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Abstract: A conjectural formula for the k-point generating func-
tion of Gromov—Witten invariants of the Riemann sphere for all
genera and all degrees was proposed in [11]. In this paper, we give
a proof of this formula together with an explicit analytic (as op-
posed to formal) expression for the corresponding matrix resolvent.
We also give a formula for the k-point function as a sum of (k—1)!
products of hypergeometric functions of one variable. We show that
the k-point generating function coincides with the e — 0 asymp-
totics of the analytic k-point function, and also compute three more
asymptotics of the analytic function for e — oo, ¢ — 0, ¢ — o0,
thus defining new invariants for the Riemann sphere.
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1. Statements of the main results
1.1. Gromov—Witten invariants of P!

Let ﬂg,k(Pl, B) be the moduli space of stable maps from algebraic curves of
genus g with k distinct marked points to P!, of degree 3 € Hy(P';Z)

Mé]»k(Plvﬁ) = {f (Eg,pl,...,pk)—)Pl{ f* ([Eg]):/ﬁ}/ ~ o

Here, (3g,p1,...,pr) denotes an algebraic curve of genus g with at most
double-point singularities and with the distinct marked points pq, . .., px, and
the equivalence relation ~ is defined by isomorphisms of ¥, — P! identical
on P! and on the markings. Let £; be the i*" tautological line bundle on
M k(P 8), and ¢; :== c1(L;), i = 1,..., k. Denote by ev; : M x (P, ) — P*
the it" evaluation map.

The genus g, degree 3 Gromov—Witten (GW) invariants of P! are integrals
of the form

(1)
/[m (Pt ﬁ)]vift evi(¢al) U eVZ(ﬁbak) il U Ilck = <Ti1 <¢a1) © Ty (¢ak)>g,d .

Here, aq,...,ar € {1,2},41,...,ix > 0, ¢1 = 1, ¢ = w € H?*(P*;C) nor-
malized by [piw = 1, and [M (P, 6)]Vlrt denotes the virtual fundamen-
tal class [24, 1, 2, 25]. In the right-hand-side of equation (1), the “degree”
8 € Hy(P';Z) has been replaced by an integer d through d := [yw. The
GW invariant (7;,(¢a,) - - - Tir (¥ay ))g.d Vanishes unless the degree-dimension
matching holds: 29 — 2 4+ 2d + 2k = Zlg:l e+ 25:1 Q.

For k > 1 and iy,...,i >0, a1,...,a; € {1,2}, denote

(Ti(Gar) -~ T (Par)) = (Tir (D) -+ Tir (Da ) (€, )
= Z Z 62972qd <7_i1 (¢a1) © Ty (¢ak)>g,d :

=0 d=0

We will call (7;,(¢q,) - Ti,(¢a,)) the k-point P! correlator, and
(Tiy(bay) * ** Tir (Day. ) ) g.a the k-point P! correlator of genus g and degree d.
Due to the degree—dimension matching, €2(7;, (¢a,) - - Ti, (da,.)) (€, q) is a ho-
mogeneous polynomial of €2, q. More precisely,
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(Tir (Par) - Tir (0. )) (€, 0)
= Z 62g_2qd<7—i1 (d)al) © Ty (¢ak>>g7d :

9,d>0
k
2g+2d—2= (ig+ay—2)
=1

Note that this expression vanishes if S35 (ig + ) is odd.

Definition 1. The free energy F is defined as the following generating series
of P! correlators

(2)

1 N .
F=F(T;e,q) = ZH Z T T (i () - iy () (e, q)
k>0 15‘a17__,.,a>k0<2
CNEREEL) "

where T = (Tja)azl,gjzo. The partial k-point correlation functions are the
power series

k €
(7 (6e) i)V i 0) = o o)

1k Tf:éal dio T

Clearly, <<Til (¢a1) © Ty (d)ak)»(ov €, Q) = <Ti1 <¢Oé1) © Ty (d)ak)>(67 Q)' In

this paper, we consider in particular the partial correlation functions of the
form (7, (w) -7, (w))(x;€,q), and consider the following generating se-
ries [11], called the k-point function (k > 1):

(3)  Fr(Mi,-. o Ak, q)
ey B G D ) @) i)

1142 42
s AT A

Here Ay, X2, ... are indeterminates. The dependence on ¢ in
Fr(A1, ..., A x;€,q) can be recovered from Fi(A1,..., A\g;x;€;1) by rescal-
ing:

(4) Feh,- o Mkimseq) = ¢ FPR(g P g7 P g e g P61,

where k£ > 1. In particular,

FeOs - M5 0560) = ¢ F2E(q7YP0, 0 7 P50, ¢V 1)
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1.2. The k-point function in terms of matrix resolvents

The matrix resolvent (MR) approach of computing logarithmic derivatives
of tau-functions of continuous integrable systems was introduced in [3, 4,
5]. It was further extended in [10] to discrete integrable systems. The Toda
conjecture (now a theorem) [8, 19, 20, 29, 7] says that e’ is the tau-function
of a particular solution (which will be called the GW solution) to the Toda
Lattice Hierarchy. So we can apply the MR approach [10] to the computation
of the P! correlators.

en+5 — A 1

-1 0
resolvent R, (\;¢€) for the GW solution of the Toda Lattice Hierarchy as the
unique formal solution to the following problem

Definition 2 ([10, 11]). Let U, (\;€) = . Define the matriz

(5) Ros1(As€) Un(Xs€) — Un(Ns€) Ru(Nje) = 0,
(6) tr R,(A\e) = 1, det R,(A\;e) = 0,
(7) R,(X\;e) = (é 8) + 0\, A= oo,

This solution R, (); €) belongs to Maty (Z[n, §][[A~]]). Define R(X; z;€):=
Rx/e()‘; 6)'

Theorem 1. The formal series (3) with k > 2 have the expressions

tr [R(A1;x;€) R(Ag; w5€)] — 1
(A1 = Ag)? 7

(8) Fa(A, dosmie,1) =
(9) Fk()\h...,/\k;;x;ﬁ,l)

> 6 [R(Oo(1); 7€) - R{Ao(r); 75 €)]
- %
c€Sk/Ck Hiil()\O'(i) - /\a'(i—i-l))

. k>3,

Here Sy, and Cy are the symmetric group and standard cyclic subgroup, with
o(k+1)=0(1) for o € Sk.

The proof, based on the Toda conjecture, uses a simple observation [11] and
the MR approach [10]. The idea of the proof has been explained in [11]; we
provide the details in Section 2.4 of the current paper.

The following property, proved in Section 3, is related to the concept of
bispectrality (see e.g. [16]).
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Theorem 2. The matriz-valued formal series R(\;x;€) depends only on €
and A\ — x.

In other words, R(\; x; €) has the form

(10) R(\xye) = M()\_xgl)

€ €

for some M (z;s), which is a formal power series in 271. On the other hand,
from its definition, R(\; z;€) satisfies

R\ x4 €€) (x +_§1_)\ é) — <x +_§1_)\ (1)> R(\;x;€) = 0,

which in terms of M (z;s) becomes

(11) M(z—1;s) (Z;% _05> = (Z;% _OS> M(zs).

Similarly, from equations (6) and (7) we deduce that M(z;s) also satisfies

(12) tr M(z;s) = 1, M(oo;s) = (é 8) .

We call (11) the topological difference equation, which is an analogue of the
topological ODE [4, 5].

Proposition 1. There exists a unique element M* in My(C(s)[[z7]]) sat-
isfying equations (11)~(12). Moreover, M* belongs to M2(Q[s][[z7]]), and it
satisfies det M* = 0.

