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Quantization of continuum Kac-Moody algebras

ANDREA APPEL* AND FRANCESCO SALAT

Abstract: Continuum Kac—Moody algebras have been recently
introduced by the authors and O. Schiffmann in [2]. These are Lie
algebras governed by a continuum root system, which can be re-
alized as uncountable colimits of Borcherds—-Kac-Moody algebras.
In this paper, we prove that any continuum Kac—Moody algebra
g is canonically endowed with a non—degenerate invariant bilinear
form. The positive and negative Borel subalgebras form a Manin
triple with respect to this pairing, which allows to define on g a
topological quasi-triangular Lie bialgebra structure. We then con-
struct an explicit quantization of g, which we refer to as a contin-
uum quantum group, and we show that the latter is similarly real-
ized as an uncountable colimit of Drinfeld—Jimbo quantum groups.
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1. Introduction

Continuum Kac-Moody algebras have been recently introduced by the au-
thors and O. Schiffmann in [2]. Their definition is similar to that of a Kac—
Moody algebra. However, they are governed by a continuum root system,
arising from the combinatorics of connected intervals in a one—dimensional
topological space. They are not Kac—-Moody algebras themselves, but they
can be realized as uncountable colimits of symmetric Borcherds—Kac—Moody
algebras.!

In this paper, we provide a gentle introduction to this new theory, avoid-
ing the technicalities of [2], and we push further the study of these Lie al-
gebras, providing two main contributions. First, we prove that continuum

1Specifically, we allow the diagonal entries of the Cartan matrix to be zero.
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Kac—Moody algebras have a canonical structure of (topological) Lie bialge-
bras, which arises, as in the classical Kac-Moody case, from the construction
of a non—degenerate invariant symmetric bilinear form. Then, we construct
an explicit algebraic quantization of these topological structures, which we
call continuum quantum group: they can be similarly realized as uncount-
able colimits of Drinfeld-Jimbo quantum groups. Moreover, we prove that,
in the simplest cases of the line and the circle, they coincide with the quan-
tum groups constructed with geometric methods in [19] by the second—named
author and O. Schiffmann in terms of Hall algebras. In the forthcoming
work [1], we shall adopt a similar approach to show that continuum quan-
tum groups admit analogous geometric realizations arising from Hall alge-
bras.

In the remaining part of this introduction, we shall explain our work in
greater detail.

The continuum Kac—Moody algebra

The defining datum of a continuum Kac-Moody algebra is a continuum ana-
logue of a quiver, defined as follows. Recall that the latter is just an oriented
graph Q = (Qg, Q1) with set of vertices Qp and a set of edges Q1. In a con-
tinuum quiver, the discrete set Qg is replaced by a wvertexr space X, which
is, roughly, a Hausdorff topological space locally modeled over R (cf. Defi-
nition 3.1). Examples of vertex spaces are the line R, the circle S = R/Z,
smoothings of possibly infinite trees, or combinations of these. Thus, it is pos-
sible to lift the notion of connected interval from R to X, in such a way that
the set of all possible intervals in X, denoted Int(X), is naturally endowed
with two partially defined operations, that is, a sum &, given by concate-
nation of intervals, and a difference ©, given by set difference whenever the
outcome is again in Int(X).

The set Int(X) comes naturally equipped with a set—theoretic non—de-
generate pairing (-|-) : Int(X) x Int(X) — Z, defined as follows. For a locally
constant, compactly supported, left—continuous function i : R — R, we set
hy(z) = lim, o+ h(z £ €) and define a non-symmetric bilinear form given by

(f.9) =D J-(@)(9-(2) — g+ (2))

Identifying an interval o with its characteristic function 1., we obtain a bi-
linear form on Int(R). Then, we lift it from R to X by decomposing every
interval in X into an iterated concatenation of elementary intervals in R.
Finally, the Euler form on Int(X) is given by («|8) = («, 8) + (8, ). We
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refer to the datum Qx = (Int(X),®, O, (-,-), (:|-)) as the continuum quiver
of the vertex space X. Henceforth, we shall denote by fx the span of the
characteristic functions 1,, o € Int(X).

Given a continuum quiver Qx, together with O. Schiffmann, we construct
in [2] a Lie algebra gy, which we refer to as the continuum Kac—Moody algebra
of Qx, whose Cartan subalgebra is generated by the characteristic functions
of the intervals of X. The definition of gx mimics the usual construction of
Kac—Moody algebras, with some fundamental differences controlled by the
partial operations of Qx. Namely, we first consider the Lie algebra gx over
C, freely generated by fx and the elements 2, o € Int(X), subject to the
relations:

[5047 gﬁ] =0 )
o 23] =% (alB) -2,
25, 75] = dapba + 205 (Tass — Taea) -

where &, == 1, and ans = (—1){*%) . (a|3). Then, we set gy = gx /tx, where
tx C gx is the sum of all two-sided graded? ideals having trivial intersection
with fx.

In [2], we show that the ideal tx is generated by certain quadratic Serre re-
lations governed by the concatenation of intervals, thus generalizing Gabber—
Kac theorem for continuum Kac—Moody algebras (cf. [11]) and obtaining an
explicit description of gx (cf. [2, Thm. 5.17] or Theorem 3.11 below). That is,
gx is generated by the abelian Lie algebra fx and the elements 2, o € Int(X),
subject to the following defining relations:

Diagonal action: for «, 5 € Int(X),
[, 23] = = (alf) - 5 ;
Double relations: for «, 5 € Int(X),
[z, T5] = dap&a + aap - (x;rgﬁ — x,g@a) ;
Serre relations: for («a, 5) € Serre(X),

[x;tvxg] = tag, 008 - xiyc@ﬁ :

2The gradation is with respect to fx: we set deg(zX) = +1,, and deg(&,) = 0.
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Here, Serre(X) is the set of all pairs (o, 8) € Int(X) x Int(X) such that one
of the following occurs:

e « is contractible, does not contain any critical point of 3 (cf. Defini-
tion 3.1) and, for subintervals o/ C « and ' C § with (5|5) # 0
whenever ' # [, o @ [’ is either undefined or non-homeomorphic
to St;

e oL f3 ie,adf does not exist and aN B = 0.

As mentioned earlier, gx can be equivalently realized as certain continu-
ous colimits of Borcherds—Kac-Moody algebras, further motivating our choice
of the terminology. This is based on the following observation. Let J = {ay }x
be an irreducible finite set of intervals oy, € Int(X), i.e.,

1. every interval is either contractible or homeomorphic to S!;

2. given two intervals o, 5 € J, a # 3, one of the following mutually
exclusive cases occurs:

(a) a@® B exists;
(b) a @ (8 does not exist and o N 8 = (J;
(c) a~Stand  C a.

Let A7 be the matrix given by the values of (-|-) on J, i.e., (Ag)aﬁ = (a|B)
for a, B € J. Note that the diagonal entries of A ;7 are either 2 or 0, while the
only possible off-diagonal entries are 0, —1, —2. Let Q7 be the corresponding
quiver with Cartan matrix Ay. For example, we obtain the following quiv-
ers.

Configuration of intervals Borcherds—Cartan diagram

&3] %) %] a1 (&%) a3
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a1 as
‘\ a1 (&%) ag
o—0—
(6% I
g

a2

Note, in particular, that any contractible elementary interval corresponds to
a vertex of Q7 without loops, while any interval homeomorphic to S!, corre-
sponds to a vertex having exactly one loop.

There are two Lie algebras naturally associated to J:

1. the Lie subalgebra g7 C gx generated by the elements {z, &, |a € J};
2. the derived Borcherds-Kac-Moody algebra g% := g(Az)".

In [2, Section 5.5], we show that gz and g% are canonically isomorphic. In

particular, gx can be covered by Borcherds—-Kac-Moody algebras. Moreover,
we show that, given two compatible irreducible sets J, J’, there is an obvious
embedding ¢ 7 7: g7 — g7, and the collection of all such ¢’s is a direct sys-
tem, so that we get a canonical isomorphism of Lie algebras gx ~ colim 7 g7

(cf. [2, Cor. 5.18] or Corollary 3.14 below).
Continuum Lie bialgebras

It is well-known that any symmetrisable Borcherds—Kac—Moody algebra g
is endowed with a symmetric non—degenerate bilinear form, inducing an iso-
morphism of graded vector spaces by, ~ b* between the positive and negative
Borel subalgebras, and consequently defining a Lie bialgebra structure on g.
Moreover, the latter is quasi—triangular with respect to the canonical element
r € b, ®b_ corresponding to the perfect pairing by ®b_ — C (cf. Section 2).
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The first contribution of this paper is the extension of these results for
continuum Kac-Moody algebras.

Theorem (cf. Theorem 4.6). Let Qx be a continuum quiver and gx the
corresponding continuum Kac—Moody algebras.

1. The Euler form on fx uniquely extends to an invariant symmetric bilin-
ear form (') : gx ® gx — C defined on the generators as follows:

(€alép) = (a]B), (l‘f|€ﬁ) =0, (xﬁx’[?) =0, (x;r|x5> = 0aB-

Moreover, ker (+|-) = tx and therefore the Euler form descends to a non—
degenerate invariant symmetric bilinear form on gx.

2. There is a unique topological cobracket 6: gx — gx®gx defined on the
generators by

§(&a) =0 and O(z):=¢X nat + > ap g - x? A x,jf ,
B®y=a

and inducing on gx a topological Lie bialgebra structure, with respect
to which the positive and negative Borel subalgebras b)i( are Lie sub-
bialgebras.

3. The FEuler form restricts to a non—degenerate pairing of Lie bialgebras
(-|): b% @ (b)) — C. Then, the canonical element rx € by ®by
corresponding to (+|-) defines a quasi—triangular structure on gx.

Note however that in order to prove this result one cannot rely on the col-
imit realization of gx given above, since the embeddings ¢ 7 7: g7 — g™,
do not respect the cobracket, as clear from their definition (cf. Corollary 3.14).
Instead, our proof is based on an alternative realization of gx by duality, in-
spired by the work of G. Halbout [12] which relies on a semi—classical version
of techniques coming from the foundational theory of quantum groups [8, 16].

By the result above, we can now associate to any continuum quiver Qx a
topological quasi-triangular Lie bialgebra (gx, [, -], d). The second and main
contribution of this paper is the algebraic explicit construction of a quantiza-
tion U,gx, i.e., a topological quasi-triangular Hopf algebra over C[A] such
that

1. there exists an isomorphism of Hopf algebras U,gx/hU,gx ~ Ugx;
2. for any z € gy,

6(1:)2% mod & ,
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where 7 € U,gx is any lift of z € gx.

We refer to Uygx as the continuum quantum group of Qx.
The continuum quantum group
The definition of U,gx is very similar in spirit to that of gx, but it depends

on two additional partial operations on Int(X):

1. the strict union of two non—orthogonal intervals o and [, whenever
defined, is the smallest interval v € Int(X) for which (V) © o and
(V) © B are both defined;

2. the strict intersection of two non—orthogonal intervals a and 3, when-
ever defined, is the biggest interval a A 5 € Int(X) for which ae (a A )
and 8 © (aA ) are both defined.

Note that V3 (resp. aA ) is defined and coincides with aU 3 (resp. a N f3)
whenever it contains strictly o and /3 (resp. it is contained strictly in o and 3).

