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Abstract: There are two chief statements regarding the Bondi-
Trautman mass [3, 29, 37, 33, 34] at null infinity: one is the pos-
itivity [30, 20], and the other is the mass loss formula [3], which
are both global in nature. In this note, we compute the limit of
the Wang-Yau quasi-local mass on unit spheres at null infinity of
an asymptotically flat spacetime in the Bondi-Sachs coordinates.
The quasi-local mass leads to a local description of radiation that
is purely gravitational at null infinity. In particular, the quasi-local
mass is evaluated in terms of the news function of the Bondi-Sachs
coordinates.

1. Introduction

An observer of gravitational radiation created by an astronomical event is
situated at future null infinity, where light rays emitted from the source ap-
proach. The study of the theory of gravitational radiation at null infinity in
the last century culminated in a series of papers by Bondi and his collabo-
rators [3, 29, 37, 33, 34], in which the Bondi-Trautman mass and the mass
loss formula at null infinity are well understood. In particular, the Bondi-
Trautman mass was proved to be positive in the work of Schoen-Yau [30] and
Horowitz-Perry [20]. Both the positivity of mass and the mass loss formula are
global statements on null infinity: knowledge of the mass aspect is required
in every direction. For reasons that are both theoretical and experimental, it
is highly desirable to have a quasi-local statement of mass/radiation at null
infinity.

In [11, 12], we embarked on the evaluation of the Wang-Yau quasi-local
mass on surfaces of fixed size near null infinity of a linear gravitational per-
turbation of the Schwarzschild spacetime. The ideas and technique in [11, 12]
were further developed to address the case of the Vaidya spacetime in [15].
The construction of these spheres of unit size at null infinity will be reviewed

Received April 9, 2019.

875


http://intlpress.com/site/pub/pages/journals/items/pamq/_home/_main/index.html

876 Po-Ning Chen et al.

in the next section. In the Vaidya case, we proved in [15] that the quasi-local
mass of a unit size sphere at null infinity is directly related to the derivative
of the mass aspect function with respect to the retarded time u. In particular,
the positivity of the quasi-local mass is implied by the decreasing of the mass
aspect function in w. This is in turn a consequence of the positivity of mat-
ter density in the Vaidya spacetime. In order to investigate radiation that is
purely gravitational, in this article we take on the general case of an asymp-
totically flat vacuum spacetime described in the Bondi-Sachs coordinates.

A new ingredient in this article is a variational formula (see Theorem
4.1) which facilitates a more straightforward computation of the O(d~2) term
than the one in [15]. Similar to [15], it is still crucial to compute the O(d~1)
term of the optimal embedding. This is done in Lemma 5.1 and Lemma 5.2 of
the current article. As in Lemma 3.3 of [15], the optimal embedding equation
is reduced to two ordinary differential equations. However, it does not seem
possible to obtain explicit solutions to the ODE’s as in the Vaidya case. The
quasi-local mass is then evaluated by combining Theorem 4.1 and the optimal
embedding.

The structure of the paper is as follows: in Section 2, we review the general
framework of quasi-local mass at null infinity. In Section 3, we compute the
geometric quantities on the spheres at null infinity that are necessary to eval-
uate the quasi-local mass. In Section 4, we derive the formula for the leading
order term of the quasi-local mass. In Section 5, we evaluate the quasi-local
mass based on the formula derived in Section 4. See Theorem 5.3. In the last
section, Section 6, we look at several special examples.