See Section 3 for the proof. Proposition 1 will be used to prove Theorem 2,
with M = M* (see equation (10) above).

The following theorem, which was conjectured in [11], gives an explicit
formula for the matrix M(z;s). We will prove it in Section 2.4. (A different
proof was given recently by O. Marchal [27].)

Theorem 3. The matriz-valued power series M = M (z; s) has the following

explicit expression

1+a Q-—P
(13) M= <Q+P —oz)’
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where a = a(z;s), P = P(z;s), Q = Q(z;5) € Q[s][[27']] are given by

(14)

R B ST i 0 12120+ 1
a(z;s) = 2;}}2#2;5 + 1G] z:zo(_l) (i—0+3) / ’
(15)

S N A . o Lo [ (20 2
P(z;s) = ZzszZSH z'_QZ(_l) (i—C+3) l<£> - <5_1>]’
=0 i=0 " =0
(16)
100 1 J ; 21 +1
Qz;s) = _§J§)Z2j+2 ;52 o ZZ'[Z
L [ (2 2i
g:zo(_l) (Z—€+§) <€>_<£1>]‘

1.3. Explicit formulas in terms of hypergeometric functions and
Bessel functions

Define a meromorphic matrix-valued function B = B(z;s) by

14G(zs) 125Gz~ 1,9)

(17) B(z;s) = = , 2€ C—Zoaa, s €C,

1?;522@(2,5) 1—G(z,5)

where G(z;s) and G(z; s) are the (generalized) hypergeometric functions
(18)

11 1 = [2m 52m
G(z;s) = 1F —;——z,—+z;—452 = —_—,
(25) 1 2<2 2 2 ) mz::()<m>(z_m_~_%)2m
(19)
~ 11 3 = (2 :
G(z;s) = 1F2( z,——l—z;—4s2) = Z ( m)( s s¥m

5;5_ 2 m z—m+%)2m+1

m=0

Here, ()i is the increasing Pochhammer symbol, i.e. (z); := I'(x +k)/T'(z) =
z(r+1)---(r+k—1). Note that the series in (18), (19) converge absolutely
and locally uniformly away from z € Z+ 3 so that the product cos(rz) B(z; s)
extends to a (matrix-valued) holomorphic function on all of C2.
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Theorem 4. For fired s € C, the asymptotic expansion of B(z;s) in all
orders as z — oo at a bounded distance from Z + % coincides with the formal
power series M(z;s), i.e., B(z;s) ~ M(z;s).

The proof will be given in Section 3. Here and throughout this paper, we
use ~ for a full asymptotic expansion: e.g. “f(e) ~ g(€) as € — 0” means that
the asymptotic expansions of f and g agree as power series in € to all orders.

We now define analytic k-point functions Hy(z1,...,z2k;s) (k > 2; the
case k = 1 will be treated later) by

(20)

tr | B(z1;8) B(29;8)| — 1 1 B(z1;8) — B(z9; s 2
Halen, 22i9) = [ ( (Zl)— 22)2 )] N —§tr[ ( 2’3—22( >] ’
(21)

tr | B(20(1); )+ B(2o(k); 8)
i) = = 5 T P
c€Sy/Ck 1=1\~0; Oit1

Then equation (88) and Theorem 4 imply that the full asymptotic expan-
sion of Hk(%,,’\—j,%) coincides with Fj(A1,..., \g;€) as \; — oo at a
bounded distance away from €¢Z + 5, i = 1,..., k. Notice that this state-
ment is not entirely trivial, since the presence of poles in (20) and (21) when
two z;’s coincide means that a priori we must order the |);|’s in order to
obtain an asymptotic expansion. However, the following proposition (which
will be proved in Section 3) implies that the asymptotics are the same for all
orderings of the |\;|’s.

Proposition 2. The functions Hi(z1, ..., zk;s), k > 2 are analytic along the
diagonals z; = zj i # j (as above it is assumed that none of z1,..., 2 is a
half-integer).

The next point is very nice. Normally, even if one knows a closed formula
for a collection of 2 X 2 matrices, it is not easy to compute the trace of
their product. Here, however, there is a nice simplification which lets us write
the above traces as products. The reason is that, since det B(z;s) = 0 by
Proposition 1 and Theorem 4, the matrix B(z;s) must factor as the product
of a column vector and a row vector. This factorization, given explicitly in
the following proposition, will immediately lead us to a factorization formula
for the traces.

Proposition 3. The matriz valued function B has the following expressions
TS

22) B(sis) = u(z)u(~)" = —FSVEV(=2)T,
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where
jz<32)
ulz) = ulzs) = (ngjm(s?)) ’

. J._1(29) 53
Vi(z) =V(zs) = (JZ+%(28)> - D(z+1)

Here J,(y) denotes the standard Bessel function [33] and j.(X) a modified
Bessel function:

u(z;s) .

. _ (=Xx)" 70
(23)  Ju(X) = T;)W, Juy) = m]w%(?f/‘l)-

Now define two analytic functions D(a,b; s) and D*(a,b;s) by

u(—a, s)T u(b, s)

D(a.b; =
(0,5:5) 2
J-a(X) 3p(X) + mﬁw(—x)jub(*x)
N a—>b ’
V(- Ty (b
(24)  D*(a,b;s) = ( aj)_b b.5)
_ J_a_%(2s) Jb_%(2s) + J%_a(Qs) J%+b(25)
a—2>
b—a—1
= i D(a,b;s),

L(z —a) (3 +b)

where X = s2. Then from Proposition 3 and the fact that tr(A; By - - - Ay By) =
tr(B1As -+ BpA1), we find that the trace in (88) factorizes as a product of
the one-variable functions D or D*, and we obtain:

Theorem 5. The analytic functions Hy, k > 2 have the expressions

Ok.2

k
25 Hi(z1,...,2k;8) = — D(z5(:), Zo(i41);8) — 75
(25)  Hi(ea,-- o 2:9) 2 DGt zowis) = =

O'ESk/Ck i=1

or alternatively
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(26)  Hpg(z1,--.,21;8)

7Tk Sk k (Sk 2
= =~ D*(2o(i)s 20(i41); 8) — 773
[1F, cos(mz) aeg/ckil:[l (009, 20(i413 ) (21 — 22)?
with D(a,b; s) and D*(a,b;s) as in (24).
Example 1. The function Hs has the expression:

1

(27) Hy(z1, 29;8) = — D(21,22;8) D(22,2158) — m

Next, we note that, although the original definition (24) would give a
complicated formula for D(a, b; s) as a double infinite sum, in fact it simplifies
to a single infinite sum (hypergeometric series):

Proposition 4. The function D(a,b;s) has the following explicit expression

> (a—b—2n+1)n,1 on

(28) D(a,b;s) = Z

S
n=0 n! (_a + %)n (b + %)n

)

where in the first term (a —b+1)_q :=1/(a — b). Equivalently,

1

D(a,b;s) = —

b—a b—a—l—l'l 1 )

—_— —_— —_— e 2
2F3( 5 5 5 a, 2+b,b a+1, 4s

Proof. This follows from a product formula for Bessel functions given on
p. 147 of [33]. O

1.4. One-point functions
In the above we looked at k-point functions with & > 2. We now consider

the case k = 1. Define two meromorphic functions Hy(z,s) and Hj(z,s) as
modified limiting functions of D(a,b;s) and D*(a, b; s), namely

(29) Hi(z,s) = —lim(D(z,b;s) — —Zib),
b—z
* _ s . * . _ cos(mz)
(30) Hilzs) = = oy (D7) = 5505

From the definition it follows immediately that the functions H; and Hy
are related by

(31) Hi(zis) = Ha(z9) + logs — v(5+2),
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where 1 denotes the digamma function. Using equations (24) and Proposition
4 along with I’'Hospital’s rule we get the following explicit expressions:

(32)
m —1)! §20
Hizs) = 7; n!g(:— 7”L>+S%)2n ’
(33)
Hi(z:s) = CO:(;Z) (J%Z(zs)a‘]%;@s) + Jy_.(25) W%E—ZQS))'
From (32) one observes that saH})—(SZ;S) = G(z;s) — 1.