Definition (cf. Definition 5.6). Let Qx be a continuum quiver. The contin-
uum quantum group of X is the associative algebra U,gx generated by fx
and the elements X, o € Int(X), satisfying the following defining relations:

1. Diagonal action: for any «, 5 € Int(X),
[€a:€8] =0 and  [&, X5] =+£(a|B) X; .
In particular, for K, == exp(h/2-&,), it holds KQXEE = ¢t (lp) -XﬂiKa.
2. Quantum double relations: for any «, 5 € Int(X),

K — K1
+ oyl —
[Xa: X5] = dap qo’_ q_f
ta0s - (450 X K37 — g% K29 X
af q acB 1 q a BOa
b —1y v+ bag y—
+ bﬂa g5 (qg—q )X(avﬂ)@,é’ KaABﬁ X(aVﬁ)ea :
3. Quantum Serre relations: for any («, ) € Serre(X),
tyE  or e
XQXB _an .XﬁXOL —
+ _
+ ba,g : qs“ﬁ 'Xoigg + baﬁ ) (q —dq 1) : X;tV,BX;ctAﬁ %
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In the definition above, we assume that XaiQ 5 =0 whenever a ® [ is not
defined, for ® = @,6, vV, A. Moreover, the coefficients are defined as follows:

o 20s = (1) (a]);
L4 baﬁ = Aa, avp;

1 _
o clyi= 3 (ag,acp — 1) and c 5 1=

o fop = (1= 0a5) (1) (al5)*;

1
5 (aﬁea,a + 1)7

1
o S.5= 5 (3s,005 £ 1).

In order to prove that Ug,gx is naturally endowed with a topological
quasi—triangular Hopf algebra structure, we proceed as in the classical case,
by showing that U,gx can be also realized by duality. This leads to the
following.

Theorem (cf. Theorem 5.11). Let Qx be a continuum quiver and Ugygx the
corresponding continuum quantum group.

1. The algebra Uygx is a topological Hopf algebra with respect to the maps
A: U,y — Uugx®@U,gx  and e: Uygx — C[A] ,

defined on the generators by e(€,) =0 = e(XF), A(&) =a®@1+1®
§a, and
AXH =XIol+K, @ X}

+ Y Ay ey (a—qg ) XFK, @ X,
a=pdy
AXD)=190X, +X, @ K,
= > asersyc(a—a )Xy @ XK
a=Loy

In particular, e(K,) =1 and A(K,) = K,® K. As usual, the antipode
is given by the formula

S:=> mMo(id—10e)® 0 AM

where m™ and A™ denote the nth iterated product and coproduct,
respectively.
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2. Denote by Uqb§ the Hopf subalgebras generated by fx and X=,
Int(X). Then, there exists a unique non—degenerate Hopf pairing
1 Uybd ® (U,by ) — C((h), defined on the generators by

a €
()

— I 1 5 | = 504/8
) =1, (&lés) =+ (alf) (Xd1x5) = q—q

and zero otherwise. In particular, (Ka\Kﬁ> = ql®),

3. Through the Hopf pairing (-|-), the Hopf algebras (U,b%,U,by) give
rise to a match pair of Hopf algebras. Then, U,gx is realized as a quo-
tient of the double cross product Hopf algebra Uyb% p<xU,by obtained
by identifying the two copies of the commutative subalgebra fx. In par-
ticular, Uygx is a topological quasi—triangular Hopf algebra.

4. The topological quasi-triangular Hopf algebra Ug,gx is a quantization
of the topological quasi—triangular Lie bialgebra gx .

Moreover, we prove that, as in the classical case, the continuum quantum
group can be realized as an uncountable colimits of Drinfeld—Jimbo quantum
groups.

Theorem (cf. Corollary 5.8). Let J,J’ be two irreducible (finite) sets of
intervals in X.

1. Let Uygg be the Hopf subalgebra in Ugzgx generated by the elements
& and XE, with o € J. Then, there is a canonical isomorphism of
algebras Ugg5™ — Uggy.

2. If J' C J, there is a canonical embedding <;5:77J,: Ugsg7 — Uggs
sending generator to generator.

3. If J is obtained from J' by replacing an element v € J' with two
intervals o, 8 such that v = « @ 3, there is a canonical embedding
¢}7J,: U,97 — Uggyg, which is the identity on the diagrammatic sub-
algebra Ugggn 14y = Ug8\(a,p) and sends

_ _E
€y EatEs, XT e Fbolog S0 (Xijﬁi —qos -XgFXjf) .

4. The collection of embeddings ¢'; 71,9'7 71, indexed by all possible irre-
ducible sets of intervals in X, form a direct system. Moreover, there is
a canonical isomorphism of algebras

BKM

U,gx ~ colims U,g7
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The quantum groups of the line and the circle

In [19], the second-named author and O. Schiffmann introduced the line quan-
tum group U,s[(R) and the circle quantum group U,sl(S?), the latter arising
from the Hall algebra of parabolic (torsion) coherent sheaves on a curve. These
are the simplest examples of continuum quantum groups. Namely, we get the
following.

Theorem (cf. Propositions 3.17 and 5.10). There ezists a canonical isomor-
phism of topological Hopf algebras Uysl(R) — Uggr. At q¢ = 1, it gives rise
to an isomorphism of topological Lie bialgebras s{(R) — ggr.

The case of the circle is slightly more delicate. Namely, the continuum
Kac-Moody algebra gg: contains strictly the Lie algebra s[(S'). Their dif-
ference is reduced to the elements 1‘; corresponding to the full circle. More
precisely, let g1 be the subalgebra in gg1 generated by the elements z£, &,,
a # S'. Note that the elements :z?l, &s1, generate a Heisenberg Lie algebra of
order one in gg1, which we denote heisgi. Then, gg1 = g1 @ heisg: and there
is a canonical embedding sl(S?) — gg1, whose image is gg1 k- Eg1. A similar
relation holds for the Hopf algebras Uysl(S!) and U,gg:, where the role of
beisg: is played by the subalgebra generated in Uggg: by {51 and X;ﬁ.

Future directions

In this last section, we shall outline some further directions of research, cur-
rently under investigations.

Geometric quantization As mentioned earlier, the continuum quantum
groups Uysl(S!) and Uysl(R) originate from a Hall algebra type construction.
More precisely, the rational circle quantum group Ugsl(Q/Z) was realized
in [19] in two different ways. That is, by the second—named author and O.
Schiffmann, as the (reduced) quantum double of the spherical Hall algebra of
torsion parabolic sheaves on a smooth projective curve over a finite field, and,
by T. Kuwagaki, from the spherical Hall algebra of locally constant sheaves
on Q/7Z with fixed singular support. The latter approach generalizes easily to
R and S!, and to the type D case (a smooth tree with one root, one node,
and two leaves).

In [1], together with T. Kuwagaki and O. Schiffmann, we will provide two
geometric realization of U,gx arising from Hall algebras associated with the
following abelian categories defined over a finite field. We first consider the
category of coherent persistence modules (extending the definition given in [20]
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for the line R and the circle S* to an arbitrary continuum quiver). Such objects
can be thought of as a generalization of the usual notion of parabolic torsion
sheaves on a curve, mimicking the first realization of the circle quantum group.
The analogue of the second symplectic realization is instead obtained from
the category of locally constant sheaves over the underlying vertex space.

Highest weight theory In general, the usual combinatorics governing the
highest weight theory of Borcherds—Kac—Moody algebras does not extend in
a straightforward way to continuum Kac—Moody algebras, mainly due to the
lack of simple roots. The appropriate tools to describe the highest weight
theory of gx, the corresponding continuum Weyl group, and the character
formulas, are currently under study. The same difficulties arise also at the
quantum level.

Nonetheless, the geometric realization of continuum quantum groups
would likely help towards a better understanding of its representation theory.
An inspiring example is given in [20], where the second—named author and
O. Schiffmann define the Fock space for Ugsl(R), considering a continuum
analogue of the usual combinatorial construction in the case of Ugsl(oco). In
addition, the quantum group U,sl(S') acts on such a Fock space, in a way
similar to the folding procedure of Hayashi-Misra—Miwa. This construction
should extend to the case of an arbitrary continuum quiver X, producing a
wide class of interesting representations for the continuum quantum group
U,gx, and therefore for the continuum Kac-Moody algebra gx.

Outline

In Section 2, we recall the basic definition of Kac-Moody algebras and
Drinfeld-Jimbo quantum groups in the more general framework of quanti-
zation of Lie bialgebras. In Section 3, we provide a concise exposition of the
construction of continuum Kac-Moody algebras, as introduced in [2], and
their realization as uncountable colimits of Borcherds—Kac—Moody algebras.
In Section 4, we prove the first main result of the paper, showing that contin-
uum Kac-Moody algebras are naturally endowed with a standard topological
quasi-triangular Lie bialgebra structure. In Section 5, we define the contin-
uum quantum group associated to a continuum quiver and show that, in the
cases of R and S?, it coincides with the quantum groups of the line and the
circle introduced in [19]. Finally, in Section 5.4, we prove the second main
result of the paper, showing that continuum quantum groups are topological
quasi-triangular Hopf algebra, quantizing the standard Lie bialgebra struc-
ture of continuum Kac—Moody algebras.
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2. Kac—Moody algebras and quantum groups

In this section, we recall the basic definition of Kac—Moody algebras and
Drinfeld-Jimbo quantum groups in the more general framework of quantiza-
tion of Lie bialgebras. The results of this section are well-known and due to
[14, 8]. We follow the exposition of [3].

Henceforth, we fix a base field k of characteristic zero and set K := k[A].

2.1. Quantization of Lie bialgebras

A Lie bialgebra is a triple (b, [+, ]p, dp) where

1. b is a discrete k-vector space;

2. (b,[-,-]e) is a Lie algebra, i.e., [-,-]p: b ® b — b is anti-symmetric and
satisfies the Jacobi identity
(2.1) [ o oide @ [, Jo o (idpes + (123) + (132)) =0 ;

3. (b,dp) is a Lie coalgebra, i.e., dp: b — b ® b is anti-symmetric and
satisfies the co—Jacobi identity

(22) (Idb®5+(123)+(132))Oldb®55055 =0;
4. the cobracket §y satisfies the cocycle condition
(23) (550[-,-][, :adboidb®550(idb®z - (1 2)) s

asmaps b® b — b® b, where adp: b @b ® b — b ® b denotes the left
adjoint action of b on b ® b.

A quantized enveloping algebra (QUE) is a Hopf algebra B in Vectk such
that

1. B is endowed with the Ai-adic topology, that is {h"B},>0 is a basis of
neighborhoods of 0. Equivalently, B is isomorphic, as topological K-
module, to By[h], for some discrete topological vector space By.

2. B/hB is a connected, cocommutative Hopf algebra over k. Equivalently,
B/hB is isomorphic to an enveloping algebra Ub for some Lie bialgebra
(6, [, ]6, 0p) and, under this identification,

Ab) — A% (D)

Bo(b) = =————— modh,

where b € B is any lift of b € b.
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We say that B is a quantization of (b, [, e, dp).

In Sections 2.2-2.6 we will describe the standard Lie bialgebra structure
on symmetrisable Kac-Moody algebras and their quantization provided by
Drinfeld—Jimbo quantum groups.

2.2. Kac—Moody algebras

We recall the definition from [14, Chapter 1]. Fix a finite set I and a matrix
A = (a;j);jer with entries in k. Recall that a realization (,IL,IIV) of A is
the datum of a finite dimensional k—vector space h, and linearly independent
vectors IT == {a;}ier C b*, IV = {hi}ier C b such that a;(h;) = aj.
One checks easily that, in any realization (h,IL,11V), dimb > 2|I| — rk(Z).
Moreover, up to a (non—unique) isomorphism, there is a unique realization of
minimal dimension 2|I| — rk(Z).

For any realization Z = (h,11,11Y), let g(#) be the Lie algebra generated
by b, {e;, fi }ier with relations [h, 1] = 0, for any h, k' € b, and

(24) [h, ei] = Oéz(h) €, Uh fz] = _ai(h) fZ ) [ei7 f]] = 6ij hZ :
Set

Q+ ::@Z>004i ch,

1€l

Q = Q4 ® (—Q4), and denote by ny (resp. n_) the subalgebra generated by
{e;}icr (resp. {fi}ic1). Then, as vector spaces, g(#) = ny ®hdn_ and, with
respect to B, one has the root space decomposition

Ny = @ 9ta
a€Qy
a#0

where g1, = {X € g(#) | Vh € b,[h, X] = £a(h)X}. Note also that go = b
and dim g4, < 00.