2. General framework of quasilocal mass at null infinity

We consider a null geodesic 7 parametrized by an affine parameter d with
dp < d < oo and a family of surfaces X4(s) for s > 0 centered at y(d)
in the following sense. For each fixed d and s, 34(s) is a spacelike surface
that bounds a ball Bg(s) with 0Bg(s) = X4(s), such that as s — 0, we
have limg_,0 Bg(s) = limg_0 X4(s) = v(d). We evaluate the quasilocal mass
of ¥4(s) as d — oo. In particular, when s = 1, limg_,o 34(1) is the unit
sphere limit referred on our previous work. The choice of such a family of
spacelike surfaces/balls depends on a timelike direction field along . More
precisely, one chooses a normal coordinate {X*} centered at (d) with 5%
pointing to the given timelike direction and defines ¥4(s) = {X% = 0, (X1)?+
(X?2)2 + (X3)2 = s%}. It is, however, technically more convenient to define
Ya(s) coordinate-wise by exploiting a Cartesian coordinate system built from
the Bondi-Sachs coordinates.
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In practice, such an evaluation is conducted by choosing a family of para-
metrizations F4 from the unit ball B3, F4: B> — By(1) and considering the
pull-backs of geometric quantities on By(1) as geometric quantities on B3 that
depend on the parameter d. In particular, 3,(s) is the image of the sphere of
radius s in B? under §4. The unit sphere limit is obtained by setting s = 1
and taking the limit as d — oo.

When the spacetime is equipped with a global structure at null infinity
that corresponds to limits of null geodesics, these unit sphere limits provide
information on gravitational radiation observed at null infinity. We illustrate
the construction in the Vaidya case where the spacetime metric takes the
simple form:

— (1 — @) du® — 2dudr + r*d6* + 2 sin? 0dp>.
Let v be a null geodesic on the null hypsersurface v = 0 and with § =
0,$ = ¢, where 0 and ¢ are constants. We first consider a global coordinate
change from (u,r,0,¢) to (t,y*,y% v®) with t = u + 7,y = rsinfsin¢,y? =
rsinfcos ¢, and y® = 7 cos 6. In terms of the coordinate system (t, y', y2, y3),
the parametrization §g4 is then given by

Sals, 0, gZA)) = (d,dd; + ssin@sin ¢, ddy + ssin 0 cos ¢, dds + s cos é),

where (s,0,¢) is a coordinate system on B3 and the constants (dy, da, d3)
satisfy d? 4 d + d% = 1 and indicate the direction of the null geodesic which
is parametrized by d — (d,ddy, ddy, dds). In the ball centered at a point on
the null geodesic in the direction of (dy,ds, ds), we have

r=vVd?+ 2sdZ + s?,
u=d—Vd?+ 2sdZ + s2,

y? B dd, +ssinésinq§

te.

e
T Vd? 4+ 2sdZ + s2

where
Z = ch sinésiné + Jgsinécosé + czg cos 6.
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The pull-back of the global coordinate (u,r,,¢) under §,; defines func-
tions on B? depending on d. As d — oo we have

(2.1) lim §hu = —sZ, lim §30 =0, lim §56 = ¢,
d—o0 d—o0 d—oo

where 0, ¢ are related to dy, dy and ds through d; = sin fsin ¢, dy = sin cos ¢,
and d3 = cosf. In [15], we evaluate the Wang-Yau quasi-local mass on ¥q(1)
as d approaches infinity. In the following, we review the definition of the
Wang-Yau quasi-local mass.

Let X be a closed spacelike 2-surface in a spacetime [N with spacelike mean

curvature vector H. Denote the induced metric and connection one-form of
3. by o and

J H
(2.2) ag(:) = < f\l)mv W>

where J is the reflection of H through the incoming light cone in the normal
bundle. Given an isometric embedding X : ¥ — R*! and future timelike
unit Killing field Ty in R*!, we consider the projected embedding X into the
orthogonal complement of Ty, and denote the induced metric and the mean
curvature of the image surface )y by 6 and H.

The quasi-local energy with respect to (X, Tp) is

(2.3)
1 N
E(E,X,To) :7/ Hd’U&
8t Js
1

- — <\/1+|VT‘QCOS}19‘H —VT-V@—&H(VT)> dv,,
8 Jx

where 7 = — (X, Tp) is considered as a function on the 2-surface, and V and
A are the gradient and Laplace operator with respect to o, and

0 = sinh ™! AT .
|H|\/1+ |VT|?