Theorem 6. The formal series (3) with k =1 has the expression

A—z 1)

1
By Ry - <(m (25
€ € €

T
log\ — —
o)

where the RHS is understood as its asymptotic expansion as X\ — 00.

Alternatively, using (32) and (31), we can write (34) explicitly as
(35)

Fi(X;x;e,1)

B T Py
TV TGt e g )it

i>2 i—0 U=

which can also be written as a pure power series in A™! as

o0 —1-2 27 .
21 .
(36) Fi(\ime 1) ZMJZ > (- )<€>Bj(g+z—£+§).

j>2 i £=0

Here, Bj(u) denotes the j" Bernoulli polynomial (the unique polynomial
solution to [*™ B;(u)du = v7).

Note that the internal sum in (35) or (36) is simply the (2i)"" backward-
difference of the polynomial B;(i+3) or B;(£+i+ ), respectively, and since
the n'* difference of a polynomial of degree < n vanishes, we can replace the
sum Y%, by Z[J in both equations. Also, since A% (B;j(% + i+ %)) =

APTHAL (B (2 +i+3)) =i AT (2 +i— %)j_l), we have the following
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more elementary expressions

Fi(\z;e,1)
B Z 2971 (1 —2%71) By, 1Z
g>1 —x29 229 g €3 JAN
i [5/2) —1-9; 2i—1 .
€ ’ 21 —1\ . i1
+Z Z i12 Z(—1)€< /¢ >(2_ _%)] )
]>2 i=1 ’ (=0
Fi(X\z;e,1)
S B+
= ])\j J\e 2
j 1i/2 e—1-2i 21 (201 e
FX O e (M e
Y ! /
j>2 1=1 =0

where the first sum in each case corresponds to the digamma term in (31),
and B; := B;(0) is the 7" Bernoulli number.

1.5. Four asymptotics

We already know that Fj()\q, ..., \;0;¢, 1) contains all GW invariants of P!
in the stationary sector for all genera and all degrees. (The dependence on
g can be recovered by rescalings). This suggests the possibility of studying
the € — 00 or ¢ — oo limit using the analytic k-point functions. Namely,
we study the functions Hk(%, L ’\j, <2
behaviours: € = 0, € = o0, ¢ — 0, ¢ — 0.

For any fixed k£ > 1, introduce the grading operator gr := eg + 2q6% +

Sk )‘iai,\i' Obviously, grHy(2,..., 2, q1/2) 0. We begin with the e — 0

), k> 1 and their four asymptotic

’ e )

limit. The condition X;/2,/q > 1 in the following theorem may look strange
at first. It comes from the fact that the asymptotics of J,(rvz) as v — oo
with = > 0 fixed are different according as x < 1, z = 1, or = > 1. (See [33],
p. 225.)

Theorem 7.A. Fizk > 1. Forq,€, \1,..., A\ satisfying 0 < \/_ <1, /\l >0,
i=1,...k, ase — 0 (with firzed Ay, ..., /\k,q) we have expanswns oftheform

A A
(37) H(T 0 ) SN ) (k> 2),

€ g>0
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A 1/2
(38) H{(S5:%—) ~ logg"? ~logA + Y- H(xiq),

g>0

where H for k > 2 are rational functions of q, A1, . . ., A satisfying gr H,Eg] =

_ [a]. _ 0 2\
(2 — 29 — 2k)H"; while for k = 1 we have Hy log o and

Hf’[g] (9 > 1) has the form
2g — D)1 (1 — 229-1) By,
49 (29)!

(39) A H¥() ) = - py(0) =2

with Py(x) being a polynomial with rational coefficients of degree 2g—1. More-
over, the sum

Zézg_2+kH]£g](>\1a"'7)\k’ (k>2) or ) €9 LHPI O ) (k= 1)
750 g>0
coincides with Fi(A1, ..., A\k; 0;€,q) as a formal power series in )\1_1, e ’)‘Izl’q'

The proof will be given in Section 5. Theorem 7.A tells that the ¢ — 0 limit
gives GW invariants of P!. We remark that even the simple consequence of

(37) that Hy (2L, .. ., 2, qle/Q) = O(€?*72) as € — 0 already seems to be quite
non-trivial. The first few H ,Lg] (or Hy ’[g]) are given by
Hf’[” _ A ()\2 - 16(])5
24 (\2 —4q)2
o A (TAS — 94g)\* + 8256q2)f 4 18432¢°)
960 (A2 — 4q) 7
o Ada — /A = dgy/03 — 4q - 4g

2(A1 — A)2\/ A2 — gy A3 —dg
q
= (R
4()‘1 - 4Q) : ()‘2 - 4‘1) :
+4gA A (4A] + 53N — AZX2 4 5A N3 + 403)
— 16¢* M A2 (10A7 + 17A1 A2 + 10A3)
F 6407 (202 + 1M A + 202) + 768q4) ,
A1 Aoz +4q(A1 + Az + A3)
(A —49)3 (A —4g)7 (A —4g)7

Y =
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The next is to look at the € — oo limit of Hk(%, o ’\—6’“; qle/Q).

Theorem 7.B. Fixk > 1.V Ay, ..., Ak, q € C, the following asymptotic holds
true: as € — 00,

A A 1/2 3
(40) Hk<—1, —k,q—) ~ Ze 2ng,[g]()\17"'7>\k;Q)7

)
€ € € 9>0

where Hy, (g € Q[A1, ..., Ak, q], and gr Hy (g = 29 Hy, [g)-

We note that the sum in the RHS of (40) converges if
le| > 2max{|\i], ..., [\l }-
Thirdly we look at the ¢ — 0 limit.

Theorem 7.C. Fir k> 1. For \i ¢ eZ+5,i=1,...,k, asq—0,

A Ak q1/2 d
41 — )~ e AR
( ) Hk( B y ) B ) p ) Zq Hk,d()‘lv 7)\k?76)7
d>0
where Hy g(\1, ..., \g; €) are rational functions of A1, ..., g, € with poles only

at \i = me/2 with |m| < 2d odd, and grHyqg = —2d Hyq. The ¢ — 0
asymptotic of Hy has the explicit expression

A ¢? > (2d —1)!
(42) Hl(6 ) ~ Zq 212 774 9 (2j-1)2 o\ "
d=1 2 1oy (A2 = =€)

The proof is in Section 5. The first few rational functions Hy 4(A1,. .., \k, q)
are listed here:

1
H2,1 = 52 PR
M -9 -9)
" ) 3A%+2A1A2+3A2—9e2
2,2 = € )
(N = 3= DO - 28 - %)
o _ 210>\4+8>\ Ao + 122 >\2+8)\1>\3+10)\4—62(110)\2+68/\1)\2+110/\2)+325s
2,3 (A2 e (}\2 _ T ()\2 _ _)()\2 _ _)()\2 _ 20 )()\2 _ 2\)4 )
1
H371 = 64