The Kac—-Moody algebra corresponding to the realization & is the Lie
algebra g(#Z) = g(Z#) /¢, where t is the sum of all two—sided graded ideals in
g(Z) having trivial intersection with h. In particular, as ideals, t = v, G v_,
where ty =tNng.?

3The terminology differs slightly from the one given in [14] where g(Z%) is called
a Kac-Moody algebra if A is a generalised Cartan matrix (cf. Remark 2.3) and #
is the minimal realization. Note also that in [14, Theorem 1.2] ¢t is set to be the
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Since v = vy @t_, the Lie algebra g(#) has an induced triangular decom-
position g(#) = n_ @ h @ n+ (as vector spaces), where

nei= (P fta s G ={X€9(#)|VheD, [h,X]=alh)X}.
ory

Note that dimg, < oo. The set of positive roots is denoted Ry = {a €
Q+ \ {0} | ga # 0}

Remark 2.1. The derived subalgebra g(Z) = [g(Z), 9(Z#)] has a similar and
somewhat simpler description. One can show easily that g(#)’ is generated
by the Chevalley generators {e,f;, hi}icr and admits a presentation similar
to that of g(#). Namely, let g’ be the Lie algebra generated by {h;, €;, fi }icr
with relations

[hi,hi] =0, [hj,es) = ai(hy) e, [hy, fi) = —ai(hy) fi, e, fi] = 6ij ha

Then, g’ has a Q-gradation defined by deg(e;) = «;, deg(f;) = —ay, and
deg(h;) = 0. Clearly, g{, = b, where the latter is the |I|-dimensional span
of {h;}ic1. The quotient of g by the sum of all two—sided graded ideals
with trivial intersection with b’ is easily seen to be canonically isomorphic
to g(Z)'. A
Remark 2.2. Tt is sometimes convenient to consider the Kac-Moody algebras
associated to a (non—minimal) canonical realization, which allows to obtain a
presentation similar to that of the derived subalgebra (cf. [10, 18, 4]). Namely,
let Z = (b,11, ﬁv) be the realization given by h = k21 with basis {h; }ie1 U
(A Ve, T = {hi}ier and T = {a; }ier C ', where a; is defined by

a;(h;) = aj; and  oi(\) =0y .
Then, g(Z) is the Lie algebra generated by {h;, \, e;, fi}ier with relations
) =0 [ X]=0. WAV =0,
[hisej) = aijej . [hi, fi] = —aij £,
{/\;/76]'} = dij €5 , {/\z‘vvfj] =—0i5 fj ,

sum of all two—sided ideals, not necessarily graded. However, since the functionals
«; are linearly independent in h* by construction, v is automatically graded and
satisfies v = v @ v_ (cf. [14, Proposition 1.5]).
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and [e;, f;] = 8ij hi. It is easy to check that the Kac-Moody algebra g(Z) is
just a central extension of §(Zu), i.€., §(Z) ~ §(Roin) ® ¢, with dim ¢
rk(A).

Remark 2.3. It is well-known that in certain cases the ideal v can be described
explicitly. If A is a generalised Cartan matriz (i.e., a; = 2, a;; € Zgo, i # J,
and a;; = 0 implies aj; = 0), then v contains the ideal generated by the Serre
relations

(2.5) ad(e;)' " (ej) = 0=ad(f;) "™ (f;)  i#]

and coincides with it if A is also symmetrizable [11].

A similar description of ¢ holds for any Borcherds—Cartan matriz A (i.e.,
such that a;; € Zgo, @ # j, and 2a;j/a; € Z whenever a; > 0). In this case,
g is called a Borcherds—Kac—Moody algebra and the corresponding maximal
ideal contains the Serre relations

>l

(2.6) ad(e:) "5 (e;) = 0 = ad(f;) @ (£;)
if a;; > 0 and 7 # j, and
(2.7) lei, e5] = 0= [fi, fj]

if a;; < 0 and i # 7. Even in this case, if A is symmetrizable, v is generated
by the Serre relations (cf. [6, Corollary 2.6]). A

If the matrix A is symmetrizable, the corresponding Kac—-Moody algebra
can be further endowed with a standard Lie bialgebra structure. Assume
henceforth that A is symmetrizable, and fix a realization Z = (h, I1,11V) and
an invertible diagonal matrix D = diag(d;);cr such that DA is symmetric. Let
b’ C b be the span of {h;}icr, and h” C b a complementary subspace. Then,
there is a symmetric, non—degenerate bilinear form (-|-) on b, which is uniquely
determined by (h;|-) == d;'a;(-) and (h”[h”) := 0. The form (-|) uniquely
extends to an invariant symmetric bilinear form on g, and (e;|f;) = &;;d; .
The kernel of this form is precisely t, so that (+|-) descends to a non—degenerate
form on g.*

4Since (-|-) is non—degenerate on b, the kernel ¢ := ker (:|-) is a graded ideal
trivially intersecting h and therefore it is contained in tv. Conversely, for any graded
ideal i = @, 1o trivially intersecting b, one has i C £. More precisely, let X € i,,
Y € gp and Z € b such that 3(Z) # 0. Then,

p(2) - (XY) = (X[[2,Y]) = - (X, Y]|Z2) = 0 .

In particular v C £ and therefore v = £.
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Set by = h @& Dyer, 9o C g One can see easily that the bilinear form
induces a canonical isomorphism of graded vector spaces by ~ b*, where
bX :=b" ® D,er, 9-, and, more specifically, g, ~ g7 ,.

Let {eqi |i=1,...,dimg,} and {fa,; |7 =1,...,dimg,} be bases of g,
and g_, respectively, which are dual to each other with respect to (:|-), and
set

dim g dim b

ri= Z Z €ai ® fai + in®xiv

acR, i=1 i=1

where {z; |[i=1,...,dimb} is an orthonormal basis of b.
We will show in Section 2.4 that g has a natural structure of Lie bialgebra
with cobracket §: g — g A g given by

6|h =0 s 6(6i) = dzhl N €; s 5((}2) = dihi VAN fz .
Moreover, it satisfies 0(z) = [t ®@ 1 + 1 ® z,7r].
2.3. Quasi—triangular Lie bialgebras

A Lie bialgebra is quasi—triangular if there exists a tensor r € b® b such that
1. Q=71 +ry is b-invariant, i.e., [t ® 1+ 1® z,Q] =0 for any x € b;

2. ris a solution of the classical Yang—Baxter equation, i.e.,
(2.8) [r12,713] + [r12, 73] + [113,723] = 0 ;

3. 0p =0r,de,forany z € b, dp(z) =z @1+ 1®x,7r].

It is well-known that any Lie bialgebra (b, [, ]p,dp) can be canonically
embedded into a quasi-triangular topological Lie bialgebra. We recall below
three versions of this construction, in terms of Drinfeld doubles, Manin triples
and matched pairs of Lie algebras.

2.3.1. Drinfeld double Let (b, [, ]s,0p) be a Lie bialgebra. The Drinfeld
double gy is defined as follows.

e As a vector space, gp = b @ b*. The canonical pairing (-|-) : b ® b* — k
extends uniquely to a symmetric non—degenerate bilinear form on gy, with
respect to which b and b* are isotropic. The Lie bracket on gy is defined as
the unique bracket which coincides with [, ]y on b, with 6/ on b*, and is
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compatible with (-|-), i.e., satisfies ([x,y]|z) = (z|[y, 2]) for all z,y, z € gp.
The mixed bracket of x € b and ¢ € b* is then given by

[z, 9] == ad"(z)(¢) — ad"(¢)(x) ,

where ad* denotes the coadjoint actions of b on b* and of b* on (b*)*.

e We endow b and b* with the discrete and the weak topology, respectively,
and gp = b @ b* with the product topology. It is clear that the map
[-,-]4: B* — b*®b*, where ® denotes the completed tensor product, defines
on b* a topological cobracket. Similarly, § := §, —[-, |, defines a topological
cobracket on gp, which is easily seen to be compatible with [, |. Therefore,
(go, [, ],0) is a topological Lie bialgebra.

e Finally, the quasi-triangular structre on g, is given by the topological
canonical tensor r € b®b* C gy®gp corresponding to the identity under
the identification End(b) ~ b&b*.

Remark 2.4. If b = @, cn by is N-graded with finite-dimensional homoge-
neous components, the restricted dual b* := @, b}, and the restricted dou-

ble gi* = b @ b* of b are also Lie bialgebras, with cobracket dp — [-,-]f.
Moreover, gi® is quasi-triangular with respect to the canonical tensor r &
b&b* == [I,cn bn ® bE. A

2.3.2. Manin triples A Manin triple is the datum of a Lie algebra g with
a non—degenerate invariant symmetric bilinear form (-|-) and two isotropic
Lie subalgebras b C g such that

1. as a vector space g =b, $ b_;
2. the inner product defines an isomorphism b, — b*;

3. the commutator of g is continuous with respect to the topology ob-
tained by putting the discrete and the weak topologies on b_ and b
respectively.

Under these assumptions, the commutator on by ~ b* induces a co-
bracket 6: b_ — b_ ® b_ which satisfies the cocycle condition. Therefore, b_
is canonically endowed with a Lie bialgebra structure, while b and g are,
in general, only topological Lie bialgebras. Moreover, g is isomorphic, as a
topological Lie bialgebra, to the Drinfeld double of b_.

Remark 2.5. If b is an N-graded Lie bialgebra with finite-dimensional ho-
mogeneous components, one can consider restricted Manin triples, where the
inner product induces a isomorphism b, — b*. In this case, b, and g are
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both Lie bialgebras and the latter is isomorphic to the restricted Drinfeld
double of b_. A

2.3.3. Matched pairs of Lie algebras The last construction is due to S.
Majid [17] and it is, from a certain point of view, the most abstract, since it
does not rely on a pairing. Two Lie algebras (c, [-,-]¢) and (9,][-,]5) form a
matched pair if there are maps

>:c®0—0 and <1:c®0—¢

such that

1. > is a left action of ¢ on 0, i.e.,
> o[, ] ® id = oid® > o(id — (12)) ,
and < is a right action of 0 on ¢, i.e.,
<oid® [+, o =< o < Rido (id — (23)) ;
2. <, > satisfy the compatibility conditions

<ol ]c®id =[]0 < ®ido (23) + [-, ] 0 id® <
+ < oid® > ofid — (12)) ,

and

> oid ® ['7 ']D = ['7 ']Do > ®id + [', ']D 0id® > 0(12)
+ > o< ®ido (id—(23)) .

Remark 2.6. The conditions above are equivalent to the requirement that
the vector space ¢ @ 0 is endowed with a Lie bracket for which ¢, 0 are Lie
subalgebras and, for X € cand Y €0,

X Yu=X>Y+XaY.

The Lie algebra ¢><id = (¢ @0, [, |w) is called the bicross sum Lie algebra of
¢, 0. A
Ezample 2.7. If (b,[-,]p,ds) is a Lie bialgebra, then (b, [, ]s) and (b*,d!)
form a matched pair with respect to the coadjoint action of b on b* and the
opposite coadjoint action of b* on b. The corresponding double cross sum Lie
algebra b ><b* is precisely the Drinfeld double of a. A
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2.4. Lie bialgebra structure on Kac—Moody algebras

It is well-known that any symmetrisable Kac—-Moody algebra has a canonical
structure of (quotient of) a Manin triple, which induces on it a standard Lie
bialgebra structure.

