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Abstract: In this note, introducing notions of CH module, CH
morphism and CH connection, we define a meromorphic connec-
tion in the “z-direction” on periodic cyclic homology of an A, cat-
egory as a connection on cohomology of a CH module. Moreover,
we study and clarify compatibility of our meromorphic connections
under a CH module morphism preserving CH connections at chain
level. Our motivation comes from symplectic geometry. The for-
mulation given in this note designs to fit algebraic properties of
open-closed maps in symplectic geometry.
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1. Introduction

In this note we introduce and study a certain meromorphic connection on
periodic cyclic homology of a filtered A, category. In [21] Getzler intro-
duced the Gauss-Manin connection on periodic cyclic homology of an A
algebra, which we call the Getzler-Gauss-Manin connection in this note. He
constructed the connection at chain level and showed that the curvature is
chain homotopic to zero. His connection does not involve derivative of the
‘z-direction’. Here the parameter z is the auxiliary variable in the cyclic ho-
mology, which is denoted by —w in [21]. In this article we will incorporate
the derivative of the ‘z-direction’ with the connection. This is necessary and
important when we study the relationship between the Fukaya category for a
general, not necessary Calabi-Yau, symplectic manifold and Kyoji Saito’s flat
structure [30]. On the other hand, Katzarkov-Kontsevich-Pantev [25] intro-
duced a connection on periodic cyclic homology which contains the derivative
of the ‘z-direction’. Although the definition of our connection is inspired from
their definition and it looks similar to theirs, they are essentially different as
we will explain later in Remark 1.1.

Our motivation comes from symplectic geometry. We briefly and infor-
mally recall the symplectic geometric background to explain our motivation
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and aim of this article, though these geometric contents are not used in this
note. Let (X, w) be a closed symplectic manifold. We do not assume ¢;(X) = 0
here. Let

(1.1) Ay = {i a; T

=0

a; € (C,)\@ € R207)\i — OO}

be (a version of) the Novikov ring. We choose and fix a homogeneous basis
To=1,T1,...,T,, of H*(X;Ag). (For simplicity, we assume deg7; are even.)
Let t = Y /2 t;T; € H*(X;Ap) and denote by ¢ the quantum product on
H*(X;Ap) defined by

=1

a*t b, c = —GW t,...,t,a,b,c)T¥,
( t )PDX aebg(:x;z) nz::o n! 0,a,n+3(T )

Here (-,)pp, denotes the Poincaré paring on H*(X;Ag) and GWgY, 3 is
(the A linear extension of) the genus zero (n + 3) points Gromov-Witten in-
variant of X with class . Dubrovin introduced a meromorphic flat connection
VP called Dubrovin’s quantum connection on the trivial H*(X;Ag)-bundle
over H*(X; Ag) x P! satisfying

g 1
D e — f— .
vai- o 6ti + Z(Tl*t)’
o 1
D fr— _— =
Vig =g B A

where 2 is the parameter sitting in P!, E' = ¢;(X) + Y7 (1 — 445)¢,T; and
1 € End H*(X; Ag) defined by u(a) = 3(dega — 42%)q for a € H*(X; Ag).
See, e.g., [10, Lecture 3] and compare Example 5.10 below.

On the other hand, Lagrangian intersection Floer theory on X provides
a filtered A, category, called the Fukaya category, denoted by Fuk(X). The
open-closed map p introduced in [14] is extended in [1] to a QH*(X)-module
homomorphism

o~

(1.2) p : HH.(Fuk(X);Ao) = QH™(X; )

from the Hochschild homology of the Fukaya category. Here QH*(X; Ag) de-
notes the quantum cohomology ring of X with coefficients in Ag. If we use the
de Rham model, then Fuk(X) has a structure of cyclic filtered Ao, category.
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(See [11], [12], [1].) The open-closed map p will be lifted to a cyclic open-
closed map from the the cyclic homology of Fuk(X) to the (S'-equivariant)
quantum cohomology:

(13) B+ CH.(Fuk(X); Aol[=]]) — QH" (X; Ao[[=]).

Then general algebraic theory on the Hochschild chain/cochain of an A, cate-
gory tells us that the Hochschild chain CC, (Fuk(X); Ag[[2]]) has a structure of
DGLA module over the Hochschild cochain CC*(Fuk(X); Ag[[z]]) which has
a structure of DGLA. Moreover it is known that QH*(X; Ao[[2]]) has a struc-
ture of hypercommutative algebra in the sense of [22] (see Example 3.10 for
the definition). Furthermore, we note that these maps and categories are bulk-
deformed by elements of H*(X; Ag). (See [14], [17] for more detailed discussion
on bulk-deformations.) In this situation, we like to construct a meromorphic
connection on periodic cyclic homology of Fuk(X) over H*(X; Ag) x P! which
is compatible with Dubrovin’s quantum connection VP under the cyclic open-
closed map cp. This is our motivation. In this article we do not touch the
geometric part of the cyclic open-closed map. The purpose of this article
is to extract and describe the properties that the cyclic open-closed map is
supposed to have in terms of purely algebraic language, and to introduce a
meromorphic connection containing the derivative of the z-direction as well,
and to prove that the connection is compatible with Dubrovin’s quantum
connection under the cyclic open-closed map in our algebraic formulation.
In this sense our formulation provides an algebraic counterpart of the cyclic
open-closed map in Lagrangian Floer theory together with our meromorphic
connection, and describes the relation of our meromorphic connection in the
Fukaya A, category to Dubrovin’s quantum connection in quantum coho-
mology via the cyclic open-closed map. See Proposition 5.21, Corollary 5.22
and Theorem 6.5, and also Remark 5.23 for the variants. The unitarity of the
A, category is used in Section 6. We also note that there is a related result
on compatibility of the Getzler-Gauss-Manin connection under a certain L.,
morphism of modules in deformation quantization [5, Proposition 1.4].

In this note a key ingredient to incorporate the derivative of the z-
direction with the Getzler-Gauss-Manin connection on periodic cyclic ho-
mology of a filtered A, category is to consider a Z-grading. To encode a
Z-grading structure in the Fukaya A, category Fuk(X)! we will use the uni-
versal Novikov ring A§ (see Example 4.2 (1) for this notation) by adding one
formal variable e of degree 2 instead of Ag in (1.1). This formal variable e was

"More precisely, we consider anchored/graded Lagrangian submanifolds as ob-
jects. See [15], [32] for more details.
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originally used in the universal Novikov ring in Lagrangian Floer theory [13],
[14] in order to encode the Maslov index of holomorphic disks, while Ag or its
quotient field A without the formal variable e are frequently used in recent
literatures, for example [16], [18], where only Z/2Z-grading is considered. By
using the Z-grading structure we define a meromorphic connection called an
Euler connection in Definition 5.14, which incorporates the derivative of the
z-direction with the Getzler-Gauss-Manin connection.

To establish the compatibility of our Euler connection with Dubrovin’s
quantum connection under the cyclic open-closed map at cohomology level,
we need argument at chain level. In an algebraic aspect, we will study cer-
tain algebraic structure keeping track of information of chain homotopy at
certain depth. For this purpose we introduce the notion of CH module over
an L., algebra in Definition 3.6, where ‘CH’ stands for Cartan homotopy. It
is a cousin of the notion of calculus algebra in [8], [36]. (We note that the
Cartan homotopy formula already played an important role in Getzler’s pa-
per [21] to construct the Getzler-Gauss-Manin connection on periodic cyclic
homology.) Actually we will see that the structure of calculus algebra gives a
typical example of our CH module structure and a hypercommutative algebra
mentioned above also provides a typical example of the CH module structure.
(See Examples 3.9, 3.10.) In the language of CH-module and CH-morphism
we define, we formulate and study the compatibility of our Euler connections
under a CH-morphism in Proposition 5.21 and Corollary 5.22, and apply these
results to the situation arising from an A, category in Section 6.

Remark 1.1. Our connection formally looks similar to one in [25, p.108§]
by replacing our variables z, e by their variables u, t respectively. In fact, the
variable z plays the same role as the variable u. However there are indeed
differences in the following points. Katzarkov-Kontsevich-Pantev consider a
t € Ac \ {0}-parametrized family of Z/2Z-graded (DG) algebras (see [4]
for its A, version), while we consider a Z-graded family of (DG) algebras.
Their variable ¢ stands for a formal abstract parameter and does not have
a non-trivial grading (but they consider a ‘weight’ instead) because of the
property d4, = t - dy ete, described in [25, p.108]. On the other hand, our
variable e appears in more primitive way and has a geometric meaning in
Lagrangian Floer theory as mentioned above, which naturally involves a Z-
grading. Furthermore, since our Z-graded family of (DG) algebras is different
form one they consider, the Getzler-Gauss-Manin connections associated to
these families are, at least a priori, different.

