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On J(r,n)-Jacobsthal quaternions
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Abstract: In this paper we introduce the J(r, n)-Jacobsthal qua-

ternions and give some of their properties, among others the Binet
formula, convolution identity and the generating function.

Keywords: Jacobsthal numbers, quaternions, recurrence rela-
tions.

1. Introduction

Let H be the set of quaternions ¢ of the form
q=a-+bi+cj+dk,
where a, b, c,d € R.
If 1 = a1+ b1i + c1j + dik and go = as + bei + coj + dok are any two
quaternions then equality, addition, subtraction and multiplication by scalar

are defined.

Equality: ¢1 = qo only if a1 = as, by = be, c1 = ¢9, di = da,

addition: q; + q2 = (a1 + ag) + (b1 + b2)i + (¢1 + ¢2)j + (dy + do)k,
subtraction: g1 — g2 = (a1 — az) + (b1 — b2)i + (c1 — ¢c2)j + (d1 — da2)k,
multiplication by scalar s € R: sq1 = sa1 + sbit + sc1j + sdik.

The quaternion multiplication is defined using the rule
(1) i =% =k® =ijk = —1.
Note that (1) implies

ij=—ji=k, jk=—kj=1i, ki=—ik=7.
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The conjugate of a quaternion is defined by

g=a+bi+cj+dk=a—b —cj—dk.
The norm of a quaternion is defined by
N(Q)=q G=G-q=a*>+b*++d

For the basics on quaternions theory, see [22].

Numbers of the Fibonacci type are defined by the second-order linear
recurrence relation of the form a, = bya,_1 + baa,_o, where b; € N, i = 1,2.
For special b;, i = 1,2, we obtain the recurrence equation which defines the
Fibonacci numbers and the like (Lucas numbers, Pell numbers, Pell-Lucas
numbers, Jacobsthal numbers, Jacobsthal-Lucas numbers etc.).

The numbers of the Fibonacci type have many applications in distinct
areas of mathematics, also in quaternions theory. In 1963 Horadam [13] in-
troduced nth Fibonacci and Lucas quaternions. Many interesting properties
of Fibonacci and Lucas quaternions can be found in [11, 16]. In [14] Horadam
mentioned the possibility of introducing Pell quaternions and generalized Pell
quaternions. Interesting results of Pell quaternions, Pell-Lucas quaternions
obtained recently can be found in [8, 19]. In [18] the Authors investigated
Jacobsthal quaternions. There are many generalizations of Fibonacci and Ja-
cobsthal quaternions in the literature, see for example [1, 2, 6, 12, 15, 20].
The another types of generalization of Fibonacci and Jacobsthal quaternions
are octonions and quaternion polynomials, see [4, 5, 7].

In this paper we introduce and study the J(r, n)-Jacobsthal quaternions.

2. The J(r,n)-Jacobsthal numbers

Let n > 0 be an integer. The nth Jacobsthal number .J,, is defined recursively
by J, = Jp_1 + 2J,_9, for n > 2 with Jy = 0, J; = 1. The first ten terms
of the sequence are 0, 1, 1, 3, 5, 11, 21, 43, 85, 171. The direct formula for
nth Jacobsthal number has the form J, = 2n_(_1)n, named as the Binet
formula for Jacobsthal numbers. Many authors have generalized the second
order recurrence of the Jacobsthal sequence, see [9, 10, 17, 21]. In [3] a one-
parameter generalization of the Jacobsthal numbers was investigated. We
recall this generalization.

Let n > 0, r > 0 be integers. The nth J(r,n)-Jacobsthal number J(r,n)
is defined as follows

(2) J(r,n)=2"J(r,n—1)+ (2" +4")J(r,n —2) for n > 2
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with initial conditions J(r,0) =1, J(r,1) = 1+ 271,
It is easily seen that J(0,n) = J,42. By (2) we obtain

J(r,0) =1

J(r,1)=2-2"+1

J(r,2) =347 +2. 92"

J(r,3)=5-8" +5-4" + 2

J(r,d) =816 +10-8" +3 .47
J(r,5) =13-32" +20 - 16" +9- 8 + 4"

We will now recall some properties of the J(r, n)-Jacobsthal numbers.

Theorem 1 ([3], Binet formula). Forn > 0 the nth J(r,n)-Jacobsthal number
s given by
VA2 4547 +3-27 42
B 2V/A- 2T+ 547
VAT ¥ 54T —3.2"1 — 2
T AT s F

J(ﬁ n) >\1n

n
)\27

where

1
(3) )\1:2’"‘1+§\/4-2T+5-4T, Ay =271 — —\/4.2r 154,

1
2
Theorem 2 ([3]). The generating function of the sequence {J(r,n)} has the
following form
1+(1+2"x

f(.??) = T ( r ) 2 '

1—2r0 — (20 +4")x

Proposition 3 ([3]). Let n >4, r > 0 be integers. Then

J(r,n)= (3-8 +2-4")J(r,n—3)+(2-16"+3-8" +4")J(r,n —4).

