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Hyperelliptic integrals modulo p and Cartier-Manin
matrices”

ALEXANDER VARCHENKO

Abstract: The hypergeometric solutions of the KZ equations were
constructed almost 30 years ago. The polynomial solutions of the
K7 equations over the finite field F,, with a prime number p of ele-
ments were constructed only recently. In this paper we consider an
example of the KZ equations whose hypergeometric solutions are
given by hyperelliptic integrals of genus g. It is known that in this
case the total 2g-dimensional space of holomorphic (multivalued)
solutions is given by the hyperelliptic integrals. We show that the
recent construction of the polynomial solutions over the field I,
in this case gives only a g-dimensional space of solutions, that is,
a “half” of what the complex analytic construction gives. We also
show that all the constructed polynomial solutions over the field
F,, can be obtained by reduction modulo p of a single distinguished
hypergeometric solution. The corresponding formulas involve the
entries of the Cartier-Manin matrix of the hyperelliptic curve.
That situation is analogous to an example of the elliptic integral
considered in the classical Y.I. Manin’s paper [6] in 1961.

Keywords: KZ equations, hyperelliptic integrals, Cartier-Manin
matrix, reduction to characteristic p.

1. Introduction

The hypergeometric solutions of the KZ equations were constructed almost
30 years ago, see [7, 8]. The polynomial solutions of the KZ equations over
the finite field IF, with a prime number p of elements were constructed re-
cently in [9]. In this paper we consider an example of the KZ equations whose
hypergeometric solutions are given by hyperelliptic integrals of genus g¢. It
is known that in this case the total 2¢g-dimensional space of holomorphic
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solutions is given by the hyperelliptic integrals. We show that the recent con-
struction of the polynomial solutions over the field F, in this case gives only
a g-dimensional space of solutions, that is, a “half” of what the complex an-
alytic construction gives. We also show that all the constructed polynomial
solutions over the field IF,, can be obtained by reduction modulo p of a single
distinguished hypergeometric solution. The corresponding formulas involve
the entries of the Cartier-Manin matrix of the hyperelliptic curve.

That situation is analogous to an example of the elliptic integral consid-
ered in the classical Y.I. Manin’s paper [6] in 1961, see also Section “Manin’s
Result: The Unity of Mathematics” in the book [2] by Clemens.

The paper is organized as follows. In Section 2 we describe the KZ equa-
tions, and construct for them two types of solutions: over C and over [F,. In
Section 3 we show that the solutions, constructed over IF,,, form a module, de-
noted by M, ,, of rank g. In Section 4 useful formulas on binomial coefficients
are collected. In Section 5 a new basis of the module M, is constructed. In
Section 6 the Cartier-Manin matrix of a hyperelliptic curve is defined. In Sec-
tion 7 we introduce a distinguished holomorphic solution of the KZ equations,
reduce its Taylor expansion coefficients modulo p and express this reduction
in terms of the polynomial solutions over [F,, and entries of the Cartier-Manin
matrix.

2. KZ equations
2.1. Description of equations

Let g be a simple Lie algebra over the field C, Q € g®? the Casimir ele-
ment corresponding to an invariant scalar product on g, Vi,...,V, finite-
dimensional irreducible g-modules.

The system of KZ equations with parameter k € C* on a ®], V;-valued
function I(z1,...,2,) is the system of the differential equations

I 1 Q1)
or 1 I

(2.1)

0z K 2 — %

J#i
where Q0+4) is the Casimir element acting in the i-th and j-th factors, see
[4, 8]. The KZ differential equations commute with the action of g on ®,V;,
in particular, they preserve the subspaces of singular vectors of a given weight.

In [7, 8] the KZ equations restricted to the subspace of singular vectors
of a given weight were identified with a suitable Gauss-Manin differential
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equations and the corresponding solutions of the K7 equations were presented
as multidimensional hypergeometric integrals.