Remark 1.2. There are related works, e.g. in [19], [33] motivated also by
symplectic geometry. In [19, Section 4.2] Ganatra-Perutz-Sheridan claims the
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compatibility of the Getzler-Gauss-Manin connection and Dubrovin’s quan-
tum connection under the cyclic open-closed map. Their Geztler-Gauss-Manin
connection does not involve the derivative of the z-direction. However they
consider the Calabi-Yau case. So it is actually not necessary for the situation
they study. Moreover, we note that a Z-grading structure naturally appears
in their case.

In [33] Seidel studies a similar quantum connection on equivariant Hamil-
ton Floer homology and its compatibility with Dubrovin’s quantum connec-
tion under the PSS map.

The outline of this paper is in order. Since we borrow Tygan’s reformu-
lation [37], following Barannikov’s idea sketched in [2], of the Getzler-Gauss-
Manin connection in terms of L., algebra and L., module, we start with re-
calling basic definitions concerning L, algebra and L., module in Section 2.
In Section 3 we introduce the notion of CH module over an L., algebra L
and CH module morphism. For a given L., algebra L over a graded algebra
R, we first enhance an Lo, algebra structure on L := L[[z]] @ eL[[2]] with
new formal variables z and € of degz = 2 and dege = 1, which can be re-
garded as a mapping cone of the morphism z -id € Endgj(L[[2]]). Then a

CH module structure on a graded R[[z]] module M over  the Ly algebra L
is defined as an ‘e>-truncated’ L., module structure on M over the cone L.
This structure includes information of chain homotopy at certain depth which
will be used in later argument at chain level. On the other hand, as we men-
tioned above, our motivation comes from symplectic geometry, where the
symplectic energy plays an important role. To encodes the symplectic energy
we will use the Novikov ring/field as coefficients on which the symplectic en-
ergy induces a valuation or norm. Thus in Section 4 we define the normed
(filtered) version of the notion of CH module. In Section 5, after defining the
notion of CH connection on a CH module M over L, we define the Getzler-
Gauss-Manin connection on M for each CH connection and Maurer-Cartan
element of the L., algebra L in Definition 5.8. In Subsection 5.4, using the
grading operator and the Euler vector field, we incorporate the derivative of
the z-direction with the Getzler-Gauss-Manin connection defined above. We
call the resulted connection an FEuler connection on M. Then for any CH
module morphism which intertwines CH connections we show compatibility
of the Euler connections under the CH module morphism (Proposition 5.21,
Corollary 5.22). Now in Section 6, we study the situation of the Hochschild
chain/cochain of an A, category 7. It is known that the shifted (reduced)
Hochschild cochain complex CC*(47)[1] has a structure of DGLA and the
shifted (reduced) Hochschild chain complex CC4(27)[1] has a structure of
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DGLA module over CC* (@/)[1]. Moreover we show in Theorem 6.5 that the
reduced Hochschild chain M := CC,(</)[1][[]] has a CH module structure
over the DGLA L := CC"(<7)[1]. Therefore we can apply the story developed
in up to Section 5 to this situation. Thus this derives a Getzler-Gauss-Manin
connection together with derivative of the z-direction (an Euler connection)
on the periodic cyclic homology of an A, category. Finally in Section 7, we
recall the definition of a part of primitive forms and briefly explain relations
to filtered A, categories and Euler connections.

2. Preliminaries on L., algebras and L., modules

In this section, we recall some definitions related to L, algebras (e.g. [27]).
Let R = @pezRF be a (Z—)graded ring. Throughout this paper, we assume
that rings are (graded) commutative and contains Q, i.e., n - 1 is invertible
for each n € Z \ {0}. By graded R modules, we mean left graded R modules,
which are naturally considered as graded R bimodules. Usually, elements of
graded modules are assumed to be homogeneous.

For graded modules, the degree of homogeneous elements are denoted by
| -] and set | -|":=|-| — 1. For a graded R module V, the one shift V[1] is
defined by V[1]* := VF*! Let s : V — V1] be the “identity map” (degree
—1). The graded R module structure of V[1] is defined by rsv := (—1)"lsrv.
To simplify notation, we use the same letter v for sv.

For graded R-modules V, W the graded tensor product over R is denoted
by V ® W. The symmetric group Sy of degree k naturally acts on V&,
The coinvariant of this action is called the graded symmetric tensor product
and denoted by V. An element o € S is called an (i1, 9, ..., i;)-shuffle if
i1+ +i =k and

ol)<o2)<--<o(ir),...,o+ - +i1+1) <--- <o(k).

The set of (i1,i2,...,%)-shuffles is denoted by Sh(iy,ia,...,%). For
x1,...,2; € V and o € Si, the Koszul sign €(0) is defined by

11O Ok = €(0)Te(1) O O Ty(hy-
Note that €(o) depends on x1, ..., zy.
Set E,V = V[1]°F and EV := @©o<,EV. We define a product EV ®
EV — EV and a coproduct A : EV — EV ® EV as follows:

OO WO OY)=nO - OROY OOy,
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Ay1© -+ © yx) Z Z T)Yo(1) © *** O Yo(p) @ Yo(p+1) @+ © Yo (k)
pt+q= kUESh(p q)

0<p<
where €(o) is the koszul sign determined by the shifted degree |-|". We define
a unit n by the inclusion R = EyV C EV and define a counit € by the
projection from EV to R. Then (EV, -, A, n,¢€) is a bialgebra. We note that n
gives a coaugmentation and (E'V, 4,7, €) is a cocomutative conilpotent cofree
coalgebra (see, e.g., [29, §1]). For

{fi}r<r € [] Homp (V1% V[1]),

1<k

we define f € Homk(EV, EV) by

Fyicum) = D > €)ooty Vo) @+ O Yoiry.
p+q=k o€Sh(p,q)
1<p<k

This gives an isomorphism between the set []; <, Homk(V[1]9%, V[1]) and the
set of coderivations of (E'V, A) such that composition of the coderivation and
7 is equal to zero. Similarly, for

{fi}r<n € [] HomG (VIO W1)),

1<k

we define ef € Hom%(EV, EW) by the following:

f®l<y17"'ayk) = Z E(U)fil(ya'(l);“'7ya'(i1))@
i1+ +i =k
o€Sh(i1,...,41)

O fil (ycr(il-i—--»-l-il_l-l—l)u LRI ya(k)>7
i f@l
pd {!

Then this gives an isomorphism between the set [],<, Hom% (V1] W1])
and the set of coalgebra morphisms from EV to EW such that the composi-
tion of the morphism and 7 is equal to 7.

Definition 2.1. Let L be a graded module over R and

{l} € HHomR 1%, L[1]).
1<k
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The pair (L, {¢y}) is called an Lo, algebra over R if {{;} satisfies the relation
Lol =0.

Remark 2.2. Let (L, {l;}1<k) be an L, algebra. Set

0 =—l(y), [y1,v2] = (—1)|y1|€2(917?/2)-

Assume that ¢, = 0 (3 < k). Then (L, [-,-],d) is a differential graded Lie
algebra (DGLA for short). Conversely, a DGLA is naturally considered as an
L algebra.

Definition 2.3. Let (L, {¢;}), (L', {¢},}) be Ly algebras. A set of morphisms

{fx} € H HomY% Gk ,L'[1])

1<k

is called an L., morphism if it satisfies Voel =ef ol

We next recall the definition of Lo, modules over an Lo, algebra (L, {{x}).
Let M be a graded R-module. We consider an F'L comodule EL ® M[1]. By
the construction, there exists an isomorphism between the set

Homp(EL ® M[1], M[1])

and the set of coderivations of EL ® M[1], where (EL, () is considered as a
differential graded coalgebra. For an element

{fM}GHHom [11°F @ M[1], M[1]),

the correspondmg coderivation is denoted by M € EndkL(EL®M]1]). Namely,
writing M (y; @ -+ © yp @ m) as M (y1, ..., yxlm), we have

ZM(yl, .. ,yk|m)

Z Z Co(Yo(r)s -+ Yo(p) @ © Yoy @M
1) ke
+ Y D> OYe) @ O Yoy @Y Wo(pr1)s - - - Yoty M),

p+q=Fk o€Sh(p, q)
0<p<k

where ¢ (o) = (=1)ve@ !+ +lvewl'e(0). Note that M depends on the Ly, al-
gebra structure of L.
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Definition 2.4. (M, {M}o<;) is called an Lo, module over L if M o /™ = 0.