Let A be a symmetrisable Borcherds—Cartan matrix and fix an invertible
diagonal matrix D = diag(d;);e1 such that DA is symmetric. The bilinear
form (:|-) induces a canonical isomorphisms b} ~ b, where b’ denotes the
restricted dual. Consider the product Lie algebra g®) = g @ b, with h* = b,
and endow it with the inner product (-]) — (+)|psyp.- Let m: g — go = b

be the projection, and bf) C g@ the subalgebras

b = {(X,h) € by @ b’

m(X) = +h} .

Note that the projection 9(2) — g onto the first component restricts to an
isomorphism bf) — by with inverse by 3 X — (X, xm(X)) € b(f). The
following is straightforward.
1. (9(2), b(f), bf)) is a restricted Manin triple. In particular, bg_f) and g
are Lie bialgebras, with cobracket 6[1(2) = [, -]';(2) and 0y2) = 5b<2) 756(2*
¥ + - +

2. The central subalgebra 0@ b* C g is a coideal, so that the projection
g — g induces a Lie bialgebra structure on g and br.

3. The Lie bialgebra structure on g is given by
5|‘) =0, (5(€¢):dihi/\6i , (5(fz):dlhl/\f2 .
2.5. Kac—Moody algebras by duality

We recall an alternative construction of symmetrisable Kac-Moody algebra,
provided by G. Halbout in terms of matched pairs of Lie bialgebras [12]. More
precisely, his construction goes as follows.

e Let A be a symmetrisable Borcherds—Cartan matrix, D = diag(d;);e1 an
invertible diagonal matrix such that DA is symmetric, and (+|-) the corre-
sponding non—degenerate bilinear form on b.

e Let L4 be the free Lie algebras generated by the set Xy = {27, &+ | i €
I, € h}. The assignment

61 (65) =0 and o0x(af) = Fdhi Azt

2
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extends uniquely to a cobracket on £ and induces a Lie bialgebra structure
on it.

e The assignment
(o a7) =dilay, (€5,€7)=2(e) . (o &) =0=(T",a7),

extends uniquely to Lie bialgebra pairing (-,-): £; ® L_ — k, i.e., for
Xy, Yy € Ly,

(2.9) (Xt Yi], Xg) = (Xi @ Vi, 05(X5))

Then, £, and £_ naturally form a matched pair of Lie bialgebras.’
The pairing (-, ) extends to the a possibly degenerate, invariant pairing on
the double cross sum Lie bialgebra £, ><l_.

e The ideals generated by [¢F, %], [€F, 2] F a;(€)zi, ad(azf)l_‘%ﬁa” (:cjt)
(i # j and a; > 0), and [xft,xf] (a;i < 0 and a;; = 0) are orthogonal
to L+ and are coideals. Let s be the sum of these ideals. In particular,
s Ct=ker(-,) C LyxL_.

e Finally, one observes that £, >aL_ /¢ has the form g @ b?, where h” is a
central copy of hh and g is the Borcherds—Kac—Moody algebra associated
to A.5 This implies, in particular, that £ coincides with s and it is a coideal.
Therefore, the Lie bialgebra structure on £ <£_ naturally descends to g.

2.6. Drinfeld—Jimbo quantum groups

Let A be a symmetrisable Borcherds—Cartan matrix and fix an invertible
diagonal matrix D = diag(d;);e1 such that DA is symmetric. Let g = g(A)
be the corresponding Borcherds—Kac—Moody algebra with its standard Lie
bialgebra structure, and set q == exp(h/2), ¢; == exp(h/2 - d;). The following
is a straightforward generalization to Borcherds—Kac—Moody algebras of the
quantum group defined by Drinfeld [8] and Jimbo [13] (cf. also [15]).

°By slight abuse of notation, we impose that (-,-) is symmetric, i.e., it can
be considered as a function on either £, ® £_ or L_ ® L4, regardless of the
order. Moreover, note that (2.9) can be equivalently restated as ((X4,Y1], X+) =
(Xt A YL, 02 (X5)).

6Indeed, it is clear that there is a surjective morphism of Lie algebras m: g — 0,
where 0 = L4 ><aL_ /(¢ @ h?), and, since kerm C g is an ideal trivially intersecting
b, it must be necessarily trivial.
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The Drinfeld-Jimbo quantum group of g is the associative algebra U,g
topologically generated over K by h and the elements E;, F;,i € I satisfying
the following defining relations.

1. Diagonal action: for h,h' €, i €1,
[h, h/] =0 y [h, Ez] = Oéz(h)EZ [h, F” == —O[l(h)E .

In particular, for K, = exp(h/2 - d;h;), it holds K,E; = ¢;” - E;K; and
KFj = (J;aij EKG.

2. Quantum double relations:

K, — K

[Ei7 E] - 1
qi — q;

)

3. Quantum Serre relations: for 7, j € I with a;; = 0,
[Ei>Ej] =0= [FZWF]'} )

and for i,7 € I, i # j, with a;; = 2,

g (—1)m s
) — X, T =0 (X =E,F).
m—0 [m]g,![1 — aij — mlg,!

Moreover, U,g has a Hopf algebra structure with counit, coproduct and
antipode defined, for h € h and 7 € I, by

e(h)=0, A =h@l+1®h, S(h) = —h,
e(E)=0, AB)=E®K +1®E;, S(E)=-EK',
e(F)=0, AF)=Fol+K'®F, S(F)=-KTF;.

The following is well-known (cf. [8, 16, 7]).
Theorem 2.8.

1. The Hopf algebra U,g is a quantization of the Lie bialgebra g.

2. Denote by Usb_ (resp. Uyby ) the Hopf subalgebra generated by b and
{Fi,i € I} (resp. b and {E;,i € 1}). Then, Ugb_ (resp. Ugby ) is
a quantisation of the Lie bialgebra b_ (resp. by ), and there exists a
unique non-degenerate Hopf pairing (-|-)p : Ugb_ @ Ugby — k((h)),
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i.e., a non—degenerate bilinear form compatible with the Hopf algebra
structure, defined on the generators by

(57;]'
qa—4q

()p=1, (W)= 3 (), (RIE), =

.

and zero otherwise.

. The Hopf pairing (:|-)p induces an isomorphism of Hopf algebras be-
tween Ugyb_ and (U,by)*, which restricts to the identification ¢: b —
b*, ¢(h) = —2(h|-). Moreover, U,g can be realized as a quotient of the
restricted quantum double of Ugb_ with respect to this identification,
ie, DUb_/(h ~ b*) ~ Uyg. In particular, U,g is a quasi-triangular
Hopf algebra with R—matriz

(2.10) R=g2® .3 X, @ XP,
P

where {u;} C b is an orthonormal basis with respect to (-|-), {Xp} C
Ugn_, {XP} C Ugng are dual basis with respect to the pairing (-|-)p.

It is useful to notice here that the proof of the theorem and the construc-

tion of the Hopf pairing (-|-),, is obtained following a quantum analogue of
the procedure described in Section 2.5 (cf. [16, Part IJ).

3. Continuum Kac—Moody algebras

In this section, we recall the notion of continuum Kac—Moody algebras intro-

duced in [2], and their realization as continuous colimits of Borcherds—Kac—
Moody algebras.

3.1. Vertex space

Definition 3.1. Let X be a Hausdorff topological space. We say that X is
a vertex space if for any x € X, there exists a chart (U, A, ¢) around x such

1. U is an open neighborhood of z,

2. A= {A;} is a family of closed subsets A; C U containing x, such that

U:Ui A,
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3. ¢ = {¢;} is a family of continuous maps ¢;: A; — R which are home-
omorphisms onto open intervals of R, such that if the intersection be-
tween A; and Aj; strictly contains the point x, then ¢;|a,na, = ¢j]ain4,
and ¢;| 4,0 4; induces a homeomorphism between A; N A; and a closed
interval of R.

We say that x is an regular point if the exist a chart such that A = {U};
while, we say that x is a critical point if there exists a chart such that
the boundary 0(A4; N A;) of A; N Aj, as a subset of U, contains z for
any 7,7.” @
Remark 3.2. Let x be a critical point with a chart (U, A, ¢) such that x €
0(A; N A;) for any 4, j. Then x € 0A; for any 1. A

Definition 3.3. Let X be a vertex space and let a be a subset of X. We
say that a is an elementary interval if there exists a chart (U, A, ¢) for which
J C A; for some i and ¢;(«) is a open-closed interval of R. A sequence of
elementary intervals (v, ..., ), n > 0, is admissible if

(a) (aqU---Ua;) Ny =0 and (ag U---Uq;) Uy is connected for any
1=1,...,n—1;

(b) forany i =1,...,n—1, there exist € X and a chart (U, A, ¢) around
@ for which U D (e U+ Ua;) Ui and (g U+ Uag) Uaygr) N Ay
is either empty or an elementary interval for any k.

An interval of X is a subset « of the form oy U- - Uay,, where (g, ..., ) is
an admissible sequence of elementary intervals. We denote by Int(X) the set
of all intervals in X. %)

Example 3.4. Let K = Q,R. Then X = R is an example of a vertex space.
An interval supported on K is a subset @ C R which is an an open—closed
interval of the form o = (a,b] = {z € R | a < z < b} for some K-values
a <b. A

3.2. Continuum quivers
Let X be a vertex space and Int(X) the set of all intervals of X. Set

aUf ifanf=0and aUp € Int(X)
a®p =
n.d. otherwise ,

"Here, somehow we are following the terminology coming from the theory of
persistence modules (cf. [9, Section 2.3]).
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n.d. otherwise .

{a\ﬂ ifanpf=pand a\B € Int(X),
adpi=

We call & the sum of intervals, while we call © the difference of intervals.

Remark 3.5. The elements of Int(X) are described as follows [2, Lemma 5.5].

1. Every contractible interval is homeomorphic to a finite oriented tree
such that any vertex is the target of at most one edge.

2. Every non—contractible interval is homeomorphic to an interval of the

form
N
Sle@PT=(-(S"eT)eT) - &Ty)
k=1
for some pairwise disjoint contractible intervals T}, with N > 0. AN

We denote by fx the Z-span of the characteristic functions 1, for all
interval a of X. Note that 1,ep = 14 + 15 for a given (o, 3) € Int(X)g). We
call support of a function f € fx the set supp(f) = {p € X | f(p) # 0}. It is
a disjoint union of finitely many intervals of X.

Define a bilinear form (-,-) on fx in the following way. Let f,g € fx,
and assume that there exists a point z with a chart (U, A, ¢) for which the
supports of f and ¢ are contained in A; for some 7, then we set

(3.1) (f,9) =Y F-(0)(g-(p) — g+ (p))

pEA;

where hy(z) = limy o+ h(x £ 1).

Since we can always decompose an interval into a sum of elementary
subintervals (and we can do similarly with supports of functions of fx), we
extend (-,-) with respect to @ by imposing the condition that (o, ) = 0 for
two elementary intervals «, 5 for which there does not exist a common A;
containing both.

As a consequence of the definition, the bilinear form (-,-) is compatible
with the concatenation of intervals, by Remark 3.5, it is entirely determined
by its values on contractible elements.

Remark 3.6. Thanks to the condition (b) of Definition 3.3, one can easily ver-
ify that if 8 is a non—contractible sub—interval of a, then (o, ) = (o © 3, ),
whenever a ©  is defined.
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Moreover, whenever o L f3, i.e., (o, ) & Int(X)g) and a N B =, then
{(a, By = 0. Note also that

1 if « is contractible ,
(a,a) = .
0 otherwise . A

Set

(flg) = {f.9) + {9, f)

for f,g € fx. Then, if J, J" € Int(X) are contractible, then

2 ifa=p,
1 if (o, 8) € Int(X)? or (8,a) € Int(X)2)
(Lal15) =4 0 if (0, 8)  Int(X)? and an B =0,
-1 if (o, ) € t(X)éa2 and a @ (3 is contractible ,
-2 if (o, B) € Int(X)é9 and a @ [ is non—contractible .

