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Abstract: In this paper, we give an exposition of the elliptic KZB
connection over the universal elliptic curve and use it to compute
the limit mixed Hodge structure on the unipotent fundamental
group of the first order Tate curve. We also give an explicit al-
gebraic formula for the restriction of the elliptic KZB connection
to the moduli space of non-zero abelian differentials on an elliptic
curve.
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Introduction

The universal elliptic KZB! connections generalize the connections defined by
the physicists Knizhnik and Zamolodchikov [22] in genus 0 and Bernard [1] in
genus 1. For each n > 1, the universal elliptic KZB connection is an integrable
connection on a bundle of pronilpotent Lie algebras over M 14y, the moduli
space of (n + 1)-pointed smooth projective curves of genus 1, regarded as a
stack over C. The fiber of the connection over the point corresponding to

1For Knizhnik—Zamolodchikov—Bernard.
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the (n + 1)-pointed genus 1 curve (E;0,21,...,x,) is the Lie algebra of the
unipotent completion of 7*(Cy(E’, (z1,...,zy))), where E' := E — {0} and

Cn(E") = (E")" — fat diagonal

is the configuration space of n points in E’. Explicit constructions of the uni-
versal elliptic KZB connection were given by Calaque, Enriquez and Etingof
(for all n > 1) in [3] and, independently, by Levin and Racinet (for n = 1
only) in [24]. We will generally drop the adjectives “universal” and “elliptic”.
Since we consider only universal elliptic KZB connections, there should be no
confusion.

In mathematics, KZB connections play a role in representation theory [3]
and in the study of periods of mixed elliptic motives [9, 18]. In this paper,
we focus on the KZB connection over M 9, the n =1 case. This is the most
important in the theory of mixed elliptic motives.

In this paper, we give a complete exposition of the construction of the KZB
connection in the n = 1 case. We use it to compute the limit mixed Hodge
structure (MHS) on the Lie algebra of the unipotent fundamental group of
the first order Tate curve Ep/g, (i.e., the restriction of the universal elliptic
curve over the g-disk to the tangent vector 0/dq at ¢ = 0) with its identity
removed and with a canonical tangential base point 0/0w at its identity.? In
particular, we show that its periods are multiple zeta values. We also use it
to derive certain formulas which relate this limit MHS to the MHS on the
unipotent fundamental group of P! — {0, 1, oo}, which we regard as the nodal
cubic with its singular point and identity element removed. We also show that,
when restricted to M, 7, the moduli space of elliptic curves with a non-zero
abelian differential (eqﬁivalently, a non-zero tangent vector at the identity),
the elliptic KZB connection is defined over (Q and we give an explicit formula
for this connection in terms of the coordinates on Ml,f Q-

This paper grew out of notes from a seminar at Duke University dur-
ing the summer of 2007 in which we read the paper of Levin and Racinet
[24]. Because this paper is derived from lecture notes, the style is sometimes
a little expansive and background which might otherwise be omitted is in-
cluded.

The paper is in four parts. The first contains some background material.
The second part is a complete exposition of the elliptic KZB equation. This
exposition follows the approach of Levin and Racinet, which expresses the
elliptic KZB connection in terms of Kronecker’s Jacobi form, F(¢,n,7), [21]

2Limit mixed Hodge structures are reviewed in Section 15. Tangential base points
and their relationship to limit MHSs are explained in Section 16.
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and Eisenstein series. This function F' was rediscovered by Zagier in [33] and
can be expressed in terms of classical theta functions. Zagier [33] showed that
this Jacobi form is a generating function for the periods of modular forms
of level 1, a fact whose relevance is still not completely understood in the
context of mixed elliptic motives.

During the seminar, we were unable to verify some of the computations
in the Levin-Racinet paper without modifying several factors of automorphy.
Such differences may have arisen because of differing conventions. This paper
uses the modified factors of automorphy. Because of this, and because it is not
likely that the paper of Levin and Racinet will be published, complete proofs
of the modular behaviour and integrability of the elliptic KZB connection are
given in Part 2.

Levin and Racinet define Hodge and weight filtrations on the fibers of the
elliptic KZB connection. In Part 3, we prove that with these filtrations, the
KZB connection is an admissible variation of MHS isomorphic to the canonical
variation of MHS whose fiber over [E, z] is the Lie algebra of ("™ (E — {0}, z)
with its canonical MHS. This allows us to explicitly compute the limit MHS
on the fiber associated to a tangent vector at the identity of the nodal cu-
bic. In particular, we prove that its periods are multiple zeta values. The
explicit formula for the KZB connection allows us to compute a formula for
the canonical map of Lie algebras induced by the homomorphism

(P - {0,1,00},0/0w) — wyn(Eg/aq,a/aw)
and also for the logarithm of the monodromy action
ﬂllln(Eé/am d/0w) — W‘lln(Eé/@q, 0/0w).

Here w is the parameter in P! — {0, 1,00} and ¢ is the coordinate exp(2mir)
in the g-disk.

For applications to elliptic and modular motives, it is important to know
that the elliptic KZB connection is defined over Q. Levin and Racinet [24]
state this as a result and sketch a proof of it. In Part 4 we elaborate on their
computations and give an explicit formula for the restriction of the KZB
connection to Ml,f and show that its canonical extension to Ml,f is also

defined over Q. The story for Mj 5 is more complicated and has been verified
by Ma Luo. It will appear in his Duke PhD thesis.

Background material on the topology of moduli spaces of elliptic curves
(viewed as orbifolds) and their associated mapping class groups is not in-
cluded. It can be found, for example, in [15]. The books of Serre [27] and
Silverman [29] are excellent references for background material on modular
forms.
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0.1. Some conventions

We use the topologist’s convention for path multiplication: if o, 5 : [0, 1] — X
are paths in a topological space with «(1) = 3(0), then o : [0,1] — X is the
path obtained by first traversing o and then 5.

The adjoint action of an element u of the enveloping algebra of a Lie
algebra g on an element = of g will often be denoted by u - x. This will be
extended to power series u of elements of g when it makes sense. For example
if t € g, then

et x = Z ady (z)/n!
n=0
If § is a derivation of g, then d(f -w) =d(f) - u+ f-d(u).
We will be sloppy and denote the generic element of SLo(Z) by

=2 3

So, unless otherwise mentioned, the entries of v are a, b, ¢ and d.

We will use the terms “local system” and “locally constant sheaf” inter-
changeably. Local systems of vector spaces over a smooth manifold correspond
to vector bundles with a flat (i.e., integrable) connection. Sometimes we will
abuse terminology and refer to such a local system as a “flat bundle”.

Part 1. Background

In this part, we present the background needed to understand the univer-
sal elliptic KZB connection. In parts 3 and 4, the reader will also need to
be familiar with the basics of Deligne’s theory of mixed Hodge structures.
Introductory references are listed in Section 15.

1. The universal elliptic curve

The material in this section is standard. We will assume that the reader is
familiar with the construction of M, ; as the orbifold quotient of the upper
half plane

h:={reC:Im7 >0}

by SLa(Z), the construction of its Deligne-Mumford compactification M ;
(as an orbifold), the construction of the standard line bundle £ over M 1, and
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its extension £ to My 1. Denote their kth powers by L and Ly, respectively.

In particular, their inverses will be denoted by £_; and £_;. This material

is classical and can be found, for example, in the first four sections of [15].
The group SLy(Z) acts on Z? by right multiplication:

(0 0) () o ) (2 0):

Denote the corresponding semi-direct product SLo(Z) x Z? by I'. This is the
set SLo(Z) x Z? with multiplication:

(71, v1) (72, v2) = (7172, V172 + v2)

where 71,72 € SLa(Z) and vy, ve € Z2.
The group I' acts on X := C x § on the left:

(m,n): (& 1) — (§+ (m n) <I> ,T)

and
v (&) e ((er +d)7 A7)

where v € SLy(Z).
The quotient I'\X is the universal elliptic curve &£; the map I'\X —
SL2(Z)\b induced by the projection X — b is the projection & — M ;.
The universal elliptic curve can be compactified using the Tate curve to
obtain a proper orbifold map & — M ; whose fiber over ¢ = 0 is the nodal
cubic. Its pullback to the g-disk D, with the double point removed, is the
quotient of C* x D by the group action Z x C* x D — C* x D defined by

. (¢"w,q) q#0,
'(ﬂwﬁ{Wﬂ) q=0.

Note that, although this group action is not continuous, the quotient (en-
dowed with the quotient topology) is Hausdorff and is a complex manifold.
The fiber over ¢ = 0 is the group C*. The zero section (aka, the identity
section) passes through it at w = 1.

Proposition 1.1. The normal bundle of the zero section of € is L_;.
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Proof. The line bundle £_; is the quotient of C x h by the action

(CCL Z) 2(&,7) = ((er +d)7 1 7).

The identity Cx h — C x b is equivariant with respect to the natural inclusion
SLa(Z) — SLa(Z) x Z? and thus induces a quotient mapping £_1 — € that
commutes with the projections to M; ;. This projection extends over ¢ = 0.
This is well known and follows from the result of Exercise 47 in [15, §5.2]. O

Corollary 1.2. A neighbourhood of the zero section of L_1 is biholomorphic
with a neighbourhood of the identity section of € — M 1. O

Denote by L’ the complex manifold obtained by removing the 0-section
from a holomorphic line bundle L.

Corollary 1.3. The moduli space ./\/l’1 7 of pairs (E,v), where E is a stable

elliptic curve and U is a (possible vanishing) tangent vector at the identity is
naturally isomorphic with L_1. In particular, the moduli space of smooth el-
liptic curves and a non-zero tangent vector at the identity M, 7 is isomorphic
to L. O

1.1. Fundamental groups
A non-zero point x of an elliptic curve E determines (and is determined by)

an orbifold map [E,z] : C — &'

Proposition 1.4. The fundamental group of £ with respect to the base point
[E, x| is an extension

1— m(E, z)— m (&, [E, x]) = SLa(Z) — 1.

In particular, it is isomorphic to an extension of SLa(Z) by a free group of
rank 2.

Proof. The function R? x h — C x b defined by (u,v,7) + (u + v7,7) is
a homeomorphism. It induces a homeomorphism (R/Z)? x h — &, which
restricts to give a homeomorphism

(R/Z)* —{0}) x b — &,

where & denotes the universal elliptic curve Z?\ (C x h) over h and 5{) denotes
&y with the 0-section removed. It follows that 5,’) is homotopy equivalent to
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each of its fibers E. In particular, the inclusion (E', x) — (&, (£, x)) induces
an isomorphism on fundamental groups.

The result follows from covering space theory as the covering 8{) — & is
Galois with Galois group SLy(Z). O

Corollary 1.5. For each point [E, x| of £, there is a natural action of
m (& [E,x]) on m (E, ).

Proof. Since m1(E’, x) is a normal subgroup of 7 (€', [E, x]), one has the con-
jugation action g : v+ gyg~! of m (&', [E, z]) on m (E', x). O

Denote the C* bundle obtained from £ by removing the 0-section by L.
Its (orbifold) fundamental group is a central extension

0—=Z — m(L),*) = SLa(Z) — 1.

Remark 1.6. It is well-known that 7 (L") is naturally isomorphic to each of
the following groups:

(i) the braid group Bs on 3-strings;
(ii) the fundamental group of C? with the cusp 22 = y® removed;
(iii) the fundamental group of the complement of the trefoil knot;
(iv) the inverse image SAI/JQ(Z) of SLy(Z) in the universal covering group
SLy(R) of SLy(R).
Details can be found, for example, in [15].

Proposition 1.1 implies that if F is an elliptic curve and ¢ is a non-zero
tangent vector at 0 € F, there is a natural homomorphism

7T1(£L17 [E7?7]) - Wl(glv [E>17])
Composing this with the action above we obtain an action
7'('1(5’_17 [E, 17]) — Aut 7T1(E/, 17)

Denote the element of 7 (E’, ¥) that corresponds to moving once around
the identity in the positive direction by ¢,. Denote by z, the image in 71 (£ 4,
[E,U]) = SLa(Z) of the positive generator of the fundamental group of the
fiber L | 5 = C* over [E] of the projection £”; — My ;.

Proposition 1.7. This action of m (L', [E,v]) on m(E', V) fizes c,.

Proof. Observe that ¢, is the image of 2, under the continuous mapping
L', — &' The result follows as z, is central in SLy(Z). O
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Since m (L', [E, v]) acts on 71 (E’, V), we can form the semi-direct prod-

uct
771(‘CL17 [E7 17]) X 7T1(E/, 17)

', 7).
Proof. Note that z, acts on m (E’, ¥') by conjugation by c,. Since z, is central
in m (L, [F,?]) and since each element of 71 (L' |, [F,]) fixes ¢,, we see
that ¢, 'z, commutes with each element of 71(L" {, [E,7]).

If g € m(E',7), then

Lemma 1.8. The element c, 'z, is central in w1 (L', [E,v]) x m (E

—1 —1 —1 —-1_-1 —1 -1 -1 —1
gC, 209 = gc¢, (zog 2o )ZO:gCo (COg Co )ZO:CO Zo-

O

This semi-direct product can be realized as the fundamental group of the
pullback £ of & to £" ;. This has a (continuous) section. Since &£, is a C*
covering of £, we obtain:

Proposition 1.9. The kernel of the natural homomorphism
771(527 [Ea 17]) = 771(‘6/717 [Evﬁ]) X 7T1(E/, 17) - 7T1(5/, [Evﬁ])

is the infinite cyclic subgroup generated by c;z,. This homomorphism induces
an isomorphism

(mu (L0, [B, 7)) x m (B, 0)) [{eg ' 20) = mi(E', [B, 7).

O

In mapping class group notation, this result says that there is a natural
isomorphism

F172 = (Fl,f X 1 (E’,U))/Z
In the Hodge and Galois worlds, the copy of Z is a copy of Z(1).

1.2. The local system H

This is the local system (i.e., locally constant sheaf) over M;; whose fiber
over [E] € My, is Hi(E;C). We identify it, via Poincaré duality Hi(E) —
H'(E), with the local system R'm.C over M;; associated to the universal
elliptic curve 7 : &€ — My 1. This has fiber H'(E;C) over [E] € M ;.

We consider two ways of framing (i.e., trivializing) the pullback of H to
h. Denote the universal elliptic curve over h by & — bh. It is the quotient
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of C x b by the standard action of Z? given above. The first homology of
E. = C/(Z & 7Z) is naturally isomorphic to A; := Z & 7Z. Let a,b be the
basis of Hi(E;;Z) that corresponds to the basis 1,7 of A,.

Denote the dual basis of H*(E,;C) = Hom(H,(E,),C) by &,b. Then,
under Poincaré duality,

d=-bandb=a.
Denote the element d¢ of H(E,, C) by w,. Then
w; =a+7b=ra—b.

The two framings a, b and 21ib, w, of H over b are related by

(b w) = (6 8) (35 7) =6 W) (3 7)

Remark 1.10. The local system H underlies a polarized variation of Hodge
structure over b of weight —1. The Hodge subbundle F°# of the correspond-
ing flat bundle H = H ®g Oy is O(h)w.

2. Unipotent completion

Suppose that 7 is a discrete group and that R is a commutative ring. Denote
the group algebra of m over R by Rm. This is an R-algebra. The augmentation
is the homomorphism € : Rm — R that takes each v € 7 to 1. Its kernel,
denoted J, is called the augmentation ideal. The powers of J define a topology
on Rr. A base of neighbourhoods of 0 consist of the powers of J:

RrD2JDJPDJ3D--.

The completion of Rm in this topology is called the J-adic completion of 7
and is denoted by R7”. In concrete terms:

R = lim Rm/J".
Denote its augmentation ideal by J”.

The group algebra also has a “coproduct”

A: Rm — R ® Rm.
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This is an augmentation preserving algebra homomorphism, which is contin-
uous in the J-adic topology. It thus induces a ring homomorphism

A : R — Rr"QRrn".

