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Abstract: Building on ideas from [DT98, DS11, Wall7, Hay17],
we outline a proposal for constructing Floer homology groups as-
sociated with a Go—manifold. These groups are generated by asso-
ciative submanifolds and solutions of the ADHM Seiberg—Witten
equations. The construction is motivated by the analysis of various
transitions which can change the number of associative subman-
ifolds. We discuss the relation of our proposal to Pandharipande
and Thomas’ stable pair invariant of Calabi—Yau 3—folds.
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1. Introduction

Donaldson and Thomas [DT98, Section 3] put forward the idea of constructing
enumerative invariants of Go—manifolds by counting Go—instantons. The prin-
cipal difficulty in pursuing this program stems from non-compactness issues in
higher-dimensional gauge theory [Tia00, TT04]. In particular, Go—instantons
can degenerate by bubbling along associative submanifolds. Donaldson and
Segal [DS11] realized that this phenomenon can occur along 1-parameter fam-
ilies of Go—metrics. Therefore, a naive count of Go—instantons cannot lead to
a deformation invariant of Go—metrics; see also [Wall7]. Donaldson and Segal
proposed to compensate for this phenomenon with a counter-term consist-
ing of a weighted count of associative submanifolds. However, they did not
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elaborate on how to construct a suitable coherent system of weights. Hay-
dys and Walpuski proposed to define such weights by counting solutions to
the Seiberg—Witten equations associated with the ADHM construction of in-
stantons on R* [HW15, paragraphs following Remark 1.7]; [Hay17]; [DW19,
Introduction]; [DW18, Appendix BJ.

The construction of these weights depends on the choice of the structure
group of Gy-instantons, an obvious choice being SU(r). If one specializes
to r = 1, that is, to trivial line bundles, then there are no non-trivial Go—
instantons and their naive count is, trivially, an invariant. However, according
to the Haydys—Walpuski proposal one should still count associatives weighted
by the count of solutions to the Seiberg—Witten equation on them. It is known
that counting associatives by themselves does not lead to an invariant, because
the following situations may arise along a 1-parameter family of Go—metrics:

1. An embedded associative submanifold develops a self-intersection. Out
of this self-intersection a new associative submanifold is created, as
shown by Nordstrom [Nor13]. Topologically, this submanifold is a con-
nected sum.

2. By analogy with special Lagrangians in Calabi—Yau 3—folds [Joy02, Sec-
tion 3|, it has been conjectured that it is possible for three distinct asso-
ciative submanifolds to degenerate into a singular associative subman-
ifold with an isolated singularity modeled on the cone over T? [Wall3,
p. 154]; [Joy17, Conjecture 5.3]. Topologically, these three submanifolds
form a surgery triad.

We will argue that known vanishing results and surgery formulae for the
Seiberg-Witten invariants of 3-manifolds [MT96, Proposition 4.1 and The-
orem 5.3|, show that the count of associatives weighted by solutions to the
Seiberg-Witten equation is invariant under transitions (1) and (2), assuming
that all connected components of the associative submanifolds in question
have b; > 1. This restriction is needed in order to be able to avoid reducible
solutions and obtain a well-defined Seiberg-Witten invariant as an integer.!
We know of no natural assumption that would ensure that this restriction
holds for all relevant associative submanifolds. Hence, the Haydys—Walpuski
proposal cannot yield an invariant which is just an integer.

One can define a topological invariant using the Seiberg—Witten equa-
tion for any compact, oriented 3—manifold. This invariant, however, is not
a number but rather a homology group, called monopole Floer homology

1Using spectral counter-terms, Chen [Che97, Che98] and Lim [Lim00] were able
to define Seiberg-Witten invariants of 3—manifolds with b; < 1. These, however,
are rational and cannot satisfy the necessary vanishing theorem.
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[MWO01, Man03, KM07, Frg10]. The behavior of monopole Floer homology
under connected sum and in surgery triads is well-understood [KMOS07, The-
orem 2.4]; [BMOJ; [Linl5, Theorem 5]. We will explain how to construct a
chain complex associated with a Go—manifold using the monopole chain com-
plexes of associative submanifolds. The homology of this chain complex might
be invariant under transitions (1) and (2).

The discussion so far only involved the classical Seiberg—Witten equation.
There is a further transition that might spoil the invariance of the proposed
homology group:

3. Along generic 1-parameter families of Go—metrics, somewhere injective
immersed associative submanifolds can degenerate by converging to a
multiple cover.

We will explain why this phenomenon occurs and that it can change the
number of associatives, even when weighted by counts of solutions to the
Seiberg—Witten equation. This is where ADHM monopoles, solutions to the
Seiberg—Witten equations related to the ADHM construction, enter the pic-
ture. Counting ADHM monopoles does not lead to a topological invariant
of 3—manifolds. We will provide evidence for the conjecture that the change
in the count of ADHM monopoles exactly compensates the change in the
number of associatives weighted by the Seiberg—Witten invariant. Based on
this we will give a tentative proposal for how to construct an invariant
of Go—manifolds: a homology group generated by associatives and ADHM
monopoles.

This paper is organized as follows. After reviewing in Section 2 the basics
of Go—geometry, we discuss in Section 3 and Section 4 the three problems with
counting associatives described above. The core of the paper are: Section 5
where we introduce ADHM monopoles and relate them to multiple covers of
associatives, and Section 6 where we outline a construction of a Floer ho-
mology group associated with a Go—manifold. In Section 7 we argue that a
dimensional reduction of our proposal should lead to a symplectic analogue of
Pandariphande and Thomas’ stable pair invariant known in algebraic geom-
etry [PT09]. Appendix A contains the proof of a transversality theorem for
somewhere injective associative immersions. Appendix B and Appendix C
develop a general theory of the Haydys correspondence with stabilizers for
Seiberg-Witten equations associated with quaternionic representations. Ap-
pendix D summarizes the linear algebra of the ADHM representation.

Finally, we would like to point out that an alternative approach to count-
ing associative submanifolds has been proposed recently by Joyce [Joy17]. His
proposal does not lead to a number or a homology group, but rather a more
complicated object: a super-potential up to quasi-identity morphisms.
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2. Counting associative submanifolds

We begin with a review of Go—manifolds and associative submanifolds with
a focus towards explaining what we mean by “counting associative submani-

folds”.
2.1. G—manifolds

The exceptional Lie group G5 is the automorphism group of the octonions O,
the unique 8-dimensional normed division algebra:

Gy = Aut(O).

Since any automorphism of O preserves the unit 1 € O and its 7-dimensional
orthogonal complement ImO C O, we can think of G5 as a subgroup of

SO(7).

Definition 2.1. A G9—structure on a 7-dimensional manifold Y is a re-
duction of the structure group of the frame bundle of Y from GL(7) to Ga.
An almost Go—manifold is a 7-dimensional manifold Y equipped with a
Go—structure.

The multiplication on O endows Im O with:

e an inner product, g: S?Im O — R satisfying
g(u,v) = — Re(uv),
e a cross-product - x -: A?Im O — Im O defined by
(u,v) = u x v := Im(uv)
and a corresponding 3-form ¢ € A3 Im O* defined by

o(u,v,w) := g(u X v,w),

as well as
e an associator [-,-,-]: A>Im O — Im O defined by
(2.2) [u, v, w] := (u X V) X W+ (v, w)u — (u, wv

and a corresponding 4-form 1) € A*Im O* defined by

Y(u,v,w, 2) = g([u,v,w), ).
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These are related by the identities
i(u)p Ni(v)p A ¢ = 6g(u,v)vol, and
*g¢ = 71)
for a unique choice of an orientation on Im O. We refer the reader to [HL82,

Chapter IV]; [SW17] for a more detailed discussion.
A Go—structure on Y endows TY with analogous structures:

(2.3)

a Riemannian metric g,

a cross-product - x -: A2TY — TY,

a 3-form ¢ € Q3(Y),

an associator [-,-,-]: A3TY — TY, and
a 4-form ¢ € Q4(Y),

satisfying the same relations as above. From (2.3) it is apparent that from ¢
one can reconstruct g and thus also v, the cross-product, and the associator.
Similarly, one can reconstruct g from 1 together with the orientation. The
condition for a 3—form ¢ or a 4—form 1 to arise from a Gay—structure is that
the form be definite; see [Hit01, Section 8.3]; [Bry06, Section 2.8]. We say that
a 3-form ¢ is definite if the bilinear form G, € I'(S?T*Y ® ATT*Y") defined
by
Golu,0) i= ()9 A i(0) A

is definite. We say that a 4-form ¢ is definite if the bilinear form Gj, €
[ (S2TY ® (A"T*Y)®?) defined by

Gyla, B) = i) Ni(B)Y A

is definite. Here we identify A*T*Y = ATY ® A'T*Y. Therefore, a Go-
structure can be specified either by a definite 3—form ¢, or by a definite
4—form 1) together with an orientation.

A Gy—structure on a 7-manifold induces a spin structure through the
inclusion Go C Spin(7). In fact, a 7-manifold admits a Ga-structure if and
only if it is spin, see [Gra69, Theorems 3.1 and 3.2] and [LM89, p. 321]. This
means that the existence of a Ga—structure is a soft, topological condition.
More rigid notions are obtained by imposing conditions on the torsion of
the Ga—structure, in the sense of G—structures, see [Joy00, Section 2.6]. The
most stringent and most interesting condition to impose is that the torsion
vanishes.

Definition 2.4. A Go—manifold is a 7-manifold equipped with a torsion-
free Go—structure.
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Theorem 2.5 (Ferndndez and Gray [FG82, Theorem 5.2]). A Ga—structure
on a 7T-manifold Y is torsion-free if and only the associated 3—form ¢ as well
as the associated 4—form 1 are closed:

dp=0 and dy =0.

The Riemannian metric induced by a torsion-free Ga—structure has holon-
omy contained in Gao—one of two exceptional holonomy groups in Berger’s
classification [Ber55, Theorem 3]. If Y is compact, then equality holds if
and only if m1(Y) is finite [Joy00, Proposition 10.2.2]. We refer the reader
to [Joy00, Section 10] for a thorough discussion of the properties of Go—
manifolds.

Example 2.6. If Z is a Calabi-Yau 3—fold with a K&ahler form w and a
holomorphic volume form €, and if ¢+ denotes the coordinate on S', then
St x 7 is a Go—manifold with

1
p=dt Aw+Re) and ¢:§w/\w+dt/\ImQ.

In this case the holonomy group is contained in SU(3) C Gs.

Example 2.7. The first local, complete, and compact examples of mani-
folds with holonomy equal to G are due to Bryant [Bry87], Bryant and Sala-
mon [BS89], and Joyce [Joy96a, Joy96b, Joy00] respectively. Joyce’s examples
arise from a generalized Kummer construction based on smoothing flat Ga—
orbifolds of the form TYT where I' is a finite group of isometries of the 7-torus.
This method has recently been extended to more general Gy—orbifolds by
Joyce and Karigiannis [JK17]. The most fruitful construction method for Go—
manifolds to this day is the twisted connected sum construction, which was
pioneered by Kovalev [Kov03] and improved by Kovalev and Lee [KL11] and
Corti, Haskins, Nordstrom, and Pacini [CHNP13, CHNP15]. It is based on
gluing, in a twisted fashion, a pair of asymptotically cylindrical Go—manifolds
which are products of S! with asymptotically cylindrical Calabi~Yau 3-folds.
Using this construction, Corti, Haskins, Nordstrém, and Pacini [CHNP15]
produced tens of millions of examples of compact Go—manifolds.

2.2. Associative submanifolds

Definition 2.8. Let Y be an almost Go—manifold, let P be an oriented 3—
manifold, and let :: P — Y be an immersion. We say that ¢ is associative
if

(2.9) Gl ]=0e Q3(P*TY) and (¢ is positive.
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An immersed associative submanifold is an equivalence class 1] €
Imm(P,Y)/Diff  (P) of an associative immersion ¢ for some oriented 3-
manifold P. Here Imm(P,Y’) is the space of immersions P — Y and Diff | (P)
is the group of orientation-preserving diffeomorphisms of P.

Harvey and Lawson [HL82, Chapter IV, Theorem 1.6] proved the identity
(2.10) o(u, v, w)? + |[u, v, w]|* = Ju AvAwl?

This shows that ¢ is a semi-calibration and that associative submanifolds are
calibrated by ¢. We refer to [HL82, Introduction] and [Joy00, Section 3.7] for
an introduction to calibrated geometry; we recall only the following simple
but fundamental fact.

Proposition 2.11. If.: P — Y is associative, then
"¢ = vol,«g.

In particular, if ¢ is closed and P is compact, then the immersed submanifold
t(P) is volume-minimizing in the homology class v.[P] and

vol(P,*g) = ([9], e[ P])-

Proposition 2.12 (see, e.g., [SW17, Lemma 4.7]). If t: P — Y is an im-
mersion, then the following are equivalent:

1. [+, ] =0,
2. for all u,v € L, T, P, uxv € TP, and
3. for allu € 1,T,P and v € (1, Ty P)*, ux v € (1.T,P)*.

Example 2.13. Let Z be a Calabi-Yau 3-fold. Equip S! x Z with the Gy
structure from Example 2.6. If ¥ C Z is a holomorphic curve, then S x
is associative. If L C Z is a special Lagrangian submanifold, then, for any
t € S, {t} x L is associative.

Example 2.14. Examples of associative submanifolds which arise as fixed
points of involutions have been given by Joyce [Joy96b, Section 4.2]. Examples
of associative submanifolds arising from holomorphic curves and special La-
grangians in asymptotically cylindrical Calabi—Yau 3—folds were constructed
by Corti, Haskins, Nordstrém, and Pacini [CHNP15, Section 5].
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2.3. The £ functional

Associative submanifolds can be formally thought of as critical points of a
functional £ on the infinite-dimensional space of submanifolds. In contrast
to many other functionals studied in differential geometry (for example, the
Dirichlet functional), the Hessian of £ at a critical point is not positive defi-
nite. As we will see, it is a first order elliptic operator whose spectrum is dis-
crete and unbounded in both positive and negative directions. Morse theory
of functionals with this property, most notably the Chern—Simons functional
in gauge theory, was first developed by Floer [F1o88, Don02]. The existence
of such £ already hints at the possibility of constructing Floer homology
groups from a chain complex formally generated by associative submanifolds.

Definition 2.15. Define the 1-form §€ = 6£, € Q'(Imm(P,Y)) by?

52 = [ ity = [ @l )

for n € T, Imm(P,Y) =T'(P,J*'TY).
Proposition 2.16.

1. ¢ is associative if and only if 6,£ = 0 and (*¢ is positive.

2. 0L is Diff L (P)—invariant.

3. If dY = 0, then 6£ is a closed 1-form. In fact, there is a Diff, (P)-
equivariant covering space 7 Imm(P,Y) — Imm(P,Y) and a Diff . (P)-
equivariant function £: I;nvm(P7 Y) — R whose differential is 7*6£.3

Proof. Assertions (1) and (2) are both trivial. For 5 € H3(Y,R), denote
by Immg(P,Y’) the set of immersions ¢: P — Y such that +,[P] = . Fix
Py € Immg(P,Y) and denote by I/m\r/ng(R Y') the space of pairs (¢, [Q]) with
¢ € Immg(P) and [Q] an equivalence class of 4-chains in Y such that 0Q) =
P — Py with [Q] = [Q'] if and only if [Q — Q'] = 0 € Hy(Y,Z). Define
& Tmmg(P,Y) = R by

£0,1Q)) = /Q o,

The function £ has the desired properties; see also [DT98, Section 8§]. O

2Although n is not a vector field on Y, by slight abuse of notation we denote by
t*i(n)y the 3—form on P given by (u,v,w) — ¥(itsu, L0, tsw,n).
3This justifies the notation £ since locally it is the differential of a function.
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2.4. The moduli space of associatives

Definition 2.17. Let P be a compact, oriented 3—manifold and let 3 €
H3(Y,Z). Denote by Immg(P,Y’) the space of immersions ¢: P — Y with
ti[P] = . The group Diff; (P) acts on Immg(P,Y"). The moduli space of
immersed associative submanifolds is

Ay = J[ @)= [JI [[2es@)

BEH;(Y,Z) BEHs(Y,Z) P
with
Apg(¢Y) :== {[t] € Immg(P,Y)/Diff (V) : (2.9)}.

Here P ranges over all diffeomorphism types of compact, oriented 3—manifolds.
Denote by 24(Y') the space of definite 4-forms on Y. If & is a subspace
of 24(Y'), then the #—universal moduli space is

= U 2@)

ves

The moduli space A(Z?) inherits a topology from the C'*°~topology on
Immg(P,Y). As we will explain in the following, the infinitesimal deforma-
tion theory of associatives submanifolds is controlled by a first-order elliptic
operator and (&) admits corresponding Kuranishi models.