Remark 2.5. Let L be a DGLA and (M, d) be a DGLA module over the

DGLA L. The action of y € L is denoted by L, € Endllg‘(M). We consider L
as an L, algebra (see Remark 2.2). Set

0 =—d, B (ylm) = (~)VIL,(m), =0 (k>2).

Then (M, {¢M}o<k) is an Lo, module. In this way, a DGLA module (M, d, £)
over a DGLA L can be regarded as an L., module.

We recall the definition of morphisms of L., modules. Let (N, {¢2 }o<k)
be another L., module over L. Then there exists an isomorphism between
the set Hom%(EL ® M][1],N[1]) and the set of comodule morphisms from
EL® M[1] to EL ® N[1]. For an element

{fi}o<r € [] Homp(L[1]°F @ M[1], N[1]),

the corresponding comodule morphism is denoted by f .

Definition 2.6. {fi}o<k is called an Lo, module morphism if it satisfies
PNofefoiM

Remark 2.7. Let L and L' be Lo algebras over R, {fi}i<x be an Lo
morphism from L to L', and (M, {¢}}o<;) be an L., module over L'. Then
(e=/ ®id) o ™ o (ef ®id) is a coderivation and this coderivation makes
M into an L. module over L. Using this construction, we can define L.,
module morphisms between L., modules defined over different L., algebras.
Similar remarks are applied to the cases of morphisms of CH-modules (Defi-
nition 3.11) and normed CH-modules (Definition 4.9).

3. CH structures
3.1. Notations on formal power series

Let M be a graded additive group and let ¢1,ts,...,t; be formal variables
with degree dy, do, . .., d € Z respectively. The space of degree d formal power
series of t1,...,t; (these variables are graded commutative) with coefficients

in M is denoted by M[[t]]¢ and set M[[t]] := @aczM[[t]]%. Note that the
degrees of coefficients also contribute to the degrees of elements of M[[t]].
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The space of formal Laurent power series M ((t)) = @aezM ((t))? is defined
similarly. These are naturally considered as graded additive groups.

A morphism from M to another graded additive group N naturally ex-
tends to a morphism from M][[t]] (resp. M((t))) to N|[[t]] (resp. N((t))). By
abuse of notation, these extended morphisms are also denoted by the same
symbols.

We use multi-index notation, i.e., t* := " -- - t;* for a = (a1,..., ) €
ZF. 1f R is a graded ring and M is a graded module over R, then R[[t]] (resp.
R((t))) has a natural graded ring structure and M][[t]] (resp. M((t))) has a
natural (left) graded module structure over R|[[t]] (resp. R((t))). Note that
the ring structure and module structure are determined by the following sign
rules:

o = (=)Mo o = (—D)MIE e (- € Rym e M.
3.2. CH structures

In §3.2, we introduce CH structures. This construction is inspired by [37]. Let
(L, {lx}1<k) be an Lo, algebra over a graded algebra R. Let z and € be formal
variables with degree

B=2 fd=1
We introduce a “mapping cone” of the morphism z - id € End(L[[z]]). Set
L= L)@ L[]

Then L[1] is naturally identified with L[1][[z]] & eL[1][[z]]. Note that € o s =
—soe, where € is the multiplication by e. We define operations ¢, on L[1] by
the following equations:

Zk(y1+6y’17~.,yk+ey;’f)

zyp it k=1,
=/ e —€ #é R VAN +
k(Y1 k) Z k(Y1 Y; Yk) 0 ifk>2,

(3.1)

where # := |y1| + - + |yi—1|” and |y = |yi| + 1 for y; € L][2]].
Proposition 3.1. (L, {{}1<x) is an Lo algebra over R[[2]].

Proof. We put

Z%(Z/l"‘ﬁyi;,yk-i-'fyk) _Ek(ylw"vyk _GZ #Ek y17"'7y7é7"'7yk)-
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Then it is easy to see that they satisfy the Lo, relations. Hence it is sufficient
to show that the coefficient of z in the formula

k

Ol(y+ey), 7yk+€yllq)+2(_l)#zk(yl eyl ,Zl(yiJrEyé)» )
=1

is equal to zero, where # := |y; +eyi|' + -+ - + |yi—1 + ey,_;|". This statement
follows by direct calculation. O

Let (L', {¢};}1<k) be another Lo, algebra. For en element

{fx} € J] Hom%(L[1]™%, L'[1]),

1<k
we set

fk(?/l + €yl Uk +€y;c)

(3.2)
=iy, yk) +EZ DF fulyn, -0 ),

where # = |y1 +eyi| + - -+ |yi-1 +evi_q|-

Proposition 3.2. If { fi}1<k is an Lo, morphism from L to L', then {fk}lgk
is also an Lo, morphism from L to L'.

Proof. 1t is sufficient to show that the coefficient of z in the formula

Eal

Ofel+eyt, - oynteyy) = > (—D* felyr+eyl, .. Glyi+ey)), ... vk teyp)
i=1

is equal to zero, where # = |y; + ey} |'+ - - - + |yi—1 + ey;_,|". This follows by
direct calculation. O

Now we consider the following decreasing filtration on L[1] which is de-
fined by the number of e:

CF 2 =L DF ' =L D> F :=L[[z]] D F':=0D---

Let M be a graded R][[z]] module. Then M|1] is equipped with the following
filtration:

S F T =MD F =MD F':=02---
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We note that tensor products of modules with filtrations are naturally
equipped with filtrations. We consider a set of morphisms

" € Hombyy (L)% @ M[1], M[1]) (0 < k).
Note that ® and ® are defined over R[[z]]. We denote by

the coderivation corresponding to /2.

Definition 3.3. Let (L, {{t}1<x) be an L, algebra over a graded algebra R
and M a graded R[[2]] module. Let n € Zso. A set of morphisms {£} }o<y, is
called an Lo, module structure on M over L mod €" if it satisfies

(3.3) (P o PMY(Fo) ¢ Fotn

for any a € Z. Here F'* is the filtration on EL®M][1] induced by the filtrations
on L[1] and M][1] defined as above.

Remark 3.4. Let ¢ : EL — R[[z]] be the counit. By the explicit formula (2.1)
(modify the sign €'(0) to €(c)), the morphism e®id gives an isomorphism from
the set of coderivations (of degree 2) of EL® M][1] to Hom%(EL® M][1], M[1])
and this isomorphism preserves the filtrations. Moreover

M[1] (a+n<0),
0 (a+n>1).

~—

Fa+nM[1} _ {

Hence the condition (W o {M J(F'*) C Fo™™ is equivalent to the condition
(e®id) o ™Mo ZM)(FP”) =0.

Remark 3.5. When n = 1, the condition (3.3) yields oM o @VI(FO) = 0.
Thus an L module structure on M over L. mod € is nothing but an Lo
module structure on M over L[[z]]. When n = 2, the condition (3.3) implies
(M o M (F1) = 0.

Definition 3.6. ,Avn L., module structure on M over L mod €2 is called a

CH structure on M over L. A graded R[[z]] module M with a CH structure
over L is called a CH module over L.
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Let (M, {E{?}ogk) be a CH module over an Lo, algebra (L, {{x}o<k). We
put

(3.4) §:=—l1, [y1,92] := (—1)|y1|€2(y1,y2) for all yy,y2 € L,

and
(35) di=—LM £, = (=) (y) forall y € L][2]] € L.

Moreover, associated to the CH module structure, we define maps /,, and
Py1,y2 for Y1,Y2 € L[[ZH by

(3.6) I = (—D)HM(eyy| ), pyyys = (1)L (4 eyl ),

Now we write down explicitly the relations of the CH module structure
under the following conditions:

) =0 (3<k), Y (y1,y2 - ) =0forall yy,y2 € L[[2]] C L.

Note that (L, 4, [-,-]) is a DGLA over R and (M, d, £) is a DGLA module over
the DGLA L[[z]], where the DGLA structure on L linearly extends to L[[2]].

Remark 3.7. We will consider £ (resp. I) as an element of

Hom ey (L{[2]], End ey (M)
of degree 0 (resp. degree 1). Similarly, we will consider
p € Homyy (L[[2]] ® L[[2]], End oy (M)).

The Lo relations mod €? yield the following relations among the oper-
ators (see Remark 3.4):

(3.8)  [d, Iy + Isy+ 2L, =0,
(39) [[yl,yz] - (_1)|y1\[£y17 Iy2] + [da py17y2] — Péyry2 — (_1)‘y1‘py1,5y2 = Oa
(3.10) Plyryeliys — Pyrlyz,ys] T (_1)|y1‘|y2|py2,[y1,ys] - [Eyv pyzvys]

+ (_1)|y1|\y2|[£y2ypyl,y3] =0.