Now suppose that R is a field F' of characteristic zero. Note that each
element of 1+ J” is a unit. Define

P(F)={z € Fr":e(z)=1and Az = » ® r}

and
p={zeFr": Av=21+1®z}
Elements of p are said to be primitive; elements of P are said to be group-like.

Proposition 2.1. (i) P(F) is a subgroup of the group 1+ J";
(ii) p is a Lie algebra, with bracket [u,v] = uwv — vu, which lies in J";
(iii) The logarithm and exponential mappings

A ——CXD—s A
J S——Ilog—— L+J

are continuous bijections, which induce continuous bijections

CXP—s
P . PWU).

The third part implies that the exponential map
exp: (p,BCH) —» P

is a group isomorphism, where the multiplication on p is defined using the
Baker-Campbell-Hausdorff formula [28]:

1
BCH(u,v) :=log(e"e") =u+v + i[u, v+

Proof. The first two assertions are easily verified, as is the first part of the
third assertion. To prove the last assertion, note that since exp is continuous,
exp A(z) = Aexp(zx) for all x € J*. Now, x € J" is primitive if and only if

Ar=2®1+1®uw.
Since x ® 1 and 1 ® x commute, this holds if and only if
Aexp(z) = exp(A(z)) = exp(z ® 1) exp(l ® z) = exp(z) @ exp(z).

That is, 2 € J” is primitive if and only if exp z is group-like. O
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Since €(y) = 1 for all v € 7, there is a homomorphism © — 1+ J". By the
definition of the coproduct A, the image of this homomorphism lands in P(F).
Thus, the inclusion 7 — F7 induces a natural homomorphism m — P(F)

Definition 2.2. Suppose that Hy(7; F) is finite dimensional (e.g., 7 is finitely
generated). The homomorphism 7 — P(F') is called the unipotent (or Malcev)
completion of m over F. The prounipotent group P is denoted 7#"". The Lie
algebra of the unipotent completion is the Lie algebra p. It is also called the
Malcev Lie algebra associated to 7.

Unipotent completion can be viewed as a functor from the category of
groups to the category of prounipotent groups over F

T~ P(F)

There is also the functor m ~~p that assigns to a group, the Lie algebra of
its unipotent completion over F'. There are therefore natural homomorphism

Autm — Aut P and Autm — Autp.

Remark 2.3. When w is the fundamental group of an algebraic variety, p
carries additional structure: If 7 is the fundamental group of a complex alge-
braic variety and F' = Q, then p has a natural mixed Hodge structure; if 7
is the fundamental group of a smooth algebraic variety defined over Q with
Q-rational base point, then the absolute Galois group Gg acts on p @ Q.

2.1. The unipotent completion of a free group

Suppose that 7 is the free group (1, . .., x,) generated by the set {z1, ..., z,}.
Consider the ring

F{(X1,...,Xpn)
of formal power series in the non-commuting indeterminants X;. Define an
augmentation
e: F{{(Xy,...,X,)) = F
by sending a power series to its constant term. The augmentation ideal ker e

is the maximal ideal I = (X71,..., X,,).
Define a coproduct

A

A:F((Xq,..., X)) = F(X1, ..., Xpo))QF((Xq1,..., X))
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by defining each X; to be primitive:
AX; =X;01+1®X;.
There is a unique group homomorphism
™= F(X1,..., X))
that takes x; to exp(X;). This extends to a ring homomorphism
0:Fr— F{(Xy,...,Xpn)).

Since €(xj) = 1 = e(exp(Xj)), € is augmentation preserving, and therefore
extends to a continuous homomorphism

0 Fr" — F((X1,...,Xy)

As in the case of completed group algebras, one can define primitive and
group-like elements of F'((X71,..., X,,)). As there, an element of 1+ I is group-
like if and only if it is the exponential of a primitive element. Since exp(X})
is group-like, it is easy to check that § preserves both the product and the
coproduct. (One says that it is a homomorphism of complete Hopf algebras.)

It is easy to use universal mapping properties to prove:

Proposition 2.4. The homomorphismé is an isomorphism of complete Hopf
algebras. ]

Corollary 2.5. The restriction ofé induces a natural isomorphism
d :p — L(Xy,..., X,)"

of topological Lie algebras.

Proof. This follows immediately from the fact that 6 induces an isomorphism
on primitive elements and the well-known fact that the set of primitive ele-
ments of the power series algebra F((Xy,...,X,)) is the completed free Lie
algebra IL(X1, ..., X,)". O

There is a weaker version of the construction of the unipotent completion
of a free group, which will be relevant later. Suppose that

0:m— F{(Xy,...,Xpn))

is a homomorphism that satisfies 6(z;) = exp(U;), where U; € J" and U; =
X; mod (J")%. Then it is not difficult to show that 6 induces a continuous
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isomorphism
0:Fr" — F((X1,...,X,))

and, by restriction, a Lie algebra isomorphism
df:p — L(Xy,..., X,)"
and a group isomorphism
P — expL(Xy,..., X,)".
3. Factors of automorphy

Suppose that G is a group that acts on a space (or set) X on the left. Suppose
that V' is a left G-module (or left G-space, etc.). A function M : G x X —
Aut V' (written (g, x) — My(x)) is a factor of automorphy if the function

VxX—=VxX, g: (v,x) = (Mg(x)v, gz)
is an action. This is equivalent to the condition
Mgy () = Mg(hx)Mp(x) allg,h e G, v e X.

Note that the projection V x X — X is G-equivariant; G-equivariant sections
of this projection correspond to functions f : X — V satisfying f(gx) =
Mgy(z) f(z) and, by definition, to sections of the “bundle” G\(X x V) —
G\X .3 Such bundles are flat in the sense that they give rise to a locally
constant sheaf. An open set in G\ X corresponds to a G-invariant open set U
in X. The set of constant sections of the bundle over this set is, by definition,
the set of G-invariant locally constant sections of V' x X — X. When V is
a real or complex vector space, this bundle has a natural flat connection V
which is characterized by the property that a local section s is constant if and
only if Vs = 0. In such cases, we will refer to the bundle G\(V x X) — X as
being a flat bundle.

Three examples that will be generalized and combined to form P are:

Example 3.1. Fix k € Z. Let G = SLy(Z), X = b, V = C, and A,(1) =
(er +d)*. The (orbifold) quotient of C x b — b is the line bundle £ — M.

3More precisely, G-invariant sections of V' x X — X correspond to section of the
stack bundle G\\(V x X) — G\ X.
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Note that the fibered product & X uy, , € — M 1 of the universal elliptic
curve is the quotient of C x C x b by the SLy(Z) x (Z* @ Z?)-action

((m,n), (r,s)) : (&,n,7) = (E+mT+n,n+7r7+8,7)

and
i (&1 ((er +d) 72 (er +d) ", )
where v € SLy(Z).

Example 3.2. Suppose that G = SLy(Z) x (Z?®Z?) and that X = CxCx b,
where the G-action is the one defined above. Let V' = C. Define

(et +d)e(c€n/(eT +d)) v € SLa(Z),

A& m7) = {e(T)We(&)‘Te(n)‘m 7= ((mym), (r:9))

where e(u) = exp(2miu). This is a well-defined factor of automorphy. The
quotient

G\(Cx X) - G\X
is a line bundle
N — & XMM E

over the self product over M ; of the universal elliptic curve. The restriction
of NV to the zero section My ; is the line bundle £ = £;. (Just look at the
factor of automorphy when £ =n =0.)

Remark 3.3. Later (Prop. 8.1) we will see that the restriction of N to the
fiber E? over [E] is the pullback of the Poincaré line bundle over E x E to
E x E along the map (£,n) — (&, —n).

The next example gives an alternative description of the local system H.

Example 3.4. Let G = SLy(Z), X = h and V = C2. Then

My(7) = <(CT;7_T’L'C?1 CT(—)i— d>

is a factor of automorphy. The resulting bundle is the vector bundle associated
to the local system H — M, ; defined in Section 1.2. To see this, we set

t =w,/2mi € H'(E,,C).
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Then a and t comprise a framing of the pullback Hy of H to b, which gives
an isomorphism C? x h — Hj, via

(3.1) (u,0,7) = ((a,7) (t,7)) (g)

Here, (a, 7) denotes a viewed as an element of Hy(E;). Likewise, (t, 7) denotes
the element w, /27i of H'(E,).
Since Ay, = (er+d)A-, multiplication by (¢7+d) induces an isomorphism

E.— E,;.
This induces the identification of the fibers of Hy over 7 and 7. For conve-
nience, set a = (a,7) € Hi(E;) and &’ = (a,y7) € Hi(E,;). Similarly with
b and b/, and with t and t’. Then
27it' = wy, = (e7 +d) tw, = 2mi(er +d) 7't

and

, _ 1/, N fer+d  ar+b
(a wm—)—(CT—f—d) a b)( c7'+d)>

1 ct+d ar+0
=(ct+d)" (a b ( )( c¢+d)>

a w (et +d)d T
T 1 (et +d)c —1

from which we conclude that
(a t) = (a’ t’) M, ().

Equation (3.1) now implies that the bundle with factor of automorphy M, (1)
is isomorphic to H as the following points correspond:

()o@ 92 o @ oo () o mne (2
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Note that t and a are both invariant under 7 — 7 + 1. It follows that H is
trivial over the g¢-disk.

Since the bundle H exists over M ;, this computation gives a conceptual
proof that M, (7) is a factor of automorphy.

Remark 3.5. It is useful to keep in mind that
ac H (B, Z)and (a,t) = —(2mi) "' € Z(-1).

Note that t spans a line sub-bundle of H := H ®c O, ,. This line bundle
is the Hodge bundle F'H and is isomorphic to £. The factor of automorphy
of H implies that the quotient of H by F'! is isomorphic to £_;, so that we
have an exact sequence

0—-L—>H—L_1—0.

Later we will see that this splits, even over Ml,l. (Cf. Remark 19.2 and the
last paragraph of Section 19.2.)

4. Some Lie theory

Let C((t,a)) be the completion of the free associative algebra generated by

the indeterminants t and a. It is a topological algebra. Denote the closure of

the free Lie algebra L(t,a) in C((t,a)) by p. It is a topological Lie algebra.
Define a continuous action C((t,a)) x p — p of C((t,a)) on p by

f(t,a) :xz— f(t,a) -z := f(ads,ada)(x)

for all x € p.
For later use, we record the following fact:
Proposition 4.1. Suppose that A : [a,b] — L(Xq,..., X,)" is smooth.* If
X :[a,b] = C{((Xy,...,X,)) satisfies the initial value problem
X'=AX, X(0)=1,

then X (t) is group-like for allt € [a,]].

Proof. This follows from standard Lie theory. It can also be proved directly as
follows. Since the diagonal A is linear, since A is an algebra homomorphism,

4That is, each coefficient of the power series A(t) is a smooth function of ¢ € [a, b].
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and since A is primitive, we have
(AX) = A(X') = A(AX) = (AA)(AX) = (AR 1+1® A)AX.
On the other hand,

(XX)=X'2X+XeX =(AX)® X + X ® (AX)
=(A®1+12A)(X ® X).

Thus both AX and X ® X satisfy the IVP
V=A®1+10A)Y, Y(0)=1®1,

where Y : [a,b] = C((X1,..., X)) @ C((X1,...,Xy)). It follows that AX =
X ® X for all t. O

4.1. Two identities

For later use we recall two standard identities. To avoid confusion, we shall
denote composition of endomorphisms ¢ and ¥ of p by ¢ o 9.

Recall that if V' is a vector space and u,¢ € EndV, then in EndV we
have

exp(ad @)(u) = e® ouoe?.

Applying this in the case where V = p, we see that for all § € Derp and
¢ € C({t,a)),
exp(@) -0 =e®odoe?.

In particular, if w is a 1-form on a manifold that takes values in p, then
(4.1) e(—mt) ow o e(mt) = e(—mt) - w,

where e(u) := exp(2miu).

Lemma 4.2. Suppose that uw € C((t,a)). If ¢ is a continuous derivation of
C((t,a)), then

1 —exp(—ady) exp(ad,) — 1

e “o(e") d(u) and §(e")e™ = o(u).

adu adu
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Mé(u) both satisty the differ-

Proof. The functions e~ *“§(e**) and =22

ad,
ential equation
X'(s) =d(u) —ad,(X).

Since both functions vanish when s = 0, they are equal for all s € C. In
particular, they are equal when s = 1. This proves the first identity. The
second is proved similarly using the differential equation Y = d(u) + ad, (Y).

]

5. Connections and monodromy

Suppose that I' is a discrete group, G is a Lie (or proalgebraic) group and
that X is a topological space. Suppose that I" acts on X on the left. (Think of
this action as being discontinuous and fixed point free, but it does not have to
be.) Suppose that the action of T" lifts to the trivial right principal G-bundle
GxX— X:

v :(g,7) = (My(7)g, y7)

where M, : X — G is a factor of automorphy.
5.1. Connections

Denote the Lie algebra of G by g. Sections of the bundle G x X — X will
be identified with functions X — G in the obvious way. A Lie algebra valued
1-form

weEB(X)®g

defines a connection on the trivial bundle G x X — X by the formula
Vi=df+wf

where f is a locally defined function X — G.

Proposition 5.1. The connection V is I'-invariant if and only if for all
vel,
7w =Ad(M,)w — dMWMV_l.

The connection V is flat if and only if w satisfies

1
dw+§[w,w]:0. O
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Example 5.2. The sections a and b of the Hodge bundle Hy over b are flat.
Since they give local framings of the associated vector bundle H := H ®¢ O,
there is a flat connection on H, which is characterized by the property that
Va = Vb = 0. Since t = w,/2mi = (Ta — b)/27i, we have

2miVt = V(ra — b) = adr.

It follows that, in terms of the framing a, t of H, the connection is given by
V=d+ (27r7§)*1a2 ®dr
B ot '
5.2. Parallel transport

Every path « : [0,1] — X has a horizontal lift & : [0,1] — G that starts at
1 € G. In other words, the section

t (at),a(t) e Gx X

is a flat section of the bundle that projects to a and begins at (1, «(0)).
The function @ is the unique solution of the ODE

da = —(a’w)a, &0) = 1.

Note that the uniqueness of solutions of ODEs implies that the horizontal lift
of o that begins at g € G is t — a(t)g.
Denote the value of the lift & at ¢ = 1 by T'(«v). The function

T:a—T(a)

is called the (parallel) transport function associated to V. When V is flat,
T'(«) depends only on the homotopy class of « relative to its endpoints.
An immediate consequence of the uniqueness of solutions to IVPs:

Lemma 5.3. If a and 8 are composable paths, then T'(afp) =T (8)T(«). O

To make the transport multiplicative, we will work with T'(a))~!. A for-
mula for the transport and the inverse transport can be given using Chen’s
iterated integrals. First a basic fact from ODE.

5Note that this does not require the connection to be flat.
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Lemma 5.4. Suppose that R is a topological algebra (such as C{{t,a)) or
gl,,(C)) and that A : [a,b] — R is a smooth function. A function X : [a,b] —
R* is a solution of the IVP

X' = —AX, X(0)=1
if and only Y = X ~1(t) is a solution of the IVP

Y =YA, Y(0)=L
Proof. Suppose that X satisfies X' = —AX and X (0) = I. Then

0=X1xX1) =X (X(X) - X1AXX ) = (X1 - XA
The opposite direction is proved similarly. O
Recall that if wq,...,w, are 1-forms on a manifold X taking values in

an associative algebra A, and if « is a piecewise smooth path in X then one
defines the iterated integral

(5.1) /w1w2...wT:/ Rt falta) oo otV dbrdts . . dt,
vy 0<t; <<t <1

where v*w; = f;(t)dt. See [5, 11] for more background.

Corollary 5.5 (Transport Formula). The inverse transport is given by

T(a)_1:1+/w+/ww+/www+~-
« « o

Proof. This follows from Chen’s transport formula (cf. [5, 11]) and the pre-
vious lemma. O

For future use, we record the following standard fact.