Definition 2.18. Let :: P — Y be an associative immersion. Denote by
Niu:=TY/TP = TP+ C /*TY

its normal bundle and by V the connection on N: induced by the Levi-
Civita connection. The Fueter operator associated with ¢ is the first order
differential operator F, = F, ;,: I'(Nt) — I'(N¢) defined by

3
F,(m) = Zb*ei X Ve,m.
i=1
Here (e1, €9, e3) is an orthonormal frame of P.

This operator arises as follows. Identify N¢ with TP+ C *TY and, given
a normal vector field m € I'(Nu), define ¢,,,: P — Y by

tm(x) == exp(m(z)).
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The condition for ¢, to be associative to first order in ¢ is that

d
fr E o [(Lsm)*el, (Lgm)*GQ, (LEm)*€3]

= (tx€1 X t4€2) X Ve,m + cyclic permutations

0

3
= ZL*ei X Ve,m.

i=1

Here we have used the definition of the associator (2.2) and the fact that
t: P =Y is associative so we have .61 X t.e9 = tie3 (as well as all of its
cyclic permutations).

Proposition 2.19 (Joyce [Joyl7, paragraph after Theorem 2.12]). If ¢ is
closed, then

Hess £(n,m) :/P<n, F,m)

with £ as in Proposition 2.16(3). In particular, F, is self-adjoint.

Theorem 2.20 (McLean [McL98] and Joyce [Joyl7, Theorem 2.12]). Let
[t: P —=Y]eAg(tho). Denote by Aut(c) the stabilizer of v in Diff (P).

The group Aut(c) is finite. The Fueter operator F, is equivariant with
respect to the action of Aut(t) on T'(Nw). If & is a submanifold of the space
of definite 4—forms containing g, then there are:

o an Aut(r)—invariant open subset U C &7 X ker F,,

e a smooth Aut(t)—equivariant map ob: P x U — coker F, with ob(t)y, -)
and its derivative vanishing at 0,

e an open neighborhood V' of ([t], o) in As(L), and

e a homeomorphism r: ob *(0)/ Aut(s) — V.

Moreover, if (p,n) € ob™(0), then the stabilizer of any immersion represent-
ing ¥(p,n) is the stabilizer of n in Aut().

Definition 2.21. We say that an associative immersion ¢: P — Y is unob-
structed (or rigid) if F, is invertible.

2.5. Transversality

It follows from Theorem 2.20 that if all associative immersions are rigid, then
the moduli space (1)) is a collection of isolated points—in other words, the
functional £ is a Morse function. While this is not always true, below we show
that it does hold for a large class of immersions and for a generic choice of a
closed positive 4—form 1.
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Definition 2.22. An immersion ¢: P — Y is called somewhere injective
if each connected component of P contains a point x such that

() = {o}.
Denote by
A% (v)

the open subset of somewhere injective immersions with respect to . Given
a submanifold & of the space of definite 4-forms, set

w(2) = U A3().

veP

Proposition 2.23. Denote by ZX(Y) the space of closed, definite 4—forms.
1. There is a residual subset D2 ,.e C D2(Y) such that for every i € 7,

c,reg
(a) the moduli space A% (1) is a 0-dimensional manifold and consists
only of unobstructed associative submanifolds, and

(b) A3 () consists only of embedded associative submanifolds.
2. If o, h1 € Doy (Y), then there is a residual subset D2 oo (Y0, 1) in the

space of paths from g to ¥y in DY) such that for cérqjgry (Ve )eepon] €
@ireg (1/J07 wl)
(a) the universal moduli space 2% ({1, - t € [0,1]}) is a 1-dimensional
manifold, and

(b) for each component {(x,[u]) : t € J} with J C [0,1] an interval,
there is a discrete set Jy C J such that:
i. fort € J\Jx the map 1y is an embedding and
7. forty € Jx there is a T > 0 and with the property that

P:= [J {t}xuP)CRxY

[t—tx |<T

has a unique self-intersection and this intersection is trans-
verse.

The proof of this result is deferred to Appendix A. It is similar to that of an
analogous result about pseudo-holomorphic curves in symplectic manifolds,
cf. McDuff and Salamon [MS12, Sections 3.2 and 3.4]. In fact, our situation
is simpler because we assume from the outset that ¢ is an immersion.
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2.6. Compactness and tamed forms

As we have seen, transversality for associative embeddings can be achieved
by perturbing . However, even if the moduli space (1) consists of isolated
points, the number of points can be infinite. Indeed, for an arbitrary definite
4—form 1) there is no reason to expect (1) to be compact. The situation is
better when one considers a special class of tamed 4—forms. This is analogous
to the notion of a tamed almost complex structure in symplectic topology,
which guarantees area bounds for pseudo-holomorphic curves.

Definition 2.24 (Donaldson and Segal [DS11, Section 3.2], Joyce [Joyl7,
Definition 2.6]). Let Y be an almost Gs—manifold with 3—form ¢, 4—form 1,
and associator [-,-,-]. We say that 7 € Q3(Y) tames v if d7 = 0 and for
all z € Y and w,v,w € T,Y with [u,v,w] = 0 and ¢(u,v,w) > 0, we have
7(u,v,w) > 0.

Example 2.25. If ¢ corresponds to a torsion-free Go—structure, then v, as
well as any nearby 4—form, is tamed by ¢ = *1.

One should think of tamed, closed, definite 4—forms as a softening of the
notion of a definite 4—form giving rise to a torsion-free Go—structure. The
advantage of working with tamed forms is that the volume of any associative
submanifold in Ag(7) is bounded and one can, in principle, use geometric
measure theory to compactify g(1)).

Proposition 2.26 ((Donaldson and Segal [DS11, Section 3.2], Joyce [Joy17,
Section 2.5]). Let Y be a compact almost Go—manifold with 4—form 1. If ¢
is tamed by a closed 3—form T, then there is a constant ¢ > 0 such that for
every associative immersion t: P —'Y with P compact

vol(P,v*g) < ¢ ([7], 1| P]).
2.7. Enumerative invariants from associatives?

Question 2.27. Is there a residual subset of tamed, closed, definite 4—forms
for which () is a compact 0-dimensional manifold (or orbifold)?

If the answer to this question is yes, then for every 1 from this residual
subset we can define

(2.28) ng(v) = #As (V).

Question 2.29. Is ng(¢), or some modification of it, invariant under deform-
ing ¥?
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If the answer to this question is also yes, then ng would give rise to a
deformation invariant of Go—manifolds by defining its value on a torsion-free
Go—structure 1 to be that on a nearby tamed, closed, definite 4—form.

It is easy to see that a naive interpretation of #23(¢) as the cardinality of
25(1)) does not lead to an invariant. Suppose that & = {¢, : t € (—1,1)}is 1-
parameter family of tamed, closed, definite 4-form and [1: P — Y| € A3(¢0)
with dimker F, », = 1. By Theorem 2.20, a neighborhood of ([to],%0) €
25(2) is given by ob™'(0) with ob a smooth map satisfying

ob(t,0) = Mt + ¢4* + higher order terms.

For a generic 1-parameter family we will have A, ¢ # 0. For simplicity, let
us assume that A = ¢ = 1. In this situation for —1 < ¢t < 0, there are
two associative submanifolds [1;: P — Y] with respect to v, near [10]. As
t tends to 0, [¢f] tends to [ig). For ¢t > 0 there are no associatives near
[to]. This means that ng(¢) as defined in (2.28) changes by —2 as t passes
through 0.

The origin of this problem is that 25(¢) should be an oriented manifold
and we should count associative immersions [¢] € (1)) with signs €([¢],¢) €
{#1}. These signs should be such that if {¢;: P — Y :t € [0,1]} isa 1-
parameter family of associative immersions along a l-parameter family of
closed, definite 4—forms, then

(2.30) e([n)shr) = (~1)SFFrewt€OA) g ([10], ).

In the above situation we have

e([t], ) = —e(lur ], ve).-

Therefore, ng(¢) will be be invariant as ¢ passes though 0 if we interpret #
as as signed count, that is,

(2.31) np(w) == Y (i)
s (1)

with some choice of € satisfying (2.30). An almost canonical method for de-
termining ¢ was recently discovered by Joyce [Joy17, Section 3]. We refer the
reader to Joyce’s article for a careful and detailed discussion.
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(125

Figure 1: Two associatives submanifold with opposite signs annihilating in an
obstructed associative submanifold.

3. Intersections, T2—singularities, and the Seiberg—Witten
invariant

In what follows we describe in more detail transitions (1) and (2) from Sec-
tion 1, and explain why they spoil the deformation invariance of ng(¢). We
then argue that the Seiberg—Witten equation on 3—manifolds might play a role
in repairing the deformation invariance. There is, however, a price to pay: one
has to give up on defining a numerical invariant and instead work with more
complicated algebraic objects: chain complexes and homology groups.

3.1. Intersecting associative submanifolds

Let (¥¢)te(—r,) be a 1-parameter family of closed, tamed, definite 4-forms
on Y and let (;: P — Y)ie—r,r) be a 1-parameter family of somewhere
injective unobstructed associative immersions. By Proposition 2.23, if (¢;) is
generic, then we can assume that ¢; is an embedding for all £ £ 0 and ¢y has a
unique self-intersection as in Proposition 2.23(2b). This intersection is locally
modeled on the intersection of two transverse associative subspaces of R”.
Given any pair of transverse associative subspaces of R7, there is a smooth
associative submanifold asymptotic to these subspaces at infinity, called the
Lawlor neck. Nordstrom proved that out of the unique self-intersection of ¢g a
new l-parameter family of associative submanifolds is created in Y by gluing
in a Lawlor neck.

Theorem 3.1 (Nordstrom [Norl3]). Let Y be a compact T-manifold and let
(Vt)te(—r,) e a family of closed, definite 4-forms on'Y . Let P be a compact,
oriented 3-manifold. Suppose that (12 P — Y )ie—rr) s a 1-parameter
family of unobstructed associative immersions such that

P:= [J {t}xuP)cCRxY
te(=T.7)
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has a unique self-intersection which occurs for t = 0 and is transverse. Let
xt denote the preimages in P of the intersection in' Y and denote by P* the
connected sum of P at x* and z~.

There is a constant g > 0, a continuous function t: [0,&0] — (=T,T),
and a 1-parameter family of immersions (12: P — Y)zc(0,60 Such that, for
each ¢ € (0,2¢], it is an unobstructed associative immersion with respect to
Yy(ey. Moreover, as € tends to zero the images of Lg converge to the image of
Lo in the sense of integral currents.

+

¥ [t4]
[E}

Figure 2: An associative being born out of an intersection another associative.

Remark 3.2. The paper [Norl13] has not yet been made available to a wider au-
dience. A part of what goes into proving Theorem 3.1 can be found in [Joy17,
Section 4.2]. There it is also argued that for a generic choice of (¥¢)se(—7,m)
the function ¢ is expected to be of the form ¢(¢) = de + O(¢?) with a non-zero
coefficient & whose geometric meaning is also explained therein.

Remark 3.3. Denote by Py, ..., P, the connected components of P. Let ji
be such that 4 € P;,. We have

Pt~ {Hj#ji Py (P8P ) for j, #j_ and
[, P U (P, 88" x S?) for j, =j_.

In the situation described in Theorem 3.1 and depicted in Figure 2, ng(1;)
as defined in (2.31) changes by £1 as ¢ crosses 0. In particular, ng is not
invariant.

3.2. Associative submanifolds with T2-singularities

Suppose that P is an associative submanifold in (Y,)) with a point singu-
larity at 2 € P modelled on the following cone over T:

={(0,21,22,23) € R C*: |z1]* = |20]? = |23)°, 212223 € [0, 0) € C}
= {r- (0, &2 = 01=102) . 1 £ 0,00),6,05 € S'}.
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For a more formal discussion we refer the reader to Joyce [Joyl7, Section
5.2]. There, in particular, it is argued by analogy with the case of special
Lagrangians that such singular associatives should be described by a Fredholm
theory of index —1. That is: we should expect them not to exist for a generic
choice of 1 but to appear along generic 1-parameter families ().

The singularity model L can be resolved in 3 ways:

L}\ ={(0,21,22,23) e R® C3 a2 = A=|2|* = |z]? 212023 € [0,00) € C},
L3 = {(0,21,20,23) e R ® C3: |21 =|2|? — A=|23)? 212023 € [0,00) € C},
L3 = {(0,21,20,23) e R D C3 |z =P =|z* =\, 212023 € [0,00) € C}.

These are asymptotic to L at infinity and smooth, which can be seen by
identifying L{ with S! x C via

StxC— LY, (69 2)— (O,ew\/|z|2 + )\,z,e_i92> ,
(3.4) StxC—12, (% 2)— (O,e_wz, e\ /|22 + A,z) ,
S'xC—1L3, (¥ 2)— (O,Z,ewz, e\ /)2)2 + A) )

Topologically, L} can be obtained from L via Dehn surgery.

Definition 3.5. Let P° be a 3-manifold with 9P° = T2. Let x be a simple
closed curve in T2. The Dehn filling of P° along x, denoted by P2, is the
3-manifold obtained by attaching S' x D to P° in such a way that {*} x S!
is identified with pu.

Remark 3.6. Up to diffeomorphism, P, depends only on the homotopy class
of i C T?; moreover, it does not depend on the orientation of .
We can identify the boundary of L° := I:\Bl with 7?2 via

(67;917 eiez) — (O, e’i91 , 6i62, 6—i91 —i92) .

V3

Comparing the maps introduced in (3.4) restricted to {*} x S with the
above identification, we see that L} is obtained by Dehn filling L° along
loops representing the homology classes

(37) H1 = (07 1)a H2 = (_170)a and 3 = (17 _1)
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where (1,0) and (0,1) are the generators of Hy(T?,Z) corresponding to the
loops 6 +— (¢, 0) and 6 — (0, ™).
We expect that P can be resolved in three ways as well.

Conjecture 3.8 (cf. Joyce [Joyl7, Conjecture 5.3]). Let (¢1)ie—r,r) be a
1-parameter family of closed, tamed, definite 4—forms on' Y. Let P be an
unobstructed singular associative submanifold in (Y,1g) with a unique singu-
larity at x which is modeled on L. Associated to this data there are constants
01,02,7 € R. For a generic 1-parameter family (Y¢)ie(—11), 01 # 0, d2 # 0,
01 # 62 and v # 0. If this holds, then there is eg > 0 and, fori=1,2,3, there
are functions t;: [0,e0] — (=T, T), compact, oriented 3-manifolds P*, and
1-parameter families of immersions (1!: P — Y)ec(0,00) SUch that:

1. ¢ is an unobstructed associative immersion with respect to Py, ().

2. 1L(PY) is close to P away from z and close to L near x.

3. Pt is diffeomorphic to the manifold obtained by Dehn filling P° =
P\By(z) along p; where ji; € Hi(OP°) = Hy(T?) is as in (3.7).

4. We have

f(e) = —%e LOE), tae) = % o),

by — 0
and t3(e) = 27 Le +0(?).

Figure 3: Three associatives emerging out of a singular associative for dy >
(51 > 0.

In the situation described in Conjecture 3.8 and depicted in Figure 3,
ng(1¢) as defined in (2.31) changes as t crosses 0. Again, the occurrence of
the phenomenon described above would preclude ng from being a deformation
invariant.
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3.3. The Seiberg—Witten invariant of 3—manifolds

If there were a topological invariant w(P) € Z defined for every compact,
oriented 3—manifold and satisfying

w(PifP;) =0 and

3.9
( ) €1w(Pﬁl) + EQ’UJ(PEQ) + 531U(P:3) =0

with g, 1o, 3 as in (3.7) and some choice of €1, 3,3 € {£1}, then

(3.10) np(v) == Y e(ld, ¥)w(P)

[deAs(¥)

would be invariant along the transition discussed in Section 3.1 and also along
the transition discussed in Section 3.2 provided the signs work out correctly.

It is easy to see that the only such invariant defined for all 3-manifolds
is trivial since w(P) = w(P4S?) = 0 for all oriented 3-manifolds P. However,
for those 3-manifolds P for which b;(P;) > 1 for all connected components
P;, there are non-trivial invariants satisfying (3.9). One example of such an
invariant is the Seiberg—Witten invariant SW(P). We refer the reader to
[MT96, Section 2| for a detailed discussion of the construction of SW(P).
For the moment, it shall suffice to think of SW(P) as the signed count of all
gauge-equivalence classes of solutions to the Seiberg—Witten equation; that
is, pairs of (¥, A) € I'(W) x &7 (det(W)) satisfying

DU =0 and
(3.11) 1

Here W is the spinor bundle of a spin® structure t on P, ID4 is the twisted
Dirac operator, and p(¥) = UU* — 1|¥|2idyy is identified with an imaginary-
valued 2—form using the Clifford multiplication.

Remark 3.12. The actual definition of SW(P) involves perturbing (3.11) by
a closed 2-form 7 in order to ensure that the moduli space of solutions is cut-
out transversely and contains no reducible solutions. The necessity to choose
n and the fact that H?(P,Z) has codimension by (P) in H?(P,R), where the
cohomology class of 7 lies, is responsible for the restriction by(P) > 1.

Remark 3.13. SW(P) has a refinement SW(P) defined for every oriented 3-
manifold P with by (P) > 0; roughly speaking, it is an integer-valued function
on the set of the isomorphism classes of spin€ structures to on P. When b; > 1,
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it is zero for all but finitely many w and we can take SW(P) to be the sum
of the invariants over all spin® structures. We come back to this point in
Section 7.2.

Theorem 3.14 ((Meng and Taubes [MT96, Proposition 4.1)). If Py, P» are
two compact, connected, oriented 3—manifolds with by(FP;) > 1, then

SW(PiP;) = 0.