M =D =D -5)

Finally we look at the ¢ — oo limit.
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Theorem 7.D. Fizx k > 2. As ¢ — oo, with fized €, A\,..., Az and
larg (¢'/?/e)] <,

Y A PV
(43) (Hcos7T >H( L ...,—’“;q—) ~ ST EHM O e

€ € e’ € =
min{d,k} 1/2
_d d,m q
+ Zq > Z [Hk (Al,...,)\k,e)cos(élm—e )
d>1 m=1

~ 1/2
+ H,Zl’m()\l, oy Ak, €) sin(4mq—)} ,

€

where H,f’m()\h o Ay €) and ﬁg’m()\l, oy A\, €) are elements in the ring
QA1 oy Ay )[Slnm, Cosﬂ—)\l7 A smL)\k, cos m] .
€ € € €

For k =1 and |arg (q1/2/6)| <7, as ¢ — oo (with fized €, \), the following
asymptotic holds

1/2

() cos(2n) By (200

€

2d — )N [T 4\ —€j
© T 4 (D)3 B T2 2 )
2 € € /455 (2d+ 1) d1 234+ gdt3

q\? q\/?

+ cos<4—)z __H*d + s1n(4—) Zq"Hi“d
a>1 a>1
where ¢4"2H; 4, ed*Qﬁfd are elements in Q[ ¢|, and gr H;? = dH;?

gr Hi% = d H; .
1.6. Organization of the paper

In Section 2 we review the matrix resolvent approach and prove Theorem 1.
In Section 3 we prove Proposition 1, Theorems 2—4. In Section 4 we prove
Propositions 2—4 and Theorems 5-6. In Section 5 we prove Theorems 7.A-7.D.
Further remarks are in Section 6.

2. Matrix resolvent approach to the Toda Lattice Hierarchy

The matrix resolvent approach for computing tau-functions of the Toda Lat-
tice Hierarchy was developed in [10]. Let us give a short review. Let L denote
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the following difference operator
(45) L=A+uv, +w,A™!

where A denotes the shift operator, i.e. A : ¢, — 9,11. The Toda Lattice
Hierarchy is defined by

oL 1
(46) ot (i+ 1) [, L), 120,

(47) A = (L)

e

One observes that the normalization used here for the time variables
to,t1,ta, ... is not the standard one [10], but the one suitable for the study
of GW invariants of P!,

2.1. Toda conjecture

We begin with a brief recall of the Toda conjecture, now a theorem:

Theorem ([29], [15]). Denote F° = F*(z,t;e) = F(T} = xdj0, T} =

j
ti,j=0,1,...56,¢=1) with t = (to,t1,t2,...). Let Z := e’ . Define u,v by

0 Z(x + e, t;e)

Z(x+etye) Z(x — €, t;€)
(49) u = u(x,t;e) = log 7700 6:0) .

Then u, v satisfy the Toda Lattice Hierarchy with the first equation being

8U<LL‘, t; 6) 1 u(z+e,t;€) u(z,t;e)
(50) Bt = (e e ) ,
; 1
(51) %t’:’e) = - (v(z,t;€) —v(x — € t5€)) .

The Toda conjecture was formulated in [8, 19, 20], and was later proved
by Okounkov—Pandharipande [29]; an extension [15] of this conjecture to the
full generating function (2) requires an introduction of the extended Toda
hierarchy [7] in terms of a suitably defined logarithm of the difference operator
L (45); see also [30]. A slightly stronger version of this conjecture was also
confirmed in the above proofs, namely, Z is a particular tau-function (in
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the sense of [15, 14, 10]) of the Toda Lattice Hierarchy. This property along
with the string equation

> oz (L’to 0z
(5 ) =1 t 8t¢,1 + €2 ox

uniquely determines Z up to a constant factor only.
2.2. Matrix resolvent

Denote by Z[v,w] the ring of polynomials with integer coefficients in the
infinite set of variables v.= (v,), w = (wy), n € Z. The (basic) matrix
resolvent R,,(\) associated with L is defined as the unique solution to the
following problem [10]

(5?’) RnJrl()‘) Un()‘) - Un<)‘)Rn(/\) = 07
(54)  wRu(\) = 1,  det Ry(\) = 0,

(55)  Ra(\) = (é 8) + OO € Mat(2, Zlv, w][A 1))

Up — N Wy

where U, (X) := ( 1 0

) . Write

Ba() — (ﬁjgg” _5;£?;)>, V), Bu(N), () € O,

Then the above equations (53)-(54) become a series of recursive relations for
Ay By Yn!

(56) Bn = —Wn Vo1,

(57) n1 + an + 1 = (A —0p) W1,

(58) (A =vn) (i — Qng1) = W Yn — Wnt1 Vnt2,
(59) an + a2 + Buyn = 0.

Along with the initial values (55) one can find ay,, 3,, 7, in an algebraic
way [10]. Indeed, write

DO

J=0 j=0
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Substituting these expressions into (56)—-(59) we obtain

(60) Cnj+1 = Un—1Cnj + Qnj + Gn_1j,
(61) Unj41 = Oniljel + Up [Qng1j — Gnj)
+ Wpy1Cpy2j — Wnpcny; = 0,
(62) ane = Z [Wn Cni Cpt1j — Qnji Gn ]
itj=t—1
(63) ano =0, cuo=1.

We shall call (53)-(55), or (56)—(59), or (60)-(63) the matriz-resolvent recur-
sive relations for the Toda Lattice Hierarchy. It should be noted that these
recursive relations are valid for an arbitrary solution (v, (t),w,(t)) to the
Toda Lattice Hierarchy; moreover, the form of matrix-resolvent recursive re-
lations as well as equation (63) do not depend on the solution.

2.3. From matrix resolvent to tau-function

For an arbitrary solution (v, (t),w,(t)) of the Toda Lattice Hierarchy, there
exists a unique (up to multiplying by exponential of an arbitrary linear func-
tion in n,to,t1,...) function 7, (t) satisfying [10]

3 Plog7y(t) (i + DIG+1)!  trRy(\t)Ra(pt) — 1
oot NARgrE O — )’ !
(65) )\ + g atz IOg Tn(t) >\i+2 - ’yn+1()\at)7
Tnt1(6)Tn-1(t)
e

(64)

4,520

(66)

Here, R,(A;it) := Riu(N)|o,=v,(t), wn=wn(t)- We call 7,(t) the tau-function of
the solution (vy,(t),w,(t)). Indeed, by interpolating using x = ne, we know
that the Toda Lattice Hierarchy is a tau-symmetric integrable system of
Hamiltonian PDEs within the normal form of [14], and the identification be-
tween 7, (t) and the tau-function of [14, 7, 15] is made in [10]. By a straightfor-
ward residue computation (comparing coefficients of ;=2 in (64)), we obtain

(i+ 1)1 0%log 7, (t) _
(67) 2 R an(Ast).
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Theorem A ([10]). Generating series of logarithmic derivatives of ,(t) have
the following expressions

" 1og T, (t) 1o (ig +1)!
(68)
2 Gnon, e
_ Z tr [Rn(/\m;t)'”Rn()‘ak;t)]

% , Vk>3.
oeSk/Ck Hiil()\o'i - A(TH,l)

We are ready to give the proof of Theorem 1.
2.4. Proof of Theorem 1

The first step is to give the initial value of the GW solution.
Lemma 1. The initial value of the solution (48), (49) of the Toda Lattice
Hierarchy is given by

u(z,t =0;¢) = 0,

v(z,t =0;¢) = x—i—%.

