ the structure constants of ® = x

with respect to the new basis %7 ceey %:

o 0 a0
5sn * 57~ 2 Conga
Then by (7.8),

Cly=Y XM X"Cp (X717, .
TP

Since X, X1, C, € M,(C[t']), (:gﬁ € C[t']| = C[¢']. Theorem 4.5 is proved.
8. Proof of Theorem 5.5

The notations are the same as §7.

Lemma 8.1. V% =V holds if and only if A is an anti-diagonal constant
matriz.

Proof. The condition V* = V is equivalent to T, = O (1 < a < n). There-
fore by (7.4) V¢ = V holds if and only if A is a constant matrix. By Lemma
6.2, A is a constant matrix if and only if it is anti-diagonal. 0

Remark 8.2. In the case n = 2, A is given by

do—1(0 1
A=2"" .

Therefore by Lemma 8.1, A is an anti-diagonal if and only if C2%, = 0. It
is not difficult to compute C3,. See [1, §5], [6, Tables C6, C7, C8]. Among
exceptional Shephard groups of rank 2, C%, # 0 holds only for G4, G5, Gs,
G116, Gog. This result agrees with Theorem 5.4 proved by the calculation using
the u-coordinates.

Next we consider the metric 7 defined by (4.9).

Lemma 8.3. The matriz A defined in (6.16) is the representation matriz of
the metric n with respect to 0y (1 < a <mn):

n(aaaaﬂ) = Aaﬁ (1 S CM,B S n)
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Proof. Substituting ® = %, X = J, and Y = 0p into (4.9), we obtain
(0, 03) = h(Oa, E % 03) = h (aa, > mﬁay) = (HU)ap -
y=1
Since A = HU (see Lemma 6.1), 7(0n, 03) = Aag. O

Now we prove Theorem 5.5. Assume that 6 is a metric on M compatible
with the natural Saito structure (V,*, E). Then 6§ must satisfy (2.5), (2.6),
(2.7) (with n replaced by ). Let © be the representation matrix of  with
respect to d, (1 < a <n), ie.

O = 0(0a,03) .
Then (2.5) is equivalent to
0008, =0 (1<o,6,7<n).

Therefore © must be a constant matrix.
Eq. (2.7) is equivalent to

dy + dﬂ
dq

O =02—-D)By (1<a,f<n).

Since © # O, it follows that 2— D = (d, +dg)/d1 must holds for some (o, 3).
Let us show that

First assume that dq(2 — D) > d; + d,, holds. Then by (4.2),

dg, +d5 < dy +d,
dq - d

<2-D (a+pB>n+1).

S0 O, = 0 must hold for a + 8 > n + 1, which implies det ©® = 0. This
contradicts the nondegeneracy of the metric 8. Therefore dy(2— D) < dy +d,,.
By a similar argument, we can show d;(2 — D) > d; + d,,. Thus we have

B dy +d,

1) 2—-D
(8 ) dl Y

Ous =0 (a+B#n+1), Oaniia €C\{0}.



Almost duality for Saito structure and complex reflection groups I 749

Finally, the condition (2.6) implies 6(0y, 0g) = 0(0n * 03, 01). So

LemgaG.l d1@n,1
dp —1

" 8.1
Oas =D Cl5041 e, Aap -
y=1

Since © is anti-diagonal, this equation implies that A must be an anti-diagonal
matrix. Hence by by Lemma 8.1, V = V must hold. Moreover 6§ must be a
constant multiple of 7 since A is the representation matrix of  (Lemma 8.3).

The proof of the converse is immediate. If we assume that V = V¢, then
it is clear that the constant multiple of 7 is compatible with (V*, & = %, E)
since 7 is a metric compatible with (V, ® = «, ). (See the last paragraph
in §4.) This finishes the proof of Theorem 5.5.

Appendix A. Vector field e for G(m,1,n)
A.1. Preliminary

For a tuple of variables v = (v!,...v"), let

e,(v) = Z Vi L gle

1<91<i2<...<ia <N

be the a-th elementary symmetric polynomial in v. We use the notation
V(ijyk) = v\ {v, 0, oF)
Notice that

(A1) ea(viyj.i) = v'ea1(vij. k) +ea(vij kn) (Fi4 ... k).

We set
1 1
B() ~E(),....om = | U0 el)
en—l'(v(l)) et (vm)

Lemma A.1. The determinant of E(v) is given by
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Proof. Subtracting the first column from the k-th column (k > 1) and using
(A.1), we have

1 0 . 0
e1(va)) vl — o2 e vl —on
E(!,...,o")| = |e2e) @ —v)ei(vaz) - (@ —v"ei(vam)
en(vmy) (V' =v?)en1(vag) o (V' = v")en—1(va )
= I ' -o- ’E(UQ,...,vn)‘.
2<k<n
The claim follows by induction. O

Next we calculate the (o, j) minor of E(v). Let E(v)s,; be the matrix
obtained by deleting the a-th row and the j-th column of E(v).