Conversely, we easily see the following:
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Proposition 3.8. Let (L,8,[-,-]) be a DGLA over R and (M,d,L) be a
DGLA module over the DGLA Ll[[z]] equipped with morphisms I and p where

I € Hom g,y (L[[2]], End gz (M),
p € HomYypy (L{[2]] ® L{[2]], End g (M)).

Suppose that these morphisms satisfy the relations (3.8), (3.9) and (3.10).
Then, by the formulas (3.4), (3.5) and (3.6), these morphisms give a CH
structure on M over L which satisfies the conditions (3.7).

Example 3.9 (Calculus algebra). To give an example of CH module, we recall
the definition of calculus (e.g., [8], [36]). Let (V, A) be a graded commutative
algebra over R, W be a graded module over V' with the structure morphism
le . VW — W and B € End}}l(W) be a degree —1 morphism with B? = 0.
Assume V[1] is equipped with a graded Lie algebra structure [-, -] and W[1] is
equipped with a graded Lie module structure Lo : V[1] ® W[1] — W]1]. For
z € V, the morphisms (—1)1*'[z,-] € Endg(V) and (—1)*I'L, € Endg(W)
are denoted by l,. The 7-tuple (V, W, A, [-,-], te, Lo, B) is called a calculus if
they satisfy

Lo, (22 A x3) = (Ig,@2) A g + (1)@l g0 A 24
and
losnws = loy 0 Loy + (D)™ 0g 0 luy, 1y 00 = [lays tan], 1o = [B,tal.
For a calculus, set
L:=V[1], M:=W[1)[[z]], d:= 2B, Ly =Ly, I, := (=11, (z V).

Then M is a CH module over L with €£7[ =0, (k>2).

Example 3.10 (Hypercommutative algebra). We recall the definition of hy-
percommutative algebra [22]. Let A be a graded R module equipped with
a symmetric k-ary operation (-,...,-) : A®®" — A of degree 4 — 2k for
each k > 2. For a subset S = {iy,49,...,9x} C N (i3 < -+ < i) and
Tiys- -2, € A, we will denote x;;, ® --- ® x;, by xg. We call A a hypercom-
mutative algebra if

Z Zl:(l'l,l‘sl,(xQ,sz,fEk)) - Z i($2,x51,($1,x52,$k)),
Slu52:{374,...,k—1} Slu52:{3,4,...,k—1}
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where 4 are the Koszul signs. These equations are called the WDVV equa-
tions.
Set L := A[1], which is considered as an abelian graded Lie algebra. We

also set M := A[[z]]. We define £} by

M (zq,..., oplm) =0,
(M ey, my, . .. xp|m) = (=1)FElFleeltal g o m),
where x1,..., 25, m € A[[z]]. Note that the double suspensions s%z; are also

denoted by the same symbol z;. Then M is a CH module over L. Moreover,

if we define ¢4 (exy,€xa, ..., rx/m) = 0, we obtain a trivially extended Lo,
module mod €3 structure in this example by using the W DVV equations.

We next define morphisms of CH modules. Let M and N be CH modules
over L. We consider a set of morphisms

{fi}o< € [ Hompyy (L[1]°F @ M[1], N[1]).
0<k

Definition 3.11. The set {fi}o<s is called a CH module morphism from M
to N if it satisfies

(N o f— folT)(Fo) c Fot?
for all a € Z.

Remark 3.12. Let L, L' be Lo, algebras and {fx}1<x be an Lo, morphism

from L to L'. Then the morphism e/ preserves the filtrations. Hence a CH
module over L’ naturally gives a CH module over L (see also Remark 2.7).

Let { fx}o<r be a CH module morphism from M to N. For y € L[[z]] and
m € M we put

(3.11) Fy(m) := (=1)¥ fi(ylm),  Fy(m) = (=)W fi (ey|m).
Thus we have F, F'* € Hompy,, <L[[zﬂ, EndRHZH(M, ]\7)) Then we find
(3.12) Iyofo—fool,=doFs— (—1)¥FSod— Fj, — zF,.

Here fy € EndR[[z]](M [1], N[1]) is naturally considered as an element of
End . (M, N).
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4. Normed objects
4.1. Preliminaries on norms

A main reference of this subsection is [3]. We basically follow the terminol-
ogy used there. Let V = @®pezV* be an graded additive group. A (non-
archimedean) norm on V' is a function || - || : V' — Rs( with the following
properties:

o |1 — vaf| < max{||v1], [|vz]|} for all vy, vy € V.
e |[v|| =0 if and only if v = 0.
o [[vll = max|u]l, where v =3 vp (v, € V).

€

A graded additive group with a norm is called a graded normed group.
A graded normed group V is said to be complete if each V* is a complete met-
ric space with respect to the norm. Set ||V|| := sup{||v]| | v € V'}. A graded
normed group V' is said to be bounded if |V || < C for some constant C' € Rxy.

Let W be another graded normed group. Then V' ® W is equipped with
a norm which is defined by || 2%, v; @ w;|| = sup;<;<p, ||vs]| - ||wil|. The com-
pletion of (V ® W)* is denoted by (V&W)*. The completed tensor product
is defined by VW := @(V®W)*. The completed symmetric tensor product
® and the completed direct sum @ are defined similarly.

A group morphism f : V' — W is said to be contractive if || f(v)| < ||v]|
for all v e V.

Let R be a graded ring and || - || be a norm on R (as a graded addi-
tive group). The norm || - || is called a ring norm if it satisfies ||rira| <
lr1[[[|r2ll (r1,72 € R) and ||1]| = 1. A graded ring equipped with a ring norm
is called a graded normed ring.

Let V' be a graded module over a graded normed ring R and || - || be a
norm on V. The norm || - || is called a module norm if it satisfies |[rv| <
I|lllvll (r € R,v € V). A graded module equipped with a module norm is
called a graded normed module.

Let K be a normed ring (ungraded, i.e., concentrated in degree zero). Let
R be a graded normed algebra over K, i.e., R is a graded algebra over K
equipped with a norm || - || such that || - || is a ring norm and a K module
norm.

Example 4.1. Here are some examples of normed rings K.

1. A field with the trivial valuation.
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2. The universal Novikov field

)\0<A1<)\2<"‘

A= {i a; TN
i=0

a; € C,\ €R, lim A\, = oo}
71— 00 .

The norm on A is defined by ||Z a; TV := e, Note that A is a non-
i=0

archimedean valuation field.

3. The Novikov ring Ag = {z € A | ||z| < 1} (the valuation ring of A),

where the norm is induced from A.

Example 4.2. Here are some examples of graded normed algebras and graded
normed modules.

1. Let R be an (ungraded) normed algebra over K (e.g., R = Ay, K = C).

Set R¢ := R((e)), where e is a formal variable of degree 2. Note that
R((e)) = @rR((e))* = Rle,e™ ] (see §3.1). Set

I ZrkekH = max ||rg||, (rx € R).
ez keZ

Then R¢ is a graded normed algebra over K.
Let R be a graded normed algebra over K and z be a formal variable
of degree 2. Assume that R is bounded. We define a norm on R[[z]] by

0
1Dzl = sup i,
k=0 k€Z>o

Then R[[z]] is a graded normed algebra.

Let M be a graded bounded normed module over R. Similar to R[[z]],
M{[z]] is also equipped a norm and M][[z]] is a graded normed module
over R[[z]].

Let R be a graded normed algebra over K and let ¢!,...,¢™ be formal
variables with degree dy, ..., d,, € Z. Assume that R is bounded. Take
some constant C' € R51. We define a norm on R|[[t]] by

1> rat®l] = sup [Iralll*]),
o [0

where [[t®]] := C~*= = Then R[[t]] is a graded normed algebra
over K.
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Let M be a graded bounded normed module over R. Similar to R[[t]],
M{[t]] is also equipped with a norm and M][[t]] is a graded normed
module over R[[t]].

Remark 4.3. If a graded bounded normed group V is complete, then
V[z]], V[[t]] are also complete.

4.2. Normed L, algebras and modules

Let R be a graded normed algebra over a normed ring K. Assume that R is
complete. Let L be an Lo algebra equipped with a complete 2 module norm.
Set EL := DL[1]9%. As in the case of EL, we can define morphisms -, A, 7, €
on EL. Morphisms ¢}, € Homk(L[1]%%, L[1]) (1 < k) with [[€x(y1, ..., y)|| <
Jlyall -+ - lyxl| naturally extend to a contractive coderivation (¢ of EL with
Lon = 0. Also as in the case of E L, this correspondence gives an isomorphism.
A set of morphisms {/{j }1<j corresponding to a contractive morphism 7 is also
said to be contractive. Similarly, we can define contractive morphisms e/, ™ , f
(see §2) and corresponding sets of morphisms are also said to be contractive.

