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On the total mass of asymptotically hyperbolic
manifolds*

HAMED BARZEGAR', P1orr T. CHRUSCIEL', AND Luc NGUYEN

It is a pleasure to dedicate this work to Robert Bartnik on the occasion

of his 60th birthday

Abstract: Generalising a proof by Bartnik in the asymptotically
Euclidean case, we give an elementary proof of positivity of the
hyperbolic mass near the hyperbolic space.

1. Introduction

The question of positivity of total energy in general relativity has turned out
to be a particularly challenging problem (cf. [14] and references therein), with
several open questions remaining. It therefore appears of interest to provide
simple proofs when available.

In his well-known paper on the mass of asymptotically Euclidean mani-
folds [2], Robert Bartnik gave an elementary proof of positivity of the ADM
mass near the Euclidean metric. Inspired by his work, we establish a simi-
lar result for the hyperbolic mass near the hyperbolic metric. The argument
turns out to be somewhat more involved and calculation-intensive.

Indeed, we provide an elementary proof of positivity of the hyperbolic
mass, near the hyperbolic space, for metrics with scalar curvature bounded
below by that of the hyperbolic space. Namely, ignoring an overall dimension-
dependent constant, consider the usual definition (cf., e.g. [7]) of the mass m
of a metric g asymptotic to a metric g with a static KID V' (see below for
terminology):
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L) m(V)= lim | (Vg™ g" (Dmgje — Degim)
+ (9™ 9" — 979" (9jm — Gjm) DV ]do;
We prove the following:

Theorem 1.1. For n > 3, let (M,g) be R" equipped with the hyperbolic
metric,

2

1.2 7= 2402
(1.2) =132t 7

where dQ? is the canonical metric on the (n — 1)-dimensional sphere S"~1.

Let (A%, A) e R"! satisfy |A] == /(ATZ + ... + (A")2 < A° and set

(1.3) V=AW1+r24) A2’

Let g be a metric on M asymptotic to g with well-defined total mass m. There
exists 0 > 0 such that if

lg = Gllze + [ Dyl <6,

where D is the covariant derivative operator of G, then g can be put into the
gauge

.. 1. _
(1.4) ¢! = D;g" — 59]k§ekag£m =0
in which we have
— 01—,
(1.5) m(V) > /M [R=T+ o [Dgl2| Vi

where, in local coordinates, dyz = +/detgd"x.

It follows clearly from (1.5) that m (V') > 0 if
(1.6) R>R.
Equivalently, if we set

(1.7) mo :=m(V =vV1+7r2), m;:=m(V =2"),
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then, under (1.6), the vector (m,) is timelike future-pointing with respect
to the Lorentzian quadratic form m2 — m?... — m2. The inequality (1.6)
holds of course for general relativistic initial data sets with vanishing trace
of extrinsic curvature and with matter fields satisfying the dominant energy
condition. Note that in vacuum, or in the presence of matter fields satisfying
well behaved equations, under suitable further smallness assumptions on the
extrinsic curvature of the initial data surface and on the matter fields, the
condition of vanishing of the trace of the extrinsic curvature can be enforced
by moving slightly the initial data hypersurface in space-time, after invoking
the implicit-function theorem.

Theorem 1.1 is, essentially, a special case of Theorem 3.1 below, with
the constants coming from (3.15). At the heart of its proof lies the identity,
which we derive below and which holds for any asymptotically hyperbolic
background (M, g) with a static KID V', under the usual conditions for exis-
tence of the mass:

n+2

8n
n;;leLijEij B n?
2 (0 F D))V + (W + o) Dev
+(0 (1h) + 0 (Inlz [ Dh2) )V

+0 (|h2[Dhlz) [DV |5 dug

(1.8) m. = /M (R-R)V + ( mgﬁmmg

—4 9
7 A

1, iy imp
M Ry 8n

see (3.1)-(3.4) for notation. Throughout this work, the reader can assume that
indices are raised and lowered using the background metric g. We then use a
weighted Poincaré inequality to control the non-obviously-positive terms in
(1.8).