All other cases follow therein. Note in particular that, if « is non—contractible,
(a]ar) = 0.
Henceforth, we set (a, 8) = (o, 8) and («|B) = (14|1p). It follows im-
mediately from Remark 3.6 that
2 if « is contractible |
(ala) = e .
0 if « is non—contractible .
Therefore, we will use real (resp. imaginary) as a synonym of contractible
(resp. non—contractible) in analogy with the terminology used for the roots

of a Kac—Moody algebra.
Finally, we give the following:

Definition 3.7. Let X be a space of vertices. The continuum quiver of X is
the datum Qx = (Int(X),®, S, (-,-), (:])). %)

3.3. Continuum Kac—Moody algebras

It is well-known that the set Ry of positive roots of a Kac—Moody algebra
g has a standard structure of partial semigroup, induced by its embedding
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in the root lattice Q. , and that, as Lie bialgebras, the positive and negative
Borel subalgebras by are graded over Ry (cf. [5, Sec. 8]). Roughly speaking,
continuum Kac—Moody algebras are obtained by replacing the semigroup of
the positive roots with the continuum quiver Qx. Namely, to any contin-
uum quiver Qx, we associate a Lie algebra gx, whose definition mimics
the construction of Kac—Moody algebras. Let gx be the Lie algebra over

C, freely generated by fx and the elements zF, o € Int(X), subject to the

ar

relations:o

[faagﬂ] =0, [ﬁaaxﬁ (O“ﬂ) x/B )
[1‘;7%5] = 6aﬂ£a ( ) () (CE|5) ( a@ﬁ - xﬁ@a) )

where &, = 1,.
Note that the relation £,e5 = dass (o + £5) holds by definition. Set

it = spanz_ {1la | @ € Int(X)} .

There is a natural § x—gradation on gx given by deg(z¥) = 1, and deg(&,) =
0, inducing a triangular decomposition

ix=|Paw|eixe | Pos| .

PeFE S

where g1, denotes the homogeneous subspace of degree £¢.

It is important to observe that the bilinear form (:|-) on fx is non-
degenerate unless X = S', in which case, ker (-|) = Z - 1g1. Therefore,
whenever X # S1, the homogeneous spaces g1, coincide with weight spaces
corresponding to the diagonal action of fx. That is, we have

O+ ={z € 9x |V €fx | [V, 2] = £ (o]Y) -z},

for ¢ € f%.

Definition 3.8. The continuum Kac—Moody algebra of Qx is the Lie algebra
gx = gx/tx, where tx C gx is the sum of all two-sided graded ideals with
trivial intersection with fx. @
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In particular, gx has a triangular decomposition
(32) gX:n-i-@h@n— )

where h = fx and ny are the Lie subalgebras generated, respectively, by the
elements r£, o € Int(X).

The main result of [2] is a generalization to the case of gx of the results
of Gabber—Kac [11] and Borcherds [6], showing that the ideal tx is generated
by the Serre relations. In particular, this gives an explicit description of the
Lie algebra gx as follows.

Definition 3.9. Let Serre(X) be the set of all pairs (a, 5) € Int(X) x Int(X)
such that one of the following occurs:

e « is contractible, does not contain any critical point of 3, and, for
subintervals o/ C « and ' C g with (5|5) # 0 whenever 5’ # £,
o' @ /' is either undefined or non-homeomorphic to S*;

e al (3, ie,a®f does not exist and aN B = 0. ©
Ezample 3.10. One has Serre(R) = Int(R) x Int(R) and Serre(S') = (Int(S1)\
{S1}) x Int(Sh). A

Set
(3.3) ags = (1)@ (a|p) and bus = aa, aap -

Note that, if « & § or § & « are defined, then a,g € {0, £1}, and, if a @ 3 is
defined and (o, 5) € Serre(X), then bys € {£1}.

Theorem 3.11 (cf. [2, Theorem 5.16]). The continuum Kac-Moody algebra
ax is freely generated by the abelian Lie algebra §x and the elements x,
a € Int(X), subject to the following defining relations:

1. Diagonal action: for «, 5 € Int(X),
[, 23] = £ (alB) - a7 ;
2. Double relations: for «, 5 € Int(X),
[, 25] = G o + 205 - (2805 — Thoa)
3. Serre relations: for (a, ) € Serre(X),

+ o+ +
(25, T3] = Ebag - Toas -
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Remark 3.12. If 3 ~ S and a C 3, then (a,3) € Serre(X). Hence, by (2)
above [xi,xﬁ =0. A

3.4. Colimit realization

One fundamental ingredient in the proof of Theorem 3.11 is the relation
between gx and certain Borcherds-Kac-Moody algebras naturally arising
from families of intervals. Let J = {ax}x be a finite set of intervals ay, €
Int(X). We say that J is irreducible if the following conditions hold:

1. every interval is either contractible or homeomorphic to S*;

2. given two intervals o, 8 € J, @ # (3, one of the following mutually
exclusive cases occurs:

(a) a @ f exists;
(b) a @ 8 does not exist and a N = (J;
(¢) a~S'and 8 Ca.

Assume henceforth that J is an irreducible set of intervals. Let A7 be the
matrix given by the values of (-|-) on J, i.e., (Aj)aﬁ = («|p) for a, p € J.
Note that the diagonal entries of Az are either 2 or 0, while the only possible
off-diagonal entries are 0, —1, —2. Let Q7 be the corresponding quiver with
Cartan matrix Ay. Note that a contractible elementary interval in J corre-
sponds to a vertex of Q; without loops at it. For example, we obtain the
following quivers.

Configuration of intervals Borcherds—Cartan diagram
as
aq a2 a3 a1 a2
—_—
Oy
7}




468

Andrea Appel and Francesco Sala

« 2
g (&%)
Qg
Q9 (871
/ e a o« as Qg
W
as Qs
ag

Instead, an interval of J homeomorphic to S! corresponds in Q7 to a

vertex having exactly one loop at it, as in the following examples.

Configuration of intervals

Borcherds—Cartan diagram

(g is a complete circle)

a2
a3
a, a3
Qs
o
(ag is a complete circle)
(e3] 9
a1 (&%
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To any irreducible set of intervals J, we can associate two Lie algebras:
1. the Lie subalgebra g7 C gx generated by the elements {2z, &, | a€ J};
2. the derived Borcherds-Kac-Moody algebra g% = g(As)'".

We prove in [2, Section 5.5] that g7 and g% are canonically isomorphic.
More precisely, we have the following.

Proposition 3.13. The assignment
ear T farrx, and ho &,

Jor any o € J, defines an isomorphism of Lie algebras ®7: g™ — g7.

The proof relies on the simple observation that, for o, 3 € J, a # S, 3,
ad(z2) @) (2F) = 0.

It is then clear that gx can be constructed exclusively from Borcherds—Kac—
Moody algebras. That is, we have the following.

Corollary 3.14. Let J,J’ be two irreducible (finite) sets of intervals in X.

1. If J" C J, there is a canonical embedding ¢'; 7= 971 — g7 sending
vt &, =& forae T

2. If J is obtained from J' by replacing an element v € J' with two
intervals o, 8 such that v = a & [, there is a canonical embedding
¢f/7,J’: 97 — 97, which is the identity on g1 (v} = 87\{a,5) and sends

&y & +E5, xiﬁ — :I:(—l)w’a) {.CL'Ct:CE] )

3. The collection of embeddings ¢f77]/7 ¢f’7’J,, indezed by all possible irre-
ducible sets of intervals in X, form a direct system. Moreover,

gx ~ colimy g™ .

3.5. The Lie algebras of the line and of the circle

In this section we recall the defining relations of the Lie algebras of the line
and the circle, s[(K) and sl(K/Z) with K = Q, R, introduced in [19], and their
realizations as continuum Kac—Moody algebras. Indeed, these examples were
the stepping stones for the definition of continuum Kac-Moody algebras.

First, we need to distinguish all relative positions of two intervals. For
any two intervals o = (a,b] and g = (a/, V'], we write
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e a— fif b=d (adjacent)
e ol fifb<d orb <a (disjoint and non-adjacent)
e aFfifa=d and b <l (closed subinterval)

e a-fifad <aandb=10 (open subinterval)®
e a< fifd <a<b<l (strict subinterval)
e athpifa<d <b<l (overlapping)

We shall say that o and 8 are orthogonal if o 1 3. We are ready to give
the definition of s[(K).

Definition 3.15. Let sl(K) be the Lie algebra generated by elements e, fa,
he, with a € Int(K), modulo the following set of relations:

e Kac—Moody type relations: for any two intervals «, 3,

[has hgl =0, [ha,egl = (alB) eg s [ha, fo] = = (alB) f5,

he fa=7,
[ea,fﬁ]: .
0 ifalfa—p8 orf—a,

e join relations: for any two intervals a, 8 with (a, ) € Int(K)g),
ha@g = ho + hﬁ ,
cass = (—1) P eaesl . faws = (~1)[fa, fo] ;

e nest relations: for any nested «, 8 € Int(K) (that is, such that o = 3,
alpa<p, f<a,akf,adp, fFa, orf-a),

[ea,ep] =0 and [fo, fs] =0 . %)

Remark 3.16. It is easy to check that the bracket is anti-symmetric and
satisfies the Jacobi identity. Note that the joint relations are consistent with
anti-symmetry, since, whenever a @ 8 is defined, (—1)*# = —(—1)>,
Moreover, the combination of join and nest relations yields the (type A) Serre
relations (a # )

[eav [eaﬂeﬂ“ =0= [fav [fowfﬁ“ if (O‘|B) =-1,
e, 5] = 0 = [fa, fg] if (a|B)=0.

8The symbol I~ (resp. ) should be read as « is a proper subinterval in 3 starting
from the left (resp. right) endpoint.

(3.4)
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Let sl(Z) be the subalgebra generated by the elements ey, hqo, fo for a of
the form (i,7 + 1], @ € Z. Then it is clear that s[(Z) ~ sl(co) and there are
canonical strict embeddings sl(Z) C sl(Q) C sl(R). A

First, note that the Cartan subalgebra of s[(K), b :== (h, | @ € Int(K)),
is canonically isomorphic, as a Lie algebra, to the commutative algebra fk
generated by the characteristic functions {{, = 1, | a € Int(K)}. In [2,
Corollary 2.10], we show that the set of relations satisfied by the generators
of sI(K) can be simplified, indeed we have:

Proposition 3.17. The Lie algebra sI(K) is isomorphic to gk.
Let us now move to the Lie algebra of the circle.

Definition 3.18. Let sl(K/Z) be the Lie algebra generated by elements
Cas far hg, with o, 8 € Int(K/Z) and « # S', modulo the following set of
relations:

e Kac—Moody type relations: for any two intervals «, 3,
[hashgl =0, [ha,ep] = (alB) g, [ha, f5] = —(alB) f5,

he ifa=p,
[eomfﬂ]: .
0 falfB,a—p, orf—a,

e join relations:

— for any two intervals «, 8 with («,3) € Int(K/Z)g), we have

haEBﬁ = ha + hﬁ;
— for any two intervals a, f with (a, ) € Int(K/Z)g), such that
@, Ba @ f# 5,
cass = (—1)Peq,e5] . fawp = (1) [fa, fa] ;

e nest relations: for any nested «, € Int(K/Z) (that is, such that
a=p,alfa<p f<aatp, adp 6Fa orf-a), with
a,f# S,

[cares] =0 and [fo, fa] = 0. o

The continuum Kac-Moody algebra gg: strictly contains the Lie algebra
s[(S1) and their difference is reduced to the elements %, corresponding to
the entire space. More precisely, let go1 be the subalgebra in gg: generated
by the elements z£, &, a # S'. Note that the elements x?h &g1, generate
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a Heisenberg Lie algebra of order one in gg:, which we denote heisg:. Then,
g5t = Gg1 @ heisg and there is a canonical embedding s[(S*) — gg1, whose
image is gg1 D k- Eg1.