Theorem 3.15 ((Meng and Taubes [MT96, Theorem 5.3]). Let P° be a
compact, connected, oriented 3-manifold with OP° = T?. Given homology
classes ji1, jia, i3 € Hi(OP°) satisfying

P pl2 = pho - ft3 = p3 - pn = —1
(with T? = OP° oriented as the boundary of P°), then
€1 SW(P;L) +é&9- SW(P;)Q) +é€3- SW(P;;) =0

for suitable choices of €1,e9,e3 € {£1}, provided that by(Py;) > 1 for all
i=1,23,

Remark 3.16. The formulation of [MT96, Theorem 5.3] is in terms of p/q—
surgery on a link L which is rationally trivial in homology. The discussion in
[KMO7, Section 42.1] explains how this is related to Dehn filling, and from
this it is clear that the surgery formula given by Meng and Taubes implies
the above theorem.

Remark 3.17. The Seiberg—Witten invariant is often defined only for com-
pact, connected, oriented 3—manifolds P. If P has connected components
Pr,..., Py, then SW(P) == []L; SW(F;).

Let us temporarily assume that all associative immersions ¢: P — Y
with ¢,[P] = 8 happen to be such that all connected components P; satisfy
bi(P;) > 1. If we defined ng by (3.10) with the weight w = SW, then ng
would be invariant in the situations described in Section 3.1 and Section 3.2,
at least if the signs work out correctly, or modulo 2. Defining ng in this way
really amounts to counting a much larger moduli space than (), namely:

AV (W) = [T ()
P
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with

(1, U, A) € Immg(P,Y) x (W) x o/ (det W)
such that ¢ satisfies (2.9) and
(W, A) satisfies (3.11) with respect to t*gy,
Diff { (P) x C>®(P,U(1)).

Ql%%,m (@ZJ) =

Here tv ranges over all isomorphism classes of spin® structures on P and W
denotes the spinor bundle. The non-invariance of ng as defined in (2.31) can be
traced back to the completion of 2Az({¢+}) not being a 1-manifold. The moduli
space ﬂ%w({wt}) smooths out the singularities in the completion of Az({1+})
encountered in the situations described in Section 3.1 and Section 3.2; see
Figure 4.

Figure 4: An example of how counting with Seiberg—Witten solutions can
smooth out the situation depicted in Figure 3.

To sum up: the issue with defining a topological invariant w(P) € Z
with the properties described in (3.9) means that there is indeed no invariant
ng(v) € Z defined by a formula of the form (3.10). If it happens that for all
associatives with ¢,[P] = (3 all connected components P; satisfy bi(P;) > 1,
then the invariance of ng(1) can be rescued by setting w(P) = SW(P). Unfor-
tunately, there is no reason to believe that this holds for any reasonable class
of closed, tamed, definite 4-forms ¢ or choice of 3. (The situation is some-
what better for associatives arising from holomorphic curves in Calabi—Yau
3—folds. We discuss this case in Section 7.) However, Seiberg—Witten theory
of 3—manifolds suggests an alternative approach to defining an invariant of
Go—manifolds.

3.4. A putative Floer theory

Although there is no topological invariant w(P) € Z defined for all closed,
oriented 3-manifolds, satisfying the properties described in (3.9), there are
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Seiberg—Witten—Floer homology theories satisfying analogues of (3.9), see
Marcolli and Wang [MWO01], Manolescu [Man03|, Kronheimer and Mrowka
[KMO7], Frgshov [Frgl0]. We focus on one of the variants defined by Kro-
nheimer and Mrowka. To each closed, oriented 3—manifold P they assign a
homology group

HM(P) = H(CM(P, &), ).

Very roughly, the chain complexes 61\\/1(]3, &) are the C*°(P, U(1))—equivariant
Morse complexes of the Chern—Simons—Dirac functional

CSD: T(W) x o/ (det W) — R

defined by
1
(318)  CSD(W, A) §/ (A— Ao) AFa +/ (D40, ) vol
P P

on the configuration space

¢(P)=][¢(P,w) with €(P,w)=T(W)x o (detW).

(The fact that C°°(P, U(1)) does not act freely is a significant problem, which
Kronheimer and Mrowka resolve by blowing up % (P) to a manifold with
boundary and defining corresponding Morse complexes adapted to this situ-
ation.) The chain complexes CM(P, &) depend on choices of additional data
&, in particular, a Riemannian metric on P as well as the choice of a suit-
able perturbation of the equation). Different choices of &, however, lead to
quasi-isomorphic chain complexes. We denote by EI\\/I(P) quasi-isomorphism
class of (Tl\\/I(P, &), or rather its isomorphism class in the derived category of
chain complexes. If @) is a 4—dimensional cobordism with 0Q) = P; — P», then
Kronheimer and Mrowka define an induced chain map

CM(Q): CM(P;) — CM(Py).

If Q = [0,1] x P, then CM(Q) is simply the differential 9 on CM(P). The
construction of HM involves a choice of coefficients. For the upcoming results
to hold one needs to work with Zs coefficients (or suitable local systems). The
monopole homology groups are then Zs[U]-modules. Here one should think
U as the same U as in H*(BU(1)) = Z[U].

The following results are the analogues of the vanishing result from The-
orem 3.14 and the surgery formula from Theorem 3.15.



1068 Aleksander Doan and Thomas Walpuski

Theorem 3.19 (Bloom, Mrowka, and Ozsvath [BMO]; Lin [Linl5, Theorem
5]). Let P™ and P~ be two compact, connected, oriented 3-manifolds. Denote
by P4 P~ their connected sum and by Q the surgery cobordism from P11 P~
to PY4P~. Then there is an exact triangle*

cM(Pt L Py MO EN(PHEPT) - CM(PH L PT) — CM(PY L P)[—1];

in particular,

(320) EM(P* U P)) 2 H(cone(CN(P+ U P-) D, Gxi(p4pY).

Remark 3.21. In [Linl5, Theorem 5], Theorem 3.19 is stated and proved as
an isomorphism

HM(PF4P7)
~ H (cone(CM(PT) @ CM(P)[1] 22XV, GN(PH) @ CM(P7)))

induced by the cobordism (). This formulation is much more useful for ac-
tual computations of HM(P*4P™), but we need (3.20) for our purposes. The
equivalence of these statements follows by observing that once we identify

CM(Pt U P~) = CM(PH) @ CM(P")

the map CM(P+ 1L P~) — CM(P* U P~)[—1] is given by id® U + U ®id and
rotating the above exact triangle.

Remark 3.22. More generally, if P is obtained by performing a connected
sum at two points % in P and @ denotes the surgery cobordism from P to
P!, then we expect there to be an exact triangle

Cni(P) 29, ENI(PE) — CM(P) — CM(P)[—1].
Theorem 3.19 asserts that this is holds if the points 2 lie in different con-
nected components of P.

Theorem 3.23 ((Kronheimer, Mrowka, Ozsvéth, and Szabé [KMOS07, The-
orem 2.4]; see also [KMO07, Theorem 42.2.1]). Let P° be a compact, connected,
oriented 3-manifold with OP° = T?. Let uy, ps, s € H1(OP®) be such that

p1 v flo = p2 i3 = p3 - pp = —1

4We use square brackets to denote the translation C[pl,, = Cpyn, see [Weid4,
Translation 1.2.8].
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(with T? = OP° oriented as the boundary of P°.) Denote by Q;; the surgery
cobordism from P, to P, . There is an exact triangle

) CM(Q23)

CM(PS,) —2%5 CM(PS,) — CM(Pe,) — CM(P2))[~1];

in particular,

(3.24) HM(P,) = H (cone(CNI(P2,) 2192 Gni(pe,))).

Remark 3.25. While Theorem 3.23 holds for all three version of monopole
homology defined by Kronheimer and Mrowka, Theorem 3.19 only holds form
HM; see [Linl5, paragraph after (13)]. This is why we restricted ourselves to
this version from the outset.

Associative submanifolds are critical points of the functional £ defined
in Proposition 2.16. Gradient flow lines of the functional £ can naturally be
identified with immersions ¢: R x P — R x Y such that

() + dt A @) = vol,g

and TR o ¢(t, ) = t; see, e.g., [SW17, Lemma 12.6].

Definition 3.26. Let :*: P* — Y be associative immersions with respect
to 1. A Cayley cobordism in R XY from ¢_ to ¢, is an oriented 4—manifold
Q@ together with an immersion ¢: Q — R X Y such that

(Y +dt A ¢) = vol,

and there are two open subsets Uy C @ such that Q\(Uy U U_) is compact,
constants Ty and ¢ > 0, and diffeomorphisms ¢, : (T, 00) x P* — U, and
¢_: (—o00,T_) x P~ — U_ such that

dist(c 0 ¢ (t, ), (t,05(x))) = O(e™H) as t — +oo.
The truncation of a Cayley cobordism is (the diffeomorphism type of)
Q = Q\ (¢—(_OO7T— - 1) U ¢+(T+ + 17 OO)) .

The functorial behavior of Seiberg—Witten Floer homology groups under
cobordisms leads to the following questions about the existence of Cayley
cobordisms.
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Question 3.27. In the situation of Theorem 3.1, does there exist a Cayley
cobordism ¢: Q — R XY from ¢4 to if, for all e € (0,0), whose truncation
Q@ is the surgery cobordism from P to P!?

Question 3.28. In the situation of Conjecture 3.8, if do > d; > 0, does there
exist a Cayley cobordism ¢: @ — R x Y from ¢ to ¢} with Q being the
surgery cobordism from Pj, to P; for each t € (0,7)7 (Similarly for the
cases 01 > 03 > 0, d3 < 91 < 0, and 01 < d2 < 0.)

We hope that the answer to these questions is yes. For the sake of argu-
ment, let us assume that this is indeed the case. Define
(3.29)

CMA3(v)) ;:@ @ CMAg () with CMAg () :== CM(P)
P []ep ()

and define a differential on CMAg(¢)) by declaring

(0: CMAg (1) — CMAg (1)) =" CM(Q)
(4]

where [¢: @ — R x Y] ranges over all equivalence classes of Cayley cobor-
disms from [¢c_] to [t4].

Since CM([0,1] x P) is just the differential d on CM(P), in the situation
of Theorem 3.1 with 6 > 0 as in Remark 3.2 (and assuming that there no
other Cayley cobordism involving [¢] or [Lﬁ}), for t < 0, the chain complex
CMA3(¢¢) contains the contribution

CMAj (1) = CM(P) with 9 = 0;

for ¢ > 0 this changes to

X "N ~~i( pt . B é 0
CMA (¢) = CM(P) & CM(P¥) with 8 = (61\\4 @ 5)

with @ the surgery cobordism from P to P*. The latter is simply the mapping
cone

cone(CM(P) OM@), CM(PY)).

Therefore, it follows from Theorem 3.19, that the homology group

H(CMA (¢1),0)
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does not change as ¢ passes through zero. Similarly, in the situation of Con-
jecture 3.8, by Theorem 3.23, the relevant contribution to H(CMAg(¢;),0)
does not change as ¢ passes through zero.

To conclude: while there seem to be no way of making the weighted count
of associatives ng(¢) invariant under transitions (1) and (2) described in
Section 1, we conjecture that a more refined object, the homology group
H(CMAj (¢)) is invariant under both of these transitions.

4. Multiple covers of associative submanifolds

A further problem with counting associatives arises from multiple covers;
namely, transition (3) from Section 1. This section is concerned with de-
scribing the nature of this phenomenon and its consequences for counting
associative submanifolds. In the following we explain how this issue might be
rectified using the ADHM Seiberg—Witten equations, in a similar way that
the issues described in the previous sections were dealt with using the classical
Seiberg—Witten equation.

We have already established that, most likely, one cannot guarantee the
number ng(1), or some other weighted count of associatives, to be invariant
under deformations. However, the problem with multiple covers is indepen-
dent of the phenomena discussed earlier. Thus, for the sake of simplicity we
will only discuss how multiple covers affect ng(¢) rather than the homology
group H(CMAj ()); see also Remark 4.8 below.

4.1. Collapsing of immersions of multiple covers

Consider the following situation. Let ¢g: P — Y be an associative immersion
with respect to o € Z(Y) and with (10).[P] = 8 € H3(Y). Let 7: P —
P be an orientation preserving k—fold unbranched normal cover with deck
transformation group Aut(m). The composition
Ko := Lo O T: P>Y
is an associative immersion with
(ko)«[P] = k-8 and Aut(r) C Aut(ko).

Suppose that [1o] is unobstructed but

ker Fy,, = R(n) C I'(Nko).
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We expect that this situation can arise along generic paths (¢t);c—7,r) in
2XY). A neighborhood of ([ko], %) in the 1-parameter family of moduli
spaces [J; My.5(14) can be analyzed using Theorem 2.20.

The stabilizer of kg plays an important role in this analysis. Since Aut(xg)
acts on Nkg and F,, is Aut(kg)—equivariant, Aut(rg) acts on ker F,,. This
yields a homomorphism sign : Aut(kg) — {£1} such that

(4.1) f-n=sign(f)n

for all f € Aut(kp). The homomorphism sign must be non-trivial, for oth-
erwise n would be Aut(w)—invariant and descend to a non-trivial element of
ker F,.

To summarize, kg: P — Y is an associative immersion with respect to

Yo € Z(Y) such that:

1. Aut(ko) is non-trivial,
2. [ko| is obstructed; more precisely: ker Fy,; = R(n), and
3. the homomorphism

sign :  Aut(kg) = {£1}

defined by (4.1) is non-trivial.

In this situation, if (1;)ic(—rr) is generic, then the obstruction map ob
from Theorem 2.20, whose zero set models a neighborhood of ([xo], %) in
U, Mi.5(¢r), will be of the form

ob(t,8) = At 4 ¢6® + higher order terms.

We can assume that A\ = ¢ = 1. Ignoring the higher order terms, obfl(O)
consists of the line {0 = 0} and the parabola {t + 6% = 0}. Since [to] is
unobstructed, for each |t| < 1, there is an associative immersion ¢;: P — Y
with respect to ¥y near ¢y. The line {§ = 0} corresponds to the unobstructed
associative immersions [k¢] = [tz o 7] for |t| < 1. By Theorem 2.20, for
each —1 < t < 0 there are also associative immersions [kj : P — Y] with
respect to 1 near [ko|. These correspond to the two branches of the parabola
{t+6% = 0}. As t tends to 0, []] tends to [ko]; and Aut(xF) is the stabilizer
of n in Aut(ko). Since sign: Aut(kg) — {£1} is non-trivial, there is an
f € Aut(kp) such that

fin = —n.
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Therefore, k" and x; differ by a diffeomorphism of P and give rise to the
same element in the moduli space of associatives:

(2] = [f] = [/ ]

Thus, the neighborhood ob™(0)/ Aut(rq) of ([ko], ¥o) in U, Mx.5(t¢) is home-
omorphic to the figure depicted in Figure 5. Consequently, ng.g(:) as in
(3.10) with the weight w = SW changes by £SW(P) as t crosses zero. Simi-
larly, if one were to adopt the approach described in Section 3.4, part of the
chain complex CMAj.5(¢¢) would disappear as t crosses zero.

Yy

Figure 5: A family of associative immersions collapsing to a multiple cover.

4.2. Counting orbifolds points

The standard way to deal with the issue of multiple covers is to count the
immersions [k] and [7] described before as orbifold points in the moduli space;
that is, to define

_ e(d, p)w(P)
2 St Me%g(w Aut()]

Since [ko] is obstructed, more precisely, since the Fueter operator associated
with ko has a 1-dimensional kernel, (2.30) implies that the sign e([x¢], 1) €
{£1} flips as t passes through 0. Moreover,

Aut(7) = kersign C Aut(k),

where sign :  Aut(kg) — {£1} is the homomorphism introduced above, and
thus

|[Aut(k)| = 2 - |Aut(?)].
Consequently, for 0 < t < 1, we have

e([k-i), ¥-)w(P) n e([T-d, Y—p)w(P) _ e([4e]s Y4)w(P)
| Aut (k)] |Aut(D)] | Aut (k)]

€ Q.
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This works well for unbranched covers, but we believe that similar situ-
ations can occur with branched covers 7: P — P. If 7 is a branched cover
(with non-empty branching locus), then s := o7 is not an immersion and thus
the theory from Section 2 does not apply. What exactly replaces this theory
is unclear to us; the work of Smith [Smill] might be a starting point. Never-
theless, one would need to count [k| to be able to compensate the jump. The
crucial point is that, for any given 3—manifold P and k£ € N, infinitely many
diffeomorphism types of 3—manifolds might be realized as k—fold branched
covers of P. This is illustrated by the following result.

Theorem 4.3 (Hilden [Hil74, Hil76] and Montesinos [Mon74]). Every com-
pact, connected, orientable 3-manifold is a 3-fold branched cover of S3.

Therefore, if .: S® — Y is an associative immersion in (Y,), then, for
every compact, connected, oriented 3—manifold P, there is a 3-fold branched
cover 7: P — P, and [1 o 7] would have to contribute to (4.2). This would
lead to an infinite contribution from branched covers.

4.3. Counting embeddings with multiplicty

We believe that the origin of the problem is that all the associative subman-
ifolds [¢ o 7] represent the same geometric object, namely, “k times im(¢)”.
Instead of trying to count immersions and their compositions with branched
covers with weights, we should count embeddings with multiplicity. Embed-
dings with with multiplicity one should be weighted by the Seiberg—Wittten
invariant, as in Section 3.3 or Section 3.4. Below we briefly outline an approach
for defining the weights with which to count embeddings with multiplicity &
larger than one. More details are given in Section 5 and Section 6.