Moreover, we say that 7 solves the optimal embedding equation if

A
(2.4) dive, (pVT -V {sinh_1 (ﬁ)ﬁ)} —apg, + aH) =0,
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where Hy and ap, are the mean curvature and connection 1-form of X'(X)
and

(AT) (AT)2
¢|Ho|2+1wﬂ2 VIHP? + e

V1+ V7|2

3. Unit sphere at null infinity in Bondi-Sachs coordinates

The spacetime metric in Bondi-Sachs coordinates is given by

- (1 _M 0(r—2)> du? =2 (1+0(r?)) dudr

(U( 2) - O(ril)) dudv® + (r*6 4 + rCap + O(1))dv* dv”,

where v4 = 6, ¢ and 54 pdvAdv® = db?+sin® 0dp? is the standard unit round
metric on two-sphere. Fach metric coefficient is expanded in inverse integral
powers of r, and M, U,E; 2) ., and Cyp depend on u and v4. Einstein’s equation
gives further constraints on the metric coefficients. See for example [3, 29].
However, we do not need to use these constraints explicitly. Instead, we will
use the vacuum constraint equation on the spacelike hypersurface defined
below.

Substituting © = t — r, the metric becomes, up to lower order terms,

M M 2M
— (1 - —) dt? + (1 + —) dr? — =—dtdr
r T T

—2U P (dt — dr)dv? + (r2Gap + rCag)dv  dv®.

The unit timelike normal of ¢ = d slice is given by

M M v o
= (1 + —> O + r - +O(7’72).
T T T T

We compute

1M, _
<V3T8r,8t) = —57 + O(T 2),

<V3A83, 815) = *%(CAB)u =+ 0(1),
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to get the second fundamental form of ¢t = d slice

1M,
kpp = =—— + O(’I“_Z)
(3.5) 2 r

kag = 5(0,43)“ + 0(1).

We again consider a global coordinate change from the standard Bondi-
Sachs coordinates (u,7,0,¢) = (u,r,v4) to a Cartesian coordinate system

(t,y", 4% y*) with
(3.6) =u+ry' =rsinfsing,y* = rsinfcos¢,y> = rcosb.

A null geodesic with u = 0,6 = 6, ¢ = ¢ corresponds to points with the
new coordinates

t,y", v2v°) = (d, ddy, ddy, dds).
Let d; = dd;. We consider the sphere X4 of (Euclidean) radius 1 centered at

a point (d,dy,ds,ds) on the null geodesic and the ball B; bounded by ¥4 in
t-slice. Namely,

(3.7) Sa={(t.y" v’ v*) t=d, Z(y —d;)* =1},
(3.8) Sa(s) ={(t,y" " y%) | t =d. Z (y' —di)? = s*},
(3.9) By = {(t,y", %, v*)| t = d, Zy —d;)? <1},

In this article, we study the Wang-Yau quasi-local mass of the family
of surfaces ¥4 defined in (3.7) as d — oo using the frame work outlined in
Section 2. Namely, we consider a family of embedding of spheres centered at
the point (d, dy, dg, ds3):

Sals é(ﬁ) (d,dcil+ssinésin<2>,dci2+ssinécos¢3,dcz3+scosé),

where (t,y!,y? y3) is related to the Bondi-Sachs coordinates through (3.6).
In particular, §4 maps the sphere of radius s, X(s) in B* onto ¥4(s). The
pull-backs of M, Ug—z) and C4p under g4 defines tensors on B* depending
on d. By (2.1), their limits as d — oo depend only on sZ. We define the
following;:
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Definition 3.1. We define F(x), Pap(z) and Qa(z) to be functions of a
single variable x such that

F(sZ) = lim §;M

d—o0

Pap(sZ) = dll)IgOSdC'AB

. wrr(—2
Qa(s2) = lim U,

We use F', Pz and @’y to denote the derivative of these functions with
respect to x.

We recall that Z = sin 6 sin ¢ sin fsin QAS + sin @ cos ¢ sin 0 cos gE + cosf cos §
is an eigenfunction with eigenvalue —2 on S? with respect to the Laplace
operator A the unit round metric 5 = dh? + sin? Gdgbz

Together with the functions (cos 0 cos (;5) sin 6 cos <Z>+ (cos 0 sin gb) sin f sin q‘)
—sinfcosf and — sin $sin 0 cos qb + cos ¢ sin 0 sin ¢, which are denoted as Z4,
they form an orthogonal basis of the —2 eigenfunctions on S?, with respect
to the unit round metric & on S2.