4. The classical continuum r—matrix

In this section, we show that continuum Kac—Moody algebras are naturally
endowed with a standard topological quasi—triangular Lie bialgebra structure.
To this end, we provide here an alternative construction of continuum Kac—
Moody algebras by duality in the spirit of [12].

Note that the results of this section rely on the non-degeneracy of the
Euler form on fy, which is automatic whenever X ¢ S*. If X = S, the kernel
of the Euler form is one-dimensional, spanned by the central element £gu.
However, this can be easily corrected by extending the vector space fg1 with
a derivation corresponding to the Heisenberg Lie algebras heisg:.” Henceforth,
we will therefore assume that the Euler form is non—degenerate on fx for any
vertex space X.

4.1. Continuum free Lie algebras

Let L4 be the free Lie algebras generated, respectively, by the sets Vi =
{2 &5 | a € Int(X)}. Let 1, be the characteristic function corresponding to
the interval o € Int(X), and F := % = spanz_ {1a | @ € Int(X)}. We consider
on L. the natural grading over F given by deg(z¥) = 1, and deg(¢5) = 0,
thus

Li=PLey.
¢eF

Ezxample 4.1. Let o, 3,7 € Int(X) such that a = § @ 7. Then, the elements
J"tz)zta [LL':;, .T,:i:], and [[[x:ﬁt7 gj]a $$}7£§]] have degree 1. A

For N > 0 and ¢ € F, a N-th partition of ¢ is a tuple 1) = (¢1,...,9¥n) €
FV such that 11 + - -- +¥n = ¢. We denote the set of Nth partitions of ¢ by

F(¢, N). Then, we set

EiN::@( H £i,w1®"'®£i,¢w) ,

6eF \yeF (¢, V)

9In other words, we need to consider the canonical realization of the Cartan
matrix [0] (cf. Section 2.2).
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where ® = ®, A. We regard L?,N (resp. L} ) as a completion of LGN (resp.

ANL). The following is a straightforward generalization of [12, Proposi-
tions 2.2, 2.3, and 2.5].

Proposition 4.2.

1. For any collection of antisymmetric elements u™: Int(X) — Cg’z, there
exist unique maps oy : Lo — ﬁﬁf such that

Si(zE)y=uE and 0L(65)=0

« «

and the cocycle condition (2.3) holds. Moreover, if the co—Jacobi iden-

tity (2.2) holds for the generators z£, i.e.,
(4.1) (id+ (123)+ (132) cid® 6 (ul) =0,
then (L4, [-,],0+) are topological Lie bialgebras.

2. Fix two matrices k;: Int(X) x Int(X) =k, i =0,1, and let Vo4 C L be
the subspace spanned by the set V. Assume that the elements uZ satisfy
the condition (4.12), so that (L4, -],0+) are topological Lie bialgebras,
and belong to V>, Then, there exists a unique pairing of Lie bialgebras
(-,): Ly ® L — k such that

g(j; /'i()(Oé,’Y) 0
Ty 0 k1(8,6)

3. Fiz two matrices k;: Int(X) x Int(X) — k, i = 0,1, and a collection
of elements u*: Int(X) — V12 satisfying the condition (4.1), so that
(L4, [, +],04) are topological Lie bialgebras with a pairing (-,-): L4+ &
L — k. Let J be a set, and let

Ut:J =Ly and VY IxJ > Ly

be two collections of elements such that 5i(Uji) € VE(U,V;.), where

Vi(U.,Vj7.) denotes the completion in E/i\’z of the subspace spanned by
the elements U A VjjE J— Li. Then, if

(4.2) (U=, 23) = 0= (U*,&F)

the ideal generated by U* is orthogonal to L+ and is a topological coideal
m ‘C:t-
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4.2. Orthogonal coideals

We shall now fix a Lie bialgebra structure on £4 with a pairing, and show
that the defining relations of continuum Kac—Moody algebras arise from or-
thogonal coideals. We shall use repeatedly Proposition 4.2—(3).

Henceforth, we consider the Lie bialgebra structure on £ given by

(4.3) 6:(65) =0 and di(zd) =FE N2t ¥ Z bmxg A xf ,
Boy=a

where bg, = (—=1)#F9 (8|83@ ) = agge,. Then, we define a pairing
(-): Ly ® L — k by setting (z,£F) = 0 and

(q,25) =0dap and (£7,&5) =2(alB) .

Proposition 4.3. Let iy be the ideal generated in Ly by the elements

i —dans (5 +65) . [E5.68], € 23] F (alp)ab

Then, i+ is a coideal and it is orthogonal to L.

Proof. We show that the conditions of Proposition 4.2—(3) apply. We first ob-
serve that the elements §a®ﬁ Vo (fgf + fg) are orthogonal to £+. Namely,
if a @ f is defined, then (a @ 5|y) = (a|y) + (8]7), and therefore

(Eaapr &) = (€3 +65.67)

while ( a@ﬂ,éi) =0= (& —1—55 £F). Moreover, 6+(&5) = 0, therefore the
condition on the cobracket is trivially satisfied. Similarly, by duality, one has

(&2, &51.67) = 0= (&, 51, 27)
and, by Formula (4.3), o4 ([6F, €5 51) = 0. Finally, we have

(&0 25).6) F (alB) (25,67) =0,

and

(&2 25, 23) F (alB) (a5, 2T) = (& A5, 0% (27)) F 05, (alB)

= £d5,(€5 A x?, T ATT) F sy (alB)
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= +05, (a]y) F sy (|3) =0 .

Moreover, since (a|f8) = (a|y) + (a]y’) whenever v @+ = 3, we get

0+([63 . 25] F (alB) 23)
=@ l+10,0:(a)] F (olB) 62 (2F)

€5 23]

= F63 51 A g F &5 AES o

T Y by (€5 af Aad +a A ek 23]) T (alB) 6u(aF)

Y&Y'=p

= Tk I n et 7 A (168 28] 7 (01B) 2

F o) bw(( as 'y} (aly)z )/\fU

ey =8

+at A (l8 a5 F (ay)2d)) -
The result follows from Proposition 4.2-(3). O

Thanks to this result, the pairing (-,-): £, ® £_ — k descends to a
pairing between the topological Lie bialgebras 04 = £ [it.

Proposition 4.4. Let si be the ideal generated in 3+ by the elements

+ . + o+ +
Sap = [xa,xﬁ] F bapTogs

with (a, B) € Serre(X). Then, s+ is a coideal and it is orthogonal to d.

Proof. We proceed as before. Clearly, we have <s§ﬁ, £F) =0and

(525:27) = (25, 75], 23) F bap(tigs: ©7)
= <xa A :L',Bv(S:F(x'T» + 6’7,a@ﬁbaﬁ
= iév,a@ﬁbaﬂ + 67,a69,8bo¢,8 =0 )

therefore the elements 53:5 are orthogonal to 5; Finally, one checks by direct

inspection that 51(555) =y Sw’ AV 3 for some vectors foﬁ € 0+. The

result follows from Proposition 4.2—(3). O
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4.3. Continuum Kac—Moody algebras by duality

We now show that the procedure described above realizes the continuum
Kac—Moody algebra gx as a topological Lie bialgebras, endowed with a non—
degenerate invariant bilinear form.

Set 04 = 04 /s+. Then, 04 are topological Lie bialgebras endowed with
a Lie bialgebra pairing (-,-): 94 ® 9 — k. In particular, (94,0_) is a
matched pair of Lie algebras with respect to the coadjoint actions given by
ad*(dx)(d) = £(1 ® dx, 05 (d2)), di,di € 01. Let 9 == 0, p<d_ be the
double cross sum Lie bialgebra.

Proposition 4.5. The following relations hold in 9. For any o, B € Int(X)

- &4 +éa _
(4.4) [z xﬁ] = 0ap 5 + aps (x;r@B — xﬁ;@a) ,

where ang = (—1)*9) (a|B).

Proof. 1t is enough to observe that, by definition,

o b aa_ba a
ad (a) () = B 4 20~ Duon,

° 2 2 poa
2" (05)(0) = b 4 D8 BB e
Moreover, since byy = ag, agp and aq, app = —ab, agp, We get
bgsa,a = ba, sea — 3 bacs, s — bs,acs _
2 = T 2 = 8ap - O

The combination of Propositions 4.3, 4.4, and 4.5 leads to the following.

Theorem 4.6. Let Ox be a continuum quiver and gx the corresponding
continuum Kac—Moody algebras.

1. The Euler form (3.1) on fx uniquely extends to a non—degenerate in-
variant symmetric bilinear form (') : gx ® gx — k defined on the
generators as follows:

(Salés) = (alB) , (ad1gs) =0, (atlaf) =0, (wilz;) = das.

2. There is a unique topological cobracket §: gx — gx®gx defined on the
generators by

(4.5)  0(&) =0 and §(zF) =€ nat 4 Z bg7x§ A :cff ,
BO®y=a
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and inducing on gx a topological Lie bialgebra structure, with respect
to which the positive and negative Borel subalgebras b§ are Lie sub-
bialgebras.

3. The Euler form restricts to a non—degenerate pairing of Lie bialgebras
(-]): b ® (b)) — k. Then, the canonical element rx € b @by
corresponding to (|-) defines a quasi—triangular structure on gx.

Proof. First, let ¢ be the ideal generated in 9 by the elements & —£,
a € Int(X). Tt is clear that ¢ is central in 9| is a coideal, and moreover
it is contained in the kernel of the pairing (-,-) naturally extended to 2.
Therefore, d := 2 /¢ is also Lie bialgebra endowed with a pairing, which we
denote by (-, *)a.

Set & = 1(&5 4+ &) In particular, we have

(4.6) (6o €)= (alB) -

By Propositions 4.3, 4.4, and 4.5, there is an obvious identification gx = 0 as
Lie algebras (cf. Theorem 3.11). This allows to define a cobracket and possibly
degenerate pairing on gy. However, it follows from (4.6) that the kernel of
(-, )0 is a two—sided graded ideal, which trivially intersects fx. Therefore, by
definition of gx, it must hold ker(,-), = 0. Therefore, (1), (2), (3) follows
directly from the identification gx = 0. O

From the proof above, we also deduce the following

Corollary 4.7. The FEuler form (3.1) on fx uniquely extends to a non—
degenerate invariant symmetric bilinear form (-|-): gx ® gx — k defined
on the generators as follows:

(€alép) = (a]B) , (-f;t‘fﬁ) =0, (aﬁ]m%&) =0, (mcﬂxg) =008 -

Moreover, tx = ker (+]-), i.e., ker (+|-) is the mazimal two—sided ideal trivially
intersecting fx and it is generated by the Serre relations from Theorem 3.11.

5. Continuum quantum groups

In this section we shall introduce the continuum quantum groups, which pro-
vide a quantization of the continuum Kac-Moody algebras. We will see that
they can be similarly realized as uncountable colimits of Drinfeld—Jimbo quan-
tum groups. Finally, when the underlying vertex space is the line or the circle,
they coincide with the line quantum group and the circle quantum group of

[19].
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5.1. Definition of continuum quantum groups

Let Qx = (Int(X),®, 5, (-,-), (-]") be a continuum quiver with underlying
vertex space X. In order to define the continuum quantum group, we need to
introduce some new operations on intervals.