Remark 4.4. Our approach should be compared with holomorphic curve count-
ing via Donaldson-Thomas/Pandharipande-Thomas theory in algebraic ge-
ometry where one counts embedded subschemes, including contributions from
thickened subschemes, rather than images of maps. We elaborate on the rela-
tionship of this approach with Pandharipande—Thomas theory in Section 7.

To set the stage, let us go back to the situation described at the beginning
of this section; that is, we have an unobstructed associative embedding ¢: P —
Y and an orientation preserving k—fold unbranched cover 7: P — P such
that

ki=io0m: P—Y

is an obstructed associative immersion with dim ker Fj, = 1. Denote by i: P —
Y the associative immersion which is the deformation of x that does not come
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from deforming ¢. (For simplicity’s sake, we dropped the subscripts ¢ from the
notation.) Consider the bundle of stratified spaces

Symk Ny := SO(NL) X80(4) Symk H = (Nb)k/sk

Here H = R* is the space of quaternions and Sy, is the symmetric group on k
elements. To every normal vector field n € I'(INk) we assign a corresponding
section 72 € T'(Sym"* N+) defined by

with Z1, ..., T denoting the preimages of x with multiplicity. Given such a
section 72 € T'(Sym”* Nu), set

Py = {(z,v) € Nv:v e n(x)}.

If n € I'(Nk) is a normal vector field spanning ker F,;, then Pj is a model for
im(Z). In particular, im(7) and P; are diffeomorphic in case they are smooth,
which we conjecture to be true generically if 7 is unbranched.

We can decompose im(7) into components P!, ..., P™ such that P’ is
an £;-fold cover of P and, for each # € P’ corresponding to (z,v) € Py, v
appears in n(x) with multiplicity k;. Geometrically, [i] represents

(4.5) ky-P 4tk P™

Clearly, we have
(4.6) > Uik = k.

Henceforth, let us assume that im(Z) is smooth. In the simplest case, we
have m = 1 and k; = k. In this case, 71 is a section of

Symp, No:= {(z,[v1,...,v]) € Sym®* Nu:vy,... v are pairwise distinct},
the top stratum of Sym* N¢. In general, 7i will be a section of a stratum
Sym’/ﬁ N Sym* N,

determined by A, the partition of the natural number k given by (4.6). Each
of the strata Sym]; Nt is a smooth fibre bundle, which is naturally equipped
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with a connection V and and a Clifford multiplication 7 on its vertical tangent
bundle VSymf{ Nt. These can be used to define a Fueter operator, which
assigns to each section 72 € T'(Sym§ Nu) an element

3n € I'(7*V Sym} Nu).
The condition that n € I'(Nk) is in the kernel of F); means that
§n =~ (Vi) = 0;

that is, 72 is a Fueter section of Sym§ Nu.

The above discussion shows that what causes ky - P1 + -+ + k,, - P™ to
collapse to k -im(Z) is precisely a Fueter section 7 of Sym% Nu. For simplicity,
let us specialize to the case m = 1 and k1 = k; that is:

e for t < 0 there are two embedded associative submanifolds of interest,
namely, [i;: P — Y] and [: P —Y];

e ast tends to zero, I; converges to the associative immersion k, the k—fold
covering of ¢g, and then ceases to exist; and

e for t > 0 the only embedded associative submanifold of interest is

[tt: P—=Y].

Extending the approach of Section 3.3, we would like to define weights w such
that

(4.7) w(P,y_y) +w(k - P,y_y) = w(k- Py,

for 0 < t < 1. From the discussion in Section 3.3 we learn that w(P,1);)
should be e(P,v_;) - SW(P) with e(P,¢_;) € {£1} as in Section 2.7 and
SW(P) € Z being the Seiberg-Witten invariant of P. Thus (4.7) means that
the weight w(k - P, 1) must jump by £SW(P) as t passes through zero.

We propose that w(k - P,1) should be defined as the signed count of
solutions to the ADHM, ;, Seiberg—Witten equation on P. This is the
Seiberg-Witten equation associated with the ADHM construction of Sym” H.
Unlike in the case of the classical Seiberg—Witten equation, compactness fails
for the ADHM;  Seiberg-Witten equation. As a consequence, the number
of solutions can jump as the geometric background varies. According to the
Haydys correspondence, those jumps occur precisely when (possibly sin-
gular) Fueter sections of Sym” Nu appear. We will argue that in the above
situation the jumps should be precisely by +£SW(P).

The next section is concerned with introducing the ADHM; ; Seiberg-
Witten equation, stating and proving the Haydys correspondence with stabi-
lizers, and formally analyzing the failure of non-compactness for the ADHM;
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Seiberg—Witten equation. After this discussion we will also explain what re-
places (4.7), in general, and why defining w via the ADHM;, j, Seiberg—Witten
equation should be consistent with that.

Remark 4.8. Of course, instead of a weighted count of embedded associatives
with multiplicities, one should really try to define a Floer homology gener-
alizing the discussion in Section 3.4. Such ADHM, j, Seiberg-Witten—Floer
homology groups are yet to be defined. It will become clear from the dis-
cussion in the following sections that these groups could only be expected to
yield topological invariants of 3—manifolds in the case k = 1 (classical Seiberg—
Witten—Floer homology). In general, they will depend on various parameters
of the equation such as the Riemannian metric.

Remark 4.9. We believe that this approach is also capable of dealing with
branched covers. These should correspond to singular Fueter sections, that
is, sections of Symlj Nt defined outside a subset of codimension at most one
(which corresponds to the branching locus) and extend a continuous section of
the closure of Sym% Nu in Sym® N¢. It is known that singular Fueter sections
appear in the compactifications of moduli spaces of solutions to Seiberg—
Witten equations, cf. [DW18].

5. ADHM monopoles and their degenerations

The purpose of this section is to introduce ADHM monopoles and to relate
their degenerations to the phenomenon of collapsing of associatives to multiple
covers.

5.1. The ADHM Seiberg—Witten equations

There is a general construction, summarized in Appendix B, which asso-
ciates with every quaternionic representation of a Lie group a generalization
of the Seiberg—Witten equation on 3-manifolds. In a nutshell, the ADHM
Seiberg—Witten equations arise from this construction by choosing particular
quaternionic representations which appear in the famous ADHM construc-
tion of instantons on R*; see Example B.5. However, below we introduce the
ADHM Seiberg-—Witten equations directly, without assuming that the reader
is familiar with the general construction.

Definition 5.1. Let M be an oriented Riemannian 3—manifold. Consider the
Lie group

Spin¥® (n) := (Spin(n) x U(k))/Zs.
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A spinV®) structure on M is a principal SpinU(k)(B)fbundle together with
an isomorphism

(5.2) 10 X g0 (3) SO(3) = SO(TM).
u(k)

The spinor bundle and the adjoint bundle associated with a spin
structure to are

W .=w X $pinU(*) (3) H ®c C* and G 1= W0 Xgpi 0 (3) u(k)

respectively. The left multiplication by Im H on H ® C* induces a Clifford
multiplication v: TM — End(W).

A spin connection on tv is a connection A inducing the Levi-Civita
connection on T'M. Associated with each spin connection A there is a Dirac
operator 1) ,: T'(W) — I'(W).

Denote by 27*(w) the space of spin connections on w, and by ¥*(t) the
restricted gauge group, consisting of those gauge transformations which
act trivially on TM. Let w: Ad(r) — g be the map induced by the
projection spin’®)(3) — u(k).

Definition 5.3. Let M be an oriented 3—manifold. The geometric data
needed to formulate the ADHM,.;, Seiberg-Witten equation are:

e a Riemannian metric g,

® a spinU(k) structure to,

e a Hermitian vector bundle F of rank r with a fixed trivialization of A"F
and an SU(r)-connection B,

e an oriented Euclidean vector bundle V' of rank 4 together with an iso-
morphism

(5.4) SO(ATV) 2 SO(TM)

and an SO(4)-connection C' on V' with respect to which this isomor-
phism is parallel.

Remark 5.5. If ©: P — Y is an associative immersion, then the normal
bundle V' = N: admits a natural isomorphism (5.4) by Proposition 2.12 and
we can take C' to be the connection induced by the Levi-Civita connection.
In this context, the bundle E should be the restriction to P of a bundle on
the ambient Go—manifold and B should be the restriction of a Go—instanton.
Soon we will specialize to the case r = 1, in which F is trivial and B is the
trivial connection.
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The above data makes both Hom(E, W) and V ® g into Clifford bun-
dles over M; hence, there are Dirac operators )4 p: I'(Hom(E,W)) —
I(Hom(E,W)) and D,c: I'(V ®g) = I'(V ®g). The ADHM,;, Seiberg-
Witten equation involves also two quadratic moment maps defined as fol-
lows. If ¥ € Hom(E, W), then WU* € End(W). Since A>°T*M ® g acts
on W, there is an adjoint map (-)o: End(W) — A2T*M ® g. Define
w: Hom(E, W) — A*T*M ® g» by

p(¥) = (W),

If £ €V ®g, then [€ A €] € A2V ® g . Denote its projection to ATV @ g
by [€ A €]F. Identifying ATV = A2T*M via the isomorphism (5.4), we define
p: Veg— A2T*M ® g by

ng) =Eng"

Definition 5.6. Given a choice of geometric data as in Definition 5.3, the
ADHM, ; Seiberg—Witten equation is the following partial differential
equation for (V,€, A) € I'(Hom(E,W)) x I'(V ® gr) x </*(10):

EA,B\II = 07
(57) EA,CE = 0, and
DEy = () + (€.

A solution of this equation is called an ADHM., ;, monopole.

The moduli space of ADHM,.;, monopoles might be non-compact. The
reason is that the L? norm of the pair (¥, €) is not a priori bounded and
can diverge to infinity for a sequence of solutions. To understand this phe-
nomenon, one blows-up the equation by multiplying (¥, &) by £~! and studies
the equation obtained by taking the formal limit € — 0. This is explained in
greater detail in Appendix B.

Definition 5.8. The limiting ADHM,.; Seiberg—Witten equation the
following partial differential equation for (¥, &, A) € T'(Hom(E, W)) x T'(V &

gr) X A°(10)

Dap¥ =0,
(5.9) Dac€=0, and
p(T) + (&) = 0.

together with the normalization ||(¥,&)||,2 = 1.
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The ADHM,. ;, Seiberg-Witten equation (5.7) and the corresponding lim-
iting equation are preserved by the action of the restricted gauge group 4°(t).

Remark 5.10. Suppose that = k = 1. A spin’® structure is simply a spin®
structure and 1
whky = §chtA-

Also, g = iR; hence, ) 4 ¢ is independent of A and (&) = 0. The ADHM; 4
Seiberg—Witten equation is thus simply

PA¥=0 and JFaa=p(¥),
the classical Seiberg-Witten equation (3.11) for (U, A), together with the
Dirac equation
D& =0.

If .: P — Y is an associative immersion and M = P and V = N, then
D¢ is essentially the Fueter operator F, from Definition 2.18. In particular,
& must vanish if ¢ is unobstructed. (There is a variant of (5.7) in which £ is
taken to be a section of V ®g°, with g%, denoting the trace-free component of
9. For r = k = 1, this equation is identical to the classical Seiberg—Witten
equation. However, working with this equation somewhat complicates the
upcoming discussion of the following sections.)

5.2. The Haydys correspondence for the ADHM, j,
Seiberg—Witten equation

In what follows, we specialize to the case r = 1 and analyze solutions of
the limiting ADHM, ; Seiberg-Witten equation (5.9). This will lead to a
conjectural compactification of the moduli space of ADHM; ; monopoles.
Our analysis is based on the general framework of the Haydys correspondence
with stabilizers developed in Appendix C. We will also make use of several
algebraic facts proved in Appendix D. It is helpful but not necessary have
read the appendices to understand the results stated in this section.
Assume the situation of Section 5.1; that is: tv is a spin’®) structure on
M with spinor bundle W and adjoint bundle g, and V' is a Dirac bundle
of rank 4 over M with connection C'. The limiting ADHM, ; Seiberg—
Witten equation for a triple (¥, £, A) e (W) x ['(V @ g») x o/*(w) is

lDA\I/ = 07
(5.11) Dacé=0, and
p(®) + p(€) =0

as well as ||(U, &)z = 1.



Counting associative submanifolds and Seiberg—Witten monopoles 1081

It follows from the third equation that if (¥, &, A) is a solution of (5.11),
then

1. ¥ =0, and
2. ¢ induces a section 7 of the bundle Sym* V over M whose fiber is
Sym* H.

The first statement is the content of Proposition D.4 and the second state-
ment follows from a special case of the Haydys correspondence discussed in
Appendix C, combined with the observation that Sym* H is the hyperkéihler
quotient of the ADHM, j, representation; see Theorem D.2. Furthermore, the
section 7 satisfies the Fueter equation, as explained in Section C.3.

A more difficult part of the Haydys correspondence deals with the converse
problem: given a section 71 of Sym* V' which satisfies the Fueter equation, can
we lift it to a solution (¥, &, A) of (5.11)7 If yes, what is the space of all such
lifts up to the action of the gauge group?

A technical difficulty that one has to overcome is that n takes values in the
symmetric product Sym® H which is not a manifold. Rather, it is a stratified
space whose strata correspond to the partitions of k.

Definition 5.12. A partition of £ € N is a non-increasing sequence of non-
negative integers A = (A1, Ag,...) which sums to k. The length of a partition
is

Al :==min{n e N: \, =0} — L.

For every n € N, denote by S, the permutation group on n elements.
With each partition A we associate the groups

Gy = {O‘ S SW : )\J(n) =\, foralln € {1 ey ‘)\‘}}
and the generalized diagonal
App=Av1,...,p € H? o, = v; for some i # j}.

There is an embedding (HM\Ay)/G\ — Sym* H defined by

[’Ul,...ﬂjp\d — [U17~~~7'U17"' ,v|/\|7...,v‘>\‘].
———r ——
A1 times A5 times

The image of this inclusion is denoted by Sym’,{ H.
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Each stratum Sym} H is a smooth manifold. Let us assume that 7 takes
values in such a stratum:

i € I'(Sym} V),

for some partition A of k. This is familiar from Section 4.3.

The next result summarizes the Haydys correspondence for solutions of
(5.11). On first reading, the reader might assume that A = (1,...,1), the par-
tition yielding the top stratum of Sym” H, since this simplifies the situation
considerably. For j = 1,...,m, denote by k; the j—th largest positive number
appearing in the partition A and by ¢; the multiplicity with which it appears.

Proposition 5.13. Given n € I'(Sym} V), set

M :={(z,v)eV:zeM and ven(x)}

and denote by m: M — M by the projection map.

1. The map 7 is a |A|—fold unbranched cover of M. Moreover, we can de-
compose M into components Ml, e ,Mm such that m; = W]Mj restricts
to a {;—fold cover on Mj.

2. There is a natural bijective correspondence between

(a) gauge equivalence classes of solutions (U, &, A) of (5.11) for which
the corresponding section of Sym* V' takes values in the stratum

Sym% V, and
(b) Fueter sections i € I'(Sym§ V) together with a spinV®s) structure
w; on M; and a spin connection A; on w; for each j =1,...,m.

Remgrk; 5.14. If A= (1,...,1), then m = 1 and 11 is simply a spin® structure
on M.

Proof. Part 1 follows from the definitions of Sym’f\ V and M. It is part 2 which
requires a proof. This statement is a special case of the Haydys correspondence
with stabilizer proved in Appendix C; in particular, we will use the notation
introduced in there.

We require the following pieces of notation. For every n € N, denote by
[n] the set {1,...,n}, and let S,, be the permutation groups on n elements.
Denote by Q¢ the principal [[}%; S¢,~bundle over M, denoted whose fibre
over x is

(5.15) Q2 = [T Bil (1)), (@)).
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Tautologically, M is the fiber bundle with fiber [I;] x --- x [l,,] associated
with Q° using the action of []j2; S¢; on [l1] x - -+ X [l,,,]. Define

Al

Ty = H U(A
Wﬁ(T)\) = (H Sg ) X SO and
NH(TA) := Spin(4) Xz, (ﬁ Sp; X U(k;j)lfj)

= (Spln(S) XZs (ﬁ ng X U(k’])é])) X80(3) SO(4)

With this notation the following summarizes the discussion in Appendix C.

Proposition 5.16. Let Q° be the principal [Tj, Se,~bundle defined by (5.15).
Define a principal Wy (Ty)-bundle Q° associated with i by

Q° = Q° x SO(V).

1. The choice of a Nz (Tx)-bundle QO lifting Q° is equivalent to the choice
of a spin" %) structure w; on M for each j=1,...,m.