Let p be a prime number and F, the field with p elements. Let gP be the
same Lie algebra considered over F,. Let V{, ..., VP be the gP-modules which
are reductions modulo p of Vi,...,V,, respectively. If k is an integer and p
large enough with respect to x, then one can look for solutions (21, ..., 2,) of
the KZ equations in @7, V' @ F,[21, ..., z,]. Such solutions were constructed
in [9].

In this paper we address two questions:

A. What is the number of independent solutions constructed in [9] for a
given [F),?

B. How are those solutions related to the solutions over C, that are given
by hypergeometric integrals?

We answer these questions in an example in which the hypergeometric solu-
tions are presented by hyperelliptic integrals.

The object of our study is the following systems of equations. For a pos-
itive integer g and z = (z1,. .., 209+1) € C?*97! we study the column vectors
I(z) = (11(2), ..., Iag11(2)) satisfying the system of differential and algebraic
linear equations:

ol 1 Q)

(22) =5 171217729—’_17 II(Z)+"'+129+1(Z):07
821» 2 i Zi — Z]‘
where
.i .j
i -1 1
Od) — : ’
j 1 -1

and all other entries equal zero.

The system of equations (2.2) is the system of the KZ differential equa-
tions with parameter x = 2 associated with the Lie algebra sl, and the
subspace of singular vectors of weight 2¢g — 1 of the tensor power (C?)®(29+1)
of two-dimensional irreducible sly-modules, up to a gauge transformation, see
this example in [11, Section 1.1].
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2.2. Solutions of (2.2) over C

Consider the master function

2g+1
(23) (I)(t7 21y .- ,Zgg+1) = H (t - Za)_1/2

a=1

and the 2¢g + 1-vector of hyperelliptic integrals

(2.4) ID(2) = (L(2), .., Tzg11(2)),
where
dt )
(25) Ij:/®(tvzlv"'7229+l):a j:1a729+1
J

The integrals are over an element v of the first homology group ~ of the
hyperelliptic curve with equation

Y= (t—z1) .. (t— 22941).

Starting from such v, chosen for given {21, ..., 22441}, the vector I (2) can
be analytically continued as a multivalued holomorphic function of z to the
complement in C" to the union of the diagonal hyperplanes z; = z;.

Theorem 2.1. The vector I (2) satisfies the KZ equations (2.2).

Theorem 2.1 is a classical statement probably known in the 19th century.
Much more general algebraic and differential equations satisfied by analogous
multidimensional hypergeometric integrals were considered in [7, 8]. Theo-
rem 2.1 is discussed as an example in [11, Section 1.1].

Theorem 2.2 ([10, Formula (1.3)]). All solutions of the KZ equations (2.2)
have this form. Namely, the complex vector space of solutions of the form
(2.4) is 2g-dimensional.

This theorem follows from the determinant formula for multidimensional
hypergeometric integrals in [10], in particular, from [10, Formula (1.3)].

2.3. Solutions of KZ equations (2.2) over F,

We always assume that the prime number p satisfies the inequality

(2.6) p>2g+ 1
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Define the master polynomial

2g+1
(2.7) Dp(t, 21, 20g01) = [ (t—20) P2 € Fylt, 2]

a=1

and the 2¢g + 1-vector of polynomials

(28) P(Z) = (Pl(t, Z), ey ng+1(t, Z)),

1
Pi(t,z) = = Z'<I>p(t, 2y, 22g41)-
J

Consider the Taylor expansion

(2.9) P(tz) = S pic)

PO = (O Pyl
with PJZ(Z) € Fplz].

Theorem 2.3 ([9]). For every positive integer I, the vector PP~1(2) satisfies
the KZ equations (2.2).