The calculations leading to (1.8), presented in Section 4, are vaguely rem-
iniscent of those in [1], but the relation of the formulae presented there to the
hyperbolic mass is not clear.

We made an attempt to use similar ideas for perturbations of the Horo-
witz-Myers instantons [8, 11], with only partial results so far [3].

Remark 1.2. The Birmingham-Kottler [12, 4] metrics with zero mass,

r2 dr?
1.9 =— —+m)dt2+ . +7%h,,
(1.9) g (52 =tk
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with constants ¢ > 0 and k € {0,%1}, where (""'N,h,) is an (n — 1)-
dimensional space form with Ricci scalar equal to (n — 1)(n — 2)k, are space
forms. Therefore all the calculations here apply verbatim to the case of to-
roidal and hyperbolic conformal boundary at infinity for such metrics. There
are, however, issues with the gauge, boundaries, and the weighted Poincaré
inequality which would need to be addressed to be able to obtain a positivity
result:

1.

In the x = 0 case the associated manifold (0,00) x "~!N is complete
with one locally asymptotically hyperbolic end, where r — 0o, and one
cuspidal end, where r — 0. Since the manifold is complete without
boundary, the proof of existence of the gauge should go through for
perturbations which vanish in the cuspidal end, but requires checking.
We note that positivity of the mass in the spin case has been established
in whole generality by Wang [15], using a variation of Witten’s proof,
and in [6] in dimension n < 7, but the non-spin higher dimensional case
remains open.

In the case k = —1 the manifold of interest is [¢,00) x "IN, where
the boundary {¢} x "~IN satisfies a mean-curvature inequality. If the
perturbations are not supported away from the boundary there will
be terms arising from integration by parts which are likely to destroy
positivity, since in this case there exist well behaved solutions with
negative mass.

2. Static KIDs

Let (M,g) be a smooth n-dimensional Riemannian manifold, n > 2 and let
V be a static KID on (M,q), i.e. V is a solution to

(2.1)

n—1

bzij =V (RU — iﬁ”) .

When g has constant scalar curvature, an equivalent form is

(2.2)

AEV + AV =0, ﬁlij = V(Fz] - )\gz_]) )

for some constant A € R. Here R;; denotes the Ricci tensor of the metric g,

D the Levi-Civita connection of g, and Az = Ekﬁk is the Laplacian of g.
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When A < 0, rescaling g by a constant factor if necessary, when the back-
ground metric has constant scalar curvature we can without loss of generality
assume that A = —n so that

R:=3"Rij=An—-1)=-n(n-1).

If g is an Einstein metric, namely R;; proportional to Jij» using this last
scaling we obtain

(2.3) Rij=—(n— 1)3;; DiD;V = Vg

This implies

(2.4) Di(DV[Z-Vv?) =0,

where | - | denotes the norm of a tensor with respect to a metric g. In hyper-

bolic space, where the sectional curvatures are minus one, and when V' takes
the form (1.3) in the coordinate system of (1.2), we have

(2.5) @V]; —VZ= ]A]Q — (AO)Q.
3. The theorem

It is convenient to introduce some notation:

(3.1) hij := gij — Gij »
(3.2) = Dig" <= g9D;hj = —gi0?
(3.3) ¢:=g"hi; = ¢:=g%hy=0+0 (W%) :

We will denote by fL7 respectively by ﬁ, the g-trace-free, respectively the g-
trace-free, part of h:

. 1 A 1-—
3.4 hii .= hiyj — —¢ i, hij == hij — —¢7;,; .
(3.4) j j n¢gy j j n¢9g

In order to address the question of gauge-freedom, we will apply a diffeo-
morphism to g so that

(35) =i 4 Do
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vanishes. Note that the equation 1])2 = 0 reduces to the harmonic-coordinates
condition in the case of a flat background, where A = 0.
We claim the following:

Theorem 3.1. Let (M, g) asymptote to an asymptotically hyperbolic space-
form (M,q) and let V' be a static KID of (M,q). Suppose that the usual decay
conditions needed for a well-defined mass [7] are satisfied, namely, for large
7, in the coordinate system of (1.2),

(3.6) hyy=o(r™™?), Dyhy =0 "?),
V=0(r), |Dihil2Vel', (R-RVelL.