2. Given a spin’*) structure w; on M for each j = 1 ,m, there exists
a lift (¥, &) of . The space of connections 7, ’g(Q), deﬁned in (C.24),
is identified with the space

[ (w
j=1

and tp, defined in (C.14), is identified with the sum of the push-forward
bundles

@(ﬂ'j)*g%_;.
j=1

Proof of Proposition 5.16. We prove part 1. Given a spinU(kﬂ')(Z&) structure
tw; on M; for each j =1,...,m, denote by tv; the corresponding spinY(%i) (4)
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structure on 77V The principal Ng(Ty)-bundle Q° with fibre over z
Ao T . _ -4 -
QI = H {(f,gl, A ,gf_,-> S BlJ ({1, ce ,Ej},ﬂ'j 1(1‘)) X mj 1 g; € (mj>f(l)}
j=1

lifts Qo. Conversely, given principal Ny (T))-bundle Qo lifting Q° its pullback
to Mj contains a principal SpinU(k-f)(Zl)fbundle to; which yields a spinY(%s)
structure on 77V and thus on M;. With this discussion in mind and the

discussion in Appendix C, part 2 of this proposition becomes apparent. [

Once Proposition 5.16 is established, part 2 of Proposition 5.13 follows
from the discussion in Section C.2 and Section C.3 together with Theo-
rem D.2. O

5.3. Formal expansion around limiting solutions

Proposition 5.13 imposes very weak conditions on a connection A € o/*(1)
which is part of a solution of the limiting equation (5.11). Indeed, given (&, ¥)
and one such connection, all other choices of A are parametrized by choices of
spin connections A; on tv;, for every j, and the spaces of these spin connec-
tions are infinite-dimensional. However, we are only interested in those solu-
tions of (5.11) which are obtained as limits of rescaled ADHM; j, monopoles.
To determine further constraints for such limits, let (Vg = 0, &, Ag) be a
solution of (5.11) with n € F(Sym'}\ V') for some partition A of k, and suppose
that

\I’E = Zéi\yi, 65 = Z[‘Zifi, and Ag = A[) + Zeiai
i=1 1=0 =1

is a formal power series solution of the rescaled ADHM; j Seiberg-Witten
equation:

wAS\I’E = 07
(5.17) D4 c€ =0, and
2wFa. = p(Ve) + p(€e).

Moreover, we can assume the gauge fixing condition & L p(gp)&p, that is,

Re =0
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in the notation of Proposition D.6. The next proposition imposes constraints
on the terms of order € in the power series expansions.

Let W; and g,z be, respectively, the spinor bundle and adjoint bundle
associated with the spinV(*)
map 7;: Mj — M.

structure ; on the total space of the covering

Proposition 5.18. In the above situation, there exist ‘iJLj e I(W;) and
& € I'(V®guw) such that

m m

(519) \111 = EB(W]-)*\PLJ- and 61 = @(Wj)*él,j-

Jj=1 j=1

Furthermore, Ag arises from a collection of spin connections Ag; € o7°(10;),
and each triple (Ao ;, &1, V1) satisfies the ADHM, ; equation

IDAO,j‘ifl,j =0,
(5.20) Day, b =0, and
@Fa,, = p(V1;) + p(éy)

onMj forg=1,...,m.
Proof. From Proposition 5.16, we know that

m

Eo = (50’1, cee ,Eo’m) € F(V X ’tp) with tp = @(Wj)*gﬁﬂj

j=1

and Ay arises from spin connections Ay ; € 27*(10;).
The coefficient in front of € on the right-hand side of the third equation
of (5.17) must vanish; hence,

(dﬁou)gl = 0.

By Proposition D.6 it follows that [£y A €1] = 0. Therefore,

u(&) € (M, [tp, tp))

by the following self-evident observation combined with Theorem D.2.

Proposition 5.21. If&,,& € H®g, [€o A&1] = 0, and the stabilizer of & €
U(k) is precisely T = Hl;il U(An), then & € H® ty with t, = EB‘,:\L u(Ay).
In particular,

EiN&G]eH G 6] CH® .
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Remark 5.22. It A= (1,...,1), then [tp, tp] = 0; cf. Remark 5.10.
The third equation in (5.17) to order €2 is thus equivalent to

(5.23) wFa, = p(&1) + (dgop)€2 + pu(W1).

In terms of the spin connections Ag; € 47°(tv;), we have

wFy, = @(TF]')*WFAOJ € O*(M, tp).
j=1
By (C.9), we have
(de, )€ € (M, tp).

Thus, if we denote by g, (V1) the component of (V) in tp and by u (¥q)
the component of (V1) in t5 C gp, then (5.23) is equivalent to

wla, = (&) + (V1) and

(5.24) (degopt)2 = —p1 (V).

Since tp is parallel with respect to Ay and V ®tp is perpendicular to (T*M ®
gp)&o, the first and the second equation of (5.17) to order € are equivalent to

mAO“Ijl = 07
(5.25) lDAO,Cfl =0, and
v(a1)§o = 0.

Let Uy ; € D(W;) and & € T'(V ® g.) be such that (5.19) holds. The
first equation of (5.24) and the first two equations of (5.25) are precisely
equivalent to the ADHM, ;; Seiberg-Witten equation (5.20) for the triple

(Ao, €15, V1), O
5.4. A compactness conjecture for ADHM,; ; monopoles

The discussion in the preceding sections together with known compactness
results for Seiberg-Witten equations [Taul3a, Taul3b, HW15, Taul6, Taul7]
lead to the following conjecture.

Conjecture 5.26. Let (g5, V;,&;, A;) be a sequence of solutions of the blown-
up ADHDM, j, Seiberg—Witten equation

Dy, =0,
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Da.ct =0,
E?WFAi = M(\I[l) + N(Ei)a and
(W5, &)l =1

with €; — 0. After passing to a subsequence the following hold:

1. There is a closed subset Z C M of Hausdorff dimension at most one,
such that outside of Z and up to gauge transformations (V;, &;, A;) con-
verges to a limit (0,£5°, A®) and e; *(V;, & — &) converges to a limit
(5, £7).

2. The triple (0,€>°, A%) is a solution of the limiting ADHM, j Seiberg—
Witten equation (5.11).

3. There is a section i € I'(M\Z,Sym} V) for some partition X of k
induced by &5°. The section 1 extends to to a continuous section of
Sym* V' on all of M.

4. Denote by M\Z the unbranched cover of M\Z induced by n. If kj,
M;j\Z;, w; are as in Proposition 5.13 and Ag; € o/°(w;) denote the
spin connections giving rise to Ay, and \ifl’j and él,j are such that

m m

U =P (m) V1, and &° = ()b,

j=1 j=1
then, foreachj=1,...,m, (\1{17]47 gu, Ao,;) is a solution of the ADHM y,
Seiberg-Witten equation on M;\Z;.

Remark 5.27. The reader should observe that while Mj in Mj\Zj does exist,
it need not be a smooth manifold.

Remark 5.28. Y =0,V =TM @& R and
(CL, f) € Ql(M,g)?”) D QO(M’Q%) = F(V ® g%”),
then the ADHM, j, Seiberg-Witten equation becomes the equation

Fatia —*[€,a] + xida& =0 and

5.29
(5.29) da=0

with
1
Fayio=Fy— i[a/\a] + id 4a.

If (a,&, A) is a solution of (5.29) and M is closed, then a simple integration
by parts argument shows that d4£ = 0; hence, Fai;, = 0. That is, (5.29) is
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effectively the condition that condition that A+ia is a flat GL;(C)—connection
together with the moment map equation d%a = 0.

Conjecture 5.26 thus predicts that as limits of flat GLj(C)—connections we
should see data consisting of a closed subset Z C M of Hausdorff dimension
at most one, m € N and, for each 7 = 1,...,m, a {;-fold cover M\Zj of
M\ Z, and solutions of (5.29) on M;\Z; such that S liki = k.

6. A tentative proposal

We are ready to outline how ADHM monopoles can be used to deal with the
problem of multiple covers described in Section 4.

Let ¢ be a tamed, closed, definite 4—form, let P be a compact, connected,
oriented 3-manifold, let P C Y be an unobstructed associative embedding.
Set

MF(Py) = [[MF(Pv)

1o
with the disjoint union taken over all spin’®*) structures ro on P and
{ (¥,€.4) € T(W) x T(NP @ g.r) x o/*(1)
such that (¥, &, A) satisfies (5.7) with respect to gy|p

Ignoring issues to do with reducible solutions, one should be able to extract
a number

w(kP, ) €Z
by counting 9F(P, 1)), at least, for generic ¢ and possibly after slightly

perturbing the ADHM Seiberg—Witten equation (5.7). More generally, if P
has connected components P!, ..., P™ and ki, ..., kn € N, we set

S

w(ky - P+ - 4 Ky - P™9) H (kj - P7,4).

For k = 1, this number is the Seiberg-Witten invariant SW(P) € Z
mentioned in Section 3.3 For k£ > 0, this number should be independent of
the choice of perturbation but it will depend on . Assume the situation of
Section 4.1; that is, we have:

e a generic 1-parameter family of tamed, closed, definite 4—forms

(wt)te(fTT
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e a l-parameter family of compact, connected, unobstructed embedded
associative submanifolds (P;)¢e(—r,7) With respect to (¢¢)ie(—7,r), and

e forevery j =1,...,m a l-parameter family of compact, connected, un-
obstructed embedded associative submanifolds (P} )e(—7,0) with respect
to (¥t)ie(—1,0) such that

Ptj — f]‘ - By
as integral currents as t tends to zero for some ¢; € {2,3,...}.

Given kq, ..., kn, set
k= Zéﬂkﬂ
j=1

From the discussion in preceding three sections we expect that, for a suffi-
ciently small ¢ > 0,

(61) U)(k : P—t7 w—t) + UJ(k'l : Pit +--+ km : Pﬁﬂﬁ—t) = w(k : P+t7¢+t>

because Conjecture 5.26 suggests that as ¢ passes through zero w(k; - Py +
<o+ k- P}, v0) ADHM; ; monopoles on P; degenerate and disappear (if
counted with the correct sign).

Suppose that one can indeed define a weight w as above satisfying (6.1)
as well as analogues of (3.9). Define

(6.2) na(v) =Zw(k1 ~P1+~--+km~Pm,w)

with the summation ranging over all m € N, kq,..., &k, € N and all compact,
connected, unobstructed embedded associative submanifolds

PY...P"CY

such that

m .

D k[P =5.

j=1
This number would be invariant under the transitions described in Section 3.1,
Section 3.2, and Section 4.1.

From Section 3.3 we know that reducible solutions will prevent us from
defining w in general. However, the above can serve as a first approximation.
To deal with reducibles one likely has to develop ADHM; j analogues of Kro-
nheimer and Mrowka’s monopole homology and construct a chain complex
extending (3.29) which does depend on 1) but whose homology does not.
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Remark 6.3. By analogy with monopole Floer homology, one can envision
also a corresponding 8—dimensional version of the invariant proposed in this
article. Such an invariant would be obtained by counting Cayley submanifolds
inside a closed Spin(7)-manifold, weighted by solutions of the 4-dimensional
ADHM Seiberg—Witten equations. A relative version of this theory would
associate with every cylindrical Spin(7)-manifold X whose end is asymptotic
to a compact Ga—manifold Y a distinguished element of the Floer homology
group associated with Y. In order to develop such a 741 dimensional theory,
one has to deal with higher-dimensional moduli spaces of Cayley submanifolds
and ADHM monopoles, which poses additional technical complications. Note
that in order to define G5 Floer homology, one has to consider only Spin(7)—
manifolds of the form Y x (—o0, 00), and only zero-dimensional moduli spaces.

7. Counting holomorphic curves in Calabi—Yau 3—folds

Let Z be a Calabi-Yau 3—fold with Kéhler form w and holomorphic volume
form €. The product S! x Z is naturally a G;-manifold with the G5-structure
given by

¢ =dt Aw + Ref.

Every holomorphic curve ¥ C Z gives rise to an associative submanifold
StxocS'xZ.

Proposition 7.1. Let f € Hy(Z) be a homology class. Every associative
submanifold in S* x Z representing the class [S*] x B is necessarily of the
form S' x ¥ with ¥ C Z a holomorphic curve.

Proof. The argument is similar to the one used to prove an analogous state-
ment for instantons [Lew98, Section 3.2]. Let P C S' x Z be an associative
submanifold representing [S1] x 3. Since

élp = (dt Aw + ReQ)|p = volp,
there is a smooth function f on P such that
dt Aw|p = fvolp and ReQ|p = (1— f)volp

By Wirtinger’s inequality [Wir36], f < 1. We need to prove that f = 1, since
this implies that J; is tangent to P and, therefore, P is of the form S' x X,
with ¥ C Z calibrated by w.

One the one hand we have

/onlp = ([¢], [P]) = ([dt Aw] + [Rew], [S'] x B) = ([dt Aw],[S"] x B),
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while on the other hand
/ folp = / dt Aw = ([dt Aw], [P]) = ([dt Awl, [SY] x B).
P P

It follows that f has mean-value 1 and thus f = 1 because f < 1. O

The deformation theory of the associative submanifold S* x ¥ in S! x Z
coincides with that of the holomorphic curve ¥ in Y [CHNP15, Lemma 5.11].
In particular, the putative enumerative theory for associative submanifolds
discussed in this paper should give rise to an enumerative theory for holo-
morphic curves in Calabi—Yau 3—folds. Algebraic geometry abounds in such
theories and various interplays between them; see [PT14] for an introduction
to this rich subject. Our approach is closer in spirit to the original proposal
by Donaldson and Thomas [DT98]. We will argue that it should lead to a
symplectic analogue of a theory already known to algebraic geometers.

7.1. The Seiberg—Witten invariants of Riemann surfaces

In the naive approach of Section 3.3 each associative submanifold is counted

with its total Seiberg—Witten invariant. The Seiberg—Witten equation (3.11)

over the 3-manifold M = S x ¥ was studied extensively [MST96, MOY97,

MWO05]. The equation admits irreducible solutions only for the spin®-structures
pulled-back from Y. Such a spin® structure corresponds to a Hermitian line

bundle L — ¥; the induced spinor bundle is W = L&T*L% @ L. Up to gauge

transformations, all irreducible solutions of the Seiberg—Witten equation are

pulled-back from triples (A, 1, 15) on X, where (11, 12) € T'(L) @ Q%1(Z, L),

A € o/ (det(W)) and

5A¢1 - 07 52&2 - 07
(7.2) (Y1,92) =0, and
i _
g *Fat 1 ]* = |12 = 0.
Here (11,1)9) is the (0,1)-form obtained from pairing ¢/; and v using the
Hermitian inner product.

The second equation implies that either ¢, or ¢, must vanish identically—
which one, depends on the sign of the degree

2d := (¢, (W), 5.
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Since det(W) = L? ® K", we have
deg(L)=g—1+d.

Suppose that d < 0. It follows from integrating the third equation that
Y1 # 0 and so ¥, = 0. The pair (A,;) corresponds to an effective divisor
of degree g — 1 4 d on : the zero set of ¥y counted with multiplicities. This
corresponds to an element of the symmetric product Sym? "¢, If d > 0,
then a similar argument and Serre duality associates with every solution of
(7.2) an element of Sym? ~1=d%3 The above correspondence, in fact, goes both
ways:

Theorem 7.3 (Noguchi [Nog87], Bradlow [Bra90], and Garcia-Prada [Gar93]).

Let A € R\{d}. The moduli space of solutions to the perturbed vortex equation
Oathr =0,  Dhtba =0,

(74) <1/)17 1/)2> = Oa and

1 - 27
—x F 2 _ | = Y

is homeomorphic to

Sym? 1Y)  ifd—A<0 and
SymY~1"4(2)  ifd—\>0.

The Seiberg—Witten invariant can be obtained by integrating the Euler
class of the obstruction bundle, in this case the cotangent bundle, over the
moduli space. As a consequence, if ¥ # S2, then the total Seiberg-Witten
invariant is

SW(S! x 8) = " (=1)9 1y (Sym? ™1 5).
deZ

Here we can sum over all d € Z since for |d| > g — 1 we have
x(Sym?~ 1T x) = 0.
7.2. Rational curves and the Meng—Taubes invariant
For ¥ = S2, the above series is not summable. This is consistent with the

general theory alluded to in Section 3.3: we have b;(S* x S?) = 1 and, due to
the appearance of reducible solutions, the total Seiberg—Witten invariant is
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defined only for 3—manifolds with b; > 2. In full generality, this problem can
be solved within the framework of Floer homology. However, if one considers
only closed, oriented 3—manifolds with ; > 1 there is also a middle ground
approach due to Meng and Taubes [MT96]. For every such a 3—manifold M
they define an invariant

SW(M) € Z[H]/H.

Here H is the torsion-free part of H2(M,Z), Z[H] is the set of Z-valued
functions on H, and H acts on Z[H] by pull-back.

The Meng—Taubes invariant takes a particularly simple form for M =
S1 x 3. In this case, there is a distinguished spin® structure, correspond-
ing to the line bundle L being trivial, and the invariant can be naturally
lifted to an element SW(M) € Z[H]. Moreover, the support of SW(M) is
Z = H?(X,7Z) C H, reflecting the fact that the Seiberg-Witten equation has
solutions only for the spin® structures pulled-back from ¥. Thus, SW (M) can
be interpreted as an element of the ring of formal Laurent series in a single
variable, ¢ say,

SW(M) € Z((q)-

For ¢ > 1, this is the Laurent polynomial whose coefficients are the Seiberg—
Witten invariants:

(7.5) SW(S' x %) = Y (=1)?"x(Sym? 1 HI x)g
deZ

and we see that SW(S? x ) is obtained by evaluating SW(S? x ¥) at ¢ = 1.
It is easy to see from the definition of the Meng—Taubes invariant that the
same formula is true for ¥ = S?, although now the series has infinitely many
non-zero terms. One cannot evaluate SW(S* x S?) at ¢ = 1 and is forced to
work with the refined invariant.