This statement is a particular case of [9, Theorem 2.4]. Cf. Theorem 2.3
with [3]. See also [12, 13].
Theorem 2.3 gives exactly ¢ solutions PP~1(2),..., P%~1(z). We denote

1M(2) = (I1"(2), -5 1314 (2)),

where
(2.10) I™(z):= PO™™P Lz m=0,...,9—1.
3. Linear independence of solutions I (z)
Denote Fy[27] := Fy[2], ..., 25, 1]. The set of all solutions I(z) € Fp[2]**! of

the KZ equations (2.2) is a module over the ring F,[2?] since equations (2.2)
D

gz =0 in [, [2] for all 7, j. Denote by

are linear and

Myp=1{ 3" en()I™(2) | emlz) € B[]},

m=0

the F,[2P]-module generated by I™(z), m =0,...,g9 — 1.
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Theorem 3.1. Let p > 2g + 1. The solutions I (z), m =0,...,9—1, are
linearly independent over the ring Fy[2P), that is, if 91 e (2)I™(2) = 0 for
some ¢y (z) € Fpl2P], then ¢ (2) = 0 for all m.

Proof. For m = 0,...,g — 1, the coordinates of the vector I"(z) are homo-
geneous polynomials in z of degree (p —1)/2 + mp — g and

_ m 151 lag41
Z) - ij;€1,~~~,529+1zl ce e R2g415

where the sum is over the elements of the set

29+1
I = {(1,... lag1) € Z2 | Zz =(p-1)/2+mp—g,

0t <(r-3)/2 026 <(p—1)/2 for i £J)

and

L5ty sty = (—1)<P1>/2+mpg<(19 —&?)/2> 1 ((p _&1)/2> cF,

7]

Notice that all coefficients I7, ~ , . are nonzero. Hence each solution [ "(2)
is nonzero.

We show that already the first coordinates I7*(z), m = 0,...,g — 1, are
linearly independent over the ring I, [2].

Let fT C IFIQJQH be the image of the set I'f* under the natural projection
7291 IF'ZQ,QH. The points of 1_“’1” are in bijective correspondence with the
points of I']*. Any two sets T7* and T'}"" do not intersect, if m # m/. (The sets
['7 are analogs in Ff,gH of the Newton polytopes of the polynomials I7"(z).)

For any m and any nonzero polynomial ¢, (z) € Fp[27, ..., 25,,,], consider
the nonzero polynomial ¢,,(2)1{"(z) € Fplz1,. .., 20941] and the set I'", ~of

points ¢ € Z**! such that the monomial 2" .. 252"_:11 enters ¢, (2)

I1*(z) with nonzero coefficient. Then the natural projection of I'f, to FggH
coincides with f’ln. Hence the polynomials I7*(z), m = 0,...,g—1, are linearly
independent over the ring F,[2P]. O

4. Binomial coefficients modulo p

In this section we collect useful formulas on binomial coefficients.
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4.1. Lucas’s theorem

Theorem 4.1 ([5]). For non-negative integers m and n and a prime p, the
following congruence relation holds:

k .
(4.1) (:) = 1:[ Cj’) (mod p),

where m = mp® + mp_1pF L+ -+ map 4+ mo and n = npp® + np_1pt ot +
-o« 4 n1p + ng are the base p expansions of m and n respectively. This uses
the convention that (') = 0 if m < n. O

Lemma 4.2. For a € Z~g, we have

(25) £0 (mod p)

if and only if the base p expansion of a = ag+ arp + asp?® + - - - + app® has the
property:

-1
aing for i=0,...,k.

In that case
: = mo .
a =0 \ @i !
The lemma is a corollary of Lucas’s theorem.

4.2. Useful identities

For 0 < k < (p— 3)/2, we have
(p—3)/2 (p—1/2\(p-3)/2—k+1
) ( k >:< k ) (=12

(p—1/2\p—2k-1 _ [(p—1)/2
:< ; )pT :< 5 )<2k+1> (mod p),

and for 0 <k < (p—1)/2

(p—3)/2 (p=1)/2\ Kk
(44) (k—l) N ( k )(;;—1)/2
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_(e—=1)/2\ 2t _ ((p—1)/2
_< h )— = < K )(—Qk) (mod p).

p—1

For a positive integer k,

(4.5) (‘1/2> _ (=12)(=1/2-1)---(=1/2— (k- 1))

k k!