Definition 4.4. A normed Lo, algebra is a pair (L, {{;}1<x), where

e [ is a graded complete normed R-module.
o {/;} is an Ly.-structure on L.
o {/y} is contractive.

Definition 4.5. A morphism between normed L., algebras is defined by a
contractive Lo, morphism, which is called a normed Lo, morphism.

Definition 4.6. A normed L., module over a normed L., algebra L is a pair
(M, {¢M}o<), where

e M is a graded complete normed R-module.
e {(M}is an L,-module structure on M over (L, {lx}1<k).
o {(M} is contractive.

Definition 4.7. A morphism between normed L., modules is defined by
a contractive L., module morphism, which is called a normed L., module
morphism.

4.3. Normed CH modules

We assume ||R|| < 1. Let L be a normed L, algebra with || L|| < 1. We define
a norm on L by |ly + ey/|| := max{[[y|, ||y/||} (see Example 4.2 (2) for the
definition of the norm on L[[z]]). Then (L, {/x}) is a normed L., algebra.
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Definition 4.8. A normed CH module over a normed Ly, algebra L is a pair
(M, {0} }o<k), where

o M s a graded complete normed R[[z]] module.
o {{M}is a CH structure on M.

o {(M} is contractive.

Definition 4.9. A morphism between normed CH modules is defined by a
contractive CH module morphism, which is called a normed CH morphism.

5. Getzler-Gauss-Manin connections
5.1. Connections on CH modules

Let R be a graded algebra over a ring K. In this subsection R and K are not
assumed to be normed. The graded Lie algebra of derivations of R is denoted
by Derg(R), i.e.,

Derg (R) := @pDerk (R),
Derf(R) := {X € Endf(R) | X(rr") = X(r)r' + (~1)*"lrX (")} .

Definition 5.1. We define E € Dery(R) by E(r) := $|r|r. This vector field
is called an Fuler vector field.

For a graded R module V', a connection on V is a (degree preserving)
morphism
V : Derg(R) — Endg(V)
such that Vx (rv) = (Xr)v+(=1)XIMrV v, for X € Derg(R),r € R,v € V.
For a connection V on V, a connection on V[1] is defined by the formula
(—1)XIV . For another graded R module W with a connection V, graded
R modules V@& W,V ® W, Hompg(V, W) are also equipped with connections.

These connections are also denoted by V. Explicitly, the connections on VW
and Hompg(V, W) are defined by the following formulas:

Vx(v@w) = (Vxv)®@w+ (—1)XPy @ (Vxw),
(Vxf)(v) = Vx(f(v)) = (=) £(Vxv).

The curvature RY (X,Y) is defined by

VxVy — (~1)*VIVy Yy — Vixy.
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A connection V is called flat if V is an endomorphism of a graded Lie algebra,
ie., RV =0.

Let L be an L algebra over R and V be a connection on the graded
R module L. Then V naturally gives connections on FL and Endg(FL),
which are also denoted by V. A connection V is called an L., connection

-~

if Vx(£) = 0 for any X € Derg(R). Explicitly, this equality is written as
follows:

k
VxUr(yr,. .. yr))= (_1)\X\ Z(_1)(‘yl|’+"‘+|yi—1|/)‘X|€k(y17 N XY Yk)
=1

For a connection V on L, we define a morphism

% : DerK(R) — EndKHzH(Z)

(5.1) Vx(y+ey) = Vx(y) + (~1)¥eVx(y).
Note that Vx linearly extends as a K][z]] module morphism.

Definition 5.2. Let M be a CH module over an Lo, algebra L and V be an
Lo connection on L. A CH connection on M is a morphism

6 : DerK(R) — EndK[[z]}(M)

such that V is a connection on M regarded as a graded R module and satisfies
the following relations:

k = ~
:(_1)|X| Z(_l)(\yll - Hyi-1] )‘X%W(yl, VXY Yk m)
i=1
+ (=1) Ol b DX pM (1 xm)

for y; € L (not L[[2]]). Here V in the first term on the right hand side is the
connection induced by the Lo, connection V on L as in (5.1).

Remark 5.3. For a connection V on M, we define a connection on M|1] by
(—1)XIV. We use the same symbol by abuse of notation.
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Definition 5.4. Let (M, V) and (N, V) be CH modules with CH connections
over an L, algebra L with an éoo connection V. We say that a CH module
morphism { fx }o<k from M to N preserves the CH connections if

ﬁx o f = f o 6){
for any X € Derg(R). Here f € Hom%[[zﬂ(Ez ® M[1], EL ® N[1]) is the

comodule morphism corresponding to {fx}o<r and Vy are the K|[[z]] linear
morphisms induced from the Lo, connection and CH connections.

5.2. Maurer-Cartan elements

Let L be a normed L, algebra over a graded complete normed ring R. Let
v € L= L[1]°% If |y]] < 1, then we can define

k

e :ZH’Y@”‘@VGEL~

This is a group like element, i.e., Ae” = ¢’®e” and e(e?) = 1. Moreover, the
morphism €7 is an isomorphism with the inverse e™7-.

Definition 5.5. v € L' is called a Maurer-Cartan element of L if ||v|| < 1
and v satisfies £(e7) = 0, i.e.,

ST

This equation is called a Maurer-Cartan equation.

For a Maurer-Cartan element ~ of L, we can twist L., structure of L by
0= e 00,
Explicitly, the corresponding set of morphisms {¢} }1<j is written as follows:
i

Oy, ..y Z Ekﬂ ...,y,yl,...,yk).

We note that the Maurer-Cartan equation for y implies “/] = 0”. By construc-
tion, we easily see that {¢]}1<i gives an Lo, algebra structure. To simplify
notation, this L., algebra is denoted by L7.
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Let L' be another normed L., algebra and {fi}o<x be a normed L
morphism from L to L'. For v € L' with ||y| < 1, we see that e/(e?) is a
group like element. Hence there exists a unique element f,y € EL'Y such that
|l f7]l < 1 and e (e?) = e/*7. Explicitly, we have

for=>_ %fk(% )
k=1""

Moreover, if v is a Maurer-Cartan element, then f,v is also a Maurer-Cartan
element. Set ef7 := e~ fVefeY, then we easily see that e/7 is a coalgebra
morphism with el o ner = Ner- (Here ngy denotes a unit of E'V. See the
beginning of Section 2.) The corresponding set of morphisms is denoted by
{f) Yo<k- If v is a Maurer-Cartan element, then {f; }o<x gives a normed L
morphism from LY to L'V,

We next consider twists of normed CH modules. Assume ||R||,|L] <
1. Then L is also a normed Lo, algebra. If 4 is a Maurer-Cartan element
of L, then we easily see that v is also a Maurer-Cartan element of L. Let

(M, {€M}o<1) be a normed CH module over L. By the left multiplication, €7
gives an automorphism of EL®M][1]. We define {6 Yok by

Py = M e,
Note that e~ 7¢Me? is a contractive coderivation of ELY&M [1].

Proposition 5.6. For a Maurer-Cartan element ~ of L, the pair (M, ()
is a normed CH module over the normed Lo, algebra L.

Proof. By the definition, we have Mo o M = o=1fM o (Mg, Since_the
automorphism e preserves the filtration on ELY@M [1], we see that M o
(MA(F) C Fot?, O

This normed CH module is denoted by M. Accordingly, the correspond-
ing maps in (3.5), (3.6) are denoted by
10

(5.2) &, LY, I Pl

Let N be another normed CH module over L and {fx}o<k be a normed
CH morphism from M to N. Set

(5.3) fr=efe.
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This is a contractive comodule morphism and the corresponding set of mor-
phisms is denoted by {f} fo<-

Proposition 5.7. {f]}o<k is a normed CH morphism from M" to N7.

Proof. By definition, we have

N o fr— frofy = e YN o f— foiM)er,

which implies the proposition. O

For the normed CH morphism { f; }o<k, the corresponding maps in (3.11)
are denoted by

(5.4) FJ, F;’V.
5.3. Getzler-Gauss-Manin connections

In [21], Getzler constructed a connection on periodic cyclic homology of A
algebras. Following Barannikov’s idea outlined in [2, Remark 3.3|, Tsygan re-
formulated this connection in terms of L, modules in [37]. We adapt Tsygan’s
reformulation and introduce similar connections on our normed CH modules.