Proposition 5.6. If the connection V is U'-invariant, then for all paths « :
[0,1] = X and ally €T

T(yoa) = M,(a(1))T(a) M, (a(0)) .
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Lo

Cu

Figure 1: The cocycle relation ¢, = ¢, - (p(7) 0 ¢,).

5.3. Monodromy

Suppose that the connection d+w is I'-invariant and flat. Our task in this sec-
tion is to explain how to compute the associated monodromy representation
from the transport function 7" of w and the factor of automorphy M.

By covering space theory, the choice of a point x, € X determines a
surjective homomorphism

p:m(\X,z,) =T

whose kernel is m (X, z,), where T, denotes the image of x, in I'\ X.

To each v € m1(I'\X), let ¢, be its lift to a path in X that begins at x,.
Note that its end point is p(7y) - z, and that the homotopy class of ¢, depends
only upon ~.

Lemma 5.7. If v, € m(D\X, Z,), then ¢y, = ¢y - (p(7) 0 ¢y).

Here - denotes path multiplication and o denotes composition. The proof
is best given by the picture Figure 1.

To obtain a homomorphism (instead of an anti-homomorphism), we need
to take inverses. Define

0, : m(T\X,7,) = G

by
O, (7) = T(Cw)_lMp('y) (o).

Note that ©,,(vy)~! is the element of the fiber G over x, that is identified with
the point T'(c,) in the fiber G over p(v) - x,. It is thus the result of parallel
transporting 1 € G about the loop 7.
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Proposition 5.8. The monodromy representation m (I'\X,Z,) — G of the
flat bundle T\ (G x X) — I'\X with respect to the identification above is

0., m(M\X,z,) — G.

Proof. Just trace through the identifications. But to reassure the reader, we
show that ©,, is a group homomorphism. (We’ll drop p and the x, below.) If
RS 7-‘-1(]:‘\)(7 CZ‘O)) then

T(cyp) ™" Mop(o)
Cy - (’yocu)) My (o)

O(yu) =T(

(

(e3) 1T (v 0 e) ™ My (- 6) M ()
(ey)”

(

)T M () T () ™ Moy (- o) ™ Moy (- 0) My (20)
7)O(1).

I
O B B

O

Combining this with the transport formula above, we obtain a formula
for the monodromy in terms of w and the factor of automorphy.

Corollary 5.9. For allz € X and v € m(I'\X, z),

@m('y)—<1+/cww+/cwww+/cvwww+~-)M,Y(x). O

Part 2. The universal elliptic KZB connection
6. The bundle P over &’

Before we define the universal elliptic KZB connection, we need to define the
bundle P over £ on which it lives.

6.1. The flat bundle PP

The bundle P with the KZB connection will be the de Rham realization of a
topological local system P™P. To provide context, we first construct it.

Denote by Y the universal covering space of £’. This is also the universal
covering space of & = (C x h) — Ap. Choose a base point [E,,z,| of &
and a lift y, of it to Y. This determines an isomorphism of Aut(Y/E’) with
(&', [Ey, m0)).
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Denote the unipotent completion of w1 (E!, x,) over C by P,. The natural
action
1 (8,7 [an xoD X (Eén xo) — Wl(Ega xo)v (g; 7) = 979_1
determines a left action of m (&, [E,, z,]) on P,. We can therefore form the
quotient

m1(E', [Eo, 2o])\(Po X V)

by the diagonal 1 (&', [E,, x,])-action. This is a flat right principal P,-bundle
which we shall denote by P*P — &' Its fiber over [E, x] is naturally isomor-
phic to the unipotent completion of 71 (E’, ).

Since the Lie algebra p, of P, can be viewed as a group with multiplication
defined by the Baker-Campbell-Hausdorff formula, we can (and will) view
PP as a local system of Lie algebras. (Cf. the comment following Prop. 2.1.)

6.2. The bundle P

Here we construct a bundle P over £ on which the universal elliptic KZB
connection lives. Its fiber over each point of £’ is the Lie algebra

p:=L(t,a)".

Denote the corresponding group expp by P. It is prounipotent. The univer-
sal elliptic KZB connection on it is constructed in Section 9. It is flat. In
Section 14 we will prove that it is isomorphic to the flat bundle P.

The bundle P will be constructed as the quotient of p x C x b by a lift of
the action of SLy(Z) x Z? on C x h to p x C x bh.

The (completed) universal enveloping algebra of p is the power series
algebra C((t,a)). The adjoint action defines the ring homomorphism

C((t,a)) — Endp

that takes f(t,a) to f(ady,ada) € Endp. This restricts to a homomorphism
C((t,a))* — Autp.

We use the notation of Section 3. Take G = T' := SLy(Z) x Z?, X = C x b,
and V' = p. Note that I" acts on p x X via the projection I' — SLy(Z) using
the factor of automorphy M., (7) defined in (6.1).

The bundle P is defined using factors of automorphy M7(§ ,7) which live
in the group SL2(R) x C((t,a))*, where SLy(R) acts on C((t,a)) via its
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left action on the generators via the factor of automorphy M, (7) defined in
Example 3.4. Specifically, M, () is defined by

(6.1) M, (7) - {a = (er +d)~a + 2mict

t = (et +d)t.

The general factor of automorphy is defined by

(6.2 My(&,7) = e(—mt) (m,n) € Z2.

{Mxr)oe(;itd) 7 € SLy(2);
Here e(u) := exp(2miu). This is a factor of automorphy for I" as

e(c€t —mt) o M(1) = M, (€ + (m,n)y(r,1)T,7) 0 e(—mt),

where v € SLy(Z) and (m,n) € Z2.5
Proposition 6.1. This is a well-defined factor of automorphy.

Proof. The first task is to show that M is well-defined on I' x C x § — that
is, it is compatible with the relation in I' = SLy(Z) x Z2. This relation is

(m,n) oy =70 (m,n)(-y),

where v € SLy(Z), o denotes composition in I" and - denotes the right action

of SLy(Z) on Z2. 1f
_[a D
T=\e a

e(—=mt) o M. (€,7) = M (€ + (m,n)v(r,1)T,7) o e( — (ma + ne)t).

then we have to show that

Since
M., (1) oe(¢) = e(My(T) - ¢) o M, (7)
for all ¢ € C((t,a)), and since M,(7) : t = (c7 + d)t (see above), we have

e(=mt) o M. (7) = M, (7) o e<(;”+”‘td).

5Denote left multiplication by ¢ € C((t,a)) by Ls. For M € Aut H, we have
Mo Ly-14 = Lgo M. In particular, M, (7) o Ly/(crya) = Lt 0 M (7).
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Thus, the left-hand side expands to

e(=mt) o T (6,7) = e(-mt) o My () oo L)

cft — mt)
ct+d

= M,(7)o0 e<
The right-hand side expands to

M, (€ + (ma + ne)T + (mb+nd), 7) o e( — (ma + nc)t)

=M,(1)o €<c(§ *(ma+t 7;0_):_;; (mb + nd))t> oe( — (ma+ nc)t)
= M, (7) oe(%),

which equals the left-hand side. It follows that M is a well-defined function
on I' x C x b.

Since M defines a homomorphism Z? — Q((t))*, to complete the proof
we need only check that the restriction of M to SLa(Z) x C x b is a factor of
automorphy. We will use the fact that M, (7) is a factor of automorphy.

Let
_[a b _[(p ¢ _fe f
M= <c d) y V2= (r s) and y172 = (g h) .

Set (¢,7") =&, 7) = (§/(r7 + 5),727). Then

M’Yl (5/7 T/)M’Yz (57 T)

——A%n0h7)06<c:?:d> °A4w(7)oe<r:§ts)

= e () o (g ) (s )

e’ +d)(rT + s) rT+s
B Noe ctt rét
= Mo (7) ((7‘7‘+8)(c(p7+q)+d(7"7'+5)) N TT+8>
B (c+r(gr +h))Et
= Mya(7) 0 6( (rr+s)(gT +h) >

()

- M’n’yz (57 T)'
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Remark 6.2. The bundle P is a bundle of free Lie algebras. Its quotient by the
commutator subalgebra of each fiber is the bundle over ) with framing t,a
and factor of automorphy M., (7). So it is isomorphic to H by Example 3.4,
as it should be.

7. Eisenstein series and Bernoulli numbers

Define the Bernoulli numbers B,, by

Recall that By = 1, By = —1/2 and that By = 0 when k > 0.
There are several ways to normalize Eisenstein series Goi : h — C. We
will use the normalization used by Zagier [33]:

C1(2k—1)! 1 ng
G2k(7-) - 9 (2771)2k )\E%Z )\2k - + ZUQk 1 5
A0

(properly summed when k = 1), where ¢ = e(7) and ox(n) = >y, d*. In
particular

By (2k—1)!
Ak (2mi)?k C(2k).
When k > 1, Go, is a modular form for SLo(Z) of weight 2k:

Goklg=0 = —

Gr(yr) = (et + d)ka(T)7 v € SLa(Z).
And G4 satisfies
Go(y7) = (e + d)QGQ(T) +ic(cer 4+ d) /4.

(Cf. [33, p. 457], bottom of page, and [33, p. 459], near bottom of page.)
The role of Gi3(7) in this work should be clarified by the following result,
which follows from the transformation law for G5 above.

Lemma 7.1. If SLy(Z) acts on C x b by v : (§,7) > (§/(cT + d),~yT), then
the form

3

5 —2- 27TZG2( )

is SLo(Z)-invariant.

This 1-form represents a generator of H'(L' ,,7Z(1)) = Z.
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7.1. Some useful identities

The following well-known identities are used later in the paper. Since

1 lew24e w2 Tev41 1 1 w X Bom
ot (v/2) = o o T s 1o e 1 mz::O emt"
we have
1 u/4 1 ud > Bom  om-1
71) ——————=—+4+ ——coth(u/2) = 2m —1)——u"""".
Tl G o 2 (v/2) n;( =D Gt
Rearranging gives the useful alternative form
o0
BQm 2m—1 u/4
7.2 2m — 1 M = ———
(7.2) mz::o( ) (2m)! sinh?(u,/2)

8. The Jacobi form F(&,n,T)

There are two versions of the function F'(u,v,7), one used by Levin-Racinet
[24], the other by Zagier [33].7 Denote them by F(&,n,7) and FZ%%(u,v,T),
respectively. Zagier’s function is defined by

0'(0,7)0(u+ v, T)

238 (y v, T) =
F2E(w, v,7) 0(u, 7)0(v, T)

where 6 is the classical theta function

O(u,7) =D (—1)"q2 D et g = e(r)

neZ
and ¢’ is its derivative with respect to u.
Their periodicity properties imply that u = 27i€, v = 2min. Since

1 1
F(n,r) = ¢ + p mod holomorphic functions

and

1 1
F%8(y,v,7) = = 4+ — mod holomorphic functions
u v

"Calaque-Enriquez-Etingof [3] do not explicitly use the Jacobi form F. How-
ever, their connection is expressed in terms of the function k(z,z|7), which is
F?%2(z x,7) — 1/x. See their Section 1.2.
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near the origin, it follows that
F(&,m,7) = 2mi F%8(2mig, 2min, 7).
It satisfies the symmetry condition
F(&n,7)=Fn,& 1) =—F(=¢-n,7).
8.1. Expansions

We use the formulas in [33], but write them using F in place of FZ8 8
Set g = exp(2miT). Then

(8.1)
F(&,n, 1) = mi] coth(mi&) + coth(win)] + 4w Z (me [27 ( §+ dn)]) "
n=1 " d|n
(8.2)
1 1 maxyrT,s 8 mln{r s} é-r 778
F(é-a 7777_) = E 5 2T§:0 27” Lrmax{ }(8T> Glr sH—l( ) rl g’

8.2. Derivatives

Differentiating these with respect to 7 yields:

1 OF o min{r,s} fr 7]8

- il - _9 2 1+max{r s}( ) G o

7 +n an &n7 ;} i) o7 r—sl+1(T ) M (s —1)
s>1

- (i%)
(8.3) + 87 nZ(chos (27 ( §+dn)}>q”

d|n

Comparing the result of differentiating this with respect to £ and (8.2)
with respect to 7, we obtain the heat equation:

oOF 0*F
WZE(gana ) aga (g nT )

8Note the conflict in notation: Zagier sets ¢ = expu and 1 = expwv, which
conflicts with the variables (¢, 7) used by Levin-Racinet: 27i(§,n) = (u,v). See [33,
p. 455].
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8.3. Elliptic and modularity properties
The elliptic property, [33, p. 456] is:
84)  FE+mr+nn1)=e(-mn)F(EmnT) (mn)eZ

Here, as previously, e(z) = exp(2miz). Zagier states a more general form of
this, which follows from this one using the symmetry property of F(&,n, 7).
The modularity property is:

(85)  F(&/(er+d),n/(ct +d),y1) = (e + d)e(ckn/(cT + d))F(&,n, T).

In particular

F(n,m+1)=F(mn1)=F(E+1,n,71).

Proposition 8.1. The function F' induces a meromorphic section of the line
bundle N — & XM, & that was constructed in Example 3.2. The divisor of
the section is [I',] —[01] — [02], where L', is the graph in E X E of the involution
L that takes a point of E to its inverse.

Proof. Since F(&,n,7) is meromorphic on C2? for each 7 € b, div F has no
vertical components over Mj ;. The polar locus of F' over M ; contains
[01] 4 [02] with multiplicity one on every fiber over My ;. The zero divisor
of F' over My ; contains [I',] with multiplicity one on the generic fiber over
M 1. Since the class of div F in H?(E?) is constant and since div F has
no vertical components, it suffices to show that the class of div F' is exactly
[[',] — [01] — [02] on an open set of fibers and also over ¢ = 0.
Identity (8.1) implies that

1 w+1 w41
—F =
7TZ (5777)|q—0 w—l +u_1

where w = exp(27i§) and u = exp(2min). The coordinates on the normaliza-
tion of Fy x Ey are (w,u). The identity sections are w = 1 and u = 1. The
involution is given by w = 1/w. It is easily checked that

w+1 u+1
+ =0

w—1 u—1

implies that wu = 1. It follows that the restriction of div F' to Ey x Ej is
[[',] — [01] — [02]. But this implies that the divisor of F'is [[,] — [01] — [02] on
all nearby fibers. The result follows. O
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This result can also be proved using the formula for F' in terms of theta
functions.

8.4. The Weierstrass g function

Recall that

The next result follows from the standard identity

Z v%) ZZm—Z

ANEZPLT
A0

1 o0
p(Z,T):—Z-l- 2m—1<
2

m=
[ee]

2(2
Z 7” GQm( ) 2m—2

>0 27m 2m+2

= Z Gomya(1)2"".

m=

Lemma 8.2. Suppose that x,y are commuting indeterminants. Then

37 () = ) = (o) = )
(27m‘)2m+2 f
=2 —Gamia(T) D (=1)aly
m2>1 (2 ) j+k=2m+1
5,k>0

in the ring O(h)[[z,y]] of formal power series with coefficients in O(h). O
8.5. The addition formula

The following identity is used in the proof of the integrability of the elliptic
KZB connection.

Proposition 8.3 (Addition Formula).

oF OF
F(§777177—)8_n(§7 77277) - F(§7 772)7—)8_7](57771’7—)

=F(&m+n2,7)(p(m,7) — o, 7).
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9. The universal elliptic KZB connection

This is a I'-invariant flat connection constructed by Calaque, Enriquez and
Etingof [3] and by Levin and Racinet [24] on the bundle

(9.1) pxCxh—Cxbh.

So it descends to a flat connection on the bundle P — &’. It has regular
singularities along the universal lattice:

Ay = {(m7+n,7) € Cx bh}.

It therefore descends to a meromorphic connection on the bundle P — &
with regular singularities along the zero-section. In Section 12 we show that
the natural extension of this connection to the g-disk has regular singularities
along the nodal cubic.