Proof. The string equation (52) can be written equivalently as

X OFS xty OF®
(69) th% + @ T o

i=1

Differentiating both sides of (69) w.r.t. typ we obtain >.7°, ti% +Z =
02 Fs a9

520ty Taking t; = to = - -- = 0 in this equation gives —f(z,to, 0,0,...;¢) =

2 Ts
N Oz Otg
. In particular, gx—{;o(x, 0,0,...;€¢) = %. Therefore using (48) we have

P | 9 O Fs
€
683; 8$8t0

v(x,0,0,...;€) = (,0,0,...5¢) = = +

We now look at the initial value of u. Since

u(z,0,0,...5¢) = F(x+¢€0,0,...;¢) + F(x —¢€,0,0,...;¢)
— 2F%(x,0,0,...5€),

we only need to find coefficients of z™ in the Taylor expansion of
F5(x,0,0,...;€). The degree-dimension matching implies 29 —2+2d+n = 0.
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So the only possible choices are (g,d,n) = (0,0,2),(0,1,0),(1,0,0). The con-
stant terms do not contribute to u(z,0,0,...;¢€). The quadratic term cannot
appear because of the well-known expression of the genus zero primary po-
tential (the potential of the corresponding Frobenius manifold) is

1
F = (62]-"5)6:0 = 5(01)21)2 + ¢, with o' = v]eeg, v = ulc—o.
Clearly, after restricting to v? = 0 and v! = z, there is no z? term. O

We now proceed to the proof of Theorem 1. Recall the interpolation for-
mula x = ne. Then the above Lemma 1 implies that, for the particular
solution (48)—(49) to the Toda Lattice Hierarchy
(70) un(t =0;¢) = 0,

(71) Ut = 05€) = en+§.

Substituting (70)—(71) into (56)—(59) we obtain the following recursive rela-
tions for the entries of the nitial (basic) matrix resolvent

€
(72) Qpt1 + O + 1 = (A—en—i)’yn_H,
€
(73) <)‘_ €n — 5) (an _an+1) = Tn — Tn+2,
(74> an + Oéi — M Yn+1 = 0.

Here, “initial” means at t = 0. The theorem is then proved by taking t = 0
in (68) and (64). O

As before, write

_ . _ Cn,j _ . _ Qn,j
(75) Tn = ’Vn(/\a 6) = Z)\j+1’ Qy = Oén()\,E) = Z)\j+1'

>0 720

Then equations (72)—(74) become

1
(76) Cnj = 6(” — 5) Cnj—1+ Anj—1+ Gn-1,4-1,
€
(77) Un,j = Gnt1j + (€7l+'§)(an+1471-'angfl)
+ Cng25-1 — Cny-1 = 0,
j—1
Qpj = Cn,iCn41,j—1—i — QnjiQnj—1—i
(78) ( )

=0
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together with the initial data for the recursion
(79) ano = 0, Cno = 1.

The first several terms of a,,, ¥, are given by

1 2ne 3n262+é+3 An2ed + n(e® + 12¢

(80) =35+ 55 T Xf + Ag ) + o
1 ne — < n262—n62+£+2

(81) o= 5+ )\22 + X 4

3. Solving the matrix-resolvent recursive relations of P!

The goal of this section is to solve equations (5)—(7). We start with proving
Proposition 1.

3.1. Proof of Proposition 1

1+a(z,s) bz 9)
c(z,s) —a(zs

tion (11), i.e., M(z — 1;s) (Z _51/2 _S> = (Z —1/2 _S> M (z; s), writ-

Write M(z,s) = )> The topological difference equa-

0 s 0
ten in terms of a, b, ¢ reads as follows:

b(z) + ¢(z—1) = 0,

(-~ 3)b(e) + s (1 +a(z—1) +a(2) = 0,

1
sb(z—1) + sc(z) + (2 — 5) (a(z=1)—a(z)) = 0.
Here, a(z),b(2),c(z) are short notations for a(z,s),b(z,s), c(z, s); below we
keep using these notations when no confusion will occur. It follows from these
equations that

8 o) = o 1TANTAED ey Araeol)tal)
2

1
Z+§ zZ —

Moreover, the topological difference equation is reduced to the following 3rd
order linear difference equation (with a parameter s) for a:

82(1+a(z)+a(z+1) B 1+a(z—2)+a(z—1))

3

83
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+ (z= =) (a(z—1) —a(z)) = 0.

Write a(z,s) = Y30 Arz *'. Then equation (83) is equivalent to the
following equations:

(84) —8(k +2)Apss
= —165%0k0 — 3(1 +4s?) A1 + 2(1 +45*) A

1+k
+ > A ((D)M2s? = 27287 + (3 — 457)) ( * 1)

n

+ Y A ((—1)"85° —2"5% —2(1 4 457)) <1 Zk“)

k1,m>0
k1+n=k
14 ks 1+ k
k1 ;21 ' ( n k1 ;22 ' n
k1+n=k+1 k1+n=k+2

Here k > —1 and it is understood as A_o = A_; = 0. Together with (82), this
recursion proves the existence and uniqueness of a solution M* of the form

M* = (1) 8) + 3 5>1 M 2%, Moreover, the fact that each entry of M is a

polynomial of s can be seen easily from this recursion (for Ay). Finally, taking
the determinants of both sides of (11) we have

s2det M*(z — 1) = s> det M*(2) = det M*(z—1) = det M*(2).

It is easy to see that det M*(z) € 271Q][s][[z"}]]. Noting that Ay = 0 we find
that the coefficient of 271 in det M*(2) also vanishes. Therefore, det M*(z)
vanishes. The proposition is proved. O

3.2. Proof of Theorem 2

In this subsection, we prove Theorem 2. The proof is similar with the one
given in [5] (see the “Key Lemma” i.e. Lemma 4.2.3 therein).

Proof of Theorem 2. Define R},(\;€) = M*(2 —n; ). It is easy to check that
R} (A e) satisfies (5)—(7). Since R, ();€) is the unique solution to (5)-(7),
we have R,(\je) = Ry (A ¢€). By definition, R(A;75¢) = Ry)c(A;€). Hence
R(A; x;€) only depends on A — x and e. The theorem is proved. O
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3.3. Proof of Theorem 3 and Theorem 4

To prove Theorems 3 and 4, we must show two things:

i) Prove that the entries of the matrix-valued meromorphic function
B(z; s) defined by equations (17)—(19) have asymptotic expansions as
power series in 27! (for |2] — oo at a bounded distance away from half
integers) given by the RHS of (13).

ii) Show that the function B(z;s) satisfies the properties (11)-(12) with
M replaced by B.