For simplicity, we denote the coordinate (é, qg) by u® where a = 1,2 and
the unit round metric &qpdu®dub = df? + sin? édggz. In terms of Z and Z4,
the transformation formula [15, page 3| gives

dr = Zds + s Zydu® + O(d™")

3.10
(3.10) dv? = (EZA)ds + (CZMdub + O(d?).
T T

Let g be the pull-back of the metric on the hypersurface ¢t = d by §4. In terms
of the coordinate system {s,u} on B3, we have

(3.11)

1
Gos =1+ = (F(52) 2% +2Qu(s2) 22" + Pap(s2) 2 27) + O(

d
1
Gse :2 (P(s2)2Z4+ Qa(sZ2)(223 + Z,27) + Pap(s2) 2} 2") + O(5)

d2)
2
Gor =5"Gan + 7 (F(52) 22+ Qu(sZ)ZaZi! + D21 + Pap(s2) 2 2]

+0()

We first compute geometric data o, the induced metric, and ay (2.2) on
Zd(s).
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Lemma 3.2. On 34(s), we have o4 = 8254 + éal(lgl) +O(d™2) where
o) = 2F(s2)2a 20 + Qa(s2)(ZaZi + ZZ31) + Pan(s2) 21 2]
and
1re =) (- ~
3 [V“Vbaflb VoD A(tra(_l))}
1
=s?| - 55F'(s2)2(1 = 2°) = F(s2)(1 - 22%)
+ (sQu(s2) 2 = sQU(sZ) +4Qa(s2)Z) Z*
+ (s2Pip(s2) + sPhp(sZ)Z + APap(s2)) 2427

Remark 3.3. In the proof we denote functions such as F(sZ), F'(sZ) and
Qa(sZ) by F, F" and Q4.

Proof. On %4, we have
Vevle Y = F(1— 22?2 — TF'Z(1 - 22)% — 3F(1 — 32?)
+ 204201 - 2%) = 6Q4(1 - 2%) + 8Q 2% +18Qa 2] 2*
+ [PhpZ? + TPapZ + 9Pap| 242"
A(tro™V) = F"(1 - Z2*)? —6F'Z(1 — Z2*)* + F(62% — 2)
—2|QUZ(1 — 7%) - 6Q4 2% + 2Q, — 6QaZ| Z*
— [Pip(1 = 2%) = 6P4pZ — 6Pap| 242°

The computation on ¥4(s) is similar. We get a factor of s after each deriva-
tive. U

Lemma 3.4. On 34, we have (ay), = é(agl))a + O(d™?) where
_ 1 1 1
() =—-F 27, + ZF”(1 — 7374 + ZP;{BZGZAZB + 5P;,BZ(;‘ZB
- 1
2V (al), = gF" (1= 2 —AF"Z(1 - 2°) —2F'(1-37°)

1
+ (5%(1 — 7% — AP zZ — 6PgB> ZAZB,
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Proof. The unit normal of ¥, is v = 95 + O(d~1). By (3.10), we have
L a -2
s = Z0, + EZ da+0(d™7),
1
Oy = Za0r + 32(?@, +0(d7?).

By (3.5), we get

—k(v,00) = 5" ZaZ = 55 (Cap)uZy 27 + O(dT),
_ 1M, 2 1 AB -2
trpk = 574 (1 A4 ) Zd(CAB)uZ Z —|—O(d )
The assertion follows from oy = —k(v,d,) + 0, tﬁﬁﬂk +0(d?). O

4. The expansion of the Wang-Yau quasi-local mass

We consider the Wang-Yau quasi-local mass on the unit sphere constructed
in the previous section.

Theorem 4.1. For Ty = (1,0,0,0),

(4.12)

1 1 _4p. _ _
E(a X, To) =55 UBd é"ADUBE(CAB)u(CDE)u — det(ny " — nD)

1 ..
7 [ sk — AR + 27V

+0(d™?)
52

where 7Y s the solution to the optimal embedding equation

- 1

A(A +2)r7Y = 5F’“(l — Z2)? —4F"7Z(1 - 7% — 2F'(1 — 32%)
1

+ <§Pj;jg(1 — 7% — AP pZ — 6PgB> 7478,

Here hyo(s) and h(s) are the second fundamental forms of ¥4(s) in the slice
{t = d} and in R? (through the isometric embedding) respectively. Also recall
that k stands for the second fundamental form of {t = d} in the spacetime.