In this section we will follow Levin-Racinet (with modifications).

9.1. Derivations

We have already explained the algebra homomorphism
C{(t,a)) = Endp,  f(t,a)— {z— f(t,a)- z},

where f(t,a)-x := f(ad,ada)(z). We will view p as a Lie subalgebra of Der p
via the adjoint action ad : p — Derp, which is an inclusion as p has trivial
center. Every derivation § can be written uniquely in the form

0 )
6 = 8(a) 5+ 0(t) o

Consequently, there is a linear isomorphism

9 5pl =p
Pot “Poa erP-

9.2. The formula
The connection is defined by a 1-form
w € QYT x h,logA)® End p

via the formula

Vf=df +wf
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where f: C x b — p is a (locally defined) section of (9.1). Specifically,

1
w:—d7'®a£+w+y

274 ot
where
(27r7)2m+L o B} P
v=3 (B Gunnirs ¥ (-1di@).adi(@) )
m>1 (2m)! jk=2m+1 ‘ da
k>0
and

1 1 oF
v=tF({t, 1) adf + 2—7”({ +ta(§,t,r)> -adr.

Note that each term takes values in Derp. Later we will show that its restric-
tion to a punctured first order neighbourhood of the identity section takes
values in a smaller subalgebra.

Remark 9.1. Each term of the lower central series of P is preserved by the con-
nection. The connection thus induces a connection on the bundle of abelian-
izations, which is isomorphic to H (cf. Remark 6.2). Example 5.2 implies that
this induced connection on H is the natural connection.

9.3. Modularity

Recall that T' = SLy(Z) x Z2. In this section we shall prove:
Proposition 9.2. The universal elliptic KZB connection is SLa(Z) x Z*-
invariant. That is,

v'w = Ad (]T/[JW) cw— dMWJT/[JV_l

for all v € SLo(Z) x Z2.

It suffices to check that the connection is invariant under Z? and SLy(Z).
These are proved in the two following subsections.

9.3.1. Ellipticity: invariance under 72

Lemma 9.3. For all § € Derp we have

1 —e(—mady)

e(—mt) -6 =0+ ads

5(t).
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Proof. For all x € p

(e(=mt) - 8)(z) = e(—mt)d(e(mt)(z)) (Equation 4.1)
= e(—mt)d(e(mt))(x) + e(—mt)e(mt)o(z)
1 —e(—mady)
2mim ady

1 —e(—mady)
o(z) + T ad,
1—e

_ (5 + %5(@)(@.

=0(x) + d(2mimt) - x (Lemma 4.2)

U
Corollary 9.4. If (m,n) € Z2, then
1 0 1 0 1 1—e(—mt)
| —a— —e(—mt) - (=—a—dr | = ————>(a)dr.
(m.n) <2m’a8td7—> e(=mt) <2m‘aat T) om g AT
Proof. Apply the previous lemma with § = a%. O
Corollary 9.5. Ifa,b €N, then
0 0
e(—mt) - [t*-a,t’- a]a =[t* a,tb. a]a.
Proof. This follows directly from the previous lemma as the derivation
0
t%.a.tb. al—
tathal
annihilates t. U
Corollary 9.6. If (m,n) € Z2, then (m,n)*y = e(—mt) - 1 = 1). O

Lemma 9.7. For all (m,n) € Z*
(m,n)'v —e(—mt) - v =
Proof. Write v = vy + vy, where

v =tF (& t,7) - adf and vy = %(% +t%—f(§,t,7)> -adr.
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Then
(m,n)* vy —e(—mt) - 1y

=tF(+mr+n,t)-adl+mr+n)—te(—mt)F (£, t) - ad

= te(—mt)F (£, t) - a(d{ + mdr) — te(—mt)F (£, t) - adf

= mte(—mt)F (£, t) - adr.
Note that

%—f(f +m7 +n,t) = %(e(—mt)F({, t))

= e(—mt)%—f({,t) — 2mime(—mt)F (£, t).

Thus

2mi((m,n) vy — e(—mt) - vo)

1 oF 1 OF
= <E —&—t%(f—i—mT—i—n,tJ)) -adT—e(—mt)(E +t§(§,t77)) cadr

= —2mimte(—mt)F(£,t) -adr + %(1 —e(—mt)) -adr.

If (m,n) € Z2, then the results above imply that
(m,n)*w =e(—mt) - w(&, 7).

Since e(—mt) does not depend on (§,7), de(—mt) = 0 and w is invariant
under Z2.

9.3.2. Modularity: invariance under SL3(Z) Let

Recall that M, (7) is defined by

a s (cr +d)ta + 2mict
(9.2) t > (cr + d)t.
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Its inverse is the linear map

a— (et +d)a — 2mict
(9.3) t = (cr +d)7't.

Lemma 9.8. If v € SLy(Z) and a,b € N, then

e(cst/(cr + d)) - [adg (a), adg (a)] ga = [ad{ (a), ad¢(a)]

9
da’
Proof. This follows from (4.1) as the derivation ¢ = [ad{(A), adlt’(A)]a% van-
ishes on t. O

Lemma 9.9. If v € SLy(Z) and a,b € N, then

A(M, () (4), adi(@)] 5 = (e +d)*+*~ adg (4), ad}(4)) -

Proof. Set § = [adg(a),adlt’(a)]a%. Since M, (7)7'(t) = (7 +d)™'t, d o

M;'(t) = 0. Consequently, Ad(M,(7))d is of the form f(t,a)Z. The co-

efficient f(t,a) is computed as follows:

Ad(M,(7))d(a)
— M, (r) 0§ 0 M, (r)"(a)
= M, (1) o §((er + d)a — 2mict)
= (e7 + d)M(7)([ad{ (a), adg(a)])
= (er + d)* T adf ((er + d)ta + 27ict), ad? ((cr + d) a4 2mict)]
= (er + d)*™ 1 add(a), add(a)].

Corollary 9.10. If v € SLy(Z), then v*¢ = Ad(M,)).

Proof. This follows as, for each k > 1, the expression

0
Gopr2(T)dT ® Z [adi‘(a),adl;(a)}a—
a+b?2k6+l a

a,b>

is multiplied by (c7 + d)?* by both v* and Mv(é‘, 7). O
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Lemma 9.11. Set vy =tF(&,t,7) - adé. Then

ckt
cT +

Y — ]\77(5, T)vy = —2mict d§ — de(cft)F(g, (et +d)t,7) - adr.

Proof. First,

M, (&, 7y = My (€ 7)[EF(,8,7) - a]de
= e(ctt)(cr + At F (€, (cr + d)t, 7) - ((e7 + d)'a + 2mict)d¢
e(c€t)tF (&, (et + d)t, 7) - adé + 2mict d€

as the value of tF (&, (et +d)t, 7) at t = 0is (¢t +d) L. This and the modular
property of F'(§,t,7) then yield:

Yy =tF(E/ (et +d), t,y7) - ay"d§

d d
= (cm + d)te(ct) F(E, (cT + d)t, 7) - a(cT f— d (C:i-:i)2>
= te(ct)F (&, (et + d)t, 7) - a<d§ - CCTS:ler>

ckt
e
ct+d

= M, (&, 7)1 — 2mict dé — (ct)F(E, (e + d)t, 7) - adr.

As a special case of the general formula, we have:

Lemma 9.12. In Derp we have:

1 8)_ 1aa 1 1—e(ctt) a
2w Ot 2mi t

e(c€ ady) (%aa

Lemma 9.13. Set

vy = %(% + t%—f({,t,7)> -adr.
Then
X ~ 1 1—e(ctt) dr
Vv = MG (E T = oo A
+ &t e(c€t)F (&, (et +d)t, ) - adr.

ct+d
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Proof. First note that the modularity property of F'(§,t,7) implies that

oF
a(f/(CT + d)a ta 77—)

= (cr + d)2 [e(cEt)F(&, (et + d)t, 7)]

o
= (e7 + d)e(ctt) [c€F (€, (7 + d)t, 7) + (e + d)%_f(f (o7 +d)t, 7).
Thus
2min* vy = (1 + t%f(é/(ﬂ +d),t, W)) ' ad(giZ)
= (§+ (e - @Pe(cetit (6 (er + )
+ c€t(er + d)e(ct) F (&, (e + d)t, T>> a ((;TCZ+.1)2'
Since

M,(&,7)(t) = (e7 + d)t and M, (¢, 7)(a) = e(ctt) - a/(er + d) + 2mict
we have

2mi M, (€, T)vs

= <m + (eT + d)tg—f(f, (e +d)t, 7'))
- (e(ctt) - a/(cr + d) + 2mict) dr

= e(ctt) (1 + (et + d)%%{:(f, (e + d)t, 7')) -a

_dr
(e + d)?

as % + ng—g(f, n,7) is holomorphic in 7 and vanishes at n = 0 by (8.3).
The previous lemma implies that

(e(c€ady) — 1) (%a%) b (Zl—ef(cft)) -a.

2mi
Now assemble the pieces to obtain the result.
Combining the last two computations, we obtain:

Corollary 9.14. For all v € SLy(Z),

—~ 1 —e(ctt) dr :
v— M= . — 2mict d€.
TV Y ot (er+d)E ¢ ¢
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Lemma 9.15. For all v € SLy(Z),
dM, M = e(ctt) - (M, M) + 2mict d€.
Proof. Since M,y(f,T) = e(c{t) M, (1), we have

ML = d(e(cet) M) M e(—ctt)
= (e(c&t)dM,, + 2micte(ct) M, dE) M e(—ctt)
e(ctt) - (dMWM,Y ) + 2mict d€.

Lemma 9.16. For all v € SLy(Z), we have

L/ 1 0 10 -1 _
Yy <27‘(”Laatd7—> — M < aatd7-> + dM’yMFY = O

Proof. This is best done using matrices with respect to the basis {a,t} of H.

We have
1 0 1 (0 1
om0t 2mi (0 o> dr
and
(et +ad)7! 0 1 fer+d 0
M (r) = < 2mic cr+d)’ My (r)™" = —2mic (et +d)7' )"
So

IV — (—c(m‘—l—d)2 0) <c7'+d 0 >d7’
Yy T ; )

0 c) \ —2mic (et +d)~!

_ —c 0\ dr
T\ =2mic*(et+d) ) er+d

and

_ 1 fler+a)™! 0 0 1\ [er+d 0 J
- 2mi 2mic cr+d)\0 0)\—2mic (ct+d)! g
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b —2mic (er +d) dr
— 2w \—(2mic)? (et + d) 2mic er+d

0 1 dr n —c 0\ dr
0 0/ (c7 +d)? —27ic*(ct+d) c¢) et +d

Final computation: For all v € SLy(Z), we have:
Y — Mww + dMWJT/[J,Y_l

=5 < T ing) ~M < + —ng) + e(ctt) - (dMWMW_l) + 2mict d€

2mi Ot 2mi Ot
(a0 1 — e(ctt) dr a 0
- <2m' ath> T omit Aoy de M (2 i ath>

+e(cgt) - (dM M)

/1 0 1 0 _
— G(Cét) . <’}/ <2maatd7—> — M’Y<2maatd7—> + dM,\/M,y 1>

9.4. Integrability
Proposition 9.17. The 1-form w is closed.
Proof. 1t is clear that

d(dT ® aé?t + ¢>

as these terms do not depend upon £. The heat equation implies that

2mi dv = 2mi adtdF(f,adt,T)(a)Ad§+d< (11 +adta (&, ady, )>(a)/\d7'
t

2

E ¢ ad,, T)> (a)dr A de

OF
= ady <2m (& adg, ) — dEat

:O’

so that dw = 0. O
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The proof of the vanishing of [w,w] is quite involved. For this we employ
the elegant calculus developed by Levin and Racinet in [24, §3.1].

9.4.1. The Levin-Racinet calculus For U,V € L(a,t)", define
2"y’ o (U, V) =[t"-U,t°-V].

This extends linearly to an action f(z,y) o (U, V) of polynomials and power
series f(x,y) in commuting indeterminants on ordered pairs of elements of
L(t,a). When U and V are equal, one has the identity f(z,y) o (U, U) =
—f(y,x) o (U,U), so that

(9:4) f@,y) o (U, U) = 5 (f(z,y) = [y, z)) o (U, U).

| —

As an example of how this notation is used, note that Lemma 8.2 implies that

1 oy 1 1 0
(9.5) 2min) = 27y (p(x) — ol o(y) + y2) o (a,a) %a ® dr.

Two more identities will be needed in the proof of the vanishing of [w,w].
Lemma 9.18. Suppose that U,V € L(t,a)".
(1) (Jacobi identity) If f(x,y) € C[[z,y]], then

adg (f(z,y) o (U,V)) = (v +y) f(z,y) o (U, V).

(it) If § is a continuous derivation of C{(t,a)) and g(x) € C[[z]], then

Slofad)V) = glad)i(v) + (LD =0 o ), v

T

Proof. The first identity encodes the Jacobi identity and is left as an easy
exercise. To prove the second, note that both sides are linear in g, so that, by
continuity, it suffices to prove the result when g is a monomial ™. This holds
trivially when n < 1. The general case follows by induction using the Jacobi
identity. O

9.5. Integrability

The following computation completes the proof of integrability.

Lemma 9.19. The 2-form |[w,w] vanishes, so that w is integrable.
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Proof. Note that

i [w, w] = |:d7' ®a% + 2mi

1

dre <dt ad o or (6 ads )) (a), ade F(£, ady, 7)(a) ® dg].

The expression (9.5) implies that the coefficient of dr A d¢ is

a s tF (b)) + [ (ol = 55— 9la) + ) o (.8) g 0

+ [% +tF/(t)(a), tF (t) (a)|

where F'(z) denotes F(&, z,7) and F'(z) denotes OF/0z(, z, 7). We'll com-
pute these three terms, one at a time.

Since [4, ad,] = ads(y), Lemma 9.18 and equation (9.4) imply that the first
term is

Ln

" o(a,a)

¢F(t) a] = <(w+y)F(x+y) —yF(y)>
1
2

’

((ZU?x_ny) F(zx+vy)— %F(y) + %F(x)) o (a,a).

The identity [d, ad,] = ads(,) and the Jacobi identity (Lemma 9.18) imply
that the second term is

%ath(t) <xafy (p(m) B % — o)+ i2) ° (a,a)>

= %xyF(w +9) (p() - oy +

— 1((x2_y2)F(:c+ )+ zy(p(z) — p(y))F(z + )) o (a,a)
~ 3 Y Y UNNZ oY Y )
The addition formula, Proposition 8.3, implies that the third term is
1 !
(; +oF (2 >)yF<y> o (a,a)
= (2F() +ayF (@)F(y)) o (a,2)
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- %(% Fly) - 5 F(z) + zy(F'(x)F(y) — F/(y)F(gg))) o (a,a)
- %(% Fly) - g F(x) = vy(p(r) — p(y)) F(z + y)) o (a,a).
These three terms clearly sum to 0. O

Part 3. Hodge theory and applications

The main goal of this section is to show that the elliptic KZB connection
underlies an admissible variation of mixed Hodge structure (MHS) over & =
M and to show that this variation is isomorphic to the variation of MHS
whose fiber over [E, z] is the Lie algebra of the unipotent fundamental group
of (E',z). We use this to show that the periods of the limit MHS on the fiber
of P over [Epy g4, 0/Ow] are multizeta values and to derive an explicit formula
for the natural morphism of MHS

(P — {0, 1,00}, 8/0w) — w}m(E’a/aq, J/0ow).

As preparation, we show that the KZB connection extends to a mero-
morphic connection over Mj s with regular singularities and pronilpotent
monodromy about the boundary divisors. To fill a gap in the literature, we
prove, in Section 14, that the local system associated to the universal ellip-
tic KZB connection on P is the local system P™P. It can be used to prove
the analogous result for the KZB connection over M 4,. This complements
results in [24, §4] and [3, §4.3].