In the rest of Section 5, let K be a complete normed ring and R be
a graded complete normed algebra over K unless otherwise mentioned. Let
L be a normed Ly algebra over R with an Lo, connection V. We assume
that ||[K||, [ R]],[|L]| < 1. Let M be a normed CH module over L with a CH
connection V. Let v € L' be a Maurer-Cartan element.

Definition 5.8. We define a morphism 2V% : Derg(R) — EndK[[Z]](M) as
follows:
2V i=2Vyx — (—1)‘X|I%X7.

This morphism is called a Getzler-Gauss-Manin connection (GGM connection
for short).

Remark 5.9. See (3.6) and Remark 3.7 for the definition of /. Since I is
a morphism from L ® M, the connection V in the term I%X should be
considered as a connection on L (not a connection on L[1]).

2+|X|

I (M), we sce that 2V satisfies the “Leibniz rule”

Since Iy ., € End
in the following form:

zV%(rm) =2(Xr)m+ (—1)|XHT|7’zV§m.
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Thus the GGM connection 2V itself is not a connection in the sense of the
beginning of Subsection 5.1, but later V¢ := (2V%) /2 will be regarded as a
meromorphic connection and also called a GGM connection.

Example 5.10 (Continued from Example 3.10). Let A be a finite-dimen-
sional graded vector space over a field K and choose a homogeneous basis
{To, ..., Tn}. Assume that A° := A((e)) be a hypercommutative algebra over
K¢ :=K((e)). (See Example 4.2 (1) for the notation.) Choose formal variables
o, ..., tm with degrees 2 — |Tp|,...,2 — |T,,| respectively. Set R := K°[[t]].
Then A¢[[t]] is naturally considered as a hypercommutative algebra over R
equipped with the trivial connection. By Example 3.10, A¢[[¢t]] is a CH module
over A°[[t]][1]. We define a Maurer Cartan element ~y to be t = /" T;t;. Set

l

o0
1 —_——
(T‘ilﬂ"' Zl_ Vs Z17"'7T‘ik)77—%*t7—‘j::(7—‘i77—‘]')7'
1=0
Then A°[[t]] with operators (-,...,-)7 is a hypercommutative algebra. In this
setting we see that zV% = za% + T;*¢. This gives a reinterpretation of

at;
Dubrovin’s connection in [9].

To show that GGM connection defines a morphism on cohomology, we
use the following lemmas:

Lemma 5.11. ¢](Vx~v) =0.

Proof. Since |y| = 1, we easily see that

Vxle(v,.. 7)) = (=D&t (v, ..., 7, Vx).

Hence we have

[Y VX7 Zgl-i-k 777VX7)/]€' = (_1)‘X|VX (igk(’%vr}/)/k'>

k=1
= O. O
Lemma 5.12. [Vx, 65" = (=D)XIM7 (Vxqy|-).
Proof. We see that

o, £ = (95,3 6 s 7] )]
k=0
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k=0

= (=) (Vxa] ). O
Proposition 5.13. [d?,2V§] = 0.

Proof. By Equation (3.8) and Lemma 5.11, we have [d", I3 | + 2L . =
0. By Lemma 5.12, we have [d7, 2V x] = (—1)1+|X|z£%X7. This proposition

follows from these equations. O
5.4. Euler connections

In [25, §2.2.5], Katzarkov-Kontsevich-Pantev introduced a connection in the
“u-direction” on a cyclic homology (see also [34]). Inspired by their construc-
tion (but different from theirs as noted in Remark 1.1), we extend a GGM
connection to a “connection in the z-direction”. In different contexts, similar
constructions have been considered by many people (e.g., [23, §4.1], [33] and
see also Remark 1.2).

In §5.4, we continue to use the same notations as in §5.3. We note that

Derg(R) = {X € Derg(R][[z]]) | Xz =0} C Derg(R][[z]])
and Derg(R[[z]]) = Derg(R) @ (). Let deg € End% (M) be the degree
operator, i.e., degm := |m|m.

Definition 5.14. We define a morphism 2z2VE : Derg (R[[z]]) — Endg(M)
as follows:

2V = 22V§,
2VE = z deg —zV%,
dz 2
where X € Derg(R) and E is the Euler vector of R. This morphism is called
an Buler connection.

Since deg(rm) = 2(Er)m+2(z-Lr)m~+rdegm and zVErm = z(Er)m+

r2V%m, we see that VY, satisfies the following “Leibniz rule”:
dz

d
22V (rm) = (22 —r)m + r2Vim.
dz dZ dz

Proposition 5.15 (cf. [34, §2.2]). [V, d"] = 2d".

dz
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Proof. Since d7 is a degree one operator, we see [deg,d?] = d7. Hence this
proposition follows from Proposition 5.13. O

From this lemma, we easily see that 22V descends to a morphism on
cohomology. Set M((z2)) :== M® r[[z)) 2((2)). By abuse of notation, we consider
V4, VE as meromorphic connections (on complexes or cohomology)

Remark 5.16. The FEuler connection has an irregular singularity at z = 0,
but formal in the z-direction. Hence we can not consider the “Stokes struc-
ture” of the Euler connection.

Proposition 5.17. If V& is flat on cohomology, then V¥ is also flat on
cohomology.

Proof. By the assumption, we have
1 1
[V}i?VEH = [_ deg7 VS;(] - [_V%W V)G(]
dz 2Z z
1 1 | e
= Z|X’V§( - ;V[%,X] - ;Rv (E,X)
1
= —-RV°(E,X),
z
where we use [deg, V§] = |X|V§ and [E, X] = §|X|X. Hence we have

1/1
V5. V5] = (V5 (5des—VE)

dz dz %
1

1 1
= -V + Z[VE, —deg—vE]

2 dz z dz

1 1
=—-Vi +-Vi +
dz

z dz z

2RVG(E E)

z

-
= ;RV (E,E).

This proposition follows from these equations. O

Remark 5.18. By a direct calculation, we see that

(5. 5)
VXY
_RV(X,Y)
1 X|+|Y Y X+ XY
Z (( l I+ lI’Y (ny)y"i'( )‘ |vav,vw_(_1)‘ i lp%‘/%V)w)
1 X|+]Y
+22( 1>| |-+| I[ XV’I%Y“/]
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On the other hand, if the CH structure extends to an L., module structure
mod €3, then the L., module relations mod €* implies

Eé”’”ﬁé””(eyl, eya|m) + (_1)|yl|+|yz|gé\4ﬁ(6yl7 Eyzwé\/[,ym)
+(—1)|yl|€11\477(5y1wi\/lﬁ(eyﬂm)) 4 (_1)‘y1||yz\+\y2\€{\/[7’y(6y2|€i\4,'y(€yl|m))

— 0" (ellyn, eya|m) — (—1)# 1921037 (07 ya, ey |m)

+5" (s eyalm) + (—1) 116577 (2, ey m)
=0,

where y1,y2 € L[[z]]. Set L] . = (=)l g (e eys|-) € End(M).

Then the above formula is written as follows:

d,c) ]+ Ly 4 (=)l

Y1,Y2 0Y1,y2 Y1,0y2
:(_1>|y1\U;’17];2] + Z(thZﬁ + (_1)|y1‘|y2|p2327y1)'

Combing (5.5) with this formula, we find that V& is flat on cohomology if
V and V are flat and the CH structure extends to an L., module structure
mod €3,

Remark 5.19. In Example 5.20 below, we will use the following variant of the
GGM connection. Let L be an L, algebra (not normed) over a graded ring R
and M a CH module over L, and let V be a connection on L (not necessary
an L., connection) and V : Derg(R) — Endg(.;j(M) a connection on M
regarded as a graded R module (not necessary a CH-connection). Suppose
that we have a degree one morphism

¢1 : Derg(R) — L,
for which V satisfies
(5.6) (Vb)) = (D)X 0 (e (X)), y1s )
and V satisfies

(V) (1 + eyl -, yie + eylm)

(5.7) -
:(—1)‘X|€£§’r1(cl(X),y1 + €Yy, Yk + €yglm).

Then the connections V and V satisfy the properties in Lemma 5.11 and
Lemma 5.12. Thus in Definition 5.8, replacing the CH connection by the
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connection V above and Vxv by ¢;(X), we can define a (variant of) GGM
connection on cohomology. Similarly, we can define a (variant of) Euler con-
nection as well in this setting.