There ezists § > 0 such that if
1Al + IDh Lo < 8

and if |dV']z <V, then we have

= n—2—= 5
(3.7) m > /M [R-TR+ W|Dh|§] Vdyz
1 T2 . kT K\ 7 _
5 [ (16 = 5Dio)V = (200" + 63*) DY) di.
A sharper bound can be found in (3.15) below.
It follows from (2.5) that |dV'|7 < V holds for static KIDs as in the state-
ment of the theorem. It is well known (cf. e.g., the proof of [5, Theorem 4.5];
compare [10, 13]) that the gauge ©* = 0 can always be realised when g is close

enough to the hyperbolic metric g. Hence Theorem 1.1 is indeed a corollary
of Theorem 3.1.

Proof. In Section 4 we prove the identity

N i 1 e

(3.8) V(R-R)=D+Q- (hy + S )iV,

where

(3.9)

D = Di[Vg™g" (Dmhje — Dehjm)] + Di (97" — g7 g"™)hjm DiV |

+ %E Ve (6" Dsg" - 6*Djg")|

(©)
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+5D; [ (=3hh/* + g*|n2) Dy

+ =D; Kh% + ig’“@zﬁ) mv}

N — N~

is the sum of all divergence terms and Q is the sum of all quadratic or higher
order terms:

n+2

(310) Q= (-5 ~IDof;~ —\Dhl2

n? —4

AMA imT 74 2

%(WI% —'Dig) + O (|h2) + O (Inlz [DhlZ) )V
+0 (|h[2 [Dhlz) DV ;.

Here the Riemann tensor can be replaced by the Weyl tensor, and the Ricci-
tensor by its trace-free part.
We note that the term (¢) in (3.9) is quadratic in (h, Dh):

(3.11) Gy (gjkﬁjg” — gikﬁjgje) = (gre — hie) (gjkﬁjgw - gikﬁjgﬂ)
—  _hy (gjkbjgif . gikﬁjgﬂ) .

It is then easy to see that the integral of the divergence term D gives the total
mass when integrated over the whole manifold, after taking into account the
fact that the boundary conditions needed for a well-defined mass enforce a
vanishing contribution of higher-than-linear terms in the boundary integral.
This establishes (1.8).

We specialise now to the space-form version (3.10) of Q, which reads

n+2 9 9 P
D ——Dh —h——
" Dol - IR+ IR - T

(312) Q@ = [-
+0 (wmg) + oumgwmg)}

ng

L, vy v — \ s
+5 (10 = 4 Dig)V + O (|hf2 [Dhlg) [DV15.

In order to absorb the undifferentiated terms we use the weighted Poincaré
inequality (A.8) below, namely

. 1 . . ..
313) [PV < o [ (0D~ [Zhi - [ 5~ hav D)V
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+ﬁ](iL,kE$V?L]k)} d,ug .
with & defined in (A.1). This leads to

n+2— 5 N—2—», n*—4
. = < _— Z 2, - -
(314) [ Qg < [ (-[“= Dol + DR+

1 ey e
5 (Thi2 + |V h = hav[2)|V

¢2

L= 5 itk Lore i

+0 (h2) V + O(hlg DRV + O (|12 [Dhl5) [DV1g) dpg.

Hence
(3.15)
— n+2—= 5, n—2_—~y n*—4 ,
> R—R D olz Dhlz + ——
meo= /M{ + n | ¢‘g+ 4n | |g+ &n ¢

1 . .
+ %(l.@h% + |divh — th%)}Vd,u@

-/ (%(\«L!é —E DV - (W0 + 300 Duv

+0 ([h2) V + O[5 DRZV) + O (|12 [Dhl5) |§V|§> dyig .