Theorem 4 ([3]). Let n > 1, r > 0 be integers. Then

iy J(r,n) + (2" +4")J(r,n —1) —2—2"
;J(T,l)z YT — :
=0

Theorem 5 ([3], Convolution identity). Let n,m,r be integers such that
m>2n>1,r>0. Then

J(r,m+n)=2"J(rm—1)J(r,n)+ 4" +8")J(r,m —2)J(r,n—1).
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3. The J(r,n)-Jacobsthal quaternions

For a nonnegative integer n, the nth J(r,n)-Jacobsthal quaternion JQ! is
defined as

(4) JQ, = J(r,n)+iJ(r,n+ 1)+ jJ(r,n+2) + kJ(r,n + 3),

where J(r,n) is given by (2).
Theorem 6. Letn > 0, r > 0 be integers. Then
(i) 27JQ 1 + (27 +47)JQ5 = JQ7 1o,
(i) JQL + JQ}, = 2J(r,n),
(i) (JQL)? = 2J(r,0)JQ;, — N (JQL).
Proof. (i)

2" JQn 1+ (21 +47)JQ;,
=2"(J(r,n+1)+iJ(r,n+2)+jJ(r,n+3) + kJ(r,n +4))

+ 2" +4")(J(ryn) +iJ(r,n+ 1)+ 3 J(r,n+2) + kJ(r,n + 3))
=J(r,n+2)+iJ(r,n+3)+jJ(r,n+4)+kJ(r,n+5) = JQ 5.

(ii) By the definition of the conjugate of the quaternion we have

JQy, +JQr, = J(r,n) +iJ(r,n+ 1)+ jJ(r,n+2) + kJ(r,n + 3)
+ J(r,n) —iJ(r,n+1) —jJ(r,n+2) — kJ(r,n+ 3)
=2J(r,n).

(iii) By simple calculations we get

(JQI)* = J*(r,n) — J*(r,n +1) — J*(r,n +2) — J*(r,n + 3)

+2iJ(r,n)J(r,n+ 1)+ 25J(r,n)J(r,n+2) + 2kJ(r,n)J(r,n + 3)
+ (ij + ji)J(r,n+1)J(r,n+2) + (ik + ki)J(r,n+1)J(r,n + 3)
+ (jk + kj)J(r,n+2)J(r,n + 3)

= J%(r,n) — J*(r,n+1) — J*(r,n +2) — J*(r,n + 3)
+20@J(r,n)J(r,n+ 1)+ jJ(r,n)J(r,n+2) + kJ(r,n)J(r,n + 3))

=2J(r,n)(J(r,n) +iJ(r,n+1)+5J(r,n+2)+kJ(r,n+3))
— (S2(r,n) + J2(r,n+ 1) + J2(r,n +2) + J*(r,n + 3))

=2J(r,n)JQ;, — N (JQ;). O
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Theorem 7. Let n > 0, r > 0 be integers. Then

JQn —iJ Q1 — JJ Q2 — kJQp s
=J(r,n)+ J(r,n+2)+ J(r,n+4)+ J(r,n+6).
Proof.
JQ:L - ZJQZ-H —jJQg_;_z - kJQg—H’»
=J(r,n)+iJ(r,n+1)+3J(r,n+2)+ kJ(r,n+3)
—i(J(r,n+1)+iJ(r,n+2)+ jJ(r,n+3)+ kJ(r,n+4))
—Jj(J(r,n+2)+iJ(r,n+3)+jJ(r,n+4) + EJ(r,n+5))
—k(J(r,n+3)+iJ(r,n+4)+ jJ(r,n+5)+ kJ(r,n+6)).
By simple calculations we get
JQ; - iJQ;—}—l _j‘]Q:H-Q - kJQ:z-H’;
=J(Gn)+J(r,n+2)+ J(r,n+4)+ J(r,n+6)
— (i +ji))J(r,n+3) — (ik + ki)J(r,n +4) — (jk + kj)J(r,n +5)
=J(r,n)+J(r,n+2)+J(r,n+4)+ J(r,n+6). O

Theorem 8. Letn > 1, r > 0 be integers. Then

el IO (20 +4N)JQ  — 2+ 271+ i+ 4 k)
zgo J0I = 4qr 4 2r+1 1

—(i+j2+2) + k(22 434"+ 2)).

Proof. By the definition of the J(r, n)-Jacobsthal quaternions we have

n—1
Y JQI=JQp+JQT+ ... +JQ;
=0

= J(r,0)+diJ(r, 1)+ jJ(r,2) + kJ(r,3)
+ J(r, 1) +iJ(r,2) + 3 J(r,3) + kJ(r,4) + ...
+J(r,n—=1)+iJ(r,n) +jJ(r,n+ 1)+ kJ(r,n+ 2)
=J(r,0)+J(r, 1) +...+J(r,n-1)
+i(J(r, 1)+ J(r,2)+ ...+ J(r,n) + J(r,0) — J(r,0))
+j(J(r2)+J(r3)+...+J(r,n+1)+ J(r,0)+ J(r, 1)
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—J(r,0) = J(r,1))
+k(J(r,3)+J(r4)+...+J(r,n+2)+ J(r,0)+ J(r,1)
+J(r,2) — J(r,0) — J(r, 1) — J(r,2)).