7.3. Stable pair invariants of Calabi—Yau 3—folds

Pandharipande and Thomas introduced a numerical invariant counting holo-
morphic curves in Calabi-Yau 3—folds together with points on them; see
[PT14, Section 43] for a brief introduction and [PT09, PT10] for more techni-
cal accounts. Since the space of curves and points on them is not necessarily
compact, one considers the larger moduli space of stable pairs, consisting of
a coherent sheaf F on Z together with a section s € H%(Z, F') which, thought
of as a sheaf morphism s: &7 — F, is surjective outside a zero-dimensional



1094 Aleksander Doan and Thomas Walpuski

subset of Z. The sheaf is required to be supported on a (possibly singular and
thickened) holomorphic curve ¥ C Z.5

Example 7.6. The simplest examples arise when ¥ is smooth and (F)s)
is the pushforward of a pair (Z,%) on X consisting of a holomorphic line
bundle and a non-zero section. Conversely, all stable pairs whose support is
a smooth, unobstructed curve are of this form [PT09, Section 4.2].

The topological invariants of a stable pair are the homology class [¥] €
H(Z) and the Euler characteristic x (X, F') € Z. For instance, in Example 7.6,
with ¥ of genus g, we have

(7.7) X(X, F) =1— g+ deg(F).

For every 8 € Hy(Z) and d € Z, Pandharipande and Thomas use virtual
fundamental class techniques to define an integer PTy g which counts stable
pairs with homology class 8 and Euler characteristic d. These numbers for
different values of d can be conveniently packaged into the generating function

PTs =Y PTsaq".
d

For a holomorphic curve ¥ C Z with [X] = /3, denote by PTx(g) the con-
tribution to PT3(¢q) coming from stable pairs whose support is 3. (It makes
sense to talk about such a contribution even for non-isolated curves [PT10,
Section 3.1].)

In the situation of Example 7.6, the moduli space of stable pairs with
support on X and Euler characteristic d is simply the space of effective divisors
whose degree, computed using (7.7), is g—1+d. From the deformation theory
of such stable pairs one concludes that in this case,

(7.8) PTs(g) = > _(=1)9" I (Sym?~ "' 5)¢*
d

see [PT09, Equation (4.4)] for details. As a result, we obtain the following.

Proposition 7.9. If X C Z is a smooth, unobstructed holomorphic curve,
then

PTy = SW(S' x %0).

5More precisely, F is pure of dimension one and s has zero-dimensional cokernel.
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Remark 7.10. From the 3-dimensional perspective, the symmetry between d
and —d is a special case of the involution in Seiberg—Witten theory induced
from the involution on the space of spin® structures [Mor96, Section 6.8];
from the 2-dimensional viewpoint, it is a manifestation of the Serre duality

between H!(Z) and H(Ky @ £*).

Remark 7.11. The fact that the stable pair invariant is partitioned into an
integers worth of invariants corresponding to the degrees of the spin® struc-
tures on curves suggests that something similar could be true for associative
submanifolds. However, unlike in the dimensionally reduced setting, where a
spin® corresponds in a natural way to an integer, for two distinct associatives
P, and P, we are not aware of any way to relate the spin® structures on them.

In general, the stable pair invariant includes also more complicated contri-
butions from singular and obstructed curves representing the given homology
class. For irreducible classes, Pandharipande and Thomas proved that such a
contribution is a finite sum of Laurent series of the form (7.8) [PT10, Theorem
3 and Section 3.

7.4. ADHM bundles over Riemann surfaces

The stable pair invariant includes also contributions from thickened curves.
If a homology class 5 € Ho(Z,Z) is divisible by k and 3/k is represented by
a holomorphic curve > C Z, then there exist stable pairs having k3 as their
support. Thinking of S! x k¥ as a multiple cover of the associative S' x %
in S x Z, we are led by the discussion of Section 4.3 to the conclusion that
the contribution of such a thickened curve should be in some way related to
the solutions of the ADHM, ; Seiberg-Witten equation on the 3-manifold
St x . We will argue that this is indeed the case.

Consider the more general ADHM,,. ;, Seiberg-Witten equation introduced
in Section 5.1 under the following assumptions:

Hypothesis 7.12. Let X be a closed Riemann surface and M = S* x ¥ with
the geometric data as in Definition 5.8 such that:

1. g is a product Riemannian metric,

2. E and the connection B are pulled-back from %, and

3.V and the connection C' are pulled-back from a U(2)-bundle with a
connection on X such that ALV = Ky, as bundles with connections.

Proposition 7.13. If Hypothesis 7.12 holds and (V,&, A) is an irreducible
solution of the ADHM,.;, Seiberg-Witten equation (5.7), then the spin’®)
structure v is pulled-back from a spin’® structure on ¥ and (U, & A) is
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gauge-equivalent to a configuration pulled-back from X, unique up to gauge
equivalence on X.

This is a special case of [Doal7, Theorem 3.8]. In the situation of Propo-
sition 7.13, (5.7) reduces to a non-abelian vortex equation on Y. Recall that
a choice of a spinY(®) structure on ¥ is equivalent to a choice of a U(k)-
bundle H — . Consequently, A can be seen as a connection on H. The
corresponding spinor bundles are

gg=u(H) and W=HaeTx" o H.

Proposition 7.14. Let (A, ¥, &) be a configuration pulled-back from 3. Under
the splitting W = H & T*S% @ H we have ¥ = (¢1,13) where

Yr € (X, Hom(E, H)),
Uy € QY(2, Hom(H, E)), and
£ eT(%,V @End(H)).

Equation (5.7) for (A, V, &) is equivalent to

Oapln =0, Oapils=0, O0acé=0,
(7.15) [ENE 411 =0, and
ix Fa+ [N+ 1] — #5100 = 0.

In the second equation we use the isomorphism ALV = Ky so that the left-
hand side is a section of QY°(X, End(H)). In the third equation we contract
V with V* so that the left-hand side is a section of iu(H).

This follows from [Doal7, Proposition 3.6, Remark 3.7] and the complex
description (D.7) of the hyperkdhler moment map appearing in the ADHM
construction.

We can also perturb (7.15) by 7 € R and 0 € H(Z, Ky,):

Oaplr =0, Oapiba=0, 0acé=0,
(7.16) [ENE]+ Y1 =0 ®id, and
ix Fy + [ENE] = 01y] + *xPathy = 7 id.

There is a Hitchin—Kobayashi correspondence between gauge-equivalence
classes of solutions of (7.16) and isomorphism classes of certain holomorphic
data on ¥. Let & = (E,0p) and ¥ = (V,9¢) be the holomorphic bundles
induced from the unitary connections on E and V.
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Definition 7.17. An ADHM bundle with respect to (&, ¥, 0) is a quadru-
ple

(S, 01,12, €)

consisting of:

e a rank k£ holomorphic vector bundle 52 — ¥,
e ¢y € H'(X, Hom(&, 7)),

® Yy € HO(E,KE ®H0m(f%ﬂ, 5)), and

o £ € HYX, 7 ® End(#))

such that
[ENE +1he =0 @id € HY(Z, Ky, ® End(S)).

Definition 7.18. For § € R, the d—slope of an ADHM bundle (S, Y1, ¢5, &)
is

21 deg 0
S IR AT
The slope of 2 is () == po ().

Definition 7.19. Let 6 € R. An ADHM bundle (42,11, 15,&) is 0 stable if
it satisfies the following conditions:

1. If § > 0, then 97 # 0 and if § < 0, then 15 # 0.

2. If ¢ C s is a proper {—invariant holomorphic subbundle such that
imyy C ¥, then us(9) < us(2).

3. If ¢ C I is a proper {—invariant holomorphic subbundle such that
4 C ker g, then ((¥) < us(H).

We say that (11,19, &) is 6—polystable if there exists a {&—invariant de-
composition 7 = P, ¥; P, -#; such that:

1. us(9;) = ps(F) for every i and the restrictions of (1, 12, ) to each ¥;
define a 0 stable ADHM bundle, and

2. w(I;) = ps(A) for every j, the restrictions of 1, 92 to each & are
zero, and there exist no {-invariant proper subbundle ¢ C .#; with

w( ) < w(Fj).

In the proposition below we fix § and the topological type of 77, and set
T = us ().

Proposition 7.20. Let (A, v1,12,§) be a solution of (7.16). Denote by
the holomorphic vector bundle (H,04). Then (J€,11,13,€) is a d—polystable
ADHM bundle. Conversely, every d—polystable ADHM bundle arises in this

way from a solution to (7.16) which is unique up to gauge equivalence.
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Proof. A standard calculation going back to [Don83] shows that (7.16) implies
d—polystability. The difficult part is showing that every d—polystable ADHM
bundle admits a compatible unitary connection solving the third equation of
(7.16), unique up to gauge equivalence. This is a special case of the main
result of [AG03, Theorem 31], with the minor difference that the connections
on the bundles £ and V are fixed and not part of a solution. The necessary
adjustment in the proof is discussed in a similar setting in [BGMO03]. O

Stable ADHM bundles on Riemann surfaces were studied extensively by
Diaconescu [Dial2b, Dial2a] in the case when n = 1, & is a trivial line
bundle, and ¥ is the direct sum of two line bundles. Thus, we have a splitting
€ =(&,&) and [ A&] = [£1,&2], so the holomorphic equation

[EAE + vy =0®id

is preserved by the C*—action t(11, 19, £1, &) = (t1, ™ ebg, t€1, t71E). More-
over, if the perturbing form 6 is chosen to be zero, there is an additional C*
symmetry given by rescaling every the sections. Assuming that the stability
parameter ¢ is sufficiently large, Diaconescu shows the fixed-point locus of
the resulting C* x C*—action on the moduli space of § stable ADHM bun-
dles is compact. Furthermore, the moduli space is equipped with a C* x C*—
equivariant perfect obstruction theory. This can be used to define a numerical
invariant via equivariant virtual integration. This number is then shown to
be equal to the local stable pair invariant of the non-compact Calabi—Yau
3—fold . This invariant counts, in the equivariant and virtual sense, stable
pairs whose support is a k—fold thickening of the zero section > C ¥#. Here k
is the rank of Z so that the stable ADHM bundles in question correspond,
by Proposition 7.20, to solutions to the ADHM; ;, Seiberg-Witten equation
on St x X. This suggests that the relation between Seiberg-Witten monopoles
and stable pairs discussed in the previous section could extend to the case of
multiple covers.

7.5. Towards a numerical invariant

Due to the appearance of reducible solutions, one does not expect to be able
to count solutions to the ADHM, ;, Seiberg-Witten equation on a general
3-manifold. Instead, the enumerative theory for associatives in tamed almost
Go>—manifolds should incorporate a version of equivariant Floer homology, as
explained in Section 3.4 and Section 6. However, the existence of the stable
pair invariant and the discussion of the previous sections indicate that we
can hope for a differential-geometric invariant counting pseudo-holomorphic
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curves in a symplectic Calabi—Yau 6-manifold Z which in the projective case
would recover the stable pair invariant. It is expected that such an invariant
would encode the same symplectic information as the Gromov—Witten invari-
ants by the conjectural GW/PT correspondence, known also as the MNOP
conjecture [PT14, Sections 3% and 4%} The algebro-geometric version of this
conjecture is at present widely open. Like the Gromov—Witten invariant, the
putative symplectic stable pair invariant is given by a weighted count of sim-
ple J-holomorphic maps. Thus, we expect that a symplectic definition of the
stable pair invariant will shed new light on the MNOP conjecture.

For a homology class € Ho(Z,Z) the invariant would take values in the
ring of Laurent series Z((¢)) and be defined by

ng(Z) =Y [[SWiy, (S" x 57)sign(27).
217.“72771 ]’:1
Some explanation is in order:

1. The sum is taken over all collections of embedded, connected pseudo-

holomorphic curves X!, ..., ¥™ such that
> k] =5
j=1

We assume here that we can choose a generic tamed almost-complex
structure such that there are finitely many such curves and all of them
are unobstructed.

2. sign(X) = +1 comes from an orientation on the moduli space of pseudo-
holomorphic curves.

3. SW, ,(S' x %) is a generalization of the Meng-Taubes invariant defined
using the moduli spaces of solutions to the ADHM, ;, Seiberg-Witten
equation on S x ¥7. This is yet to be defined, but if it exists, it should
be naturally an element of Z((¢q)) because of the identification of the set
of the spin’®) structures on ¥ with the integers, as in Section 7.2.

4. We use here crucially that by (S 1w Y)) > 1; otherwise even the classical
Meng-Taubes invariant SW, ; is ill-defined. For £ > 1, the ADHM,
Seiberg—Witten equation, admits in general, reducible solutions: for ex-
ample, flat connections or solutions to the ADHM, j_; Seiberg-Witten
equation. A good feature of the dimensionally-reduced setting is that
if the perturbing holomorphic 1-form € in (7.16) is non-zero, then we
automatically avoid reducible solutions. Indeed, a simple algebraic ar-
gument shows that in this case the triple (£, 11, 12) has trivial stabilizer
in U(k) at every point where 6 is non-zero.



1100 Aleksander Doan and Thomas Walpuski

Appendix A. Transversality for associative embeddings

The goal of this section is to prove Proposition 2.23. The proof relies on the
following observations. The tangent space T, Z2(Y) C Q*(Y) is the space of
closed 4—forms. Define

X,p: TyZHY) — (N

by

d -
(A1) (Xoum )z i= | 68pan(n) = [ Filny
g e=0 P

for every closed 4—form n on Y.

Proposition A.2. If.: P — Y is a somewhere injective associative immer-
sion, then for every non-zero n € ker F, C T'(Ni), there exists a € Q3(Y)
such that

(X, pda,n) # 0.
Proof. We can assume that P is connected. Pick a point x such that .= (s(z)) =

{z}. Since P is compact, there is a neighborhood U of 2 € P which is embed-
ded via ¢ and satisfies ¢«(U) N «(P\U) = @. Choose a tubular neighborhood

V of «(U) and p > 0 such that B,(Nu(U)) =2 V is a diffeomorphism. By
unique continuation, n cannot vanish identically on U. Thus we can find a
function f supported in V' such that df(n) > 0 and df(n) > 0 somewhere.
Let v be a 3—form on Y with v|y = (volp)|y and i(n)dv|y = 0. With

a=fv
we have
/ (*(i(n)da) :/ df(n)volp > 0. O
P P

For a somewhere injective immersed associative [t: P — Y], Aut(:) must
be trivial. Denote by Tum: Immg(P,Y) x 24(Y) — Immg(P,Y) the canon-
ical projection. By Proposition A.2, the linearization of the section

0L € I(mpmT™ Immg(P,Y))

is surjective. Hence, it follows from the Regular Value Theorem, and the
fact that there are only countably many diffeomorphism types of 3—manifolds
[CK70], that the universal moduli space of immersed associatives

5 =A3(2:())
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is a smooth manifold. This directly implies (1a) and (2a) by the Sard-Smale
Theorem.

Consider the moduli space of immersed associative submanifolds with n
marked points

$o@) =TT {21, 20) € Immg(PY) x P2 [)] € A(¢)} / Diff, (P)

as well as the corresponding universal moduli space

fom U o)

YeZL(Y)
Define the map ev: %ln — Y™ by

ev([e, 1, ..., xn), ) = (t(x1), ..., e(zy)).

Proposition A.3. For each ([t,x1,...,2,],¢) € Ql%iyn, the derivative of ev,

n
d(areand )V Twran )20 = D TV,
=1

1S surjective.

Proof. We will show that if (vy,...,v,) € @j; Ny ¢, then there exist n €
[(Nu) and n € Ty Z2(Y) such that

n(r;) =v; and (n,n) € T[L]ﬂ/fgl%i'

This immediately implies the assertion.
Denote by evy, .1 I'(Nt) = @i Ny, the evaluation map and define

-----

where F, is the Fueter operator and X, 4 is defined in (A.1). We prove that the
operator F! is surjective, cf. McDuff and Salamon [MS12, Proof of Lemma
3.4.3]. To see this note that its image is closed and thus we need to show
only that if » L imF', then v = 0. Since v L F,(W'?kerev,, ,.), on
P\{z1,...,x,}, v is smooth and satisfies F,v = 0. We also know that v L
im X, ;. The argument from the Proof of Proposition A.2 shows that v = 0,
because the set of points x € P satisfying ¢~!(:(x)) = {2} is open in P so we
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can choose such a point x belonging to P\{z1,...,z,}). That F¥ is surjective
follows from the fact that F! is surjective by elliptic regularity.
Pick ng € I'(IN¢) with

no(xz) = VU;

and pick (n1,7n) € kerevy, . ® Ty Z2(Y) such that
Fony 4+ X, 4(n) = —F,ny.

The pair (ng + n1,n) € T[L]’wﬁl%i has the desired properties. O

Finally, we are in a position to prove (1b) and (2b) of Proposition 2.23.
Denote by m: A%, — Ql%l the forgetful map and denote by A = {(z,z) €
Y XY :x € Y} the diagonal in Y. Proposition A.3 The universal moduli space
of non-injective but somewhere injective immersed associatives is precisely

m(ev 1 (A)).