It is now clear that we can choose |hlz + |Dh|z small enough so that (3.7)
holds. O

4. The Ricci scalar of asymptotically anti de-Sitter
spacetimes

The aim of this section is to derive the curvature identities (3.8) and (3.12)
needed in the proof of Theorem 3.1.
We consider the following metric

(4.1) 9ij = Gij + hij ,

where Gi; is an anti de-Sitter metric. If we denote the connection of the
background metric by D, we have the relation
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where 6T, is a (1,2) tensor equal to 6T, :=I", —I",. For example, applying
Dy, on a vector component v’ we get

(4.3) Dyv' = Dy’ + 5Fi]-kvj ,
where
. 1 ., /— __ __
(4.4) oy = 591@ (ngke + Dygej — DZij)
L (& D) D)
= ig (Djhkg + thgj — Dghjk) .

The Riemann tensors of the metrics gi; and g,,; are related to each other via
the following equation

(4.5)  RF,. =R+ Dndl*; — D;oT*, + 6TF, 0T — oT*,,T", .
Contracting the first and third indices, one obtains

(4.6) Ri; = R, + Dol — D;oT*,y + 6T%,,6T"; — 6T% 6T, .
Inserting

(@7 6%y = 2o (Diue + Dihae — Dihss) = 50" it

into (4.6), we obtain

(4.8)

— 1|— — — —
Rij - Rij + 5 Dkgkg (Dihjé + Djhei — DghjZ)

+ gkl

sy

DyD;hje + DiDjhe; — Ekﬁfhjz') — D;¢" Dihye

S 1 _ — _ —
- gkeDjDihkg + igkpgqughpk (Dihjq + D]‘hiq — thi])

1 . _ _ _ _ _
— 59"9' (Djhey + Dehyj = Dyhye) (Dihug + Dichig — Dyhii) ] .

And the Ricci scalar reads
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(4.9)
R = ginij
1 e _ _
= Ryg7 + 59" [Dkgke (2Dihj£ - Dﬂm)
+ QQM (ﬁkﬁihﬂ — ﬁkﬁghji)
_ __ 1 _ _ _
— D;g" Dihg + §gkpgéqDEhpk <2Dihjq - thij)
1 __ _ _ __ _ _
— §gkpgzq (Djhgp + Dghpj — Dphjg> (Dihkq + thiq — thki) ‘| .
Using
L i ko tq (5 B - - B o
(4.10) 59799 (Djhlp + Dyhy; — Dphje) (Dz’hkq + Dyhiq — thki)

= %gij 974" Dyh (Qthm‘ — Ekhiq) :
this can be rewritten as
(411) R = Ryg"+ ¢7g" (DxDihje — DDihy;)
Jrégij [5%“ (ZEihjé - Eﬁhjz)
—D;g"Dihie + %gkp g [behpk (QEihjq - bqhij)
~Dyhje (2Dghii — Dihig) || -

In order to isolate the contribution of the mass we group all second-
derivative terms in (4.9) in a divergence with respect to the background metric
(similar to [7], except that there the divergence was taken with respect to the

physical metric):
(4.12)
R = TRyg" + Dilg”g" (Dihje — Dehjs)]
— Dy, (gijgkz) (Eihjé - Eehﬁ)
+ 507 [Dig (2Dihse —~ Dihyi) — Dy Dt

+ %gk” 6" [Dehyi (2Dihjg — Dyhij) — Dyphye (2Dghii — Dihig)| | -
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Note that

0= D;6f = D;(6"gpi) = 9, D;9" + 9" D gpi ,
equivalently
(4.13) D;g" = —g"g"D;giw = —g"* g D;hi .