For step i), we must look at the asymptotics of G(z;s) and G(z;s) as
|z| = oo with s bounded, say |s| < S. We consider only the case of G, since
the case of GG is exactly similar. We claim first that

(85)

i
m=0 m =0 z—m+ 2)2m

for any fixed N € N as z — oo at a bounded distance from Z + % Indeed,
the terms with N < m < 1[z| in (85) are individually bounded by %
(because each factor in the Pochhammer symbol in the denominator has ab-
solute value > 1]z]), so their sum is < Z%:N(T‘?S‘)Qm = O(272V). The terms
with m > 3|z| are individually bounded by %, where 9 is the distance
from z to Z + %, so their sum is smaller than any fixed negative powers of |z|
as |z| — oo with § fixed. Now using a partial fraction development in each

summand in (85), we find

Gz 5) 14 2N_1 s2m ot (_1)4(2771[1) + O( —2N)
zZ;8) = E E z
’ omlm =1 = z—m+ 043
_ ~ 1 (—1)£82m 2m — 1 Y, 1\7—1 0 —2N
r=1 0<e<2m<r

where we have removed the terms with 2m > r because the (2m — 1)st
(backwards) difference of a polynomial of degree r — 1 vanishes identically
if 2m > r. We also note that the terms with r odd give zero (replace ¢ by
2m — 1 — /), so we can set r = 2j + 2, m = i + 1 to recover the expression
given in (14), proving that G(z;s) ~ 1 + 2« as claimed.
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Now we do step ii). The explicit expression for M given in the statement
10
0 0
using Proposition 1 we only need to show that M(z,s) satisfies (11)—(12).
Then due to Proposition 4 it suffices to show that B(z, s) satisfies (11)—(12)
for 2 € C—Zoaa. Identity (12) is obvious for B(z, s). Identity (11) is equivalent
to

of Theorem 3 clearly has the form M = + D k>1 My z~%. Therefore

~ G(z;8) +G(z+1,9)

(36)  Gas) = > ,
é(er%,s) é(z—%,s) z 1 1

(87) Z+1 - -1 - 282G(2+2,S)G(22,8):|.

Identity (86) is true since G(z;s) + G(z +1,s) = Y2 (2;) [@5%)2 +

ﬁ} = 2G(z;s). Similarly, we find that identity (87) is true. O

Note that the k-point function Fj(Aq,...,A;05¢,1) (k > 2) can be ex-
pressed in terms of M by

(88)  Fr(A1,..., \gx;6,1)
tr [M(@ l) M(M 1)}

7€ € T e

_ Ok
0€Sk/Ch H;C:l (AU(Z) B )\U(i+1)) ()\1 o )\2)2

The validity of this identity is understood in the formal power series ring
Q[z, AT, A
Proposition 5. For any k > 2, the following formula holds true

(89)
(iy 4+ 1)+ (ig + 1)! q? 5, m
¢ D e e Yoo L @) @)™, ,
D1 yenns i >0 >\1 T )\k m,g,d>0 m:
2g+2d72+27n:z ip

1 tr [R(a7 2 x0p507 a7 2e) R (a7 200507 a2 | Y

ok €S Hf:l(Aai —Aoiy1) (A1 = A2)?
Proof. Use Proposition 1, (10), as well as (4). O

Remark. R. Pandharipande [32] proves that the numbers <7'1(w)29_2+d>g J

coincide with the classical Hurwitz numbers H, 4 defined by Hurwitz [23].
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A polynomial algorithm of computing these numbers has been obtained very
recently [12] based on Pandharipande’s equation [32, 12]. Although the for-
mula (88) for Fj, with k = 2¢g —2+d contains the numbers H, 4, the algorithm
designed from (88) is not of polynomial-time (note that however (88) contains
much more information than Hy q).

3.4. Proof of Proposition 2

The main observation is that for any k£ > 3, we have

Hy(21,. . 21)
tr {B(zg(l), S) cee B(Za(k)> S)]

:_Z k

UGSk/Ck ’iil(zai - ZO'i+1)

_ ki:l Z tr [B(za(l), 5)...[B(zk,5), B(25(j),5)] - - - B(Z5(k—1)» s)] .

k—1
J=10€S,_1/Cr_1 (21 — Zo(j)) Hi:l (20, — Zai+1)

So Hy, is analytic along z; = z; for i # k away from the half-integer points.

Note that Hg(z1, ..., z;) is totally symmetric w.r.t. permutations of z1, . . ., 2.
Therefore Hy, is also analytic along z; = z; for ¢ # j (for any j). The case
k = 2 follows immediately from the second equality in (20). O

4. Proof of the factorization formulas

We begin by giving the proof of Proposition 3 of Section 1.3, giving an explicit
factorization of the rank 1 matrix B(z,s) as the product of a column vector
and a row vector.

Proof of Proposition 3. We have to prove the following three identities for
hypergeometric 1 Fy-functions as sums of products of Bessel functions:

1+G(zs) s

0 2 ~ cos(mz) o1 (28) -4 (25),
1—G(zs) s

1 = 1(2 1(2

51) 2 cos(7z) JZJF?( °) J_Z+§( s)s
S s

2 ; = 1(2 1(2s) .

(92) . %G(&s) o) e (2) Ty (29)

Indeed,
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RHS of (92)
2n 2n

TS 1 " s o s
= cos(me) Tz + O(—2 4 1) 2" ) > (D =

n>0 n>0

e o DY (=1 — = LHS of (92).

1 1 1
z+ 2 n>0 ni+nz=n (nl!)Q (nQ!)Z(m—Z—F?)(nQ nz 2)

Similarly one proves (90), (91). The factorization B = u(z)u(—z)T can also
be verified directly. O
Proof of Theorem 5. For k > 2 we have
tr (B(z1)...B(z))
= tr (U(Zl)u(—21)TU(ZQ)U(—22)T coou(zg) u(—zk)T>
k
= tr (u(—20)"u(0) . u(=2) (1)) = [T ((=2), ulz11)
i=1

(indices modulo k). Hence each summand in the trace-product formulas (20),
(21) has the form

tr (B(z1,5) ... B(z, s)) _ ﬁp(zi Zi1;8)

10y (2 — zi41) -1

where we recall that D(a, b; s) = u(—a,s)? u(b,s)/(a —b), as claimed. O

Formula (28) implies the following asymptotic formula for a,b ¢ Z + %,
as a,b — oo:

_1)q+1 82n
(93) D(a,b;s)—ﬁ N zo%gﬁ
i i —2n)naa (i - HiG-3)°
IS%:Sn( g (1= DG = DHn =)l (n—j)!

Proposition 2 can be alternatively proved by using this formula.

Proof of Theorem 6. Differentiating both sides of (69) w.r.t. ¢; (7 > 1) we
obtain
oF® > PF 02 Fs
+ Zti = .
8tj_1 i1 8ti_1atj 8x6tj
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Setting t9p = t; = --- = 0 in this equation yields ((7j_1(w)))(z;€,1) =
((1o(1)7(w))) (x; €,1). Note that equation (65) implies

1 (i + 1) e — 1
N T EQZ \it+2 <<7'0(1)7'i(w)>>(90§6; 1) = Vg1, T = ne.

33

>

=

Sot+5(5+2) + XX S (o1 (@)) (w56, 1) = Yusa. Therefore,

e —10F (\;x;€,1) € (:L‘ 1 ) 1
—€ = Y1 ——=|=s+=—)—~.
edx O\ Tt T2\ T g A

Hence we have

OF1(\;x;€,1)
T o
0 —l 2i 2t 2% 7 j . iem
"2 ”12 2 )<Z> Z(m)B’“m(““’*i—“) :
i>2 =0 =

Identity (36) follows immediately from the above formula. The equivalence
between this identity and the statement of the theorem has already been
explained in Section 1.4. The theorem is proved. U

5. Four asymptotics

We have studied several analytic properties of Hy(z1,...,z2x;s). Motivated
by the GW theory, in this section, we will investigate further the func-
tions Hy(2L,..., 2%, ql/ ). It should be noted that the function W (X, ¢, q) :=

) € Y
B(2; @) satisfies the followmg set of equations:

(94) W(X+€€q) <)\\;§ _(\)/§> = (A\;; _(\]/§> W\ e q),

(95) trW(\eq) =1, det W(\ e,q) = 0,

(96) W(\eq) = (é 8) + 0\ Y, A—=oo.