By Proposition A.3, ev7(A) C Ql%‘ is a codimension 7 submanifold. Since 7
is a Fredholm map of index 6 and p: A — 22(Y) is a Fredholm map of
index 0, it follows that p(w(ev™1(A))) C 22(Y) is residual. This proves (1b)
because an injective immersion of a compact manifold is an embedding. The
proof of (2b) is similar. This completes the proof of Proposition 2.23. O

Appendix B. Seiberg—Witten equations in dimension three

We very briefly review how to associate a Seiberg—Witten equation to a
quaternionic representation. More detailed discussions can be found in [Tau99,
Pidstrigach2004|; [Hay08]; [Sall3, Section 6]; [Nak16, Section 6(i)]; we fol-
low [DW19, Section 1] closely. The first ingredient is a choice of algebraic
data.

Definition B.1. A quaternionic Hermitian vector space is a real vector
space S together with a linear map v: ImH — End(S) and an inner product
(-,+), such that v makes S into a left module over the quaternions H =
R(1,i,7,k), and i, 7,k act by isometries. The unitary symplectic group
Sp(S) is the subgroup of GL(S) preserving v and (-,-). A quaternionic
representation of a Lie group G on S is a homomorphism p: G — Sp(S).

Let p: G — Sp(S) be a quaternionic representation. Denote by g the Lie
algebra of G. There is a canonical hyperkdhler moment map pu: S — (g ®
Im H)* defined as follows. By slight abuse of notation denote by p: g — sp(.S)
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the Lie algebra homomorphism induced by p. Combine p and v into the map
7: g®ImH — End(S) given by

Y(E @ v)P = p(§)v(v)®.

The map 7 takes values in the space of symmetric endomorphisms of S.
Denote by 7*: End(S) — (g ® ImH)* the adjoint of 7. Define

1

p(®) = 57(297).

Definition B.2. The canonical permuting action #: Sp(1) — O(S) is
defined by left-multiplication by unit quaternions. It satisfies

0(q)y(v)® = v(Ad(q)v)0(q)®

forallg € Sp(1) ={¢eH: ¢/ =1}, veImH, and ® € S.
Definition B.3. A set of algebraic data consists of:

e a quaternionic Hermitian vector space (5,7, (-, ")),

e a compact, connected Lie group H, an injective homomorphism Zs —
Z(H), an Ad—invariant inner product on Lie(H),

e a closed, connected, normal subgroup G < H, and

e a quaternionic representation p: H — Sp(S) such that —1 € Zy C
Z(H) acts as —idg.

Definition B.4. Given a set of algebraic data, set
H:=(Sp(1) x H)/Zy, K :=H/(G x Z5).

The group K is called the flavor group.
Example B.5. The ADHM,. ;. Seiberg-Witten equation arise by choosing

S = S, := Home(C",H ®c C*) @ H @g u(k)
with
G =U(k)aH = SU(r) x Sp(1) x U(k)

where SU(r) acts on C" in the obvious way, U(k) acts on C* in the ob-
vious way and on u(k) by the adjoint representation, and Sp(1l) acts on
the first copy of H trivially and on the second copy by right-multiplication
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with the conjugate. The homomorphism Z; — Z(H) is defined by —1 —
(ider, —idg, —idgr ). In particular,

H = SU(r) x SpinY® (4)
with
SpinY® (n) := (Spin(n) x U(k))/Zs.

Although notationally cumbersome, we usually prefer to think of H as
H =SU(r) x Spin”"™(3) xg0(3) SO(4).

Here the second factor is the fiber product of Spin”®)(3) with SO(4) with
respect to the obvious homomorphism SpinV*)(3) — SO(3) and the homo-
morphism SO(4) — SO(3) is given by the action on ATR2.

In addition to a set of algebraic data has been chosen one also needs to
fix the geometric data for which the Seiberg—Witten equation will be defined.

Definition B.6. Let M be a closed, connected, oriented 3-manifold. A set
of geometric data on M compatible with a set of algebraic data as in
Definition B.3 consists of:

e a Riemannian metric g on M,
e a principal H-bundle ) — M together with an isomorphism

(B.7) Q x 5 SO(3) = SO(TM),

and
e a connection B on the principal K—bundle

R2:QXFIK.

Definition B.8. Given a choice of geometric data, the spinor bundle and
the adjoint bundle are the vector bundles®

S = Q Xoxp S and gp ::Q X Ad 0
Because of (B.7) the maps v and p induce maps

v: T*M — End(S) and pu: S — A*T*M @ gp.

6If H = G x K, then there is a principal G-bundle P — M associated with Q
and gp is the adjoint bundle of P. In general, P might not exist but traces of it
remain, e.g., its adjoint bundle gp and its gauge group ¢4(P).
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Here we take p to be the moment map corresponding to the action of
G« H.

Definition B.9. Set

JZ{B(Q) . {A€%<Q).AinducesBonRand the }

" Levi-Civita connection on T'M

Any A € #5(Q) defines a covariant derivative V4: T'(S) — Q'(M,S). The
Dirac operator associated with A is the linear map D 4: I'(S) — I'(S)
defined by

Da® :=(Va®).
p(Q) is an affine space modeled on Q! (M, gp). Denote by w: Ad(Q) — gp

A

the projection induced by Lie(H) — Lie(G).
Finally, we are in a position to define the Seiberg—Witten equation.

Definition B.10. The Seiberg—Witten equation associated with the cho-
sen algebraic and geometric data is the following system of partial differential

A

equations for (®, A) € I'(S) x #p(Q):

D,® =0 and

(B-11) wFa = u(®).

The Seiberg—Witten equation is invariant with respect to gauge transfor-
mations which preserve the flavor bundle R and SO(T™*M).

Definition B.12. The group of restricted gauge transformations is
G(P) = {u € 4(Q) : u acts trivially on R and SO(T'M)}.

& (P) can be identified with the space of sections of Q x g G with H acting
on G via [(g,h)] - g = hgh™L.

If u=1(0) = {0}, then one proves in the same way as for the classical
Seiberg-Witten equation that solutions of (B.11) obey a priori bounds on ®.
In many cases of interest u~1(0) # {0} and in these cases a priori bounds fail
to hold. Anticipating this, we blow-up the Seiberg—Witten equation.

Definition B.13. The blown-up Seiberg—Witten equation is the follow-

A

ing partial differential equation for (¢, ®, A) € [0,00) x I'(S) x 75(Q):

Do =0,

B.14 2wFy = u(®), and
u
| @2 = 1.
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The limiting Seiberg—Witten equation is the following partial differ-

A

ential equation for (®, A) € [0,00) € I'(S) x B(Q):

D,®=0 and

(B.15) (@) = 0

as well as [|®|| 2 = 1.

The phenomenon of ® tending to infinity for (B.11) corresponds to &
tending to zero for (B.14) Formally, the compactifiction of the moduli space
of solutions of (B.11) should thus be given by adding solution of the limiting
equation. Taubes [Taul3a] and Haydys and Walpuski [HW15] proved that—
up to allowing for codimension on singularities in the limiting solutions—this
is true for the flat PSL(2, C)—connections and the Seiberg-Witten equation
with multiple spinors, which are particular instances of equation (B.11). Al-
though one might initially hope that it is unnecessary to allow for singularities
in solutions of the limiting equation, it has been shown in [DW18] that this
phenomenon cannot be avoided.

Appendix C. The Haydys correspondence with stabilizers

Throughout this appendix we assume that algebraic data and geometric data
as in Definition B.3 and Definition B.6 have been chosen. Denote by

X :=S))G = pu10)/G

the hyperkédhler quotient of X by G, and denote by p: u‘l(O)A—> X the
canonical projection. The action of H on S induces an action of K = H/G
on X. Set

X :=RxzX.
If & € I'(S) satisfies u(P) = 0, then

(C.1) s:=pod e I['(X).

The Haydys correspondence [Hay12, Section 4.1] relates solutions of the lim-
iting Seiberg—Witten equation (B.15) with certain sections of X. The discus-
sions of the Haydys correspondence available in the literature so far [Hay12,
Section 4.1]; [DW19, Section 3] assume that the action of G on p~1(0) is
generically free. This hypothesis does not hold in Example B.5 with r = 1,
which leads to the ADHM; j, Seiberg-Witten equation. This appendix is con-
cerned with extending the Haydys correspondence to the case when G acts
on 1~ 1(0) with a non-trivial generic stabilizer.
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C.1. Decomposition of hyperkihler quotients

Denote by Sy} the subset of S on which G acts freely. By [HKLR87, Section
3(D)], the quotient

(Sey N 1(0))/G
can be given the structure of hyperkéhler manifold of dimension 4(dimg S —
dim G) such that, for ® € Sg.3 N p~*(0),
(C2) pe: (p(@)®)" N Top ' (0) = Ty X

is a quaternionic isometry. If G acts on p~1(0) with trivial generic stabilizer
(that is: S{ey is dense and open), then this makes an dense open subset of X
into a hyperkahler manifold. In general, X can be decomposed as a union of
hyperkéhler manifolds according to orbit type as follows.

Definition C.3. For & € S, denote by Gg the stabilizer of ® in G. Let
T < G be a subgroup. Set
Sr:={®eS:Ge=T} and
Sy ={®eS: gGog™ ' =T for some g € G}.

Definition C.4. Given a subgroup T' < G, set
Wg(T) = NG(T)/T

Here Ng(T') denotes the normalizer of T in G.

Remark C.5. This notation is motivated by the example S = H ® g, with
G acting via the adjoint representation. In this case, the stabilizer T" of a
generic point in x~1(0) is a maximal torus and Wg(T) is the Weyl group of
G; cf. Appendix D for the case G = U(k).

Theorem C.6 (Dancer and Swann [DS97, Theorem 2.1]; Sjamaar and Ler-
man [SLI1], Nakajima [Nak94, Section 6]). For each T < G, the quotient

Xy = (17H(0) N S(p)) /G
1s a hyperkdahler manifold, and

(C.7) X:UXm
(T)
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where (T) runs through all conjugacy classes of subgroups of G.” More pre-
cisely, for each T' < G':

1. St is a hyperkdhler submanifold of S and St is a submanifold of S.
2. We have

(=1(0) N Ser))/G = (=1 (0) N Sr) /We(T).
3. Denote by S% denotes the union of the components of St intersecting
p=(0). Then Wq(T) acts freely on S% and
1(S%) € (v ® ImH)*

with w = Lie(Wg(T)). In particular, the restriction of u to S% induces
a hyperkdihler moment map on S$ for the action of We(T).

4. X(1) can be given the structure of a hyperkdhler manifold such that, for
each ® € 1= 1(0) N Sy,

Py (p(@)®)F Nkerdgp N TeSry — Tie) X (1)

18 a quaternionic iSometry.

Proof. We recall Dancer and Swann’s argument, since some aspects of it will
play a role later on.
To prove (1), denote by

ST .={deS:Ge DT}

the fixed-point set of the action of 7. ST is an H-linear subspace of S and Sy
is an open subset of ST (by the Slice Theorem). Therefore, St is a hyperkihler
submanifold of S. The group action induces a bijection

St Xwer G/T = Sy,  [®,9T] = p(g)P.

This shows that S(7) is a submanifold of S. For future reference, we also
observe that

ST & p(g)®

_ QT _ QT ~
(CS) T@ST—S and T@S(T) S +p(g)<I> p(m)<I>

The assertion made in (2) follows directly from the definitions.

"There can be subgroups T < G with Sy # 0, but pt0)N Sy = 2.
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To prove (3), observe that by the definition of Sr, the group Wg(T) =
Ng(T)/T acts freely on Sp. Since u is G—equivariant, u(Sr) C (g*)? C n*
with n := Lie(Ng(T')). Let t = Lie(T). If & € Sp, then

(C.9) dep € Anng- t ® (Im H)*,
because, for £ € t, v € ImH, and ¢ € S, we have

((dop)o,§ @ v) = (y(v)p(§)®, ¢) = 0.

Since to* = n* N Anng, t, we have u(S%) C (to @ Im H)*. This proves (3).
Finally, we prove (4). Since

Xy = (1 (0) N Se1)) /G = (1=(0) N Se)) /Wea(T) = SpJfWe(T),

X(r) can be given a hyperkéhler structure by the construction in [HKLR87,
Section 3(D)]. If & € Sy, then

(p(8)®)" NToS(r) = (p(10)@)* N TpSt
by (C.8); hence, by the discussion before Definition C.3,
pe: (p(g)®@)" Nkerdepu N TeSer) = (p(w)@)* Nker dop N ToSr — Tie) X (1)

is a quaternionic isometry. This finishes the proof of (4). O

In general, the action of K=H /G need not preserve the strata Xp).
The following hypothesis, which holds for all the examples considered in this
article, guarantees that the action of H on S preserves Sy and that the

action of K on X preserves X (1) C X.
Hypothesis C.10. Given T < G, assume that, for all h € H, there is a
g € G such that

RTh™t = ¢gTg™!.
Proposition C.11. If Hypothesis C.10 holds for T < G, then the action of
H on S preserves the submanifold Siry and the action of K on X preserves
X1y
Proof. For h € H and ® € S1), we have Gy = hGeh™' = KTh™! =

gTg~! for some g € G. Thus, p(h)® € S(r) and the action of H preserves
S(ry. The action of Sp(1) commutes with that of H and so it also preserves

S(r)- We conclude that Sir) is preserved by the action of H. Since Xy =
w1(0) NS /G, the action of K preserves X 7. O
(T) (7)
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Proposition C.12. For any T < G, Ng(T) is a normal subgroup of Ny (T),
and the identity K = H/G induces an injective homomorphism

Nu(T)/Na(T) — K.
If Hypothesis C.10 holds for T < G, then this map is an isomorphism
Nu(T)/Na(T) = K.

Proof. If g € Ng(T) and h € Ng(T), then § := hgh™! € G since G<H; hence,
g € Ng(T). Since Ng(T)NG = Ng(T), we have an injective homomorphism
Ny (T)/No(T) — K.

Assuming Hypothesis C.10 and given k = hG € K, there is a g € G such
that

hTh™t = gTg™t.
It follows that h := g~'h € Ny (T) and hG = k; hence, Ny (T)/Na(T) — K

is an isomorphism. O

Assuming Hypothesis C.10 for T" < G, we can define fiber bundles over
M whose fibers are the strata Sy and X7

S(T) = Q X S(T) and X(T) = é X X(T).
If it holds for all T' < G with non-empty S, we decompose S and X as

S = U S(T) and X(T) = U X(T)
(T) (1)

C.2. Lifting sections of X1
For the remainder of this section we will assume Hypothesis C.10 for T' < G.

The first part of the Haydys correspondence is concerned with the questions:

When can a section s € I'(X(7)) be lifted a section of ® € I'(S(p)) with
1(®) = 0 for some choice of Q?

and

To what extend is the principal H-bundle Q determined by s?



Counting associative submanifolds and Seiberg—Witten monopoles 1111

Proposition C.13. If ® € I'(S(7)), then
Q°=Q5 ={geQ:2(g) € 57}

is a principal N g (T)~bundle over M whose associated principal H-bundle is
isomorphic to Q. Moreover, the stabilizer of ® in 4(P) =T(Q x 5 G) is

L(Q° o, T) € 4(P),

and the kernel of p(-)®: gp — S is

N

(C.14) tp:=Q° X N, (T) Lie(T) C gp.

Proof. If ® € Sy, h = [(q,h)] € H = (Sp(1) x H)/Zy and ¥ := 6(q)p(h)®,
then

Gy = hGoh™ " = hTh™'.°
Therefore, ¥ € Sy if and only if h € Ny(T) = (Sp(1)x Nu(T'))/Zs. Moreover,
for each ® € Sy thereisa g € G C H such that p(g)®(q) € Sy. This implies
that Q° is a principal N 1 (T)-bundle.

The isomorphism Q° X N, (T) H =~ Q is given by [(4, )] — G- h. In partic-

ular,

9(pP)= F(QO XNy (T) G)
where N (T) acts on G' by conjugation. The last two assertions follow from
the fact that, for every ¢ € Q°, the G-stabilizer of O(q)is T O

Definition C.15. Given any ® € I'(S(7)), the Weyl group bundle associ-
ated with & is

Q° = Q4 = Q3/T.
Proposition C.16. Suppose that two choices of geometric data have been
made such that Ri = Rs. Suppose that ®; € F(Sc}i (T)) satisfy u(®;) = 0.

Denote by Qf the associated Weyl group bundles.
If po®y = po®y € I'(X(1)), then there is an isomorphism QF = ()5
compatible with the isomorphism

QY /We(T) = Ry = Ry = Q5 /We(T).

8Here we think of ® as a H—equivariant map ®: Q — S.
9Hypothesis C.10 ensures that hTh~! C G.
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Remark C.17. The principal Ng(T)-bundles QS and Q3 need not be isomor-
phic.

Proof of Proposition C.16. Since Qi/G >~ R;, we have @;?/Ng(T) >~ R;. The
sections ®; restrict to Ng(T')-equivariant maps ®2: Q2 — u~1(0)N Sy, which
in turn induce Wg(T)-equivariant maps ®¢: Q¢ = Q%/T — pu~'(0) N Sy.
The resulting commutative diagrams

Q¢ —— p~1(0)N Sy

lq? Jp
R

i . X1y

are pullback diagrams; hence, the assertion follows from the universal property
of pullbacks. 0

Proposition C.18. Let Rbea principal K -bundle. Given s € ['(X (7)), there
exists a principal W (T)-bundle Q° together with an isomorphism

Q°/Wa(T) = R

and a section
¢ eT(Q° X W, (T) ST)
satisfying
w(®°) =0 and pod°=s.
The section ®° is unique up to the action of the restricted gauge group

F(@Q XW o (T) Wea(T)).