This allows us to rewrite (4.12) as

(4.14)
R = Ry;g7+Dilg"g" (Eihﬂ - Eehji) ] — Dy, (9“9“) (Eihﬂ - béhji)
1 . _ _ _ .
+ 59” [ - gkpgqukhpq (QDih]‘g — Dghji) + gkpgqujhquihkg

+ % 979" [Dihy. (2Dihs — Dyhiy) — Dyhye (2Dyhss — Diiy)] |
= Ry9" + Dilg7g" (Dihye — Dihsi) ]

+ (999" Dihyy + 976" 6" Dihyy ) (Dihje — Dihyi)

- % 679"79"1 — Dihy (2Dihje — Dehji) + DihygDih
45 [Detyi (2Dihsy — Dghis) — Dyhse (2D has — Dihig) ]|

After some simplifications one gets

(4.15) R =Ryg7 + Dilg"g" (Dihe — Dehyi) ] + Q.
where
1. o o o
(4.16) @Q:= Zgwgkpgfq (QDPhjZthki =Dy Dghij — Dihqujhke) :
=:Q1

We note that
(4.17) g7 =797 = h7 + X7,
where

(4.18) W =%, h7=g%g" hye,
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and
(4.19) X7 = g GG byl + O(|RI5) = O(|Rf3).
In the notation of (3.2)-(3.5), the identity (4.15) becomes
(4.20)
D (4010) = R Bt B~ Do (15D ) 0
2 Y 7 ~~

O(In|>+|Dhl?)

“higher order terms”

If both g and g satisfy the vacuum scalar constraint equation, so that
R = R, and in the gauge 9" = 0, (4.20) takes the form

(4.21) —%Ek (glequ) _ %(b

—_— A —

= Ryh" ~—(6— ) ~ Di (¢"hyiDeg”) + O(InP* + [DhP)

“higher order terms”

which becomes an elliptic equation for ¢ when all “higher order terms” are
thought to be negligible. Note that when 7 is a space-form the linear term
at the right-hand side vanishes, which implies that ¢ itself is higher order.
However, this is not true in general, in particular one cannot assume that
¢ = 0 for general perturbations of e.g. the Horowitz-Myers metrics.

We return to the calculation of the mass. Let V' be a static KID as in
Section 2. Multiplying (4.15) by V' we obtain

(4.22) VR = V(Ejg” + Dy[g7g" (Eihjf - Ezhji) ]+ Q)

= V(Ry6"+Q) +o,

where
(4.23)
o = VDi[g"g" (Eih]‘é - Eéhji) ]
= Di[Vgg" (Eihjé - Eehji) ] —g7g" (Eihjf - ﬁfhjz) DV .
Then

(424) * = ( — bz (gijguhjgbk‘/) + h,jgﬁi (gijgkgﬁk‘/)
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+ Dy(g" g*h;iDyV') — hjiDe(g" gkeﬁkv))

= (Dellg79" — 979" h;iDiV) + hielgg" — ¢g") DDV

used in (4.36)

+ hyeDi(g" 9" — Qéjgki)bkv) :

first term in (4.29)

The last two terms in (4.16) are manifestly negative, which is the desired
sign for our purposes. The part @)1 of Q) requires further manipulations, as
follows:

1 .. .
(4.25) VQ, = §vgz]gkngquhngqhki

1 _
= SVg'DihDih*; + 0 (Inls [ DnI2)

)
= %V{E e (¢"Dig" - 6" D)

09" (Roig™ = R ™) + O (Inl5 (D) }.

%4
1 _
= ivngDigJ’“ng‘5+O(|h|§|Dh!§ 4

} + ?kebigikﬁjgj ¢

In the notation of (4.17), Equation (4.25) becomes
(4.26) VQ1 = %V{E e (97" D39" = 9" Do )| + 5 Dig" D"
~XTRy; + W Ry + O ([BE) + O (bl [DREZ) }
- D V(D - D)
—Jke (gjkﬁjgw - gikbggﬂ) DV

second term in (4.29)
+ (W’% —X7R;; + hiehjmﬁémij> V}
+0 (|nf3) v + O (bl [DRZ) V.