_ (_2)—k1 -3-5- k' (2k —1) _ (_1)k2—k (2k)!1/(2-4 k6' 8- ...+ 2k)

_ (L1 (2k)!/k(!2’“k!) _ () (2:)
and for 0 <k < (p—1)/2
(1.6 <(p -V 2) = (-4 (if) (mod p).
more precisely, identity (4.6) is an identity in F).

5. Solutions J™(z)
5.1. Sets A7

We introduce sets that are used later. Forr =0,...,9—1,s=0,...,g, define

(5.1) AT = {(l3,. .., lag1) € z‘glo*l y
29+1

0< Y bits—rp<(p—1)/2, £ <(p—1)/2}.
i=3

5.2. Definition

Introduce the vectors J™(z) € Fp[z]?9™!, m =0,...,g — 1, by the formula

mzzm m—lzzlp g_m_1+l
(5.2 LR <>1<g_m_1>,

that is,
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1 _ p(9—1 1
Fe) = 1) (g - 2) L),
J2z) = I°(2)z® (i : 3> +I'(2)2P (5 : ;) + I*(2),

and so on.

Lemma 5.1. For m = 0,...,9 — 1, the vector J™(z) is a solution of the
KZ equations (2.2). Moreover, the F,[2P]-module spanned by J™(z), m =
0,...,9 — 1, coincides with the IF,[2P]-module Mg, spanned by I"™(z), m =
0,...,9—1. ]

For the vector P(t,z) in (2.9), consider the Taylor expansion

(p—1)/2+gp—g—1 ~.

(5.3) P(t+2z,2) = Zz_o P2t
with Taylor coefficients P?(z).

Lemma 5.2. Form=20,...,9— 1, we have

(5.4) J(z) = P

cf. formula (2.10).

Proof. We have P(t, z) = Zgifol)/ugp*g*lPi(z)ti, hence

(p—1)/24gp—g—1

P(t+z,2)=) P'(2)(t+ =)
_ Z(p 1)/2+gp—g— IP‘(Z)Z <Z>t7zi]
=0 \J

If p (i + 1), then ( ) =0 (mod p) by Lucas’s theorem. Hence

i
(g—m)p—1

(9 -

S Pla=mADp=1 (P ((g m + 1) p

+2)p—1
P(gfm+2)p71 (g m
+ (2)2" 1

p(g—m)p—1 (g—m)p—1 (g—m)p—
: F=r = )< )p )

(g —m)p
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_ g—m _9 wfg—m+1
=" 1" 1(2) m P
(=) + (z>zl<g_m_1)+ (=) (g_m_1>+ ,

where the last equality holds also by Lucas’s theorem. This gives the
lemma. U

5.3. Formula for J™(z)

Denote A = (A1, ..., Agg41), where Ay =0, Ay = 1, and

Zi — 21
(5.5) N =L

22—21'

Theorem 5.3. Form =0,...,g— 1, we have

(5.6) J™(2) = (29 — 1) P D/2FmP=a [rm (),
where
(5'7) Km()\) = ZéeA-,nKZl()\)’

AT is defined in (5.1), and

(5.8) K['(\) = (_1)<p—1>/2+mp—g< +(f—l)/2 >2ﬁ1 ((p—l)/2>

2g+1
XA LA (L2 629,205+ 1, 20y + 1),
=3

Using (4.6) we may rewrite formula (5.8) as

m _ _1\(p—1)/24-2 ji;rl li—g+mp
(5.9) K;*(\) (—1) 4
25 ?ﬁ;l ;i +2g —2mp H29+1 20; N 2o
Z?g-?ﬁ’-l f'+g—mp i=3 /. 3 - N\2g+1
1= 7 7