Lemma A.2. The determinant of E(v)a,; is given by

[E(v)asl = @)™ [ =)

1<k<I<n;
k,l#j
Proof. We may assume j = 1, since
1,2 n _ j—2 2 -1 1 ,§+1 ,n
’E(v L7 )a,j’ = (-1) ’E(UJ,U s T T ) 0]

First we consider the case a = 1. Subtract the first column of E(v);,; from
the k-th column (k > 1). Then subtract the second column from the k-th
column (k > 2). Continuing this process, we have

ei(ve) e(vz) - eil(vm)
IE(v)11] e(vp)  ealvg) o eavw)
11 = . . )
en-1(v@2) en1(vE)) - en1(vm))
e (1}(2)) 1 s 1
I - %) exviz)  elvey) - elven)
= v —U . . . .
3<k<n -
enfl(U(Z)) ean(fU(Q,B)) en72(v(2,n))
— H (UQ o Uk) H (U3 o Uk)
3<k<n 4<k<n
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61(’1}(2)) 1 0 s 0
€9 (’U(g)) (S3) (0(273)) 1 s 1
en-1(v2) en-2(v23) ens3(vese) - en3(Vesn)

- I w-v)

2<i<j<n
el(v(g)) 1 0 ce 0 0
€9 (U(g)) (S5 (0(2’3)) 1 0 0
" e3(71(2)) 82(0(2,3)) €1 (U(2,3,4)) T 0 0
en—z(U(2)) en—3(U(2,3)) en—4(U(2,3,4)) T el(U(2 ..... n71)) 1
en—1(U(2)) en—z(U(2,3)) en—3(®(2,3,4)) Tt 62(0(2 ,,,,, nfl)) el(v(Q ..... n))

(W)

Next we eliminate the entries below the diagonal of (#) by column operations.
We start from the bottom row. For k& < n — 1, eliminate the (n — 1, k) entry
en—k(V2,. k1)) = vk +2. .. 9" using the (n—1,n—1) entry e1(ve,.n) = vl.
Then (n—2,n—2) entry becomes e;(v(2,... n—1)) —vn = v1 and all the (n—2, k)
entries for k& < n — 2 are divisible by v;. Repeating the elimination process,
we obtain

vl 1 O
(‘) — v‘l. X — (Ul)n_l
@) vt

This proves the formula for o = 1. The cases o > 1 may be reduced to the
case o = 1 as follows. By column operations similar to those in Lemma A.1,
we have

el(v(2,---,a,a+1)) el(U(Q,»--,a,n))

E@oi = ] ( I =

2<i<a \i<j<n en—a(v(zm,a,aﬂ)) en_a(v(%“’a’n))
= H ( H (vi—vj)> . E(vl,vo‘ﬂ,...,v")l,l‘ :
2<i<a \i<j<n

Thus the formula for o > 1 follows from that for o = 1. O
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From the above two lemmas, we obtain the following

Lemma A.3. The (i,a) entry of E(v)~! is given by

E@) ia = (=D @)"™ J] (wi—w)™" .

1<I<n;
l#i

Proof. Substitute the formulas in Lemmas A.1 and A.2 into

(~1) (B (0)as]

(E(U>7 )ia = |E(’U)|

A.2. The vector field e for G(m,1,n)

If we set
vl = (W)™ (1<i<n),
then a set of basic invariants for G(m, 1,n) is given by
¥ =ept1-a(v) 1<a<n).
Proposition A.4. We have

ot (_1)n+a(ui)m(a—2)+1

-1
oz m IT (o)™
1<i<n;
I£i
Proof. From (A.1), it is immediate to see that
0
781)1‘ ea(v) = ea_l(v(i)) .
Therefore, using the chain rule, we have
oz oz oz™ oz™ Ovl vl
oul " OQun ovt Tt Qun oul " dun
Oa! dzl da! vl ov" o™
oul " OQun ovl oum oul " dun

= mE(v) diag((u)™ 1, ..., (™)™
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Therefore by the inverse function theorem,

dul dut
oxn  ° Oxl 1
: L= Ediag((ul)km7 WM™ Ew) T
ou™ Qu™
oz " Oxl

Comparing the (i,n + 1 — «) entries of the both sides, we obtain

aui u’i 1-m -
o O ) e

Thus the statement follows from Lemma A.3. O

Corollary A.5. The vector field e = % s given as follows.

L 0 (—1)n*t
— k_ Y kzi H ( _ >71
e e e UV — Vg .
k>’ kym—1
k=1 du m(u )m 1<i<n;
£k
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