In the special case where g is a (suitably normalised) hyperbolic space-form
we have

(4.27) R = ﬁ (&?je — 5§§jk) =- (52%6 - 53@'/6) ,
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and the relations in (2.3) are satisfied. In this case (4.26) becomes
(4.28)
1,— o o
_ = ) — jky . il ik gl
Vr = Q{Dz Vaie (" Djg" — 9™ Djg™) |
~ e (" Ds9" — ¢" Dy’ ) DiV
+ (Juf2 = ¢* +nlp2) Vi +0 (1n2) V + O (1l DhIZ) V-

In order to simplify the expressions derived so far we consider similar
terms separately:

1. We wish to add the second term of (4.26) and the third term of (4.24):
(4.29)

hieDi(g7 g* — gY "DV — %gkf (gj "D;g" - 9“@19][) Div
= hjg (W 9" + 9" Dig" — Dig g™ — 9€j¢k> DV
+ % (hieg? D9 = hueg™) DiV
- % W7 + 30, Dig" + g Dilhf2 — 260* + O (In2 [ Dhlg) | Dkv

_ %[—Qhkiw—%wk 3D (W) + g Dilh2

=:A* | taken care of in (4.34) =:P¥, taken care of in (4.31)
+0 (|12 [Dhlz) | Dy,
where we used
(430) 30, Dig" = =30, DM + O (|hj2[Dhl5)
= —3D; (W'n) +3Dihi*n/t + O (|nf2|Dhly)
= —3D; (W'h") = 3h*0" + O (|nf2|Dhlz) -

We may rewrite the terms indicated by P in terms of total divergences
as follows

(4.31)
3PDuV = 5D (<30, + g*hiZ) DuV]

1, ; — N =
+ 5 BHht — g B2V (Ry — Xga) + O (Il [Dhlg) DV
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_ %Ei [(=30h" + g™ [h]2) DV +%{3h“hg’f§ik
—[R+x@=m] b2+ 0 (InE) }v + O (In2[Dhl) [DV].
When 7 is Einstein, the result simplifies to:
(4.32) %Pkmv = %E [(=3hh + g™ [h]2) DiV|
1 2 3 217 -
513 =n)lhf2 + O (|nf}) 1V + O (Inf3 [Dhlg) [DV].
Returning to the general case, in the notation of (4.29) we find
(4.33)
A*Dyv

= — (W' + o) Dy
= - (hqu[;’ + qbgzk) D,V + % (hkigwﬁgqﬁ + qf)gkeﬁzéf)) Dyv
= — (hkﬂzl + (m/vjk) Ekv

1 — 1, ,— — —
+5 [WDM + 59D + O (|hl \Dh\g)} DyV
.. v\ — 1(— 1 —
= (W I DV {Dg (w0 + 376 Div ]

+ (WF — JF\o DLV +*¢DyV

=~ 4 [De(5"6*DiV') =7 6?DeDiV +O (A2 [Dhiz) DV1y]

1 — — —
— (W6 + 57"¢*) DDV + O (|h|; |Dh|§) |DV|§} :

Using (2.2), we thus obtain
(4.34) A*DpV
= = (W4 500) Dy + 5D (W0 + 196 Dev ]
=G
% [(% + 1) Ap? — im? - hkfﬁms} v
+0 (|h2|Dhlz) [DV 5+ O () V.




698 Hamed Barzegar et al.

In the space-form case and using (2.3), (4.34) reads

(4.35)
A*DyV
== (W4 360 ) Duv + 3D [ (16 + 59 Du |
=G
=5 | (5 1) @V + 0 (12 [Dhls) DVI5] + 0 (10E) v-

2. We can add the second term of (4.24) to the first term of (4.22), namely
VR;jg", using (2.2). Thus, we have

(4.36) VRi;jg7 + hju(g7 g™ — g% ") D; DV
= VR -0 (DiD;V + Xg;,V ) + Bij”?
+hi <§ij§k€ . gz]'yki + Xijkl) DDV
= V[R+ (x7+ %) Ry - Mg,
“M (6 + (n=2)h2) + O (1n) ],
where
(4.37) yilk = 2( _ gj[ihé]k _ gk[éhi]j + pilipak o gj[ixl]k
yghley i paliy Bk pkieyils g Xj[ixé]k)
= 2(=g"n%* —gnY) + o(nP).
which possesses the algebraic symmetries of the Riemann tensor,
(438) )Zléjk: _ _)Zfijk _ _>v<i5kj _ Xjkila
and ¢ := hjX*/*. Then, we have
(4.39)
G = hie (70 =W =G+ 550 + 0 (1nl2)) 74
= ¢*+ (=22 +0 (|hf2) .
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If g is space-form, using (2.3) and keeping in mind that A = —n, (4.36)
becomes

(4.40) V [R+ (X7 +%7) By — Mg,
= V[R+x7Ry - (n—1+3)57g,]
= VR+V|¢* = 2+ 0 (Inf3)].