Throughout, p = L(t,a)” and P is the corresponding prounipotent group.
Set

Der’p = {§ € Derp : 6([t,a]) = 0}.

This is the infinitesimal analogue of the mapping class group I'; ;.

The reader is assumed to be familiar with the basics of Delié;ne’s theory
of mixed Hodge structures [7]. A good introductory reference is the book [30]
by Steenbrink and Peters. Another good introductory reference is Carlson’s
paper [4]. An exposition of the construction of the mixed Hodge structure on
the unipotent fundamental group of a smooth variety can be found in [11].

10. Extending P to M

The punctured universal elliptic curve £’ is isomorphic to M; o and is the
complement of a normal crossing divisor in M 5. This divisor has two com-
ponents: the zero section and the nodal cubic. The flat bundle P over £ has
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prounipotent monodromy about each, and thus extends naturally to a bundle
over M o with regular singularities and (pro) nilpotent residues along each
component.

This extension is easily described. First, the complement of the Tate curve
in M 5 is the universal elliptic curve &, which is a quotient of C x . The
bundle P defined in Section 6.2 is defined over £, not just over £. We take
this to be the extension across the zero section.

To extend P across the Tate curve, recall from Example 3.4 that the
holomorphic vector bundle H := H ®¢ Op-~ associated to H is trivial on the
punctured ¢-disk D*. The framing t, a of H over D* determines an extension
H of H to the entire ¢-disk D that is framed by t and a. The formula for the
natural connection on H in Example 5.2 implies it extends to a meromorphic
connection on H with a regular singular point at the cusp ¢ = 0 and with
nilpotent residue. This implies that #H is Deligne’s canonical extension of H
to My 1. (Cf. [6].)

Since p = L(t,a)", this determines an extension of p x C x D* — C x D*
to C x D its fiber over ¢ € D is the free Lie algebra generated by the fiber
of H over ¢, which is naturally isomorphic to L(t,a)". The pullback of the
universal elliptic curve over Mm to ID minus the double point P of the nodal
cubic is the quotient of C x b by the subgroup

I:= (é ?) X 7,2
of SLy(Z) x Z2.

The action of I' on p x C x h induces an action of I' on p x C x D. The
pullback of P to &p- thus extends to a bundle P over &p (minus the double
point P of the nodal cubic) as the quotient of this action.

Formulas (8.1), (8.2) and (8.3) imply that this extension has regular sin-
gularities along the identity section and along the nodal cubic g = 0.

Proposition 10.1. The meromorphic extension of the elliptic KZB connec-
tion defined above has reqular singularities along the two boundary compo-
nents of M 2: the nodal cubic Ey and the identity section. It has pronilpotent
residue at each codimension 1 boundary point. O

11. Restriction to E;

Fix 7 € h. The first task in proving that the universal elliptic KZB connection
has the expected monodromy is to check that its restriction to the fiber E.
of & — M, ; induces an isomorphism of 7 (EL, )™ with P.
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The restriction of the universal elliptic KZB connection to E. is
V=d+v=d+tF(t,7) adg.

Identify p with the image of the adjoint action ad : p — Derp which is
injective as p has trivial center. With this identification, V takes values in p.
Fix z € C—A,. The associated monodromy representation p, : m1(E., ) — P
is given by (cf. Cor. 5.9)

pu(7) = (1+/cv nt o+ [ v+ el=m())

where p(7) = (m(y),n(y)) € Z*. (That is, the class of v in Hy(EL) is n(y)a+
m(7)b.)
Proposition 11.1. If [y] = na+ mb € H,(E.), then

0.(7) = 14 (m7 +n)a — 2mimt mod (t,a)>
Proof. Observe that
v =tF(E t,7) adg

1 1
= t(t + g + holomorphic in f) cad

= ad¢ mod (t,a)?

and that Res¢—or1 = [t,a] mod (t,a)?. It follows that ©,(a) = 1 + a mod
(t,a)? and that

0.(b) = (14 7a)e(—t) = 1 + 7a — 27it mod (t,a)?.

O

Corollary 11.2. The universal elliptic KZB connection induces the identifi-
cation

that takes a to a and 2wit to Ta — b, the Poincaré dual of w.

This corresponds to the framing of the bundle H given in Example 3.4.
(This statement can also be deduced from Remark 9.1.)

The universal connection induces an isomorphism of the unipotent com-
pletion of 7y (EL, ) with P for all (z,7) € &,. This is a special case of [3,
Prop. 2.2].
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Corollary 11.3. The monodromy of the restriction of the universal elliptic
KZB connection to the fiber E. of £ over [E;] € My is a homomorphism
m(EL, x) — P that induces an isomorphism m (EL, )™ — P.

11.1. A better framing of H

To get rid of the powers of 27 in the formulas, we replace 27i dr by dq/q and
set

(11.1) T =2mit and A = (2mi) 'a.

Remark 11.4. There is a conceptual reason the basis A, T is a good choice.
Denote the fiber of the universal elliptic curve &y — D over ¢ € D by E,. For
each nonzero tangent vector ¥ of 0 € D, there is a limit MHS on H;j of the
fiber, which we denote by H;(Ejz) and think of as the homology of the fiber
over ¥. This MHS is an extension

0— Q(1) —» Hi(Ez) — Q(0) — 0

which splits when ¥ = 9/dq. In this case, the copy of Q(1) is spanned by A
and the copy of Q(1) is spanned by T'. As will become apparent in Part 4, this
limit MHS has a Q-DR form. The basis A, T"is a Q-DR basis of H1(FEy/aq)-
The basis above is the extension of this basis to a framing of the bundle Hyp in
which FOH is trivialized by T. The basis a, b is a Q-Betti basis of H,(Eg)tro.

In this frame [t,a] = [T, A],
0 dq 0

—d N
2mi Tea 8t q @ oT

and the terms in the KZB connection become:

v= 3 (B0 %o 3 1yl adb ] )

m>1 7 ik=2m+1
4,k>0

and

d 1 d
v =TF%&(2ri¢, T, 7) - A;q + (f + T%ang@m’f,T, 7')> . A?q
Remark 11.5. The periodicity properties (8.4) and (8.5) of F' and the formulas
for the factors of automorphy (6.1) and (6.2) imply that the connection is
pulled back from a connection on the trivial bundle L(A,T)" x C* x D —
C*xD along the map Cxlh — C*xD defined by (£, 7) — (w, q) := (e(&), e(T)).
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12. Restriction to the first-order Tate curve

In this section we compute the restriction of the universal elliptic KZB connec-
tion to the first order Tate curve. This allows us to see that the connection has
regular singularities along the nodal cubic. Restricting further to the the reg-
ular locus P* — {0, 1, 00} of the nodal cubic minus its identity is the first step
in computing the image of 7 (P* — {0, 1,00}, %)™ in the limit mixed Hodge
structure on the unipotent fundamental group of the first order smoothing of
the Tate curve.

The restriction of the natural extension of the KZB connection to the
boundary divisor ¢ = 0 is the image of w under the restriction mapping

Qé—(log(mm U Eo)) — ng(log(le U Eo)) ®O(F) OEm

where Ey = G,, is the fiber Ey of £ over ¢ = 0 with the double point
removed. The identity section of & is identified with ﬂl,l. In concrete terms
the restriction mapping is given by

d§
§

dg
§

dq dq
G(&q)— +H(&q )q G(&,0)—= + H(, 0)q
where G and H are holomorphic functions of (¢, ¢), and then setting w = e(§).

Formula (8.1) implies that

F(&n)lg=0 = (egg i_ 1 + Egzg i_ 1) = m(zwu i 1 + Coth(mn))

where w := e(£) is the parameter in the normalization P! of the nodal cubic
Ey. From this and the identity (8.3), it follows that when ¢ = 0

1 OF 1 (mi)%n 1 7n
— AN EMlg=0= -~ 5 T T T T
n oy (& Mla=o n  sinh®(min) n  sin?(mn)
which is holomorphic at n = 0.
The restriction of the connection to a first order neighbourhood of Ej is
given by the 1-form:

_d 0
wo q®Aa—T+’(/J[)+I/0,
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where
1 dq o 1 0
=3 (GGl ® 3 (C1Pfadf(4),ad5(4)
mzza (2m)! Ty j+k_22:m+1 04
k>0
(2m + 1)Bgm+2 dq : i k ) 0
S (P X WA aab )] 7
B J>k>0
and, using the identity (7.1),
T
VO_Z(w—i—l e +1>.Ad_w+#.14@
2\w—-1 el -1 w  sinh?(7/2) q
dw T dw 1 T/4 dq
— [T, A A (- ) Y
T ]w1+(eT1> w +<T sinhQ(T/2)> q
B dw T dw & Bom  om-1 ,dq
= [0 A —— + (€T_1) A +n§1(2m 1)<2m)!adT A p

At this stage, it is convenient to define €y, € Dera,, p (the derivations of
p of degree 2m) by’

—Aa% m = 0;
(12.1) €m =3 201 4) = 5o 1 (= 1) [adip(A), adb(A) 2 m > 0.
7>k>0

Assembling the pieces, we see that the restriction of the KZB connection
form to a first order neighbourhood of the Tate curve is

B dw T dw & Bo, dq
(12.2) wo = [T, A] —— + <eT — 1) A= —|—mZ::O(2m— 1)(2m)!62m?

12.1. Monodromy logarithms

The residue of the connection at (w, q) acts on the fiber L(A,T)" of p over
it as a derivation. At each point (w,0), where w # 0, 1, the residue of the

9These derivations occur in the work [32] of Tsunogai on the action of the absolute
Galois group on the fundamental group of a once punctured elliptic curve. They
also occur in the paper of Calaque et al. [3, §3.1].
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connection (12.2) is

(12.3) N,= > (@2m-1) gz;;! €am.

m>0

The residue N,, of the connection of each point along the identity section
w=11is

Nw = ad[T’A] .
Since the KZB connection is flat and since the two boundary components

intersect transversely at (w,q) = (1,1), [Ny, Ny| = 0. This implies that each
€2, annihilates [T, A], and therefore lies in

Der®p := {6 € Derp : §([T, A]) = 0}.

Proposition 12.1 (Tsunogai [32]). For all m > 0, €y, € Der’p. When
m > 1, €a, 1s a highest weight vector of weight 2m — 2 for the natural sls-
action; that is, it is annihilated by AQ/OT. O

It can be shown that ey, is a highest weight vector of the unique copy of
S?mH in Gr'%,, Derp.
The following computation follows from identity (7.2) and the fact that

eom(T) = (ad3™ T A) - T = —adF"(A) = —T*" - A.

Proposition 12.2. The value of Ng on T is

RTARRE (o S P ;

12.2. Pullback to P! — {0,1, 00}
We can pullback the connection to P! along the “map” E} = P! — {0,1,00} —

Ey/aq to the fiber of £ over the tangent vector 9/dq. Just set dq to zero to
get:

dw T dw
124 =T, A DA
(12.) gy = (1Al () - AT
Since
T
T —
eT—lJreT—lJr 0,
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it follows that the residues Ry, R and R, of wgy at 0,1, 00 are:

(12.5) RO_(GTT_l) A, Ry =T, Al Rm_(g_TT_l).A

13. Restriction to M, 3

In this section, we compute the restriction of the universal elliptic KZB con-
nection to the first order neighbourhood M, 7 of the 0O-section of £. In alge-
braic terms, this restriction map is induced by the Og-module homomorphism

Q%(log Miq) = Q%(logmm) Bog Omlvl

Here we are identifying the zero-section of & with Mj ;. This computation
will allow us to see that the restricted connection takes values in Der p.
In concrete terms the restriction mapping is given by

dg dg

¢ + H(&, 7)dT — G(O,T)z

(57 ) 4*}{(0,T)d7

where G and H are holomorphic functions of (£, 7). The restricted connection
is thus given by the 1-form

A
w' = ®A8T+w+1/
where
_pa® 1(1 or )
V' =[t,a ]§+2m that(OtT) adr
dg dq 2 @ 2m~+1
=14 F 2600 Y) = X ameatn) T 2 0 (4)

Note that both terms in this last expression are SLy(Z)-invariant and that
the term 1 remains unchanged as it does not depend on &:

Y= Z( G2m+2( )d ® Z (— l)j[ad]f(A),adlfp(A)]a—A).

m>1 Jj+k=2m+1
ji>k>0
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Proposition 13.1. The restriction of the KZB connection to M, 7 is given
by the SLy(Z)-invariant 1-form

dq dq dé) = dq
13.1) W' = ——®¢y— | 2Go(T)———= E Gm — ®€am
( ) w q®€0 ( 2()q 22m—2 2(T)q®62
on Der® L(A,T)" xC xh — C x b.
This gives an alternative computation of N:
N, = Res;—ow' = OOE (2m —1) Bom €2
qa= g=0W = m
= (2m)!

14. Rigidity

We have not yet proved that P with the KZB connection is isomorphic to the
flat bundle PP defined in Section 6.1. This will be resolved in this section
by proving that both have the same monodromy representation.

The punctured universal elliptic curve £ is the moduli space M 2. Choose
a base point [E,, z,| of Mj 2, where x, # 0. There is a natural isomorphism

71 (M, [E,, x,)) = mo Diff T (E,, 2,,0) 2 Ty o,

where I'; o is the mapping class group of a genus 1 curve with 2 marked points.
The restriction of the universal elliptic KZB connection to F, defines a
homomorphism 7 (E/, z,) — Autp whose image lies in the subgroup P =
expp which acts on p via the adjoint action. Corollary 11.3 implies that it
induces an isomorphism 7{*(E/ z,) — P.
Identify P with 7™ (E?, x,) via this isomorphism. Then one has the mon-
odromy representations

pKZB :I'12 = Aut P and PP I'o— AutP

of P and P*P. To prove that PP and P are isomorphic, we have to prove
that pX%B = pt°P_ Observe that if v € m(E!, z,), then p*°P(y) and p¥ZB(y)
are both conjugation by the image of v in P as the restriction of P and PP
to E! are isomorphic.

To prove that pR%B = pt°P it is useful to consider a more abstract situ-
ation. Suppose that N is a normal subgroup of a discrete group I'. Denote

the unipotent completion of N by A.1% The homomorphism I' — Aut N that

190ne can use any field over char 0, but we will take C.
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takes ¢ € I' to n + gng~! induces a homomorphism ¢ : G — Aut N'. The
restriction of ¢ to N takes n € N to tg(,), where 6 : N — N is the natural
homomorphism and ¢,, denotes conjugation by u € N.

Lemma 14.1. If N has trivial center, ¢ is the unique homomorphism T' —
Aut N whose restriction to N is n Lo(n)-

Proof. The condition that N have trivial center implies that the centralizer
of im @ in Aut N is trivial: if 0 € Aut N, then

TLo(m)T " = Lo(B(n))-

So o centralizers im 6 if and only if tp(,) = Lo(g(n)) for all n € N. Since im 0 is
Zariski dense in A and since A has trivial center, this implies that o = id.

Suppose now that o : I' = Aut N is a homomorphism whose restriction
to N is n+— 1(n). If g € ', then

a(g)iomalg) ™" = alga(n)alg)™ = a(gng™)
= lgng=1 = = ¢(g)b9(n)¢(g)71
for all n € N. So a(g) ¢(g) centralizes im 6 and is therefore trivial. O

Applying the lemma with I' =T'; 5, N = m(E), x,), N = P and ¢ = p'°P
establishes the equality of pX%B and p'°P.

Theorem 14.2. The exponential mapping induces an isomorphism of the
locally constant sheaf over £ of flat sections of the universal elliptic KZB
connection on P with the locally constant sheaf P*P over £. Equivalently,
the diagram

KZB

(& [E, z,)) £— Autp

5

7r1(5’, {E, xo]) W Autp

commutes.