5.1. The € — 0 asymptotic. Proof of Theorem 7.A

First we consider k£ > 2.
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Lemma 2. For 0 < 2T\/6 <1 and % > 0, the following asymptotic formula
holds true as |e| — 0 :

1(}(5; g) 1 i €"am(A;q),

€ 2 =

I GAT) 3 e, xia).

A+ 5 €

[\

where A, , ¢y are algebraic functions of A, \/q. Moreover, for k,m > 0, the
functions ag41(X; q) vanish, and ag, ¢, satisfy the homogeneity conditions:
gragy = —2kasg, grem = —mcpy.

The first several aq, ¢, are given explicitly by

. A 1 _ gA\(A?+16q)
T —agp 2 4 — )7
. A\ + 247g\* 4 284842 )2 + 3072¢%)
! 16(\2 — 4q) ’
B Va B VaA VA (A +690?)
Cofﬁa le—ﬁ7 C2 I
(A2 —4q)> 2(A\2 —4q)> 4(\%2 — 4q)>
VAN + 42907 + 964%)
C = .
’ 8(\2 — 4q)3

Lemma 2 can be proved either by studying the analytic functions (18)—(19),
or by the following lemma regarding the large-order asymptotics of the Bessel
functions [33].

Lemma 3. For any fized valued ( € (0,1), the following asymptotic holds
true: as v — +00,

v=3"" v Va Vs

(97) Jl,_%(yg) ~ T+ D) e, V:z/VO+V1+7+ﬁ+...,

where Vi, m > 0 are functions of ¢ with the first few given by

Vo = =14+4/1—=C% + log¢ —log(1+/1—¢?),

11 1 1
- _ _ _ 2y _ - 2
Vii= g5+ 5log(l+/1-¢%) = 5log( — 7log(1-¢7),
11 1 5 1
‘/2__64_1(1—(2)_%(1_@)%7
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1 1 1 ) 1
Vo = -+

1 1 1
48413 4(1-02)? 16(1— ()3

(1—-¢2)?

L5
16

_1
For m > 2, V,, belongs to Q{(l —(?) 2} having degree 3m — 3.
Note that Lemma 3 implies that as v — +o0,

S -1 Uy, U
(98) ju(%)’“(Q_l) ZGU, U:I/U0+U1+72+—3+...,

v V2

where ¢ € (—1,1) is fixed, and

Up = —1 + /1 —=¢% —log(1+/1—¢?),

11 1 ,
Uy = 5t 510g(1+\/1—§2)—110g(1—g ),
Un = Vip (m>2).

20+1

It is also easy to see that for £ > 1, U25+1+W belongs to (1-¢?)" % -

_1

@[(1 —(?) 2] We omit further details of the proof of Lemma 2.
Due to Lemma 2, a, (A, q), ¢m (A, ¢) can be identified with their formal
expansions in ,/g. (Indeed, these series are convergent for 2|,/g| < |A|). There-

fore, the large A asymptotic of M (%, @) could be identified with the ¢ — 0
(double  scaling) asymptotic (identification between elements in
Q[[A !, e,1/d]]). Theorem 7.A then follows from Lemma 2. In particular, the
identity 3,0 629*2%[{,[5]()\1, coy A q) = Fr(M, ..., Ak €,q) is understood
as an equality between formal power series in ¢, /g, )\fl, e )\,;1.

To show the statement for k& = 1, observe that

1+ G(z;5) Olog JZ_%(28> N 1—G(z;5) Olog J%+Z(2s)
2 0z 2 0z

Hi(z,5) =

where we used (90)—(91). Then the theorem follows from Lemma 3 and
Lemma 2. O

We remark that, due to Lemma 3 the asymptotic formula (93) can also
be viewed as an € — 0 limit, with a = ’\—61, b= % and s = @.
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5.2. The € — oo asymptotic. Proof of Theorem 7.B

First consider k& > 2. For |e| > 2|\| we have

(99) 3 (i\ \/_> ! ZA%)\Q 2k
(100) G5 = i > Gl

where Ak, Cp, are polynomials in ¢, A\. Note that the right-hand-sides are
also the € — oo asymptotics of the left-hand-sides. The polynomials Asg, Cr
satisfy the following homogeneity conditions:

gr Ao = 2k Ag, grCm = (m—1)Cpy

The first several of these polynomials can be read off from

LA Va1
iG(E’?)‘g
_ 4 16g(\* — 39) B 64g(\ — 10\2¢ + 2¢?) .
€* et 6 c
1 é(é\/_a) _ 2 . Q n 8()\2—%(]) B 16()\3_%)@)
)\+§ 67 € € 62 63 64

20\ = 2N+ f5¢®) 64N — FNq + 2N N
€° €6

+

*

where |¢|] > 2|A| is assumed. Theorem 7.B follows from (99)—(100) and the
definition of Hj. The k = 1 statement easily follows from (32) and (31). The
theorem is proved. O

5.3. The ¢ — 0 asymptotic. Proof Theorem 7.C

By definition,

)

Lod Ay L 1 (2 1 !
§G(Z’ e> 2 2§<z> 2N+ (L—i+1/2) 27
Vi AN V3 L (2i q

s G = ﬂz() (=it 12d
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So the definition itself gives the ¢ — 0 asymptotic of the entries of M (%, @);

the coefficients are clearly rational functions of A, e. Theorem 7.C then follows
from the definition of Hy, k > 2. For the case k = 1, the definition of H;
automatically gives the ¢ — 0 asymptotic, which simplified to (42). O

Corollary 1. Yk > 2, the following formulas hold true

qu Hk,d(Ala ceey Akv 6) = 2629_2+2kHI£;g](>\1) oo 7)‘]67 Q> )

d>0 9>0
jzzqdfykd(A17'~-aAk§5) = > € ¥Hp (M, Akia).
d>0 9>0

Moreover, the following two identities hold true in the corresponding for-
mal series rings:

> d (2d — 1)! 2g 7719l

> g —— = > _H" (X q),
= d? II?:l(AQ'_ Qﬂzll_ez) g>0

> q —— = Y € YHy5(\q).
= d? II?ZI(A2~— gﬁZlLfQ) g>0 ’

This corollary indicates that the ¢ — 0 limit connects the ¢ — 0 and the
€ — 0o limits.

5.4. The ¢ — oo asymptotic. Proof of Theorem 7.D

Recall from [33] that for any fixed value of v, as |y| — oo in a sector |arg y| <
m — 0, the following asymptotic holds true:

(101)
5 o S (=D (v =2m A+ D
Ju(y) ~ \/;y (Cos(y Y. ngo (2m)! (2y)*m 2
_ T o= (=)™ (v —2m — %)4m+2
— sm(y - 51/ - Z) mz::o (2m + 1)! (Qy)2m+1 ) ’

For k > 2, using (101) and (90) we have

Lemma 4. For z fized and |s| — oo with |args| < 7 — &, we have the
asymptotic expansions

Glzs) ~ cos(4s) i daor(2) N sin(4s) i dori1(2)

cos(mz) = s cos(mz) = s*H!
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oo (2r p
—tan(ﬂ’z)z( ) J_ir( Jr])’

24T+1 82T+1
r=0

s Gilos) ~ sin(4s) i ear(2) N cos(4s)) i eari1(2)
(
2

z+ 3 cos(mz) = s cos(72) =

oo [2r r .
(2
_ tan(ﬁz) Z (7") ijl z j)
r=0
with explicitly known polynomials d,(z) € Q[z?], e.(2) € Q[z(z + 1)].