Example 5.20 (Continued from Example 5.10). Suppose that there exists
an element

o € A? C A%?
with

d

(5.8) (1,21, ...,2) = e%(

L1y ,I‘k>.
We define a degree one R module morphism
¢1 @ Derg(R) — A°[1]

by cl(e%) = ¢; and 01(8%) := (=1)ITIT;. Then the trivial connections V

and V satisfy the condition of Remark 5.19. Set

m 92— 7-,1 .
Bi=a+ 3 (0PI e acfi)
i=0
Then we easily see that
0 d deg FEx
E E t
= T - — 4o _ Tt
va% ot; T vd% dz + 22 22’

where t = Y7", Tit; and deg is the degree operator of A.

Now let N be another normed CH module equipped with a CH connection
and {fx}to<x be a morphism of normed CH modules from M to N preserv-

ing the CH connections on M and N in the sense of Definition 5.4. Then
recalling (5.2), (5.3), (5.4), we have

Proposition 5.21.

VSofd —fg oV =) o Fgy — Fgd od.

X

Proof. Since the morphism preserves the CH connections, we see that

Vx o fg = fE)YO%X - (-1 )lXIF%X’Y
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By Equation 3.12 and Lemma 5.11, we have
2Bt Iy o fd = fi oIy +d o Fg L, — (_1)|X|+1F€Zm od”.

The proposition follows from these equations. O

Since fj is degree zero, we obtain degof] = fi o deg. Hence we have the
following;:

Corollary 5.22.
o f f’y oVE = 1 (d’y o FY _— &7 od’y)
d 0 0 = 2 VEY VEY '

Proposition 5.21 and Corollary 5.22 imply that f] intertwines the Euler
connections on cohomology.

Remark 5.23 (Continued from Remark 5.19). We consider the situation of
the variants of the GGM connection and the Euler connection in Remark 5.19.
Instead of assuming that a morphism {fx}o<x of normed CH modules from
M to N preserves the CH connections, we assume that { fj }o<k satisfies

(Vx o fi — fio Vx)(y1 + ey, ...,y + eyplm)
:fk+1(cl(X)7y1 + 6(7/17 ce Yk Tt ey;€|m)

for any X € Derg(R). Here V in the first term is the connection on ](fﬁ] as
in (5.7) and one in the second term is the connection on L[1]®*® M[1] induced
by the connections V,V on L, M in (5.6), (5.7) respectively. Then Proposi-
tion 5.21 for the variant of the GGM connection V& holds and Corollary 5.22
for the variant of the Euler connection V¥ also holds.

6. CH structures on Hochschild invariants
6.1. CH structures on Hochschild invariants

In §6.1, we give an explicit formula of a CH structure on Hochschild invariants
of an Ay, category (cf. [6], [37]). We mainly follow [21] for the definitions of
operators on Hochschild invariants. Let R be a graded ring (not normed).
Let o/ be a set of objects Obg/ with a set of morphisms Hom,, (X,Y") for
each X,Y € Obg/, where Hom,(X,Y) is a graded R module. We assume
Hom,,/ (X, X)) is equipped with a degree preserving R module morphism 7 :
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R — Homg/ (X, X) for each X € Ob.eZ. This morphism 7 is called a unit and
n(1) is denoted by 1. Set

JZ{(X(), ce ,Xk) = Homd(Xo, Xl)[l} X HOHI{QV(Xk_l,Xk)[l].

The Hochschild cochain complex and the Hochschild chain complex are de-
fined by

ce () = ][] Homky(#(Xo,..., X)), Homy(Xo, Xz)),
Xo,...,.Xr€Obs/

CC* (o) =P Cee (),

A

COt) = @  (Homy(Xo, X1) @ (X1,..., Xp, X0)),
Xo,...Xr€O0bs/

CCu() = CC(«)".
lEZ

For ¢, € CC*(/)[1], we define a composition ¢ o ¢ by

gpow('xla“ka) = Z (_1)#(p($17"'7mivw(mi+17°"7xj)7xj+la"'7xk)7
0<i<j<k

where x; € Homa(X;_1, X;)[1] and the sign # is [¢|'(|z1]" + - - + |2;]"). Set
[o, 0] = p ot — (=1)F¥y 0.

For X=20® - @, € &(Xo,...,Xi, Xo) C CCo()[1], we define L,(X)
by

Lo(X) = Z (—1)#11’0@"'®$i®80(l’i+1,~~7fﬂj)®1’j+1"'®$k
0<i<j<k

+ Z (—1)#2g0(xj+1, oy Ty Ty e - - ,.’ﬁi) (= Ti+1 (ORERNY CCj,
0<i<j<k

where
#1 = | (ol + -+ + lal),
#a = (Jwol + - + |V (gl + -+ |2al)-
Proposition 6.1 (see, e.g., [21], [24, Proposition 3.1.]). The shifted Hoch-

schild cochain complex (CC*(/)[1],[,-]) is a graded Lie algebra and
(CCo(H)[1], L) is a graded Lie module over it.
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Following [21, §2|, we define a morphism p by

Peop

= Z (—1)#@(.%]4,1, ey x37¢('x8+17 ey xt)7xt+17 e s Ty Loy - - -y x’b)

RTip1 - Qxy,

where # = [ (Jzj + - -+ [asl) + ([2ol + - - + || ) (| + - - + fa])-
The next proposition will be proved in §6.2.
Proposition 6.2.

Plor,p2)p = P, if] + (_1)‘%71| 2] P, lp1,]

=[Lo1s Perw] — (_1)|¢1\/\502|’[[w2’pm’w].
The reduced Hochschild cochain complex CC" (.27) is defined by

CC* () ={pecCC(H)| (.. 1,...)=0}

and the reduced Hochschild chain complex @.(d ) is defined by the relation
ToRTI Q21 QLR 1@ Qap, =0 (1 SZS/{J)

Then CC* (<7)[1] is a sub graded Lie algebra and £ naturally induces a graded
Lie module structure on C'C,4(%7)[1], which is also denoted by £. We define
the following morphisms:

BX):i= Y (-)"1@1;11® - Qup Qa0 ® - @,
0<i<k

B;(X) = Z ()L @241 @ @3 @ @(Tjy1,...,T5) D
0<i<j<s<k
e RTERQro R Ry,
where #1 = (|zo|" + -+ + |z )(|zipa]" + - + |z]') and #2 = || (|zi1] +

-+ =+ |z;|"). By the definition, we can check the following (e.g., [21, Definition
2.1 and Theorem 2.2]):

(6.1) (B, B] =0,
(6.2) [B,L,] =0,
[B,B}] = 0.

The next proposition will be proved in §6.2.
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Proposition 6.3. [B, p, ] + B[lwp] — (=D)L, Byl =0

Now we recall the definition of A, structures.
Definition 6.4. A strictly unital curved Ao structure on &/ is an element
m € CC*(/)[1]* with

[m,m] =0, my(L,2) = (—1)Flmy(z, 1), mp(...,1,...)=0 (k#2).
Here the length k part of m is denoted by my. In case mg = 0, m is called a

strictly unital Aso Structure on <.

Let m be a strictly unital curved Ao, structure on & and set
b:= Ly, b}o = Py, 0:=[m, -]

Then these morphisms naturally induce morphisms on reduced Hochschild
complexes, which are denoted by the same symbols. Note that (4, [, -]) makes
CC*(«7)[1] into a DGLA and (b, £) makes CC,(27)[1] into a DGLA module
over the DGLA CC"(«/)[1]. By Proposition 6.2 and [m,m] = 0, we have

(64)  psps — Bhougy + (—D psy = b, pg] — (—1)#[£,, ),
We use the following identity (see, e.g., [21, Definition 2.1 and Theorem 2.2])
(6.6) [B,b,] + [b, B] + B, + L, = 0.

Now we set

L:=CC (&)1l M :=CCu(a) 1]

We note that the natural z-linear extensions of morphisms L, p, etc. are de-
noted by the same symbols. For ¢ € L][[z]] we put

d:=b+2zB, I,:=b,+zB,.

Then combining Propositions 6.1, 6.2, 6.3, and the equalities (6.1), (6.2),
(6.3), (6.4), (6.5), (6.6) we obtain the following theorem:

Theorem 6.5. The morphisms L,1,p give a CH structure on M over the
DGLA L.