2g+1
(1,=2 > 6;—2g,203+1,..., 20591 +1).
=3

X

Proof. We have

P((2 — z1)x 4 21,2) = (2 — Zl)(pfl)/2+gpfgflx(pfl)/2(x _ 1)(19*1)/2
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2941 1 1 1
)

— 1)/2
XH:U 1’ ( —l’x—/\g’...7$—)\2g+1

and

(p—1)/2+gp—g-1 ~;
P((z2—2)z+21,2) =3 " T Pi(2) (2 — )

Hence J™(z) = PO~™P=1(2) equals the coefficient of z(9="™P~1 in

2g+1
2= 1)/2 (p 1)/2 H (p 1) /2(1 1 1 1

rir—12—=X"" "z — Aygt1

multiplied by (25 — 21)®~1/24mP=9 We have

(22 o Zl)f(pfl)/Qfmerng( )

= (-1 p 1)/2+mp— gz< -1 /2> _ <( )/2> )\ls A?gﬁ»

629+1

where the sum is over the set

2g9+1
A = {(la,... b)) €Z% | D ti=mp—g+(p—1)/2,
=2

Expressing £5 from the conditions defining A we write

(29 — Zl)—(p—l)/2—mp+gJ{n(Z) — (_1)(p—1)/2+mp—g

-1)/2 (p—1)/2 (P=1)/2\ 0, \togs
xZ( 29“5 +9- mp)( l3 )( lag11 )Aé Aagis

where the sum is over the set

2g+1
AT = {(lylogi) €237 10> it g—mp < (p—1)/2,
1=3

;< (p—1)/2,i=3,...,2g+ 1}.
Similarly we have

(20 — 21) P D2mmpba () = (—1)le~D/2Fmp=g
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% Z ((p £23)/2> ((p 631)/2> . <(pg292/2> )\gg A?gﬁfi?

where the sum is over the set

29+1

A = {(ly,... eggﬂ)ez | Y ti=mp—g+(p-1)/2,
=2

ly<(p—3)/2and {; < (p—1)/2 for i > 2}.
Expressing 5 from the conditions defining A’ we write
(2 — Zl)f(pfl)/2fmp+gjgw(z)

= (_1)(p—1)/2+mp—gz< 2g+1 (p - 3)/2 )

bi+g—mp—1

(p—1)/2 P=1D/2\ 6 togs
() (0

where the sum is over the set

2g+1
A = {(gg,.. £2g+1)€Z291|0§ Z&—I—g—mp—lg(p—?))/Q,
=3
For j =3,...,29 + 1, we have

(29 — Zl)—(p—l)/2—mp+gjjm(z) _ (_1)(p—1)/2+mp—g
(p—3)/2\y2ott [((P—1)/2\ 6 \togs
X Z( Ej H,‘ZQ’ i£j gl >‘3 )‘Zg—:—rlv

where the sum is over the set

2g+1
A" = {(ly. o) €25 | D ti=mp—g+ (p—1)/2,
=2
;< (p—3)/2and {; < (p—1)/2, i # j}.

Expressing ¢ from the conditions defining A" we write

(20 — ) D/2mmw g2
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( (p 1)/2+mp— gZ( 1)/2 )

29+1 li+g—mp
(p—3)/2\1y20+1  ((p—1)/2\, lagsr
X ( e] Hi:S, i£j El )\33 )\Q?L]Ilv

where the sum is over the set

29+1
A" = (s, log1) €ZET0S D i+ g—mp < (p—1)/2,
=3
ti<(p—3)/2and ; < (p—1)/2, i #j}.
Using identities (4.3), (4.4) we may rewrite JI"(2), j = 2,...,2g + 1, in the
form indicated in the theorem. O

6. Cartier-Manin matrix

Consider the hyperelliptic curve X with equation
Yy =x(z—1)(z—A3) ... (2 — Aagy1),

where A3z, ..., Agg41 € Fp,, while, in the previous section, Ag, ..., Ayg41 were
rational functions in z, see fromula (5.5).