Proof. We write

E(X4,X,Ty) = Epy(34) + (Ery (Xa) — Epy(Xa)) + (E(24, X, Ty) — Ery)
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where gy and Ery denote the Brown-York mass and the Liu-Yau mass,
respectively. From Lemma 3.1 of [7], we conclude

1 ECD2 — (trk(-1)2 _
Epy = S d? /B3 | | 2( ) — det(hé b _ h(fl)) +0(d™?),

where we also use the vacuum constraint equation
R = |k]* — (trk)>.

It is easy to see that

Ery — Epy = /2(75T2k(_1))2 +0(d™?).
s

32md?

From the second variation of the Wang-Yau mass in [8, 9], we have

E(S4, X, Ty) — Ery = / TYAA 4+ 2)7Y + O(d™3).
S2

32md?

Finally, we apply (3.5) to evaluate |k(-1| and trk(-1). O

Remark 4.2. The formula in Theorem 4.1 should be compared with the stan-
dard mass loss formula, e.g. (5.102) on page 92 of [14], which states that (in
our notations):

aa—M = —lffAD[TBE(CAB)u(CDE)u + l?A@B(OAB)U.
U 8 4

On a region D = {u; < u < uz} between two level sets {u = u;} and
{u = us} of u, the energy radiated away is thus given by the integral of the
density —%&ADﬁBE(CAB)u(CDE)u over D (the second term is a divergence
term). The integral over D is a global quantity which requires the information
in every direction of null infinity. The first term on the right hand side of (4.1)
is the principal term that corresponds to this density integral. We believe that
the three other terms on the right hand side of (4.1) are correction terms that
are necessary due the quasi-local and BMS invariance nature of the quantity.

5. Evaluating the quasi-local mass
Recall the O(3) terms of the metric coefficients on By

3V = F(sZ2) 2% + 2Qu(s2) 22" + Pap(s2) 24 2P
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G550 = 8 |[F(s2) 220+ Qa(sZ) (22 + ZaZ%) + Pa(s2) 2 27|

G " = 52 [F(s2)2aZ + Qu(s2)(ZaZ + 2 Z30) + Pap(s2) 2 20

To apply Theorem 4.1, we need to compute h(()_l) — h(=Y and 7D, We
first derive a formula for héﬁl) — h=1,

Lemma 5.1. Let Aap(Z,s) be a trace-free, symmetric 2-tensor that solves
the ODE

Alp(Z,s)(1 — Z?) — 6A'5(Z,8) 7 —AAAB(Z, s)
(5.13) 3

2
= — S Pip(sZ) = 5 Php(s2)Z = 25Pan(s2),

for each 0 < s < 1. Here Ayp means &5‘%. Then the difference of second
fundamental forms on the sphere of radius s is given by

i — D
2
= N\ 22 ZAZE (%PAB(SZ) — o) (ZaZi + 220) 2P
+ (A;‘BZ + Aap — gPAB(SZ)> ZAZBé'ab

2
+ <SPAB(SZ) — %PAB(SZ)Z - 2.AAB> ZfZéB.

Proof. We start with h(~1). The unit normal is given by

=(=1) —2zab=(—1)
v = _ Yss _ 5 0 Gas -2
y_<1 = ) (as : 8b>+0(d ).

We compute

1
hap :§(<Daa7;>8b> + <D8bD7 aa>)

1 (18 _(-1) @agl();l) + ?bggl) _ ggs_l)

:36_0,1) + - 2 Sgab 2 2

7 S5ab> + O(diQ).

For h(()_l), we expand the isometric embedding X as

o1
X =sX + EX(‘” +0(d7?)



886 Po-Ning Chen et al.

where X denote the unit sphere in R3. We decompose X (1) into X(=1 =
a®d, + Pr. The linearized isometric embedding equation reads

(5.14) oU = 2(60eViaE + 55V a0S) + 285G ap.
From the computation in [36, pages 938-939], (5.14) implies that

~ . 1
(5.15) RS = ~VaVoB — B+ ol

Putting these together, we obtain

— VAV 1 N
WY — K =~ 0,908~ Bow + 0l
5.16 Vads: ) + Vighs s
(5.16) Vagh, "+ Vogts ) g
. + =5 s0a.