Definition 5.1. We define the following partial operations on Int(X):

1. the strict union of two non-orthogonal intervals o and (3, whenever
defined, is the smallest interval V3 € Int(X) for which (V) © « and
(V) & (B are both defined;

2. the strict intersection of two non—orthogonal intervals o and 3, when-
ever defined, is the biggest interval « A 5 € Int(X) for which a© (a A )
and & (aA ) are both defined. %)

Remark 5.2. Note that aV 3 (resp. a Af3) is defined and coincides with o U 8
(resp. aN ) whenever it contains strictly o and (3 (resp. it is contained strictly
in a and (). In particular, V and A are clearly symmetric. A

Remark 5.3. Let X =R and «, 5 € Int(R).
o If  — [, then aV3 = a @ [ and a A is not defined.
e If B, then aVB =aU S and o« ASB = anN 8. Moreover,
(avB)ep) @ (aaf)=a=(avh) e (Be(arp))
e If & and f3 are nested, then V3 and oA 3 are not defined.!” AN
Definition 5.4. We shall use the following functions on Int(K) x Int(K):
o agp = (1) (a]B);

® b5 =2, avp, Which generalizes the function b, defined in (3.3);

1 _ 1
. c;ﬂ = 5 (agacp — 1), and c 5 = 5 (agoa,a +1);

2
o rog = (1= dag)(—1)*" (a]5)*;
1
. sifﬂ =3 (ag,amp £ 1). %)

10Recall that o and 3 are nested if they are orthogonal or one contained in the
other.
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Remark 5.5. Let X = K, with K = Q,R. We summarize below all possible
values of the functions above.

axf | {a,B) | (B,a) | aas | byg c;’ﬁ Cap | Tas szﬂ S.8
(@) |la—=p] -1 0 1 1 |nd |nd |-1 0| -1
(b) | p— « 0 -1 | -1| -1 |nd |nd| 1 1 0
(¢)|athp | -1 1 0 1 |nd |nd | 0]|nd.|nd.
(d) | Brha 1 -1 0| -1 |nd |nd | 0|nd |nd.
(e) |alp 0 0 0|nd |nd |nd | 0|nd |nd
(f)la<p 0 0 0|nd |nd |nd | 0|nd.|nd
(9) | B<a 0 0 0|nd |nd |nd| 0]|nd.|n.d.
(h) | atFp 0 1 1| nd |nd. 0 1| nd. | nd.
(i) | a-dp 1 0 | =1 |nd |nd. 1| -1|nd |nd
(4) | BF« 1 0 | -1|nd | O0|nd|—-1|nd |nd.
(k)| pHa 0 1 1|{nd | -1 |nd | 1]|nd |nd.

A

Definition 5.6. Let Ox be a continuum quiver. The continuum quantum
group of X is the associative algebra U,gx generated by fx and the elements
XE, a € Int(K), satisfying the following defining relations:

1. Diagonal action: for any «, 5 € Int(X),
[€a:€s] =0 and  [&, X5] =+(alB) X5 .
In particular, for K, == exp(h/2-&,), it holds KaXéE = ¢*elf) ~XEEKQ.
2. Quantum double relations: for any «, 5 € Int(X),

Ka - K(;l
q—q!
+ - —
+aag - (qcaﬂ Xfop K57 — g0 K3 Xﬁea)

{Xia XE] :504,5

b -1 b, _
+baa @7 (0= 47) Xgopes Kars Xiavpoa
3. Quantum Serre relations: for any («, 3) € Serre(X),

Xo Xy — g X5X, =
+ + — + +
+bas @ Xogg+bas (@—a ") XogsXongs -
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We assume that Xojf@ﬁ = 0 whenever a® (3 is not defined, for ©® = $,5,V, A,

and the functions a, b, c,r,s are those introduced of Definition 5.4. ©
5.2. Colimit structure

In analogy with Section 3.4, we prove that the continuum quantum group
U,gx is covered by an uncountable family of Drinfeld—Jimbo quantum groups.
Let J be an irreducible family of intervals in Int(X) (cf. Section 3.4). We then
consider two quantum algebras associated to J:

BKM

e the Drinfeld-Jimbo quantum group U,g" with Cartan matrix Ay =
[(alB)]a,pess

e the subalgebra U,gs generated in U,gx by the elements {&,, X5 |
aec J}

Proposition 5.7. The assignment

Eoy—= X1, F,— X, and H,— &,
for any a € J, defines a surjective morphism of algebras ®7: U g™ —
U9

Proof. First, note that Proposition 3.13 follows from the result above by
setting i = 0. It is easy to check that, applying the quantum Serre relations (3)
of Definition 5.6 corresponding to the elements X, with o € J, one recovers
the standard quantum Serre relations of the Drinfeld—Jimbo quantum group
Ugg7™ (cf. Section 2.6). Thus, by mimicking the arguments of the proof of
Proposition 3.13, the result follows. O

The following is straightforward.
Corollary 5.8. Let J,J' be two irreducible (finite) sets of intervals in X .

1. If J' C J, there is a canonical embedding ¢f7“7,: U977 — Uggys
sending X= v+ XT, &4 &y, a € T,

2. If J is obtained from J' by replacing an element v € J' with two
intervals o, 8 such that v = « @ 3, there is a canonical embedding
7 72 Uggg — Uggg, which is the identity on Uygzn (11 = Ug87\{a,8)
and sends

*
€y Eat s, XF s Fbl g 50 (thxgt — e -X;X;E) .
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3. The collection of embeddings d)fj’j,, ¢f’77j/, indezed by all possible irre-
ducible sets of intervals in X, form a direct system. Moreover, there is
a canonical surjective morphism of algebras

colimy Ugg™ — Uyg(X) .
5.3. Comparison with the quantum group of the line

We will now show that the continuum quantum groups of U,gx, X = R, S,
coincide with the quantum groups of the line and the circle introduced in [19].
Let us first recall the definition of the line quantum group Ugsl(RR).

Definition 5.9. Let K = Q,R. The quantum group of the line is the asso-
ciative algebra Ugsl(K) generated over C[h] by elements E,, F,, H,, with
a € Int(K), with the following defining relations. Set ¢ = exp(h/2) and
K, =exp(h/2- H,).

e Kac—Moody type relations: for any two intervals «, 3,

(5.1) [Ha,Hpl =0, [Ha, Egl = (a|B) Eg, [Ha, Fp] = —(a|B) Fp,
Ka — Kojl if @ =

652 [EaFl={ o—qt 77

0 ifal g,a— B, or 8= a,

e join relations: for any two intervals «, 8 with a — 5,

(53) Ha@ﬂ = Ha + HB ;
(5'4) Ea@ﬂ = ql/QEaEB - q71/2E[3Ea s
(5.5) Fagp = —q""*FoFg+ q 2 FsF, ;

e nest relations: for any nested «, § € Int(K) (that is, such that o = 3,
alp,a<p, f<a,abFpf, adp, fFa orf-a),

(5.6) q<o"ﬁ>EaEg — q<ﬁ’a>E5Ea and q<a’B>FaF5 — q<B’a>F,8Fa .0
It follows, in particular, that
KoKs = KsK,, KoEs=q "% EsK,, K.Fz=q "9 K, .

As in the case of s[(K), the Cartan subalgebra of Uys[(K), namely U b =
(Hy | @ € Int(K)), is canonically isomorphic to the symmetric algebra Sfx [A]
generated by the characteristic functions {£, = 1, | a € Int(K)}.
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We have the following:

Proposition 5.10. There is an isomorphism of algebras Uyzgx — Ugs((K)
given by

Xf s q7Ey, Xowq 2Fy, &ar— H,,

with o € Int(K).

Proof. First, we show that the relations (1)—(3) from Definition 5.6 imply
those from Definition 5.9.

5.3.1.  The Kac-Moody relations (5.1) and (5.2) follow immediately from
(1) and (2), respectively. The join relation (5.3) is automatic, while (5.4)
and (5.5) follow from (3). Namely, if « — (3, then aV = a® 8, and a A is
not defined (therefore the last summand on the RHS of (3) does not appear)
and

— — + -
tag = —1, byg=1, Sap =0, spp=-—1.

So that (3) reads XJ X5 — ¢ ' XX = X[ 5 (resp. X7 X5 — ¢ ' XX, =

—qle;@B). Then, since X = q%Ea and X = q*%Fa, one has

(EoEs — EgEq = q2Eagp and ¢ 'FyFs — ¢ 2F3Fy = —q % Fagyp |

which corresponds to (5.4) and (5.5), respectively. Assume now that o and
[ are nested and a # (3, so that a @ 3, aV and a A 3 are not defined, and
(3) reduces to XfXg = qraﬁXécng. Then, (5.6) follows by observing that,
in case of nested intervals, r 5 = (=18 (aB)? = (B,a) — (a, B), as one
checks easily from the last seven rows (e-k) of the table 5.5 above.

5.3.2.  Conversely, we shall show that the relations (1)—(3) holds in the
algebra Uys((K). (1) follows from (5.1). By the previous discussion, (3) holds
for the cases (a) and (e-k) listed in the table 5.5. It remains to prove it holds
in the cases (b—d).

e Case (b): f — «a. From (5.4) and (5.5), we get
¢?EgBo—q 2 EaBly = Pagg . 0*F3Fa—q 7FoFy = —Fagp .
Then, by X = % E, and X, = g 2 F,, we get

_3 _1 _1
q 2X§X§'—q 2XEX;:—q 2X;L®ﬂ,
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1l R — Eap—
quaXB _quﬂXa :quaGBﬁ .

Finally, we get

+x+ +yx+ + . & = Cal '
XaXﬁ _qXBXa __ar@ﬁ’ XQXB _q’XﬁXO[ _XQGBB?
which agrees with (3), since for 8 — a we have r ;3 =1,b,5 = —1, szﬁ =1,
and s 5 = 0.

Case (c): ah 3. Note that, in this case, aV and a A § are both defined,
fop =0, bys =1, and (3) reads
XEXE - X3XE = (- )Xy X

avp“rang -

Seta=a6 (aApf),b=a6 (aAf), and ¢ = aAf. Thus, o = a @ ¢ with
a— ¢, f=c®bwith ¢ = b, and aV = a @ b with a« — b. Since ¢ 4 «
and o — b, we have

Eﬂ = q%Ech - q_%EbEc ) EE. = chEa )
EaBy = q % Bayg+ ¢ "B,y .

Therefore,
1 _1
EnEj = Eo (¢ BBy — g2 B,E.)
3 _1 1 _1 _1 1

=q2E, (q 2 Favg +q EbEa) —q 2 (q 2Favg +q EbEa) E,

= BeBavp + q2 E.ByEo — ¢ EavsBe — ¢ 2 ByE By .
Since c = a A < aV [, we get

EoEg = EgEy + (¢ — ¢ ) EavsEans

which agrees with (3) under the identification X = q: E,. Similarly,

F3=—q*F.Fy+q *FF.,  F,F.=qF.F,,
1
Fan:_q_E avﬂ+q_1FbFa .