Following [1] define the g x g Cartier-Manin matriz C(\) = (C’ST()\))“S];LO
of that curve. Namely, for s =0,...,9 — 1, expand

T -1)/2
295 (o — 1) (z = N3) ... (v — /\29+1>)(p )2 _ ZkQ;;mk
with Q% € F, and set
(6.1) CT(\) == Q=1L P =0, .g—1.

The Cartier-Manin matrix represents the action of the Cartier operator on the
space of holomorphic differentials of the hyperelliptic curve. That operator is
dual to the Frobenius operator on the cohomology group H'(X, Ox), see for
example, [1].

Lemma 6.1. We have

(6.2) CI) = Y0 Ol
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where A% is defined in (5.1) and

—1)/2
(63) LY = <—1>“’””“"“(z?z?im)é_rp)

b= 1) 2 lagy1
X H < g / ))\gs .">\29.‘|T1'
i=3 v O

The lemma is proved by straightforward calculation similar to the proof
of Theorem 5.3.
We may rewrite (6.3) as

(6.4) CL,\) = (—1)(P=D/24-2 305 st

25295 0 4 25 — 2rp 2ﬁ1 26\ o yban
E?i—gﬂ lits—rp Ly 3 0 N2gls

X

7. Comparison of solutions over C and [,

Now we will

distinguish one holomorphic solution of the KZ equations,

expand it into the Taylor series,

for any p > 2¢g + 1 reduce this Taylor series modulo p,

observe in that reduction of the Taylor series all the polynomial solu-
tions, that we have constructed and nothing more.

Ll e .

7.1. Distinguished holomorphic solution

Recall that holomorphic solutions of our KZ equations have the form 7(z) =
(Il(z), ey [29+1<Z)), where

dt 1
Ii(z) =
&) [f\/(t—zl)...(t—@gﬂ)t_zj

and ~ is an oriented curve on the hyperelliptic curve with equation y? =
(t—21)...(t — z2941). Assume that z3,..., 29441 are closer to z; than to zy:

<= j=3,...,29+1.

‘zj—zl’ 1
P S

Z2 — 21



Hyperelliptic integrals modulo p and Cartier-Manin matrices 329

Choose 7 to be the circle {¢t € C | th—j;] | = 5} oriented counter-clockwise,

and multiply the vector I(z) by the normalization constant 1/2.
We call this solution I(z) the distinguished solution.

7.2. Rescaling

Change variables, t — z; = (22 — 21)z, and write

(71) [(Zl, v ,Zgg+1) = (2’2 - 21)_1/2_9L(A3, ey )‘2g+1)7
where
23 — 21 22g+1 — 21
A3y ey A =
( 3 ) 2g+1) <Z2_Zl’ ) 2 — 21 )7

LX) = (L1,..., Lag+1),
B i dx 1

Tooom /Ix—1/2 \/x(x —1)(x—X3)...(x — Aggy1) ¥ A

1.1 1 .1
and we set oy vty vl

r—1°
The function L(A) is holomorphic at the point A = 0. Hence

: kagt1
L) = > Ligg, Jeagia A2 .. Aot

(k3 ..... k‘2g+1)€Z22g071
where the coefficients lie in Z[3]?9*1. Hence for any p > 2g + 1, this power
series can be projected to a formal power series in F,[\]%11.
We relate this power series and the polynomial solutions J™(z), m =
0,...,9 — 1, constructed earlier.

7.3. Taylor expansion of L(\)

Lemma 7.1. We have

(7.2) L(0,...,0) = (=1)7 <_1g/2> (1,-2¢9,1,...,1).