The rest of Theorem 7.D follows from the definition of Hj as well as
elementary trigonometric identities. In a similar way, one proves statement

for k = 1. O

Remark. We would like to mention the following formal solution W to equa-
tions (94)—(95):

(102) W = % —vV—=lwi(A€6,q) V—1wa(X—¢€¢€q)
—vV—Twz(A €,q) %—l-\/—lwl(/\,e,q)
where
2 @m=DUTTE (A +€))
)\ € q Z 23m+2 m!qm+1/2 s
3 2 ~ DU oy ted)
A € q Z() 23m+1 m[q

Clearly, W belongs to Q[\, €][[¢~'/?]]. However, analytic aspect of this formal
solution is unclear to us. For example, we do not know if there exists an
analytic solution satisfying (96) and with the large ¢ asymptotic given by W.
We will consider this problem in a subsequent publication.

6. Further remarks
6.1. Bispectrality

Bispectrality is an interesting and rare phenomenon in the theory of inte-
grable systems. Let (u,(t),v,(t)) be a solution to the Toda Lattice Hierar-
chy, and R, = Ry(\;t) its matrix resolvent. Denote R(A; z,t;¢) = Ry /(s t),
also called the matrix resolvent. We say that the matrix resolvent has bis-
pectrality if there exists a non-zero scalar function g(\;e€) and an invertible
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matrix-valued function A();€) such that g(A;e) A(\;e) R(\;z,0;5¢) A(X;e)™?
is a function of h(\,z) and € only for some scalar function h. This type of
bispectrality can be defined analogously to other integrable system (where
in most cases € can be taken to be 1 for simplicity). For the Toda Lattice
Hierarchy, one might guess that the GUE [10] and the P! cases are essentially
(modulo some group actions) two only possible cases possessing bispectrality
of the above type, but there are not enough evidences for supporting this
guess. So classifying this type of bispectrality for the Toda Lattice Hierarchy
seems still to be an open question. Also, bispectrality looks still mysterious.
Indeed, we do not know its origin. We call the solution has the type-I bispec-
trality if the function h(\, 2) = A—z. Conjecturally, the so-called “topological”
solution to an integrable system always has the type-I bispectrality. We hope
to study criterion of bispectrality beyond type-I in a future publication (the
method given in [16] might be helpful).

Conjecture. Let M be a semisimple (calibrated) Frobenius manifold. Assume
that the integrable hierarchy of topological type of M [8, 14, 22] admits a Lax
pair formalism. Then, a solution of this integrable hierarchy is topological iff
its matriz resolvent possesses bispectrality of Type I. The same statement is
valid for the Hodge hierarchy [9] of M.

Note that validity of the Main Conjecture for GW invariants of P! is
confirmed in this paper.

Proposition 6. The Conjecture is true for ADE singularities.

Proof. The necessity part is precisely the Lemma 4.2.3 of [5] where it is called
the Key Lemma. The sufficiency part follows from the uniqueness theorem of
topological ODEs [10], i.e. the space of solutions regular at infinity is equal
to the rank of the simple Lie algebra. O

6.2. Dual topological ODE
The topological difference equation for P! can be written as
(103) M(z—1;8)A — AM(z;s) = zM(z—1;5) B — 2B M(z;s)

with

5 s (10
04 (R ().
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Definition 3. The dual topological ODE for the Toda Lattice Hierarchy

associated with the solution corresponding to the GW invariants of P! (within
the stationary sector) is defined by

— — — dM dM

(105) eyMA—AM:ey(M—i——)B—B—

dy dy

where M = M (y;s) is a matrix-valued function in y, and s is an arbitrary
parameter.

Topological and dual topological equations (11), (105) are related via a
Laplace type transform, i.e.

1
M(y;s) = %/eZyM(z;s)dz
ol

where ~ is an appropriate contour on the complex z plane.
6.3. Analytic invariants of P!

We have already seen that the formal series € Fi(A1, ..., \;0,¢€,q), defined
as the generating series of the GW invariants (7, (¢ay) -+ - Tip (Par ) ) g,a Of P
(in full genera and of all degrees) is not convergent as a series of €, or as a
(multi-)series of )\1_1, e ,)\,:1. However, as a power series of ¢, it does con-
verge, which gives the motivation of defining the analytic k-point functions

Hk(%, ceey %; #), such that the GW invariants are the coefficients in the
full asymptotic of the double scaling limit € — 0 (or of the ¢ — 0 limit) of
Hk(%, L %; #) The definition of Hj, is certainly natural, and provides
the non-perturbative version of topological quantum field theory for P!. We
refer to the coefficients in the ¢ — oo asymptotics (or again in the ¢ — 0
asymptotic but with |e| > |\;|, i = 1,...,k), and in the ¢ — oo asymp-
totics of Hk(%, cee %; g) as analytic invariants of P'. These invariants
are counterparts of the GW invariants. For example, the first few Hy, 4 are

8
Hyjg = 0, Hiypy = —4g, Hip = 1600 + 2¢°,
320 128 .

H, o = —64g)\* 232 _ 3

L[3] GdgA™ + —q e
H. =1 H. = 64 )\2 /\2 . 256 9

2,11 = 16q, 22) = 6 q(M\] +23) 5

256 53248

lﬁﬁ]:2&MQ%+X93+£)—ngQTﬁ—QMATHW£)+E@€f7
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6656
Hypp = —64q, Hip = —256g(A\T+ A3+ A3) + 74 ¢,
Hyz = —1024g (AT + X3+ A3+ AT+ A35 + A3AD)

4096
+ Sta? (5908 + X+ X) — (da + dads + Auhy))
13027328

30375 1

where we recall that M}, g are defined in the expansion (40). These are the
counterparts for e — oo.

We also list the first several H ,f’m and H,‘j’m for k > 2:

L A—C10 =58,

o0 — _ 7 Hl’O:O,
2 ()\1 _ )\2)2 2
S1— S ~
gl — _p2 21 2 oi—
2 AN ) ’
HQQ’O = 32 |:E —26 5132—2()\1+)\2)2}7 H2271 =0,
72,1 (€2 —2)3) 5> — (2 —2\9) S
Hg’ = € )
16 (A1 — A2)
H22 _ i H3’0 — 0,
2 32 ’
3l _ (et — (M 4+2X3) + A3 St — (e* — (202 + A2) + A1) Ss
2 32 (A1 — o) ’
e — (A +A)

Hy' =0, HY? =0, Hy® = o :

2 (A3 = A3 S1+ (AF — AT) S2 + (A — A3) S

4(A1— A2) (A2 — A3) (A3 — A1) ’
3 (A1 —A2) S1.52 + (A2 — A3) S2.S3 4+ (A3 — A1) S3.54
4(A — A2)(Aa — A3) (A3 — A1) '

0,0 __ 1,0 _

L1 1l
Hy" =0, Hy = ¢

Here, O = cos( L), Cy = cos( 2), S; = sm( L), Sy = 51n(”’\2), S =
sm(’”\?’) For k = 1 we have

202 — €2
16
206 — 1662 \* 4 32¢*\? — 9¢8
3842 ’

*,1 *,2

*,3 x4
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H' =0.

A 32N+ ~
32¢ »ot

Hi' =2, H? =0, H=-

Y

Here, H,(f’m and H; < are defined in (43) and (43), respectively, which give the
counterparts for ¢ — oo. It will be interesting to study the Stokes phenomenon
of the GW invariants by investigating the asymptotic of

1/2

€ € €

as € goes to 0 within different sectors.
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