Summarizing we obtain, quite generally,

(4.41) V(R-R) = D+Q+¢,
where
(4.42)
D = D;i[Vgmig* (ﬁmhﬂ - Eéhjm) + (g™ g" — g7 ¢"™ ) hjm Dy V]
N %Ei [ngé ( ¢*D,g" — ¢ D, gjé)}
n %E- [(=3nh " + g™ [h]2) DV
+ %E [(h’% + iy’”dﬁ) EV}

is the sum of all divergence terms, and where G is the gauge-dependent term
defined in (4.34), which has no obvious sign but which can be made to vanish
by a gauge transformation. Finally, Q is the sum of quadratic terms and error
terms, in the general case given by

1 .. S _ __ _
(4.43) Q = { — Zg”gkpgéq (Dghkaqhij + Dihqujhkg)

1 i PR —
+3 (W% — XY R;j + W'l REmij)

. _ 1 r—
+gh’eh£kRik -3 [R +A(3— n)} |h|2

2 [\4
—h'h R;; + hVR;;6 + R|h|2

1 Kﬁ + 1) Ag? — iﬁf - WR;CM]

“X [ + (n—=2)h2| + O ([nl) + O (hl D) }v

+0 (]2 [Dhlz) [DV15
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= {-1si- l|m|a+ SR+ SH R,
h”Rmcb + = [R An—1)] b2
% (=9 A=R) 62+ 0 (In2) + 0 (1hls IDhEZ) }v
+0 (|h[2 [Dhlz) DV ;.
For space-forms this becomes
(4.44) Q = [ 4g 3 ghp gt (Dghkpﬁqhij + Eihpqﬁjhkg>
+3 (10— ¢+ nlhl + (3~ n)|hiZ) + 6* — B2
-2 (5+ ( 1) 6% +0 (1nf3) + 0 (|bls [DRE) |V
= [~ 31D63— {IDHE+ Sl — ¢+ SInl2
+0 (1nf2) + O (|hlz[DhIZ) [V
Using (3.4) and
(445) (b= + 6", [DhZ = DhE+ (D3R,
we can rewrite Q of (4.43) in terms of the trace-free part of h and of -
(4.46)

o - (_n+2

n+2

D gl2 - —|Dh|2 Wﬂ‘mﬁem = ohR,

+

G (D — 3 Dig) + O ([hfg) + 0 (|h\g|ﬁh|§) %
+0 (1[5 [Dhlg) DV,

where we used (2.2). Putting this into (4.41) we obtain (3.8). Also, when 7 is

a space-form metric, this gives
n + 2 n? —4
(447) Q@ = |- R

&n

|D¢|2——|Dh|2 —W%— ¢
+0 (|h|§) +O(|hl|DhZ) |V

1, v v =\ =
+5 (10 = ¥'Dig)V + O (|1I2 | Dhlz) [DVg,

which is precisely (3.12).
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Appendix A. A weighted Poincaré inequality

When zZ = 0 all terms in (3.12) have the desired negative sign except for those
involving undifferentiated occurrences of h. To address this, some integral
identities will be needed. Set

(Al) (gﬁ)z]k = % (Eiibjk — E]ilzk) y (yv)ij = % (Ei?}j +Ej’l)i) s
(E B)] = —Eihi]‘ y (ﬁdV)i = Vﬁlﬁijﬁjv,

and note that " = div. For any symmetric tensor h we have (cf., e.g., ]9,
Section 3])

(A.2) ("% + Z Z)h = (D'D + Ric — Riem)h,
where

_ =% 1 - 2k S 1k ) 7kt
(A.3) [(Ric — Riem)h];; = §(Rikh j+ Rjkh®; — 2R;pj0h"™) .