(1)1
271

Proof. We have i = - and

(_1)_1/2 / 71/2 d.T
L4(0,...,0) = ——— -1 —
1( ) ) ) o7i \1’|:1/2(x ) 29+1
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1/2 dx
S
27T’L le|=1/2 1 z9t1

- dx —
omi /Ifc—l/z %(_1)’%( 2/2> Lot (—1)g< 19/2>,

(-2 / _gjpdx
Ly(0,....0) = ——»~—— -1 —
2( ) ) ) 27i |x\*1/2<x ) 9

1 _asodx
__%/ﬂ 1/2(1_96) "
—3/2\ dz
- 2mi /z| 1/2 2 Dkxk( k )E
J(-32\ (172
= () (g_1>—<—1>( ) )(—2g>.

The coordinates L;(0,...,0) for j > 2 are calculated similarly.

Lemma 7.2. We have

k
(7.3) L)) = > Licyooo g in NS - Aoy
(k37~~7k2g+1)62229071

~1/2 ol [ 1/2
7.4 Ly, = (-1)¢
( ) ks,...,k2g+1 ( ) <k3 + . + k29+1 + g) g kl

X (1, —2kg — - — 2/{329+1 —29,2ks+1,..., 2kgg+1 + 1).
Proof. The proof is similar to the proof of Lemma 7.1.

Using formula (4.5) we may reformulate (7.4) as

(75) Lk3 kogt1 — 472(k3+m+k29+1)7g
----- g

« 2(k3 +---+ k2g+1 + g) 2ks 2k29+1
k34 -+ kogr1+g ks )7\ kogia

X (1, —2]{,‘3 — = 2]{,‘29+1 — 29, 2]{53 + 1, e ,2k329+1 + 1)
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7.4. Coeflicients, nonzero modulo p
Given (ks, ..., kog41) € ZQQ ! let
ki =K+ klp+- + k%% 0<kl<p—1, i=3,...,29+1,

be the p-ary expansions. Assume that a is such that not all numbers k¢,

. 2011 2k,
i =3,...,29 + 1, are equal to zero. By Lemma 4.2, the product J[;%3" (37)
is not congruent to zero modulo p if and only if
j_bp—1 o

(7.6) k< 5 for all i, j.
Assume that condition (7.6) holds. Then for any j = 0,...,a, we have

2g9+1

; p—1 p—1

DK <2-1 - =mw—g-"F— <o

Define the shift coefficients (my, ..., mqy1) as follows. Namely, put mg = g.

We have Z2g+1 KO+ g < gp. Hence there exists a unique integer mq, 0 <
m1 < g, such that

29+1

0< Zk?+g—m1p<p.
i=3

We have ZQgH k} 4+ my < gp. Hence there exists a unique integer ma, 0 <
me < g, such that

2g+1
0< Z ki +mi —mop < p,
i=3

and so on. We have 0 <mj; < gforallj=1,...,a+ 1.
We say that a tuple (ks, ..., kog+1) is admissible if it has property (7.6)

and its shift coefficients (my, ..., mqy1) satisfy the system of inequalities
2g+1 ) p— 1

(77) Zkf—mj+1p+mj_7, j=0,...,a.
i=3

Theorem 7.3. We have Ly, k,,,, Z 0 (mod p) if and only if the tuple
(ks, ..., kogy1) is admissible. The tuple (ks,. .., kag+1) s admissible, if and
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only if (k.. kégH) € Apt for j=0,...,a, where the sets A are defined
in (5.1). If the tuple (ks, ..., kogy1) is admissible, then modulo p we have

2mg
(78)  Liguosmy i 0o A = (—1)a(p—1)/2< m +1>
ma+1

(chjjl o OO DR e (e dagi),

2g+1 3’ 2941

where Cf () are terms of the Cartier-Manin matriz expansion in (6.2) and
K" (\) are the terms of the expansion in (5.6) of the solution J™(z).

Proof. We have Ly, k,,., Z 0 (mod p) if and only if each of the binomial
coefficients in (7.5) is not divisible by p. For all i« = 3,...,2¢ + 1, we have
(21“) # 0 (mod p) if and only if property (7.6) holds.