Remark 14.3. A similar argument can be used to prove that the local sys-
tem associated to the KZB connection over M 14, constructed in [3] is the
canonical local system whose fiber over [E, 0, x1, ..., x,] is the unipotent com-
pletion of the fundamental group of the configuration space of n points on E’
with base point (z1,...,x,).
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Any other connection on the extension of P to M; > with regular singu-
larities with pronilpotent residue and conjugate monodromy representation
differs from the KZB connection by a holomorphic map M;j > — Aut p. Since
Aut p is an affine group and since Mj 5 is complete, the change of gauge must
be constant.

Corollary 14.4. The universal elliptic KZB connection is the unique mero-
morphic connection on pxCx b (up to a constant change of gauge) satisfying:

(i) it is SLo(Z) x Z?* invariant with the same factors of automorphy as the
elliptic KZB connection,
(it) it has poles along {(z,7) € Cxb : z € A;} and is holomorphic elsewhere,
(iii) its natural extension to P over Mio has regular singularities with
pronilpotent residues,
(iv) for any one [E,x] € My, the restriction of the connection to £ induces
an isomorphism m (E', z)"™ — P.

One consequence of this rigidity result is that the canonical extension of
the connection constructed by Calaque, Enriquez and Etingof [3] over M o
equals the connection constructed by Levin and Racinet in [24].

15. Hodge theory

In this section we show that, with appropriate filtrations, P is an admissi-
ble variation of mixed Hodge structure (MHS) over &’. We assume that the
reader is familiar with the definition of mixed Hodge structures. We begin
by recalling the definition of an admissible variation of MHS over a smooth
variety. Further details can be found in [31] and [20].

15.1. Admissible variations of mixed Hodge structure

Suppose that X is a smooth projective variety (or orbifold) and that U =
X — D is the complement of a normal crossing divisor D in X.

(i) Suppose that V is a local system of finite dimensional Q-vector spaces
over U. For simplicity, we assume that the local monodromy operator
at each smooth point P of D is unipotent. This holds for each finite
dimensional quotient of P.

(ii) Let V be Deligne’s canonical extension of the flat vector bundle Vo Oy
to X. It is a holomorphic vector bundle with a connection

ViV —=Ve(ogD)
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with regular singularities along D. It is characterized by the property

that the residue of the connection at each smooth point of D is nilpotent.
(iii) Suppose that F'®V is a decreasing filtration of V by holomorphic vector

bundles over X and that these satisfy “Griffiths transversality”:

V:FPY — FPY @ Q% (log D) =: FP(V ® Qi (log D)).

That is, V respects the Hodge filtration.

(iv) There is an increasing filtration W, of V. It induces a filtration W,V of
V by flat sub-bundles.

(v) Suppose that for each x € U the restriction of F'*V and W,V to the
fiber V,, of V over = define a MHS on V.

When X is a curve, these data (a “pre-variation” of MHS) form an admissible
variation of MHS if for each P € D, there is a relative weight filtration M,
of the fiber Vp of V over P and its nilpotent endomorphism N = Resp V.!!
This means that:

(i) M, is an increasing filtration of Vp satisfying N (M, Vp) C M,_oVp and
N(W,,Vp) C W,,,Vp for all m and r,
(ii) for each m and each k, N* induces an isomorphism

NE G, Gryy Vi — Gril_ Grl Vp.

In this case, for each P € D and each choice of non-zero tangent vector
v € TpX, there is a canonical MHS on the fiber Vp of V over P. This MHS
will be denoted V3. It has weight filtration M,; its Hodge filtration is the
restriction of F'*V to Vp. The Q-structure on Vp is spanned by the elements

- -N
%g%(t/c) v(t) € Vp,

where N = Resp V, t is a local holomorphic parameter on X centered at
P, ¥ = ¢0/0t, and v(t) is a flat section of V defined in an angular sector
containing a ray tangent to ¢. Each W,,Vp is a sub-MHS.

When X has dimension > 1, the pre-variation is admissible if its restric-
tion to each curve in X is admissible. We will also refer to pro-objects of the
category of admissible variations of MHS as admissible variations.

UBackground material on relative weight filtrations can be found in [31] and
[14].
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15.2. The variation P

We now show that the KZB equation gives rise to an admissible variation of
MHS. Denote the maximal ideal (T, A) of Q((T, A)) by I. As in [24], define
Hodge and weight filtrations on Q((7", A)) in the natural way by setting

W_nQ((T, A)) = I" and F7PQ((T, A)) = {x € Q((T, A)) : deg4(z) < p}.
We also define a relative weight filtration Me on Q((T, A)) by
M_5mQ((T, A)) = {z € Q(T, A)) : deg(z) = m}.

These filtrations are multiplicative. By restriction, they induce Hodge, weight
and relative weight filtrations on p and thus on Derp. They also induce fil-
trations on the bundle p x C x h over C x b.

Theorem 15.1. The Hodge and weight filtrations on p x C x b descend to
Hodge and weight filtrations of the local system P — E'. With these filtrations,
the local system P over & = My and its restriction to M,y are admissi-
ble variations of MHS whose weight graded quotients are direct sums of Tate
twists of S™H. The MHS on the fiber over [E,x] is the canonical MHS on
the Lie algebra of the unipotent completion of w1 (E', x). The relative weight
filtration of the limit MHS associated to the tangent vector v = 0/0q + 0/0w
at the identity of the nodal cubic is Mo. In addition, there is a natural homo-
morphism

1 (P = {0,1,00},0/0w)™ = m1(E}g)0q: 0/ 0w)™

whose image is invariant under monodromy and which is a morphism of MHS
for all A € C*

Proof. Tt suffices to consider the case where the base is £’. The factor of auto-
morphy M}(g, 7) (Cf. (6.2)) preserves both the Hodge and weight filtrations
on p x C x b. They therefore descend to filtrations of the bundle P over &£’
Next observe that each component of the universal elliptic KZB connection
is a 1-form that takes values in F~'W, Der® p. This implies that, over £, the
connection satisfies Griffiths transversality and that the weight bundles are
sub-local systems of P. The weight filtration is defined over Q as it is defined
in terms of the lower central series filtration of .

As explained in Section 10, the natural extension of the universal elliptic
KZB connection to the ¢-disk has regular singular points along the nodal
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cubic and along the identity section. The extension of the Hodge and weight
bundles to the ¢-disk are the quotients of the bundles

(FPp) x C* x D and (Wy,p) x C* x D

over C* x D (with coordinates (w, q)) by the factor of automorphy. These are
well defined as M(m,n)(q) = e T which lies in FOWy M, Der’p.

The residue at each point of the identity section is Ny, := adr 45. It
lies in F~'W_oyM_5 Der® p, which implies that the Hodge, weight and (where
relevant) the relative weight filtrations extend across the identity section.

According to (12.3) the residue of the connection at each point of the
nodal cubic is

B,
Ny = ZZm—l engDerp
m>0 )

It is easy to check that for each m > 0, €2, € F'M_oW_o,, Derop for all
m > 0, so that

N, € F'M_yWy Der’ p.

Moreover,
Crl N, : Gl CT, A)) — Grl C(T, A))

is €. Set H = CA @ CT. Since Gr% C((T, A)) = S™H placed in weight
—m and since Grl N, = —e¢y = AJ/IT € sl(H), it follows easily from the
representation theory of sl((H) that N(f induces an isomorphism

Qe CUT, A)) —» G¥,_ C((T, 4)).

This implies that M, is the relative weight filtration of N, and for N, + N,
which completes the proof that P is an admissible variation of MHS over
M.

To prove that the MHS on the fiber of P over [E] € M, ; is its canonical
MHS (as defined in [12] or [19]) we consider the restriction Pg of P to the
fiber E’. The above discussion implies that this is an admissible variation
of MHS over E’. In fact, it is clearly a unipotent variation of MHS. Fix a
base point x € E’. Theorem 14.2 implies that the fiber p(E, z) of Pg over
x is naturally isomorphic to the Lie algebra of the unipotent completion of
m1(E’, z). The monodromy representation 6, : p(E,z) — Endp(E,x) of Pg
is the adjoint action. Since the center of p(E,x) is trivial (p is free of rank
2), 0, is injective. Denote p(F, x) with its canonical MHS by p(E, )" and
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p(E, x) with the MHS given by the elliptic KZB connection via Theorem 14.2
by p(E, z)%%B. The main theorem of [19] implies that

0, - p(E,z) — End p(F, )X%B

is a morphism of MHS. On the other hand, since p(E, z)¥?B is a Lie algebra
in the category of pro-MHS,

0, : p(E, 2)**B — End p(E, z)*4P

is also a morphism of MHS. Since 0, is injective, this implies that the MHSs
p(E,z) and p(E, )X are equal.

The final statement follows from the construction [13] of limit mixed
Hodge structures on homotopy groups. It will be explained in greater detail
in [16]. 0

We can now prove that IV, annihilates the R,.

Corollary 15.2. The derivation N, annihilates Ry, Ry and R.

An elementary proof is given in Appendix A. Here we sketch a more
conceptual proof.

Sketch of Proof. Since N, annihilates Ry = [T, A], and since Ry+ R + Roo =
0, it suffices to show that N,(Ry) = 0.

Denote the limit MHS on Qi (P! — {0, 1, 00}, w)" associated to the tan-
gent vector 9/0w € T1P* by Qmy (P! — {0, 1, 00},9/0w)" and the limit MHS
on Qm (B}, z)" associated to the tangent vector A\J/dq + 0/0w of £ at the
identity of the nodal cubic. One has the commutative diagram

Cr (P — {0,1, 00}, 9/0w) 252 C((Ry, R1))

| |

Crry (B} 0/0w)" C((T, 4))

A

where the left hand vertical mapping is the one given by Theorem 15.1, the
right hand vertical map is given by the formulas for Ry and R;, and where the
top horizontal map is the standard isomorphism given by the KZ-connection.
The result follows as the image of © 7 is invariant under monodromy and as
the logarithm of monodromy acting on C((T’, A)) is N,. O
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As noted in Remark 11.4, the limit MHS on H;(E;) is an extension of
Z by Z(1). The basis T', A splits both the Hodge and monodromy weight
filtrations. The following statement follows directly from Corollary 11.2.

Lemma 15.3. The limit MHS on Hi(E;) associated to the tangent vector
A0/0q of the origin of the q-disk has complex basis A and T and integral basis
spanned by a and —b, where

—b =T —1og\A and a = 2miA,

so that the corresponding period matrix is

1 —logA
0 2m
Denote it by H1(Exp/aq)- O

16. Pause for a picture

Suppose that f: Y — X is a family of varieties which is locally topologically
trivial over the Zariski open subset X’ = X — S of X, where S is a normal
crossing divisor. Suppose that P € S and that ¢ is a non-zero tangent vector
at P that is not tangent to S. Suppose that V is an admissible variation of
MHS over X’ whose fiber over x € X' is a given topological invariant of the
fiber Y, of f over x. It is useful to think of the limit MHS of V associated to
v as the MHS on that invariant of the “fiber Yz of f over ¥ For example, we
would like to think of the limit MHS of H associated to the tangent vector
U = A0/0q at the origin of the ¢-disk as being Hi(Eyg/94), and the limit
MHS of P associated to the tangent vector ¥ = 9/0dq + d/0w of the universal
elliptic curve at the identity of the nodal cubic as a MHS on the Lie algebra
p(Ep/aq,0/0w) of the unipotent fundamental group of (Ej ,,,d/0w). The
goal of this section is to explain how to make this more precise using real
oriented blowups.

16.1. Real oriented blowups and tangential base points

The real oriented blowup of a Riemann surface X at a finite subset S will be
denoted by Blg X. This is a bordered Riemann surface with one boundary
circle for each point of S. There is a continuous projection 7 : Blg X — X
that induces a biholomorphism

Bl X —9BIZX — X — &
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Figure 2: Blf E, as a quotient of ﬁ‘q‘.

The fiber of 7w over P € S is the quotient of (TpX)—{0} by the multiplicative
group of positive real numbers.

Example 16.1. The real oriented blowup of the unit disk at the origin is
[0,1) x S1. The projection to the disk is (r,0) ~ 7e?. As explained in Ap-
pendix B, there is a natural identification of BIf ., P! with [0,1] x S*.

Each non-zero vector v € TpX determines an element [0] € Bl X. Set
X" = X — {P}. The fundamental group m(X’,7) is defined to be
m (Bl% X, [¢]). (cf. [8].) When t > 0, m (X', ¥) and (X', t0) are canonically
isomorphic. It is important to note that the MHSs on their unipotent com-
pletions will not be isomorphic except when the local monodromy operator
associated to ¢ acts trivially on 7™ (X", ¥).

16.2. The fiber of £ over 9/8q

We now sketch the construction of the fiber Ey/5, of £ over 9/09q. Full details
can be found in Appendix B.

Suppose that ¢ € D*. The fiber of the universal elliptic curve over ¢ is
E,:=C*/¢%. For 0 <r < 1, set

A ={weC": rl/2 <|w| < 7,—1/2} and ﬁr :=BI{ A,.

Denote their outer and inner boundaries by 04 A, and d_ A,., respectively. The
elliptic curve Ej is the quotient of A}y obtained by identifying w € 9, Ay,
with qu € 0_Aj,. Similarly, Bl E is a quotient of Aq. See Figure 2.

The homology class a corresponds to the class of the positively oriented
unit circle «; the homology class b corresponds to a path g from w to qw,
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Figure 3: The “nearby fiber” B} Eé/aq.

where w € 9, Ajy. Note that these have intersection number +1. From this it
is evident that a, the class of «, is the vanishing cycle. The Picard Lefschetz
transformation is also evident: as ¢ travels once around D* in the positive
direction, a remains invariant, but b, the class of 8 changes to b + a. This
can also be seen from the formula

T=71a—b= i,logq—b.
2mi

Let v be the boundary circle at w =1 of A,.

Asr — 0, A, “converges to” BIS’OO P! and ﬁ,. “converges to” Bl 1, Pt
So E,.e and Bl E,.e “converge” to the surfaces obtained by identifying the
boundary circles of BIf P! and Bl 1,00 P! at 0 and oo by multiplication e,
The resulting surface will be denoted by Eeisg/54- See Figure 3. In Appendix B
we show that the universal family of elliptic curves over D* extends to a family
of tori over BIJ D whose fiber over [¢?0/0q] is E,y /9q-

The curve v represents the commutator of two generators of
m1(Bli(Es)aq, [0/0w])). This is consistent with the fact that

Resy—1wg, = [T, A] = L[T, al = L_[Ta —b,a] = L[a, b].

211 2 2mi

17. The KZ-equation and the Drinfeld associator
The quotient map
C<<X@, X1, Xoo>>/(X0 + X1+ Xoo) — (C<<X0, X1>>

is an isomorphism. We will identify these two rings. Recall that the KZ-
connection on P! — {0,1, 00} is given by

d d .
Wiy = %XO + w—i"lxl € HO(QL: (log{0, 1, 00})) &C((Xo, X1)).
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Figure 4: The 6 tangent vectors.

The form wgz defines a flat connection on the trivial bundle
C{(Xo, X1)) x P! —{0,1,00} — P* — {0, 1, 00}

by the formula
Vf=df - fukz.

Its transport function induces a transport function
{paths in P* — {0,1,00}} — {group-like elements of C{(Xy, X1))}

in P — {0, 1, 00}. It takes the path v in P! — {0, 1,00} to
(17.1) T(y)=1+ / Wiz + / WKZWKZ +/WKZWKZWKZ + -
v ¥ ¥

Since wgz is clearly integrable, the connection is flat and 7'(vy) depends only
on the homotopy class of 7 relative to its endpoints.

There are six standard tangent vectors of P! —{0, 1, oo}. Two are anchored
at each of 0,1,00. They lie in one orbit under the action of the symmetric
group S3 on P! — {0,1,00} and are thus determined by the two vectors at
w = 0, which are +0/0w. These have the property that their reduction mod
p is non-zero for all prime numbers p.