548 Hiroshi Ohta and Fumihiko Sanda

Proof. Using Proposition 6.1, the equalities (6.1), (6.2), and [m,m] = 0,
we see that (M,d, L) is a DGLA module over the DGLA L[[z]], where the
DGLA structure on L is z-linearly extended to L[[z]]. By Proposition 3.8,
it is sufficient to show the equalities (3.8)), (3.9), (3.10). We note that the
equality (3.10) is a direct consequence of Proposition 6.2. We check (3.8)
and (3.9). Since

[d, [gp} + I&p + Z,Cq;
=[b,b,] + bs, + 2([b, By] + [B,by] + Bj, + L,) + 2°[B, B,

the equality (3.8) follows from (6.3), (6.5), (6.6). Since

L) — (_1)“0'/[[%07 Iy] + [d, PW/J] — Péop — (_1)|¢‘/p%5¢
:b[1<p,w]_ (‘DM (Lo, b’}/)] + (b, pow] — Pog — (‘”MP%W
+ 2(Bl, g — (1)L, BY] + [B, pp.yl),

the equality (3.9) follows from (6.4) and Proposition 6.3. O

Definition 6.6. The cohomology of (CC4(#)[[2]],b+2B) is called a negative
cyclic homology and the cohomology of (CCe(#)((2)),b + 2B) is called a
periodic cyclic homology.

Remark 6.7. Let K be an ungraded field and R be a graded algebra over
K¢ = K((e)). Note that K and K¢ are equipped with the trivial norms. Assume
that R is equipped with a norm || || such that R is a graded complete normed
algebra over K¢ i.e., || - is a ring norm and a K module norm. We also
assume || R|| < 1. Let m be a strictly unital A, structure on o/ over K. Then
m gives a DGLA structure on CC" (.e7)[1] and this DGLA structure naturally
extends to CC*()[1)@x R, where CC®(</)[1] is considered as a graded K
module with the trivial norm. In this note, we define a gapped filtered graded
Ao structure on o by a Maurer-Cartan element m. € CC" (o )[1]&x R with
|m4|| < 1 and we call such a triple (&, m, my) a gapped filtered graded Ao
category over R. See [14, Definition 3.2.26] for the definition of gappedness
of a filtered Ay algebra over the universal Novikov ring, and see also [14,
Definition 3.7.5].

Remark 6.8. We consider the same setting as in Remark 6.7. Let (&7, m, m.)
be a gapped filtered graded A, category over R as above. Then the trivial
connection V on the normed DGLA CC®(«/)[1]®&kR is an Lo, connection
and the trivial “connection” V on the normed CH module

(CCo() 1@k R)[[2]]
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is a CH connection. Here the normed DGLA structure and the normed CH
structure are determined by m (not twisted by the Maurer-Cartan element
m.). Since m is a Maurer-Cartan element of CC" («7)[1]®&kR, we can con-
sider the Euler connection on the cohomology of the (m,-twisted) normed
CH module (CC,(/)[1]@k R)[[2]]™+. See Subsection 5.2 for this notation. In
a way similar to [21], we can prove flatness of V& on cohomology and also
flatness of V¥ by Proposition 5.17.

6.2. Proofs of Propositions 6.2 and 6.3

Propositions 6.2 and 6.3 follow by direct calculation. To write down the proofs,
we use operadic notation. In [26], they introduce a 2-colored operad called
the Kontsevich-Soibelman operad and show that this operad naturally acts
on Hochschild invariants (see also [7], [38]). In this article, we will follow [38,
§3]. They use “trees” to describe the operadic structure. We use parentheses
notation to describe the operadic structure. We note that there is a one to
one correspondence between trees and parentheses. To simplify notation, the
special vertex out is omitted, i.e., {out{---}} is denoted by {---} (see also
Example 6.10 below).

Remark 6.9. Precisely, we consider the degree one shift of the Kontsevich-
Soibelman operad which acts on the pair (CC"(27)[1],CC4(27)[1]). The
CC*(«/)[1] part of this structure is closely related to the brace algebra [20].

Example 6.10.

potp=p{v}, Lo ={in, o} +{e{in}}, pow = {p{e, in}},
B ={1,in}, B, ={1,,in}.
Proof of Proposition 6.2. Proposition 6.2 easily follows from the next
lemma.
Lemma 6.11.
|/

Ppropa, i — Por,[p2 ] + (_1)|¢1‘ 2 [‘Csaza pg&1,1ll]

={er{ea{, in}}} + (1)1 o {1 {, in}} ).

Proof. By the definition, we have

Pp1,p209 = {<P1{<P2{¢}a Zn}}v Pip1,pops = {‘101{1/}{802}7 Zn}}
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By direct calculation, we see that

Poropa,p

={p1{p2, ¢, in}}
+ (=)W {1 {0, 0o, in}} + {@1{¥, in, 023} + {o1{¥, p2{in}}})
+{e{e2{v}, in}} + {o1{p2{v, in}}}.
Por © Lo,

={pi{v, in}, o2} + {o1{{p2}, in}} + {o1{, @2, in}} + {L1{®, in, p2}}
+ (=)W Loy {pa, b, in} } + {1 {0, pa{in}}}.
Ly © o1y

=(— 1)l Hel W () fp i}, 02} + {pa{ i1 {0, in}}}.

This lemma follows from these equations. Note that L, is degree |¢s|" and
Per .y is degree |p1|" + |¢|'. We also note that in this calculation we do not
need to assume 1, s, are reduced cochains. O

We next prove Proposition 6.3.

Proof of Proposition 6.3. By the definition, we have

[Ba pg@,i/f] = B © pgﬂ,w - {1]-7 90{1/1; Zn}}7
Bg:(l;od) = {:[]-7 ¢{¢}; Zn}a
Bjoy = {L.0{¢}, in}.

By direct calculation, we have

By o L, ={1,9,¢{in}} + {1,4,in,¢} + {1,9, ¢, in}
+ (=D)L, 0,0, in} + {1, 9{p}, in},
Lo Bl = (—1)¥'({1,0,9,in} + {1, o{v, in}} + {1, o{¢}, in})
+ (DA ({1, 9, ofin}} + {1, 4, in, @} + {1, ¢, ¢, in}).

Since B}b is degree |¢|" + 1, we have

(_1)“0',[‘6&0’ Bqlb] = {ﬂa 80{7% 7’77’}} + {17 @{¢}» Zn} - (_1)|WI,WJ|/{]1) w{(p}ﬂ 7’”}

The proposition follows from these equations. O
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7. Primitive forms without higher residue pairings

In this section, we briefly recall a part of the definition of the primitive forms
[30]. Let K be a field (ungraded) and R be a graded algebra over the graded
ring K¢ := K((e)). Let M be a finitely generated free graded R][z]] module
equipped with an integrable (flat) meromorphic connection

V : Derg (R((2))) — Endg (M((2))),

where M((z)) == M @R[z R((2)). We assume that V has pole order at
most 2 in the z-direction and pole order at most 1 in another direction (i.e.,
2Vxm € M for X € Derg(R) and m € M). An element ( € M" is said to be
primitive if the morphism

[2V(] : Derge (R) — (M /zM)[r + 2]

is an isomorphism as R modules. If ¢ € M’ is primitive, then zV( :
Derge (R)[[z]] = M|r + 2] is also an isomorphism as R[[z]] modules. By this
isomorphism, V gives a meromorphic connection on Derge(R)((z)) which is
also denoted by V. For the Euler vector field E € Der%(R), there exists a
unique element E' € Der%.(R) such that [V (] = [¢Vg(]. By abuse of
notation, this vector field E’ is also denoted by E and called an Euler vector
field.

Definition 7.1 (cf. [31, Definition 6.1, (P1), (P3), (P4), (P5)]). An element
¢ € M7 is called a primitive form without higher residue pairing if

e ( is primitive.

o 2Vl =-Vr(+5C
e 2VxY € Derge(R) @ zDerge(R) for all X, Y € Derge(R).
[ ]

z2Vd1Y € Derge(R) @ zDerge (R) @ 2?Derge(R) for all Y € Derge(R).

Remark 7.2. In this note, there is no specific reason to exclude the parts
related to higher residue parings from the definition of the primitive forms.

Remark 7.3 (Continued from Remarks 6.7 and 6.8). Let (&7, m,my) be
a gapped filtered graded A, category over R as in Remark 6.7. We define
a graded R[[z]] module M by the cohomology of the normed CH module
CCu()[1]®kR)[[2]]™+. The graded R[[z]] module M is equipped with the
Euler connection V. If M is finitely generated and free over R[[z]], then we
can consider primitive forms without higher residue pairings on (M, VE). We
note that, in this categorical setting, primitive forms are closely related to
(smooth or proper) Calabi-Yau structures (see, e.g., [19]).
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Example 7.4 (Continued from Example 5.20). An element 1 in A is called
a unit (of the hyper commutative algebra A€) if

1 kZl,
1,2, .. 03) =
@2, ) {0 k>2.

Suppose that A® has a unit 1, then 1 is also a unit of A°[[t]]. Since 2V, 1 = T;,

at;
we see that 1 is primitive (with respect to the Euler connection) and 3% is
identified with 7;. Hence 1 is a primitive form without a higher residue pairing.
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