1
- _(8sgab>(71) +
2
To solve /3, we consider the expansion of the Gauss curvature K (d, s) of ¥4(s).
Let
1 1
K(d,s)==+=-KY +0(d?
(d5) = 5 + KD 4 0(d?)
On the one hand, from the metric expansion, we get

1 ~ o~ (L -
K& = - (—V“Vba((lb Uy trgzoY 4 Atrgza(_l)) )
s

On the other hand, combining (5.15) and the Gauss equation, we conclude
that

KD = %(A +2)8
As a result, § is the solution of
(5.17) 25(A+2)8 = V'V 4 tre0) 4 Atrgpo,
For the right hand side, we compute

— @“@baégl) + tre20Y + AtrgeoV
=s3F'(s2)Z(1 — Z%) + s°F (2 — 477?)

+ 5°Q" (s2)(2 — 22424 — 85*Qu(s2) 224

+ (=5'Php(s2) — 8 Plh(s2) — 45* Pap(s2)) 22"
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On the other hand, let 7 and Q4 be an antiderivative of F' and ()4 respec-
tively, and A4 p satisfy (5.13). One verifies that

F(sZ)

52+ Qu(s2)Z* + Aup(Z,5) 24 2P

(5.18) 8=

solves the linearized isometric embedding equation (5.17) since, for a trace-
free, symmetric 2-tensor Aap(Z, s),

(A+2) (Aap(Z,5)242"7)
= (M46(Z 9)(1 = 2) ~ 6 415(2.5)Z — 4Aap(Z.5)) 2°2".

We are ready to compute (5.16) where (3 is given in (5.18). We have

2
VB — B :%F’Zzazb n gFZ%ab — Q' Za Zp 2"
1
QLI — Ay g Za 22728 — =6
S
— 24 5 (Za Z0 + 2,2 ZP + (sPap — 2Aap) Z2AZP
+ (A7 + Aup) 22 7B 6 4,

Ly 1y
§Cab - 585951;
2
S
-5 (F'ZZ2y+ QuZ(Za 2 + 2,2) + PhpZ 20 2)) |

1 - _ _ 2
S (Vadhs )+ VG ) =52 F 2 22y — sF 2w + %Q’AZ(ZGZ,;“ v 2,724
1
+ 82Q ZaZy 2 — 25QuZ 2450 + ;cr(b 2

a

2
n %PAB(ZGZ{‘ + ZyZM 2B — sPap 2t 786,
1 1 1
5 30560 =s <§FZ2 +QaZZ + 5PABZAZB> Gab-

We see that terms involving F, Q) 4 cancel and the result has the asserted
form. O

Next we compute 7(1).
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Lemma 5.2. Define the second order differential operator
!
LG(2) = [(1 - 23)9'] (2) - 4G'(2)Z - 6G(Z).

Let Bap(Z) be a traceless, symmetric 2-tensor that solves the ODE

(5.19) L(L+2)Bap = % V(Z2)(1 — Z%) — 4P 5(2)Z — 6P, 5(2).

Then
7Y = ZF(Z)+ B(Z) apZA 2"

solves the leading order of optimal embedding equation

A 2)7 (=1 2F”’( — Z2)? _4F"7Z(1 - 7% — 2F'(1 — 32%)

A(A +
(2P”’ (Z)(1 — Z%) — AP} 5(2)Z — GPAB(Z)> VA A

Proof. The equation is linear. We look for 7'1( ) and 7'2( ) such that

“F"(1—=Z%)?* —4AF"Z(1 - Z%) - 2F'(1 - 32?),

1
T2
( PYo(Z)(1 — Z%) — 4Py 5(2)Z — GPAB(Z)> A A

From Lemma 3.3 of [15], 7'1(_1) = ZF(Z) solves the first equation

A(A +2)(ZF(2)) = %F’”(l C 222 4R z(1 - 72) — 2F(1 — 372,

(1) _ Bap(Z)ZAZP solves the second

It is straightforward to verify that 7,
O

equation if the traceless, symmetric 2-tensor Bap(Z) solves (5.19)