The (KZ/de Rham) version of the Drinfeld associator is the invertible
power series ®(Xg, X1) € C((Xp, X)) obtained by taking the regularized
value of the transport (17.1) above on the path [0, 1]. It begins:

P(Xo, X1) =1 — ((2)[Xo, X1] + ((3)[Xo, [Xo, Xa]] + (1, 2)[[Xo, X1], Xi]
— ((4)[Xo, [Xo, [Xo, X1]]] = ¢(1, 3)[Xo, [[Xo, X1], X1]]

~ 1,120, %3], X, 0] + 3¢ Ko, a7+
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where, for positive integers nq, ..., n,, where n, > 1,
1
SUNSTD DL L
0<ky <<k, 1 V2 o

These are the multiple zeta numbers. They generalize the values of the Rie-
mann zeta function at positive integers. An explicit formula for ®(Xg, X7)
is given in [23, 10].'2 All coefficients are rational multiplies of multiple zeta
values.

Several (not all) of its basic properties are summarized in the following
result:

Theorem 17.1 (Drinfeld). The Drinfeld associator ® satisfies:

(i) ®(Xo, X1)P(X1,Xp) =1
(it) In the ring C{(Xo, X1, Xoo))/(Xo + X1 + Xoo) we have

B(Xo, X1)e™ 1D (X, Xoo )™ =D ( X, Xo)e™ 0 = 1.

The normalized value of T" on the unique real path from w =0 to w =1
is (X, X1). View the symmetric group S5 as Aut{0, 1, 00}. The action of
the automorphisms of P* — {0, 1, 0o} on the cusps determines an isomorphism

Aut(P', {0,1,00}) — Aut{0, 1, 0c}.
Let it act on {Xp, X1, Xo} by permuting the indices. Since the connection
is invariant under the Ss-action on P! — {0, 1,00}, we have, for example, the
following values of the normalized transport on the real paths:
T ([1,00]) = @(X1, Xoo),  T™™([0, 00]) = @(Xo, Xoo),
where [0, 0o] is the path from 0 to co along the negative real axis.

17.1. The fundamental groupoid of P! — {0, 1, co}

Consider the category whose objects are the 6 tangent vectors of P! defined
above and whose morphisms are homotopy classes from one tangent vector to

12T get this formula for ®(X(, X1 ), one has to reverse the order of all monomials
— equivalently, replace each bracket [U, V] by its negative —[U, V]. This is because
Furusho uses the opposite convention for path multiplication.
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e(Xs/2)

e(Xoo/2)

Figure 5: The fundamental groupoid of P* — {0, 1, co}.

another.'® Denote it by II(P*, V). It is generated by the paths shown in the
diagram. As above, a good topological model is to replace P! — {0, 1,00} by
the real oriented blow-up of P! at {0, 1,00}, which is a 3-holed sphere, and
represent the tangent directions by the corresponding points on the boundary
of the blown up sphere.

Define a functor

O : TI(P', V) — {group-like elements of C{(Xo, X1))}

by taking the positively oriented semi-circle about a € {0, 1,00} to e(X,/2)
and the real interval from a to b to ®(X,, X3). Drinfeld’s relations imply that
O is well-defined.

This restricts to a group homomorphism Oz : 71 (P! — {0, 1, 00},7) — P
for each of the 6 distinguished tangent vectors v.

18. The limit MHS on m(Ej ,,, 0/0w)"™"

The computations of Section 12.2 imply that the restriction wg; of the KZB
connection to Ej = P! —{0,1,00} is obtained from wgz by composing it

BThat is, the path starts with one tangent vector and ends with the negative
of the second. Such a path v must also satisfy v(¢) ¢ {0,1,00} when 0 < ¢t < 1.
Composition of two such homotopy classes of paths can be defined when the second
path begins at the tangent vector where the first ends.



292 Richard Hain

with the ring homomorphism

C{(Xo, X1, Xoo))/(Xo + X1 + Xoo) = C{T, A))

defined by
T
X0|—>R(): <6T—1) -A,
X1 = Ry =T, 4],
T
18.1 Xoo =+ Roo = A,

which is well defined as Ry + Ry + Ry = 0.

Since the periods of wg 7 are understood (they are multiple zeta numbers),
this formula will allow us to compute the periods of wg; in terms of multiple
zeta numbers.

18.1. The cylinder relation

To construct a well-defined homomorphism

m1(Ehjaq, 0/0w) — P,
we need to find all solutions U € L(T, A)" of the equation
(18.2) e UMl — 1 in Q((T, A))

for all A € Q*. This relation will be called the cylinder relation. Note that a
solution to the equation with A = 1 will be a solution for all \.

Lemma 18.1. For all A € C, the relation eTeMoe=TerM~ =1 holds in P.
That is, U = =T is a solution of the cylinder equation.

Proof. Tt suffices to prove the relation e’ Rye™? = — R,. Since ¢ exp(u)¢p~! =
exp(pue1), we have

T T
Tp —-T T T _ ad
e Rpe " =e¢ ([GT_J-A>6 =e T([eT—l].fQ
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Proposition 18.2. Every solution of the cylinder relation (18.2) is of the
form

U — MRo,—T

for some \ € C.

Proof. Suppose that U is a solution of the cylinder equation. Set V =
log(eVeT). Then V € IL(T, A)" and eV = €"e~T. The cylinder relation implies
that

To VR0V o=T — o=UgRo U — y=Roo — T gRo T
so that eVeftoeV = effo. The result follows as the centralizer of Ry in L(T', A)"

is (CRQ Ol
18.2. The homomorphisms 71 (Ej 5,,0/0w) — P

The positive real axis determines two points vy and v, on the real oriented

blowup of P at {0,1,00} — the point vy lies on the circle at 0 and v, lies

on the circle at co. There is a natural U(1) action on each of these circles.
Suppose that A € C*. Write it in the form re®. View Eﬁ\a/aq as the

quotient of the real oriented blow-up of P! at {0, 1, 00} by
ei%oo ~ eiw*qﬁ)vo.

Denote the image of the two identified circles in Eyg/5, by C. One can check
that as A moves around the unit circle in the positive direction, the identifi-
cation changes by a positive Dehn twist about C. Note that for each A there
is a natural inclusion

v (PP —{0,1,00},0/0w) — (E\o/q: 0/ 0w)

where in both cases d/0w is in element of the tangent space of 1 € PL.
To define a homomorphism O, : m(E); 5,,0/0w) — P such that the
diagram

™ (]Pl - {07 17 00}7 8/810) —exp ]L’<X07 Xl)/\

m1(E}y 50 0/00)

commutes, where the right-hand vertical map is defined by (18.1). We need to
give a “factor of automorphy” for the identification. This is the monodromy

[SIN

P
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identify outer circle
with inner circle

Figure 6: The path torsor of E’a/aq.

along a “path” from e*®vs to €!®=%yy. In order that ©y be well defined, this
factor of automorphy has to satisfy the cylinder relation.
For A € C*, define this factor of automorphy for @, to be

)\Ro e*T = elog ARo e*T.

That is, the (inverse) monodromy in going from the tangent vector Avy at
0 € P! to the tangent vector v, at oo is Aoe™T .

Give C((A,T)) the Hodge, weight and relative weight filtrations defined
in Section 15.

Proposition 18.3. The (complete Hopf algebra) homomorphism
Oy : Qmi(Ely0q 0/0w)" — C{(T, A))

is an isomorphism after tensoring the source with C. This and the Hodge
and weight filtrations on C{(A,T)) defined in Section 15 define a MHS on
Qm1(E4 /940 0/0w)". This is the canonical limit MHS on the fiber of the uni-
versal enveloping algebra of P corresponding to the tangent vector A\0/0q +
0/0w at the identity of the nodal cubic. Its relative weight filtration is the one
defined in Section 15.

Proof. Observe that ©, induces a homomorphism H;(EY, ., Z) — CT®CA.

It takes a to 2miRy mod I? = 27iA and b to log(A®e~T) mod I? = log AA —
T. The homomorphism ©) is an isomorphism after complexifying as both its
source and target are free and as it induces an isomorphism on /1.
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The homomorphism O, defines a MHS on Qm (Eﬁ\a/aq, d/0w)" by pulling
back the Hodge, weight and relative weight filtrations of C((T, A)). To check
that this is the limit MHS associated to AJ/dq, it suffices to check that the
induced MHS on Hi(Eys/94) by O agrees with the canonical limit MHS.
This follows from the discussion above and the fact that the MHS induced
on the image of Qm (P! —{0,1,00},0/0w)" by O, is its canonical MHS,
which follows from the computations in Section 12.2. The point being that
the limit MHS on Hi(F)g/s,) corresponding to A\d/dq determines the factor
of automorphy. The computations at the beginning of the proof imply that
the MHS on Hi(E)p/94) induced by ©), agrees with the limit MHS that was
computed in Lemma 15.3. O

Part 4. The Q-de Rham structure

Levin and Racinet [24, §5] sketch an argument to show that the elliptic KZB
connection is defined over Q. This part is an expanded exposition of a special
case of their computation. In particular, we explicitly compute (Thm. 20.2)
the restriction of the canonical extension of the universal elliptic KZB connec-
tion to M, 7 in terms of the Q-algebraic coordinates on M, 7. When reading
[24, §5], it is important to note that that the restriction of P to an elliptic
curve F is not algebraically trivial. Levin and Racinet trivialize the restric-
tion of P to E’. The Q-connection they write down is on the corresponding
trivial extension of P|g to E. It does not have a regular singular point at 0.
However, it is important in applications, such as those in [18], to know that
the canonical extension P and its connection are defined over Q. This has
been verified by Ma Luo and will appear in his Duke PhD thesis.

19. The Q-DR structure on #H over HLT

The first step is to compute the Q-DR structure on H and its canonical
extension H. Since M1,f is the moduli space of elliptic curves endowed with
a non-zero abelian differential, the Hodge bundle F'# is trivialized by its
tautological section. We show that the canonical extension of H over Ml 7
is trivial and that it and its connection are defined over Q. Material in this
section must surely be well known and classical (19th C).

19.1. Ml,i’ as a (Q-scheme

As explained in Section 1 (also see [15]), M, 7 is the quotient £’ | of C x b
by the action of SLy(Z) which acts with factor of automorphy (et + d)~1. It
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is also the complement in C? of the discriminant locus A = 0, where
A =u® —270%
The quotient mapping C x h — C? — A=1(0) is

(& 7) = (€2(7). (7)),
where
92(1) = 20(27i) G4 (1) and g3 = g(QWi)GGG(T).

The point (u,v) corresponds to the pair (E, 4, wy) where E, , is the elliptic
curve y? = 423 — uz — v and w,, is the abelian differential dz/y. This elliptic
curve has discriminant (divided by 16) equal to

A= — 210 = €2 (g5 — 27g3) = (2mi€) 2 A,

where Ag = ¢ [[,>,(1 —¢")* is the Ramanujan 7-function. We will view M 7
as the Q-scheme Spec Q[u, v, A™1].

19.2. Trivializing H over M, 3

To trivialize ‘H, we need two linearly independent sections. The first is given
by the abelian differential dx/y. The second by zdzx/y, a differential of the
second kind.

Set

227

nr = p(z,7)dz = ( + 2 Z G2m+2 zz)2m+2) dz

This is a differential of the second kind on E'.
Proposition 19.1. If v € SLy(Z), then 0,y = (et + d)n, and

/ Wy ~— Ny = 2mI.
E‘r

In particular, H'(E,;C) = Cw, ® Cn, for all T.

Proof. The first assertion follows easily from the definition of 7. The second
formula follows from a routine residue computation:

Choose a closed disk D = {z : |z| < R} in E, about the origin. Let F' be
a holomorphic function on D satistying F'(z) = p(z). Let ¢ : E; — R be a
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smooth function that vanishes outside the annulus A = {z : R/3 < |z| < R/2}
and is identically 1 when |z| < R/3. The 1-form

Y= Nr — d(@F(’Z))

is smooth and closed. Since it agrees with 7, outside A, it has the same
periods as 1, and thus represents the same cohomology class. Since w, A1) is
supported in D, we have

(wTvnT,ET>:/Erwf/\¢2/Ddz/\z/}:/8Dzz/}:/8sz(z)dz:27ri.

O
Remark 19.2. This implies that the exact sequence

0O—=L—>H—->L_1—0

over M ; splits; the copy of £_; in H is spanned locally by n,. We will see
below that this sequence also splits over M ;. This splitting also follows from
the vanishing of H 1(ﬂ171, L5) as there are no modular forms of weight 2 and
level 1.

Corollary 19.3. The sections £ *w, and &n, of H over C x b are SLy(Z)-
invariant. U

For a lattice A in C, set

1 1 1
oa(2) == +§ [7(2 e ﬁ]
A#0

The Weierstrass p-function p(z, 7) defined in Section 8.4 is pj_(z). One checks
easily that

pe-1a(E712) = Epal2).

Multiplication by 7! induces an isomorphism E, — C/¢7'A, under
which dz and pg-15_dz pull back to £ 'w, and &n,, respectively.

Proposition 19.4. If (u,v) = (£%ga(7),&%3(7)), then
(i) the map
2 [pe1a, (2), 914, (2), 1]
from C/E71A, to P? induces an isomorphism C/E7 A, — Eyp;
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(ii) under this isomorphism
dr/y = dz = £ 'w, and xdx/y = pe-1p. (2)dz;
(iii) under the isomorphism E. — C/¢7'A; — By, dz/y and xdz/y pull
back to £ 1w, and &ny, respectively.
O

Corollary 19.5. For each (u,v) € M, i, the elements dz/y and xzdx/y of
the fiber H'(E,.) of H are linearly independent. O

Denote these sections of H over M, ; by T and S , respectively. They
trivialize H and determine the extension

H = Oﬂl,fs (o) OMLTT

of H to Ml,f‘

Proposition 19.6. The connection on H with respect to this trivialization is

1dA  ~ 3 0 ~ 1dA 4\ 0
! (ua )ag

- e+ 2298\ L4 (n gy 22
Vo d+( S ® +2A®S)8T+ e @7+ ®5

where o = 2udv — 3vdu and A = u® —27v%. This form is logarithmic on Ml T
with nilpotent residue along A = 0 and is therefore the canonical extension of
H over M, y. It is defined over Q.

Sketch of Proof. We need to understand how the classes dz/y and xzdz/y
depend on (u,v). Each of the 1-forms

0 (dx) 1 zdx 0 (dx) ldz

) =2 wly) =0
O edey Lot O vy Lode
ou\ y /2 437 v\ y ) 243

is a differential of the second kind on each £, ,. So the cohomology class of
each is a linear combination of the classes of dx/y and zdz/y.

The differentials d(1/y), d(z/y) and d(x?/y), the relation 2ydy = (1222 —
u)dx, and some linear algebra give

9
(4 e 2oy 3 (L ) (Z’Z ) Z??é)



Notes on the universal elliptic KZB connection 299

where = means congruent mod exact forms of the second kind, and thus equal
in cohomology.
Now

Vo (T §) =V, (% =)

O\y
=5 (2 ) ar g (5 )

3 (d_x M) —u?du/6 + 3vdv  uvdu/4 — ubdv /6
v v —3vdu + 2udv u?du/6 — 3vdv

o [—LdA _ua

_ 2 A SA
=(7 5) (72> 1m
2A 12 A

The forms a/A and ua/A are logarithmic. One can prove this directly.
Alternatively, we can use the fact [6] that a meromorphic form ¢ on C? has
logarithmic singularities along A = 0 if and only if Ay and Ady are both
holomorphic along A = 0. This holds in our case as

Ad(a/A) = —du A dv and Ad(ua/A) = udu A dv.

Similarly, one checks that we and wdy are holomorphic along the line at
infinity, where w = 0 is a local defining equation of the line at infinity, then ¢
is logarithmic along the line at infinity. This is easily checked when ¢ is a/A
and ua/A. O

This implies that the sequence
0O=L—-H—-L1—0

splits over Ml,f’ The lift of £_1 in H is Ommg.
19.3. Transcendental version

We re-derive the formula for the connection in terms of the coordinates
(&, 7) € Cx b. This will yield some formulas that are useful in computing the
algebraic version of the universal elliptic KZB connection.