Assume, first, that g is a space-form. Multiplying (A.2) by Vh and inte-
grating by parts, after some simple manipulations one obtains

N 1 — A
2 _ 2 2 : 2
A [levay = —— [ [(DhE - [FhE - [ i)
+D;(hiD'VI*) — 2h* DV D by | dpg
1

- [<| W2 = [ZhI2 — @ h — hav )V
D

V) + [hav 2V | dpig

AN

—~
;~>
@I

In a coordinate system in which the (suitably-normalised) anti-de Sitter
metric g reads

(A.5) g=—(r*+1)dt* + + r2dQ?

"
2 +1
we choose V as in (1.3) with |A| < A° so that

(A.6) AV <V = |havlg < |hlg.
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This gives
. 1 . . — .
J1hBvapg < = [ [(DhE ~ [ZhE ~ (@ - hav )V
+D;(h D'V I*) | dig

which provides the desired weighted Poincaré inequality for space-forms when
the trace-free tensor field i decays sufficiently fast so that the divergence term
gives no contribution:

A 1 —
(A.8) / BV < - / Dh[2dys5
We now indicate how to adapt the above argument to the general case,

without assuming that the metric is a space form. For this, multiplying (A.2)
by Vh and integrating by parts we obtain

(A.9) / (Riggeh = Rh,) 59V g
- / (DA — [Zh2 — (@ )V + D (b D' V")
~2h*DVD by — (Ryyhi* iy, = ARIZ) V] dig

To continue, it is convenient to introduce

—— D n+2—_

(A.10) Ui == —Djh

l\D|>—‘

(note that this differs from 1; by higher order terms). In this notation (A.9)
can be rewritten as

mu)/@WWW—w@m%

= [ (2 - 7 -1 -
n+2
2n

n—|—2

D%

+2(* — 25D ) (hav i )V + ﬁj(hz’kﬁ‘/ﬁjkﬂ dyiz -

One should keep in mind that the divergence term at the right-hand side
is irrelevant for many purposes, in that it gives a vanishing contribution for
suitably decaying fields when the integral in (A.11) is taken over the whole
manifold.
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Let v > 0 be a constant, which might have to be chosen on a case-by-case
basis depending upon the background geometry at hand. The trivial identity

_ki ~ 1= ~ == A~
(A.12) —2D"¢(hav)r = =7 "D ¢ + yhav |2+ |17 ' D [z + Ivhav |2
leads to the following version of (A.11):

TL+

(A.13) / (Eiwﬁ’f%ij A2

- [ (- @M; ~ 1% = " E2D G 4 20k (s

|7hdv|2> Vg

1= ~ n+2, |—=—
1D¢+7hdvlg+7’7 1D¢>|§>V

Suppose that there exist constants ¢ > 0 and ¢ > 0 such that for all ¢ and h
we have

n—4+2—~..— n?—4 o
hR,. + ———\
- PhV R, ; + 52 ¢

_ e ~ n+2 4 ~
< o (R B = N = "2 ) ~<lff.

Tmipm . —
(A.14) 5Whﬂmzw%ij +

Integrating (3.10) over the manifold in the gauge ¢ =0, using (A.13)-(A.14)
and the decay conditions on h we obtain

(A.15)
n—i—2 1, —x
Joas < [{[- "Dl - {IDAE ~ eli?

+0 (wg) +0 (|hls [DRZ) [V + O (In2 [Dhlg) [DV1g

— n+2, _ n-+2. —
+c(|DRIZ + 5 (5 )IDGR)V bds

The right-hand side will be strictly negative, as desired, for all sufficiently
small ||h||p and || Dh| e, provided that V > 0, that V~*|DV |5 is bounded,
and that

n—|—2)<1
2n 4

1
(A.16) 0<c< 1 c(y -

This reduces the positivity issue to the algebraic inequality (A.14), with ~
and c satisfying (A.16). The existence of ¢, and its value, has to be checked
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on a case-by-case basis. We note that this strategy does not allow one to
conclude in the case of Horowitz-Myers instantons.
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