Proof. We can think of the section s as a K-equivariant map s: R — X (T)-
The quotient map p: = 1(0) NSy — X (1) defines a principal W¢(T')-bundle.
Set

Q° == s"(u"(0) N Sy)
={(r,®) € Rx (p 1(0) N Sy) : s(r) = Wg(T) - &}

and denote by °: Q° — ©~1(0) N St the projection to the second factor.
The projection to the first factor ¢°: Q° — R makes ()° into a principal
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We(T)-bundle over R. We have the following diagram with the square being
a pullback:

Q° —— p1(0)N Sy
ltf Jp

T — X
M.

Q° can be given the structure of a principal Wy (T)-bundle over M as
follows. By Proposition C.12 we have a short exact sequence

0 —— We(T) —— Wi(T) —=> K —— 0.
Define an right-action of W4 (T") on Q° by
(r, ®) - [B] := (r-w((A]), (0 x p)(h"")®)

for [h] € Wy (T) and (r, ®) € Q° and with 6 as in Definition B.2. A moment’s
thought shows that this action is free and

Q° /Wy (T) = (Q°/We(T))/K = R/K = M.

A

Since s is K—equivariant, ®° is Wy (T")-equivariant and thus defines the
desired section. The assertion about the uniqueness of ®° is clear. ]

Proposition C.19. Assume the situation of Proposition C.18. Suppose that
Q° is a principal Ny (T)-bundle with an isomorphism

QT = Q*;

that is: Q° is a lift of the structure group from Wy(T) to Ny(T). Set

A

Q= QO XNy (T) a.
In this situation, there is a section ® of S(y) := Q X g S(1) satisfying

pw(®)=0 and pod=s;
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moreover, there is an isomorphism

N

QG =Q.
Any other section satisfying these conditions is related to ® by the action of
Y(P).
Proof. With ®° as in Proposition C.18 define ®: Q — p1(0) C S by

([q, 1)) := (0 x p)(h~")°(qT).

This is well-defined because ®°(¢7) is T-invariant; moreover, ® is manifestly
H—equivariant and, hence, defines the desired section. The assertion about
the uniqueness of ® is clear. O

To summarize the preceeding discussion and answer the questions raised
at the beginning of this section:

1. s determines the Weyl group bundle Q° uniquely,
2. every s lifts to a section ®° of Q° Xy () S, and

3. if Q° is a lift of the structure group of Q° from Wy (T) to Ny (T) and we
set Q = QO X N4 (T) H, then ®° induces a section ® of Sy = Q X g S(1)
lifting s.

C.3. Projecting the Dirac equation

The second part of the Haydys correspondence is concerned with the following
question: To what extend is the Dirac equation for a section ® € I'(S(r))
equivalent to a differential equation for s :=po ® € I'(X(p))?

Definition C.20. The vertical tangent bundle of X7 5 M is
VX(T) = R Xk TX(T).
The hyperkéhler structure on X7y induces a Clifford multiplication

v: 7 ImH — End(VX(p)).

A

Given B € &/ (R) we can assign to each s € I'(S) its covariant derivative
Vs € Q1 (M, s*VX). A section s € I'(X) is called a Fueter section if it
satisfies the Fueter equation

(C.21) §(s) =3FB(s) :=7(Vps) =0 € I(s"VX(p)).

The map s — §(s) is called the Fueter operator.
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Proposition C.22. Given ® € I'(S(ry) satisfying u(®) = 0, set
s:=podec (X))

The following hold:
1. A€ MB(Q) satisfies I 4® = 0 if and only if

(C.23) §p(s) =0 and VAP L p(gp)d.
2. Let tp be as in (C.14). The space of connections
(C.24) JZ/B = {A € MB(Q) V40 L p(gp)<I>}

is an affine space modeled on QY (M, tp) with tp as in (C.14). In par-
ticular, if Fp(s) = 0, there exists an A € /5(Q) such that I, = 0;
A is unique up to QY (M, tp).

3. Any connection A € %q’(Q) reduces to a connection on @O. Conversely,
any connection on Q° induces a connection in AL (Q).

4. The subbundle tp C gp is parallel with respect to any A € 42/];1’(@)

Proof. We prove (1). If lDACID = 0, then it follows from p,(V4®) = Vs that
Sp(s) = 0. Let (e!,e?,¢e?) be an orthonormal basis of T M. The equations
D,® =0 and VAM(‘I)) = 0 can be written as

Viae®=—"7(e)Vae,® and (7(e))Vae, P, p(&)®) =0

)

for all £ € gp,. This proves that V@ L p(gp)®. By Theorem C.6(4), (C.23)
implies I 4® = 0

We prove (2). If A € &/2(Q) and a € Q'(M, gp) are such that A +a €

A2(Q), then

p(a)® L p(gp)®
hence, p(a)® = 0 and it follows that a € Q' (M, tp) by Proposition C.13. It re-
mains to show that <72 (Q) is non-empty. To see this, note that if A € 72 (Q),
then one can find a € Q' (M, gp) such that V4® + p(a)® is perpendicular to
p(gp)®. .

We prove (3). If A € &/3(Q) and Ha denote its horizontal distribution,
then we need to show that for ¢ € QO we have Hy , C T, qQO. This, however,
is an immediate consequence of the definitions of 75 (Q) and Q°.

We prove (4). Suppose 7 € I'(tp), that is, p(7)® = 0. Differentiating this
identity along v yields

p(Va,m)® = —p(T)V 4,,P;
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Set 0 = V4,7. We need to show that p(c)® = 0. We compute

0(0) @[> = —(p(0)®, p(7)V 4,,®)
= (p(7)p(0)®, V 4,,P)
= (p([1,0])®,V4,®) =0

because VAP L p(gp)d. O
To summarize:

1. The Dirac equation 1) 4® = 0 implies the Fueter equation Fps = 0.

2. Given a solution s of the Fueter equation and Q° as at the end of the
last subsection, there is a connection A € @(Q) such that the lift @
satisfies ) ,® = 0.

3. A is unique up to Q' (M, tp) with tp as in (C.14).

Appendix D. The ADHM representation

We now focus on the case r = 1 in Example B.5. We will see that in this
case the hyperkahler quotient of the representation is the symmetric product
Sym* H. This fact is the basis of the relationship between multiple covers of
associatives and ADHM monopoles.

Identifying H ®c C" = Homc(C*, H), we can write the quaternionic
vector space S from Example B.5 with r =1 as

S = Homg(C*F, H) © H @ u(k).
The group U(k) acts on S via

p(g)(¥, &) :== (Tg~ ', Ad(g)€)

preserving the hyperkahler structure. We will now determine the hyperkéhler
quotient S /U(k) and its decomposition into hyperkéahler manifolds described
in Theorem C.6.

Definition D.1. A partition of k£ € N is a non-increasing sequence of non-
negative integers A = (A1, Ao, ...) which sums to k. The length of a partition
is

Al :=min{n e N: )\, =0} — L.

With each partition A we associate the groups

Gr:={0 €8 Aoy = M forall n e {1...,|\}}
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and
Al
Ty = H U(\,) € U(k).

For each partition A of k, consider the generalized diagonal
Ay =A{v1, ..., € H oy, = v; for some 7 # j}

There is an embedding (H*\Ay)/Gy — Sym" H defined by

[’Ul,...711|)\ﬂ — [U17~~~7U17"' ,U|)\|,...7U‘)\‘].
—— —_———
A1 times A times

The image of this inclusion is denoted by Sym’,{ H.
Theorem D.2 (Nakajima [Nak99, Proposition 2.9]). We have

S)G = U St IWua (Th) = U Sym} H = Sym* H.
A A

Here we take the union over all partitions A of k.

The proof of Theorem D.2 occupies the remaining part of this section. Var-
ious algebraic identities derived in the course of proving the theorem are also
used in the discussion of the Haydys correspondence for ADHM monopoles.

Proposition D.3. The canonical moment map p: S — (u(k) @ ImH)* for
the action p: U(k) — Sp(S) is given by

(W, &) = (V) + p(€)
with!'?

(W) = %((‘P*i‘l’) Qi+ (P U)@j+ (FEV)@ k)  and

(&) = ([€o, &1] + [&2,83]) ® i
+ ([€0, &2] + [&3,&1]) ® 4
+ ([€0, &3] + [£1,&2]) @ k.

10We identify (u(k) ® ImH)* = u(k) @ Im H.
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Proof. We can compute the moment maps for the action of U(k) on
Hom(C*, H) and H ® u(k) separately. If v = v1i + voj + vsk € ImH and
n € u(k), then

2(u(V), v @n) = (U, y(v)p(n¥) = —(V,y(v)¥ on) = (Vv (v)¥,n)

and

2(u(€),v@n) = (& 7(v)p(n)§)
= v1 (—(€o, [0, &) + (&1, [0, o)) — (&2, [0, &3]) + (&5, [0, &)
+v2 (—(€os [0, &2]) + (&1, [0, &3]) + (€2, [0, &o]) — (€3, [0, &2]))
+ v3 (—(&o, [0, &3)) — (&1, [0, &2]) — (&2s [0, &) + (&3, [, &o)))
= 2v1{[€0, &1] + (€2, &3], m)
+ 202([€0, &2] + [€3, &1 m)
+ 2v3([&o0, &3] + [€1, &2, m)

using that (&, [, ¢]) = —([¢,¢],n) for §,n, ¢ € u(k). O

The key to proving Theorem D.2 is the following result.
Proposition D.4. If u(V,&) =0, then ¥ = 0.

One can derive this result using Geometric Invariant Theory [Nak99, Sec-
tion 2.2]. We provide a proof at the end of this section. It essentially follows
Nakajima’s reasoning but avoids the use of GIT and comparison results be-
tween GIT and Kéhler quotients.

It follows from Proposition D.4 that

SHUk) =H®®g/)U(k).

The latter can be computed in a straight-forward fashion using the following
observation.

Proposition D.5. We have

1 3
BOP =5 Y la &l

a,8=0
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Proof. A direct computation shows that

1 3

&) =5 D [[Ear &sl* = —2(60, [61, &2, &]] + [€2, [€5, &]] + €5, 61, &2])).
a,B=0
This expression vanishes by the Jacobi Identity. O

Proof of Theorem D.2. From Proposition D.4 and Proposition D.5 it follows
that we have u(¥,€) = 0 if and only if ¥ = 0 and £ € H ® t for some
maximal torus t C u(k). Therefore, for a fixed maximal torus 7' C U(k) and
t := Lie(T),

SHG = (H® )/ Wy (T) 2 H*/S), = Sym* H,

using that the Weyl group of U(k) is the permutation group Sk.

The map S//G — Sym* H can be described more directly as the joint
spectrum. Since p(€) = 0 implies [¢,£] = 0 € A2H ® g, we can find a basis
e1,...,ex of C¥ and elements vy, ..., v, € H such that

E(el) =v; & e;.

Up to ordering, the v; are independent of the choice of basis e;. The isomor-
phism S //G — Sym"* H is the map

€ spec(€) i= {vn,. .., v}
From this description the decomposition of Sym* H into its strata Sym’; H
is clear. 0

The following result, which can be viewed as the linearization of Propo-
sition D.5, plays an important role in Section 5.3.

Proposition D.6. Denote by Re: u(k) = H® u(k) the linearization of the
action of U(k) on H®u(k) at & and by Rg: H®u(k) — u(k) its adjoint. If
(&) =0, then

1, 3 13
(el + S 1Rgnl* = > |&asmsl” + 5 D l[€asmal ™
a#B=0 a=0

Proof. 1f u(€) = 0, then on the one hand

(€ +tn)? = ?|(dep)nl* + O(t%);
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while on the other hand

3
€+t = 2 3 (€t 1 €5+ 1]
a,B=0
1 3
= > [€as tns] + [tna, €57 + O(£?)
—9 o fm0
3
:t2 Z Hﬁmrlﬂ”Q"’<[€a7776]a[77a;56]>+0(t3)
a#B=0
We also have
3 2
|R§77|2 = Z Savna
a=0

3

3
=2 z [€as Mol éﬁvnﬁ]>+2|[£av"7a]|2-

a#6=0 a=0

By the Jacobi identity
<[€aa nﬁ]7 [naa 5,3]> = —<77B» [gaa [’fla, Eﬁ]D
= <77,37 [naa [sﬂvean) + <77/3’ [Eﬂv [Ea, "7a]]>

= <77ﬁv [&37 [£a, 77@]])
—<[€6777ﬂ}7 [Ea)naD'

Putting everything together, yields the asserted identity. O

Proof of Proposition D.4. For the proof it is convenient to write S as C* @
jCF @ End(C*) @ j End(CF). A direct computation shows that with respect
to this identification the moment map is given by

1
(D7) M(U7w7A*a B) = E(U’U* —ww* — [AvA*] - [B>B*]) —|—](’IU’U* - [A7B])
Therefore, if (¥, &) = (v + jw, A* + jB) € p~(0), then
(D.8) w* —ww* =[A, A*] +[B,B*] and wv* =[A, B].

Set T := [A, A*] + [B, B*]. Taking traces and inner products with v and
w, (D.8) implies
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(DQ) |U| = |U)|— >‘7 <U7w> = Oa
(D.10) (Tv,v) =\, and (Tw,w) = —\%.

Proposition D.11 ([Nak99, Lemma 2.8]). Denote by Vi the smallest sub-
space of C¥ which contains w and is preserved by both A and B. We have
v L V.

Proof. Let C be a product of As and Bs. We need to show that (v, Cw) = 0.
The proof is by induction on k, the number of factors of C. If k = 0, then
C' = id and we have (v, w) = 0 by (D.9).

By induction we can assume that (v, Cw) = 0 for all C' with fewer than
k factors. If C = CYBAC,., then

Cw = C;BAC,w = C;ABC,w — Ci[A, B]C,w
= ClABC,w — Ciuwv*Crw = C;ABC,w

because v*Crw = (v, C,w) and C, has fewer than k factors. Henceforth, we
can assume that C' = A¥1 B*2. For such C, we have

(v, AFL BR2p) = tr(AM BRwn*) = tr(AR B*[A, B))
= tr([A" B* A|B) = tr(AM[B*2, A|B)

ka—1 ka—1
= > tr(AM BB, AIB" ") = Y tr(BR AN BY[B, A))
=0 =0
ka—1
=— Z (v, B2t AR Bfw) = —ky (v, A¥1 BR2qy).
=0
This concludes the proof. O

As a warm up consider the case k = 2. If A > 0, then

(w/A, v/A)

is an orthonormal basis for C2. With respect to this basis A and B are given
by matrices of the form

N a1 a2 o bll b12
A= ( 0 CL22> and B = ( 0 b22> .
Consequently, the first diagonal entry of T' = [A, A*| + [B, B*| is

T = ‘alg‘Q + ‘b12|2 > 0.
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However, since (Tw,w) = —\* according to (D.10), we have
_ 2
T =-X\<0.

It follows that A = 0; that is, ¥ = v 4+ jw = 0.
In general, let V; be as in Proposition D.11 and set V, := V;*. With
respect to the splitting C* = V; @ V4, we have

A= (AOH ﬁ;) and B = (301 g;;) |
It follows from wv* = [A, B] and v € V5, that
[A11, Bi1] = [A, Bli1 = 0;
Moreover, we have
Ty = ([A, A"+ [B, B ) = [Au1, A1y] + [Bu1, Bri] + A1 A7y + BiaBiy;

hence,
[AH; Ail] + [Blh Bikﬂ + A12A>{2 + BlgBTQ +ww* = 0.
Thus [A11, A}1] + [Bi1, Bi;] < 0. By Proposition D.12, it follows that

[An,Am = [Bll,Bfl] =0.

Since Aj2A7, + B12Bj, + ww* is a sum of non-negative definite matrices, we
must have |w| = 0; hence, ¥ = v + jw =0 by (D.9).

Proposition D.12. If [A, B] = 0 and [A, A*] + [B, B*] < 0, then A and B
can be simultaneously diagonalized and [A, A*] = [B, B*] = 0.

Proof. Since A and B commute, we can simultaneously upper triagonalize
them; that is, after conjugating A and B with a unitary matrix we can assume
that

A=A+U and B=M+V

where A, M are diagonal and U,V are strictly upper triangular. We have

[A, A*] = [A, A*] + [A, U*] — [A*, U] + [U, U"].
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The first term vanishes, and the second and third terms have vanishing diag-
onal entries. Writing U = (s, ), the m~th diagonal of [A, A*] is

k

Z|umn’2 - ‘unm‘za

n=1

and similarly for B with V' = (vp).
The first diagonal entry of [A, A*] 4+ [B, B*| is

k
S ot + ol
n=1

Being non-positive, this term vanishes. The second diagonal entry is

k k
D luzn|* + [vanl* = lwizf® = [vr2f* = Y ugn]? + [v2a]?
n=1 n=1

Being non-positive, this term vanishes as well. Repeating this argument even-

tually shows that U =V = 0. O
This completes the proof of Proposition D.4. O
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