As observed above, if (u,v) = (*ga(7),£%93(7)), then dx/y = £ lw,.
Since T is the class of dx /y, we have

T=¢'T.
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Proposition 19.7. We have 1, = (2mi)*(A — 2Go(7)T) so that
§ = & = (2mi)*¢(A — 2Go(r)T).

Proof. Using the notation of Example 3.4, we have

1 P cr +d)7t 0 1
(a t) (87T2G2(7')> - (a t) <( eric) CT+d> <87T2G2(T)>
—1 (0 4 1
= (e +d) (a t ) (87r2G2(’yT)> .

From this it follows that
A —2Gy(T)T = (e +d) 1 (A = 2Go(y7)T).

Consequently, A — 2G5(7)T is a section of H that spans a copy of £_1 over
h. But n; is another such section. It follows that 7, is a holomorphic multiple
of A —2Gy(7)T. This multiple can be determined by pairing with w,. Since

(T, A —2G5(T)T) = (w,, (2mi)a) = (2mi)~*
and
(T, ;) = / Wr ~— 1)y = 21,
ET
it follows that
nr = (2mi)* (A — 2Go(7)T).
There are several ways to prove the second assertion. One is to observe that

(7.3) = <d§, % — omi = (T,8) = (€\T,£8) = (T, &S).

O

We'’ve already seen in Example 5.2 that the connection Vy on H over b
with respect to the framing A, T is given by

0
Vo=d+ ZWZAa—T ® dr.
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Proposition 19.8. With respect to the framing S and T of H over M, g,
the connection on H is

. dé ~ 271 ~ 0

- 4 ~ e T <

Vo =d+ ((4i Gy dr c)® +(2m£)2d7®5)8T
— ((2ri€)*(87i G} + 2Gy) dr @ T + (4mi G dr — %) @ 3) %

Proof. Since S/(27i)? = A — 2G-T,
Vo (T S/(2ri)?) = Vo (T 4) <(1) _21G2> + (1 a) (8 _20G/2> ir
0 0\ (1 —2¢ 0 —2G,
= (r A)(<2m' o) (o 1 2)*(0 0 ))dT

(1 26\ [0 —2G,
(T 57(2””)(0 1 \omi —amicy ) 9T

_ (T s /(Qm.)Q) <4m’G2 —(8mG§+2G’2)> 0

21 —47T’iG2

Rescaling, we have

_ 4Gy —(2mi)%(87iGE + 2GY)
W 8) = (r 5) (gmgs T2 ) ar

Denote the 2 x 2 matrix of 1-forms in this expression by Bdr. Then

~~ A -1 _ 2
Vo(T 8)=Vo(T S)(% 2) (7 5)( % ?) e

(e 0. (e 0 e 0\[(-¢20
G ) (o 8o (688 )

(7§ (_%Mmc;zmm —2<2m5>2<4ma2<7>2+G’2(7))d7>

7(237;2)2 dr %{ — AmiGo(T)dT

~)

~)

O

Comparing this formula with that in Proposition 19.6, we conclude:

. 1 dA i 3a
19.1 & _y _taa i E g2
(19.1) ¢ miGo(T)dT TN onie)? T=0x
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Taking the quotient of the two off diagonal entries of the connection matrix,
we conclude that

Galr) = 3 (26a(r)* + Gy(r) /2.

This can also be verified by observing that the RHS is a modular form of
weight 4 and then computing value of both sides at ¢ = 0.

20. The Q-DR structure on P over HLI

The bundle P over /\/l1 7 is the trivial bundle whose fiber is L(S, T)". We will
define a Q structure on it — that is, a QQ structure on its truncations by the
terms of its lower central series.

Some preliminary observations will be helpful. Since the cup product of
the rational differentials dz/y and xdzx/y is 2mi, it is natural to multiply their
Poincaré duals by (27i)~! to obtain a Q-de Rham basis of the first homology.
Motivated by this, we define

To = T/2mi and Sy = S/2mi.

Since both basis elements of H are multiplied by the same constant, the
formula for the connection on 7-[ given in Proposition 19.6 remains valid when
we replace S by 5’0 and T by To.
Set pg = Lg(So, Tp)". Define the Q-structure on P to be ﬂl,f/@ X PQ-
Define derivations €g,, of pg by

Lemma 20.1. For all m > 0, we have (2mi€)?™ 2&s,, = €, in Derp.
Proof. First observe that
eom(T) = =T°" - Aand ez (A) = > (=117 AT A]
i>k>0
j+k=2m—1
and
éQm(fo) = _fo2m . §0 and égm(é\o) = Z (—1)j+l[j—\g . S\O’fé; . 3\0]

j>k>0
Jjt+k=2m—1
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One checks easily that, when m > 1, €9, (T') = =T?™ - (A — 2G,T) and

eam(A—2GoT) = Y (=1 T7 - (A—2G,T),T" - (A—2G.T)).

J>k>0
j+k=2m—1

The result follows by rescaling as Ty = T'/(2mi€¢) and Sy = 2mif(A — 2GoT).
O

The connection Vg on H defines, and will be viewed as, a Q-rational
connection on each graded quotient of P.

Theorem 20.2. With respect to the framing of P over M, y described above,
the universal elliptic KZB-connection V is given by

1 dA 3 m(u, v)(3vdu — 2udv .
V=V0+——®62+Z(2m_2)'p2 ( )(A ) & e,

m>2

where A = u® — 27v? is the discriminant and where poy, (u,v) € Qu,v] is the
polynomial characterized by (2mi€)* ™ Gaom(T) = pam(u,v). The Hodge bundles
FPP are all defined over Q.

The polynomial pa,,(u,v) is weighted homogeneous of weight 2m in u
and v, where u is given weight 4 and v is given weight 6. The polynomials of
weight up to 24 are:

1
pa(u,v) = %u
3
pe(u,v) = ?v
3 5
ps(u,v) = EU
(u,v) = @uv
Pio(u,v) = 11
756 16200
prafu,) = o+ =g

p1a(u,v) = 1296 uv?
174636 , 1166400
u uv

Pt v) = oo 17
(.v) = O7IIG8 5 . 256608000
psith, v) = =g 133
25147584 . 678844800 , ,
poo(u,v) = ——u’ + ———u*v

25 11
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10671720192 1032963840001“]3

pa2(u, v) = 23 23
73581830784 4 1410877440000 , ,  15547365504000 ,
paa(u,v) = o u’ + 13 u’v” + o1 v

Proof. With respect to the framing A, T of P, the connection is V = d + '
where '’ is the form (13.1). Since the change of frame is homogeneous, the
transformed connection is of the form V = Vg + w’. We just need to express
' in the frame given by Lie words in Sp, Tp. Using the identities (19.1) and
the preceding lemma we have

r_ dg _dgY i dq
w = (QGZ()q f) mz: 2m_2 ()q®€2m
1dA o o
=5 A e §2m(2m§) Gam (T )(2 7 dr @ &y,
1 dA

_ . 3 pam(u,v)a
- we Zz(Zm—Q)! A Pom

The last assertion follows from the fact that FPP is trivial and consists of
those Lie words whose degree in Tj is > —p. O

21. The Q-de Rham structure on F?"T'H'(M,;, S*"H)

Here we compute the Q-structure on F?" 1 Hl. (M1, S*"H). The computa-
tion of the R-de Rham structure on all of H'(M; 1, S?"H) can be found in
(17, §17.2].

The starting point is the isomorphisms

Ho(ﬂl,h £2n+2) — HO(Qlﬂl . (P) (=) FQnSQnﬁ) — F2n+1H1(M171, SQnH),
where P denotes the cusp ¢ = 0. The second isomorphism takes a 1-form to

its cohomology class. The first follows from the isomorphisms £ = F'H and
lel ) (P) = L, which together induce an isomorphism

Lonya = leu(P) ® F*S*n.

We now explain the Q-structure. Recall that if f is a modular form of
weight 2n + 2 of SLy(Z), then

wy = f(r)w*"dr € BE*(h) ® S*"H
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is an SLo(Z)-invariant 1-form on b, where w := 2747 is the section of H xf) —
h that takes the value 2miw, at 7 € b and SLy(Z) acts on H = CA & CT
via the factor of automorphy (9.2).1 Tt gives a framing of F'H over h. The
section w extends to a framing of F'H over the g-disk.

Denote the space of modular forms of SLy(Z) of weight m whose Fourier
coefficients lie in the subfield F' of C by M, . These form a graded ring M,
isomorphic to F[Gy, Gg].

Proposition 21.1. The Q-structure on F?*" ™ H}p (M1, S*"H) is

{f(Q)WQn% : f(q) € Mant2,0}-

Proof. Embed E; into P? via the mapping
2+ A [pr(2)/(2m0)%, ) (2) ) (2m0)%, 1)

The image is the plane cubic y? = 423 — ux — v where
7
u = go(7)/(2mi)* = 20G4(7) and v = g3(7)/(2mi)® = §G6(T).

This curve has discriminant Ag(7), where Ay denotes the normalized cusp
form of weight 12.

With this normalization dz/y = 2miw, = w(r).'> We choose it because
the value of the section w at ¢ = 0 is dw/w, where w is the parameter on
the nodal cubic that maps 0 and oo to the node and 1 to the identity. (Cf.
Exercise 47 in [15].)

We regard w as the section dx/y of F1H over M= AG —{u® —2Tv* =
0}. It is defined over Q. Since x has weight 2 and y weight 3, it has weight
—1 under the G, action. If h(u,v) € Q[u,v] is a polynomial of weight 2n + 2
(where u has weight 4 and v weight 6), then

h(u,v)

37272 (2Ud?) — 30du)w2”
u2 — v

is a Q-rational, G,,-invariant section of Q} 1f/Q(log D) @ F*S?"}H over

M, 7 Q) where D denotes the discriminant locus u® — 27v? = 0. Since
Mi 19 = G\ M, 7/q it descends to a section of Q. 1/@(P) ® F?" S,

14Recall the definitions (11.1).
15This would have been a better normalization to use in Part 4.
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The identity (19.1) implies that the pullback of this form along the map
b — M, i defined by 7 — (20G4(7), 7Gs(7)/3) is

gh(20G4(7), 7G6(7’)/3)W2n%

The result follows as Ma, 12 @ is isomorphic to the polynomials in G4 and Gg
with rational coeflicients. O

Appendix A. Vanishing of N (Ry)

Here we give an elementary proof of the vanishing of N,(Ry) established in
Corollary 15.2. It does not use limit mixed Hodge structures. Instead we
deduce the vanishing from an identity involving Bernoulli numbers.

For non-negative integers, define polynomials

hap(,y) = 22?0 — 2y oy (z + ) (y

= 2y(y — ) (mZa—2y2b—2 + (2 + y)zb—1 Z xiyj)
i+j=2a—3
z+g7j2%

2b—1( 20—2 x2a—2)

in commuting indeterminants x and y. Note that

e == 5 () ()

i+j=2n—1
4,720

for all n > 1.

Theorem A.1. For alln > 1,

a+b=n
a>0
2n 2n -
_ _ i,
_i+j—22:71—1[<i+1> <j+1>}$y = Hlrk
4,520
Equivalently,
Baa Bap
2a — 1)———= hgap(x,y) = 0.
gb;n( = UGayi @y ")

a,b>0
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Proof. 1t suffices to show that

Ba B
(A.1) Y @12 ihayb(m,y):o.
n>0 a+b=n ) (26)
a,b>0

Observe that

B2a BQb a—
Z Z )_(2[;)1“2 1,26

n>0 a+b=n
a,b>0

- (D) (S )

a>0
4u < v v>
= —— 4+ =
sinh”(u/2) \ev =1 = 2

B ue' ( v +v)
(v —1)2\ev —1 2/

Denote this function of (u,v) by F'(u,v). The series (A.1) is then

T Yy
Flz,y) — Fly,z) + —F(y,r+y) - —F(z,x +
(z,y) — F(y, ) P (y Y) x+y( Y)

which is easily to vanish by elementary algebraic manipulations. O

We finish by showing that this identity is equivalent to the vanishing of
Ny(Ryp). For this we need to relate polynomials to the free Lie algebra (T, A).
For this we use the Levin-Racinet calculus [24, §3.1]. Recall from Section 9.4.1
that for U,V € L(A,T),

2y o (U, V)=1[T"-UT° VI

This extends linearly to an action f(x,y) o (U, V) of polynomials f(z,y) in
commuting indeterminants on ordered pairs of elements of L(7, A). When U
and V' are equal, one has the identity f(z,y)o (U,U) = —f(y,x) o (U,U), so
that

Qf(CC,y) o (U, U) = (f(xvy) - f(ya 13)) o <U7 U)

In this case we need only consider polynomials f(x,y) satisfying f(x,y) +

fly,z) =0.
The significance of the polynomials hq (2, y) is given by:
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Lemma A.2. Foralla>0 and b >0 witha+b > 0,
2€2a(T? - A) = hap(,y) 0 (A, A).
Proof. Observe that hgp(2,y) = fap(z,y) — fap(y, x) where
Fap(z,y) = 2%z + y)Qbfl(xa — (=) — 22 ((z + )2 — ygb).
The result now follows from the easily verified identity

6Qa(T% ’ A) = fa,b(mﬂ y) © (A, A)

Theorem A.1 implies the vanishing of N,(Rp):

Ny(Ro) = §>0 bE>0(2a —1) (B2; % €2q(T? - A)
BQa BQb
= hap(z, o(AA
(ZZ i@ @) © (A )
= 0.

Appendix B. The universal elliptic curve over Bl(‘)F D

Here we justify the claim, made in Section 16, that the fiber of the universal
elliptic curve over ¢?9/dq is obtained from the real oriented blowup of P! at
{0, 00} by identifying its two boundary components with a suitable twist.

The map [0, 1) x ST — D that takes (r, 0) to e is the real oriented blowup
BIgD — D of the disk. More generally, the map

St % [0,1] — P! defined by (¢,t) — [te’®, 1 — 1]

is BIf ., P' — P'. With this identification, the inclusion C* — BI§ P! takes

se'® to (¢,s/(1+s)).
The fiber of the universal elliptic curve over ¢ = re? is the quotient of

A:z{(w,q)E(C*XD*:\/@SW’SU\/@}

obtained by glueing w to qw when |w| = 1/+/]q]. Write w = se'® so that we
can identify A with

{(s,0,7¢®) e R x St x D* : /r <5 <1//1}.
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With this identification, (1/y/7, ¢,re®) is glued to (\/7, ¢ + 6, 7e?).

The function

) ()
I+s 1+r/\1+r 1+r

induces homeomorphisms h(r, ) : [v/r,1/y/r] — [0,1] for all » > 0. It has
inverse k(r, ), where

h(r,s) = (

(-
Kt = T = )

Define an equivalence relation on B := S! x S1 x [0,1) x [0,1) by

((b? 97 17 r) ~ ((b + 97 97 07 T)‘

Set B = B/~. The map (¢,0,t,r) — (r,0) defines a projection 7 : B — BIj D.
This is a torus bundle over BIjD. Its fiber By over (0,6) € BIJD is the
quotient of BIf P! obtained by identifying the two boundary components
by a twist by 6. The inclusion A < B defined by (s, ¢, 7€) — (4,0, h(r,s),r)
induces a map &p- — B that commutes with the projections to D and is a
homeomorphism into its image.

The map B — C* x D that takes (¢,0,t,7) to (k(r,t)e’®, re?) induces a
map B — &p such that the diagram

B——&p

]

BISD— D

commutes. For each 6§ € S', the composite C* — Bl&C>o P! - By — Ej is
the natural inclusion of the smooth locus of the nodal cubic Ey given by the
parameter w = se'®. The map BI{ o P! — By — Ej collapses the boundary
of BIj ., P! to the double point of Ej.
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