Therefore,

FoFy = Fo (=g F.Fy + ¢ 2 BF,)
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3 _1 1 _1 _1 1
:*q2Fc(*q 2Fav,3+q FbFa>+q 2(*q 2Fav,8+q FbFa)Fc
= qF.Fovp — 2 F.FyFo — ¢ FaypFo + ¢ * FyF.F,
= F,BFaJr (q*q_l)FavﬁFaAﬁ 5

which agrees with (3) under the identification X = ¢~ 2 F,.
e Case (d): B tha. In this case, r,5 =0, b, 5 = —1, and (3) reads
XEXE - X3XE = —(a— )X

Thus, « =c® a with c = a, 5 =b&® ¢ with b — ¢, and aV§ = b P a with
b — «. Since ¢ o and b — «, we have

By =qiByE, —q 3EE,,  EoB.=q 'EE,,
E Ey = _q%EaVﬁ + quEa .
Therefore,
1 _1
EoEs = Eo (4? ByE. — ¢ 2 E.E,)
1 1 _3 1

= q? (_q2EaVB + quEa> Ec —dq 2EC (_QQEQV,B + quEa)
= _quzVﬁEc + q%EbEcEa + q_lEcEaVB - q_%EchEa
= EﬁEa - (q - q_l)EaV,BEaA,B s

which agrees with (3). Similarly,

Fy=—q:FRF.+q iFF,, F,F.=q 'F.F,,
Fan:q%FaV,@+quFa .
Therefore,
1 _1
FoFg = Fy (—qQFch +q ZFch)
1/ 1 _3 1
= —qz (quaVﬂ+quFa) Fc+q 2ch (qQFaVB +quFa)

= —qFaysF, — (2 FyFuFy + ¢ FoFous + ¢ 2 FuFyFy
=FF, — (¢ — ¢ ) FavpFangs »

which agrees with (3).
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5.3.3.  We now show that relations (2) hold in Uysl(K). This is clear for
the cases (a), (b), (e) in the table 5.5. We should prove it for all remaining
cases. We start with the cases of a boundary subinterval (rows h-k).

e Case (h): = 3. In this case, we have app = 1 and c_53 = 0, so that (2)
reads

[X;F,Xﬁ] Ko X500 -
Set v =56 «. Thus, § = a ® v with a — v. We have

Fﬂ:—q%FaFv'i‘qi%F’yFa ) {EwF’Y]:O’
F\K, =q 'K Fy, FK;'=qKJ'F, .

Therefore,

[Ea, Fg) = —q2 [Ba, Fa] Fy + ¢ 2 Fy[Ea, Fu

K,—KJ! K,—K;!
- _qiup —|—q*5F e a
qa—4q qa—4q
1 1 -1
I ey A AT
qa—9q q9—q
—q% +q 1g—q! 1
Ty e T T T el = e
and we get [X), Xj] = —K, X5,
o Case (i): a - p.
In this case, we have a,s = —1 and c_5 = 1, so that (2) reads

(X5 X5 = qK, X, -

Set v =66 a. Thus, = a ® v with v — «. We have
Fy=—q?F,Fo+q 2F,F, , [E.,F]=0,
F’YKa:q_lKaF’Y ) F’YKojlquole’Y :

Therefore,

[Ea, Fg] = —q2 Fy[Ea, Fo] + ¢ 2 [Eq, Fa]F,

K,— K, 1 K - K, 1
-+
—q q—q

fq2F T
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K, —qK! K,—K;!
_ (—q%% 4 q—%a—_?> F,
qa—4q
and we get [X7, X5] = qK X5, = Xpo, K.

o Cuase (j): B F a.
In this case, we have a3 = —1 and c;rﬂ =0, so that (2) reads

[X;F,XE] = _X;eBngl :
Set v =a o f. Thus, a = & v with § — . We have

Eo=q*EgE, —q *E,Es, [Ey, F3]=0,
KsBEy=q 'E\Ky, K;'E,=qE,K;'.

Therefore,

[Eo, F5] = q2[Ep, Fp|Ey — ¢ 2 B, [Eg, Fp]

and we get [X, X;] = - X[ ,K;' = —¢ "K' X1,

e Case (k): B 4 a. In this case, we have a,g = 1 and ¢y = —1, so that (2)
reads

[XJ)XH = q_lX:yreﬁKB :
Set v =a o . Thus, a = v & § with v — 5. We have

Ey=q?EyEs—q *EgE, , [E, F3=0,
KgBy=q 'E\Ky, Ki'E,=qEK;'.
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Therefore,
1 _1
[Eo, Fg] = 2 E,[Eg, F] — ¢ 2[Ep, Fp|E,
. Ky;—-K;' Ky — K3t
q—q q—q
—1 -1 —1
_ q;Kﬂ—Kﬁ _ e Ky —aky
K qg—q ! q—q!
1 _3
qz —q 2 1
_E’YKﬂ q— 1 —q 2E’YKB
and we get [X7, X5] = Xae,BK,B _KBXO@B

Case (c): a h 3. In this case, we have b,; = 1 and bs, = —1, so that (2)
reads
- ~1 ~1
(Xa X531 = =0 (0= ¢ )X GupesKassXavsea -
Set c=aAf,a=a6c¢,b=F6c Thus,a=a@cwitha —>c, F=cPb
with ¢ — b, and ¢ F 3. Therefore,
Eq :q%EaEc—q_%EcEa ) [EavF,B] =0,
[Be, Fs) = —q *K,F,, K,Ey=q 'EK, ,

and we have

B, Fp] = [q2 Ea B — % BoE,y, F]
= qQE [E., F5] —q 2[EC,F/3]E
= ¢* By (=g K.F) — ¢ (~q *K.F,) B,
= —EK.Fy+q B K Fy = —(1 - ¢ *) B K F
Therefore, [ X, X5] = —q'(q - q_l)X(J;vﬁ)@,BKaAﬂX(av,B
Case (d): B i . In this case, we have b5 = —1 and by, = 1, so that (2)
reads

K}

alf

-

- -1
(Xa, X5l =ale—q )X, (avB)0a -

(avp)ep

Setc=aAp,a=a6c,b=pF6c. Thus,a=c®awithc—a, B=bDc
with b — ¢, and ¢ - 8. Therefore,

Ea = q%EcEa - qiéEaEc y {EaaFﬂ] =0 5



488 Andrea Appel and Francesco Sala

[E.,F3) = *K.'F,, K,'B,=qE,K,",
and we have
[Ea, Fs] = [q2 E.Eq — q 2 E,E,, Fj
G3[Ee, F3)Ea — 7% Ey|Ec, Fp]
¢ (KR B — 2 Ba (¢ K F)
= (¢* - 1)E,K;'F, .

Therefore, [X7, X5] = q(q — q_l)X(J;vB)@ﬁK;AlﬁX(;vﬁ)@a.

e Case (f): a < (. Note that, in this case, f © a, a © 8, aVP, a A § are
not defined. Let b, " be the two connected components of 3\ «, so that
B=bV witht =a®b’,b—=¥b,b— aand o+ ¥. Then,

Fs = —q:FyFy + ¢ :FyFy, [Ea,Fy) =0,
o, Fy] = —q 2 K Fyr \ K, = q 'K F |

and we get

[Ea, F3] = [Ba, —q% FoFy + ¢ 2 Fy Fy]
= ~¢2 Fy[Ba, Fy] + ¢ 2[Ea, Fy] Fy
= 2By (~q K By ) + a3 (—q K By ) B
= ¢ 'K FyFyr —q ' K Fy B =0,
where the last equality follows from (5.6), since b L b"” and therefore
FyFyr = Fyo Fy. Thus, we get [X7, Xg] = 0.

e Case (g): f < a. Note that, in this case,  © o, « © 3, aV, a A 5 are
not defined. Let a,a” be the two connected components of a\ 3, so that
a=a®d withad =®a",a— d,a— Band S+ d. Then,

1 1
Ea = q§EaEa’ - q_EEa’Ea ) [EavFﬁ] =0 )
1 _ — _
[Ba, Fgl = —q? Ew K", K3'Ey = qE.K5"

and we get

[Ea, Fs) = [q2 EuEo — q 2 Ey E,, Fj
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1 1
qEEa[Ea’aF,B] — q_i[Ea/, F/B]Ea
1 1 _ _1 1 _
= QQEa (_QQE’a”KB 1) —q 2 (—Q2Ea”K5 1) Ea
g _anECL”Kﬁ_l —|— an”EaKgl = 0 5

since ¢ L a" and therefore

where the last equality follows from (5.6),
= 0. O]

EyEyr = Ey Ey. Thus, we get [X7, X;]

5.4. Quasi—triangular bialgebra structure

We now prove the second main result of the paper. Namely, we show that

the continuum quantum group U,gx is naturally endowed with a topological
quasi-triangular Hopf algebra structure, quantizing the topological quasi—

triangular Lie bialgebra gx.

More precisely, we prove the following.

Theorem 5.11. Let Qx be a continuum quiver and Ugygx the corresponding

continuum quantum group.

1. The algebra Uyugx is a topological Hopf algebra with respect to the maps
A:Uugx — U,gx®@Uygx and e: Uygx — C[h] defined on the gener-
ators by £(£,) =0 :=e(XF), Al&) =& @1 +1®&,, and

AXN) =XIol+K, @ X}

+ Y Ay persyq (a—a ) XFK, @ X,
a=Bdy

AX))=10X, +X, @ K"

= D apess(a—a )X @ XTKS.
a=Pdy

In particular, e(K,) =1 and A(K,) = K,® K. As usual, the antipode
is given by the formula

S = Zm(") o(id—10e)® 0 A

where m™ and A" denote the iterated product and coproduct, respec-
tively.

2. Denote by Uqb§ the Hopf subalgebras generated by fx and X*, a €
Int(X). Then, there exists a unique Hopf pairing

() : Ugbk @ (Ugby ) — C((h)
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defined on the generators by

Sas
qg—q '’

() =1, (Glés) =3 @) . (XF1X;) =

and zero otherwise. In particular, (Ka\Kﬁ) = qel®),

3. Through the Hopf pairing (-|-), the Hopf algebras (U b%, Usby) form a
match pair. Therefore, Uygx can be realized as a quotient of the double
cross product Hopf algebra Uybk ><U by obtained by identifying the
two copies of fx. In particular, Uygx is a topological quasi-triangular
Hopf algebra.

4. The topological quasi—triangular Hopf algebra Ugugx is a quantization
of the topological quasi—triangular Lie bialgebra gx .

The strategy of the proof is essentially identical to that of Theorem 4.6
and consists in showing that the continuum quantum group Uggx can be
equivalently realized by duality. This is obtained by considering the quan-
tum analogue of the techniques used earlier, generalizing the construction of
Drinfeld-Jimbo quantum groups given by Lusztig (cf. [16, Chapter 1]). We
will schematically described the proof below, leaving the details to reader.

e Let H be the free associative algebras over C[A] with set of generators
¢ and XF, a € Int(X). Then, the assigments £(¢5) == 0 == g(XF),

)
AL(&y) =& @1+ 1®&, and
A+<X;—) :X;®1+KQ®X;_
+ Y Ay persyyq (a—q D) XFE, @ X,
a=p&y
AL(X))=10X, + X, @ K,
= 2 e sy (0—a ) Xg XK
a=f&y
extend uniquely to two algebra maps Ay : Hi — Hi®@H4 and
e: Hy — C[A], defining on H4 a structure of topological bialgebra.
e There exists a unique pairing of bialgebras (-|-) : Hy @ H_ — C((h))
defined on the generators by

dap
q—qt

=1, (g16) =7 @) . (x71X5) =

I’
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where ¢ = exp(h/2), and zero otherwise. In particular, (KQ|K6) =
¢ where K, = exph/2 - &,.
e Let 71 be the ideal generated in H. by the elements

Eop—daap (5 +65) . [65.63), (65, X5) - (ol X5
for any o, § € Int(X), and
XXy —q-X5X5

i —
+ baﬁ : qs‘“ﬁ : Xf@g - baﬁ : (q —q 1) : stﬁXfaﬁ
for any (o, ) € Serre(X). Then, Z, is a coideal and it is orthogonal
to H.

e Set By = Hy/Z.. Then, (B4, B-) form a matched pair of topological
bialgebras. Moreover, the quantum double relation (cf. Definition 5.6-
(2)) holds in the double cross product bialgebra D = By ><B_/~,
where the quotient is obtained by identifying the two copies of the
commutative subalgebra generated by the elements £, o € Int(X). In
particular, there is a canonical algebra isomorphism U,gx ~ D.

e Finally one observes that, for any irreducible set 7, the map U g7 —
U,gx ~ D from Section 5.2 preserves the pairing. In particular, this
implies that the pairing on D, and therefore on U,gx is non-degenerate.
The result follows.

Moreover we get the following.

Corollary 5.12. The morphism colimz U,g%™ — U,g(X) from Corol-
lary 5.8 is an algebra isomorphism.
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