We are ready to state the main theorem for the quasi-local mass

Theorem 5.3. For Ty = (1,0,0,0) and X solves the leading order term of
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the optimal embedding equation, the Wang-Yau quasi-local energy

E(2d7T07X)
1 1 | .
2 l/Ba 8 AZ];PAB(SZ)PAB(SZ) — det(hé ) _ pl 1))
1

1
-1 BppZPz¥ (5%(2)(1 — Z%) — AP 3(2)Z — GPAB(Z)> 7478
S2

1 /1
+—/ —(PypZZB)?| +0(d™®)
4 Jg2 4

where h[(fl) —h=Y s as determined in Lemma 5.1 and Bag is as determined
in Lemma 5.2.

Proof. We start with Theorem 4.1 in which héﬁl) — A=Y is as determined
in Lemma 5.1 and 7(-Y) is as determined in Lemma 5.2. We simplify the
expression

/ (trekCD)2 — 7CDA(A + 2)7 (Y
S2

1 1R, x _
— [ —P(1— 222 -7 VAA +2)r Y

= /.3
- /52 i (PAB(Z)ZAZB)Z ~ i VAR + 27V,
We have
y iFQ(l 72?2 -7 VAA + 2 =0
by [15, (3.6)]. This finishes the proof of the theorem. O

Remark 5.4. By the definition of P4p in Definition 3.1, the first term on the
right hand of this formula is a quadratic expression of the news (Cap), (the
first term on the right hand side of (4.1)), which is related to the mass loss
formula, see Remark 4.2.

In particular, we observe that the answer depends on the leading or-
der term of the news function on B? since both ODEs in Lemma 5.1 and
Lemma 5.2 are linear ODEs where the right-hand side depends on P4p and
their derivatives. In general, we do not have explicit solutions to these ODEs.
In the following section, we compute the quasi-local mass explicitly for a few
special examples.
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6. Special cases
Writing E(Xq, To, X) = d"2E240(d~?), we evaluate E(—2) for a few special
cases of Pap. Let pap,gap be two constant symmetric traceless 2-tensors.

Proposition 6.1. If Pyp(x) = pap + qanz, EC2 =0. In particular, E2)
could vanish even in the presence of nonzero news.

Proof. One verifies that

s2Z
Aap(Z,s) = §pAB + —; 4B
1
Bap(Z) = — 945

solve (5.13) and (5.19) respectively. Direct computation then shows that
héﬁl) — A=Y = 0. Hence, we get 87E(~?) is

1
_ZQAB(]AB —+4/ QABZA ) +ZqDEZDZE-(—6qABZAZB).

Using the identity

4
(6.20) 7AgByDgE _ £(5AB(5DE + §ADSBE 4 §AEGBD)
S2

we get E(-2) = 0. U

Proposition 6.2. If Pag(z) = papr?. Then E-2 = % > A.BPABPAB-
Proof. One verifies that

Aap(Z,s) = s <(Z)2 + 1) PAB

Z

Bap(Z) = —gPAB

solve (5.13) and (5.19) respectively. Direct computation shows that

ps — pY _% (2*2%6w — 2,22 2" + 2 (2.2} + 2,2.}) 2”

~ (20 +2) 222 )pas.
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We compute

W KD =2 (0 (pan 21 27) 4 (22"~ 98P 27 2 pape

+((2)* + 22025 papppi)
trs (b Y = hED) = 524 2Pp g
to get
det (G = hV)

:%Q%Qﬁ”—MAU—Mﬁ”—M4>

2

y
= - 2 ((202) - 8) 64075 2° 1 ((2)? +2)" 64755 ) paswos

Denote |p|? = >-A.pPABPAB- The volume integral contributes

2
5 L. [@W b (202 = 9527 25 s + (2)? + 2>2|p|2)]

which is %T|p‘2 and the surface integral contributes

1 10 27
1 [ (2P 0anz 2P — 2 (2P 2° 25 pps 2 2 pan = ol
4 Js2 3 45
where we used the identity [q.(2)?Z4Z82ZP 28 = {5 (64B6PF 4 ¢4P5BE 4
5AE(SBD)_ 0
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