The p-ary expansion of k3 + - -+ + kg1 + g is

2g+1 2g+1

k3+...+k2g+1+g:(Zk?—m1p+g>+(2k3—m2p+m1)p
i i=3 =3
4t ( Z kd — may1p + ma>pa + Mag1p™
=3

By Lemma 4.2, the binomial coefficient (Q(IiSi::j/iig:;jgg)) is not divisible by p

if and only if inequalities (7.7) hold. Thus Ly, . x,, ., # 0 (mod p) if and only
if the tuple (ks, ..., kog4+1) is admissible.

The statement that the tuple (ks, ..., kog41) is admissible, if and only if
(Kb, ... K)yyy) € Api™ for j = 0,...,a, follows from the definition of the
sets AL

The last statement of the theorem is a straightforward corollary of Lucas’s
theorem, formulas for CZ,()), K7*(\), and the fact that 4*7 = 4% (mod p) for
any k. O

7.5. Decomposition of L(A) into the disjoint sum of polynomials

Define a set

(79) M = {(mo,...,ma+1)|a S ZZO, mo = ¢,
m; € Lo, mj < g for j=1,...,a+1}.
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For any m = (my, ..., mqy1) € M, define the 2g + 1-vector of polynomial
in \ = ()\3, ceey )‘294—1):

(7.10)  Kz()) = (~1)2e-D/2 <2ma+1>

Ma+1

x (HO$;+1(A§J,...,A§;H))KW (A, -+ Aagi).
j=1

Notice that for m,m' € M, m # m/, the set of monomials, entering with
nonzero coefficients the polynomial Kz (\), does not intersect the set of mono-
mials, entering with nonzero coefficients the polynomial K/ ().

Corollary 7.4. We have
(7.11) L\ = ZmeMKm()\) (mod p).

Notice that by Lemma 7.2, L()) is a power series in A\ with coefficients
in 7291 [3] independent of p, while the right-hand side in (7.11) is a formal
infinite sum of polynomials in A\ with coefficients in Ff,gﬂ and with noninter-
secting supports.

7.6. Distinguished solution over C and solutions J"™(z) over F,

Let us compare the distinguished solution I(z) = (2 — 1)~ Y279L(\(2)) in
(7.1), and the expansion (7.11). For any m = (my, ..., mg11) € M, define

(7.12) Ja(2) = (29 — 29) P70/ 2mgtmanap ™ ottt (p—1)/2
% K~<Z3_Zl 22g+1—21)
m22—217”.’ Z9 — 21 .

Theorem 7.5. The following statements hold.

(i) For any m € M, we have J(z) € Fp[2]2971.
(i) For any m € M, the polynomial vector Jz(2) is a solution of the KZ
equations (2.2).
(711) The IF,[2P]-module spanned by Jz(z), m € M, coincides with the Fp[2P]-
module Mg, spanned by I™(z), m=0,...,9g — 1.

Proof. We have

I (z) = (—1)G(P*1)/2 <2ma+1>

Ma+1
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a ] .
X (29 — 21) (P~ D/ 2=mstminap)p? g ((ﬂ)p] (M)fﬂ)
m; VN
j=1 2 — %1 22 — 21
_ _ z3 — 21 22g+1 — <1
% (22_21)(17 1)/2 g+m1me1( o g+ ),
22 — 21 22— 21
where
_ _ Z3 — 21 22941 — 21
(22_21)(17 1)/2 g+m1me1( o g9+ ) — Jm1(z)
Z2 — 21 Z2 — 21

is a solution of the KZ equations (2.2), see (5.6), and each factor

(22 _ zl)((Pfl)/Q*ijrmjﬂp)Pjij+1 ((@)pj’ e (M p])
i 2o — 21 2o — 21

is a polynomial in Fp[z?]. This proves parts (i-ii) of the theorem. Part (iii)
follows from the identity

K’rﬁ:(g7m1)(z) = <2m1> J™(2).

my
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