Using Theorem 4, we obtain

r 1 T r r

+i(J(r,n+1)+ (2" +4")J(r,n) —2—-2")

+j(J(r,n+2)+ (2" +4")J(r,n+1)—2-2")
+k(J(r,n+3)+ 2" +4")J(r,n+2)—2—2")]
—i— (242" — k(272 434" +2)

= ﬁ [J(r,n)+iJ(r,n+ 1)+ jJ(r,n+2)+kJ(r,n+3)
+©2"+4")(J(r,n—1)+iJ(r,n) +jJ(r,n+ 1)+ kJ(r,n+2))
—2+2)1 it k)] =i +2) = k(2724347 +2)

JQL (2N AT JQL_ — (242 (144 + k)
B 4r 42+l — 1

- (z’+j(2+2r+1)+k(2’"+2+3-4r+2)).

We will give the Binet formula for the J(r, n)-Jacobsthal quaternions.

Theorem 9. Letn >0, r > 0 be integers. Then

JQ = OV (1 id+ 303+ BAD) + o (1 i + 03+ kA3 |

where
V42T +5-47 432" + 2 V42T +5.47 —3.2" -2
01: B} 02:
24/4 - 2T + 547 24 -2 + 547

and A1, A2 were defined by (3), i.e.

1 1
>\1:2’”‘1+§\/4~2T+5-4T, A2:2T—1f§\/4-2r+5-4r.
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Proof. By Theorem 1 we get
J(r,n) = C1AT + CaA}
and
JQr = J(r,n)+iJ(r,n+1)+jJ(r,n+2) + kJ(r,n + 3)
= CIAT + CoAg + i(CLATT + Codg ™)
+ J(CIATF? 4+ CoAT?) + R(CIATT + CoA5H?)

= COF (1 i+ 503+ kAT) + Codg (T4 da + 03 + BA3)
which ends the proof. O
Proposition 10. Letn >4, r > 0. Then

JQ, =3-8"4+2-4")JQ; 3+ (2-16"+ 3-8 +4")JQ;,_,.

Proof. Let A=3-8"+2-4"" B=2-16"4+3-8" 4+ 4". Using Proposition 3,
we obtain
JQy, = J(r,n) +iJ(r,n+1)+jJ(r,n+2)+ kJ(r,n+3)
=A-Jrn=3)+B-Jr,n—4)+i(A-J(r,n—2)+ B - J(r,n—3))
+j(A-Jrin=1)+B-Jr,n—=2))+k(A-J(r,n)+ B-J(r,n—1))
=A(J(r,n—=3)+iJ(r,n—2)+jJ(r,n—1)+ kJ(r,n))
+ B(J(r,n—4)+iJ(r,n—3)+jJ(r,n—2) + kJ(r,n — 1)).

Hence we have J@Q;, = A-JQ, _5+ B -JQ; _,, which ends the proof. O

Theorem 11. Let n,m,r be integers such that m > 2,n > 1, r > 0. Then

2J Qg = 27JQ5, 1 IO + (47 +87)JQ7, 5T Q)
+J(r,m+n)+J(r,m+n+2)+ Jr,m+n+4)+ J(r,m+n+6).
Proof. By (4) we have
2"JQn 1 JQ + (47 +8)JQr, Q)
=2"(J(r,m—1)+iJ(r,m)+jJ(r,m+ 1)+ kJ(r,m+2))
(J(ryn)+iJ(r,n+1)+5J(r,n+2) + kJ(r,n+ 3))
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+ A" +8)(J(r,m—=2)+iJ(r,m—1)+jJ(r,m)+ kJ(r,m+1))
~(J(ry,n—=1)+iJ(r,n) +jJ(r,n+ 1)+ kJ(r,n+2)).

By simple calculations and using Theorem 5 we get

2"JQ 1@ + (47 +87)JQ7, 5 Q4
=2"(J(r,m—1)J(r,n) +iJ(r,m —1)J(r,n+ 1)

+jJ(r,m—1)J(r,n+2)+ kJ(r,m —1)J(r,n+ 3))

+iJ(r,m)J(r,n) — J(r,m)J(r,n+ 1)+ kJ(r,m)J(r,n + 2)

—jJ(r,m)J(r,n+3) +jJ(r,m+1)J(r,n) — kJ(r,m+1)J(r,n+ 1)

—J(r,m+1)J(r,n+2)+iJ(r,m+1)J(r,n+3) + kJ(r,m+2)J(r,n)

+jJ(r,m+2)J(r,n+ 1) —iJ(r,m+2)J(r,n+2)

— J(r,m+2)J(r,n+3))

+ A" +8)(J(r,m—2)J(r,n—1)+iJ(r,m —2)J(r,n)

+jJ(r,m—2)J(r,n+ 1)+ kJ(r,m —2)J(r,n+ 2)

+iJ(r,m —1)J(r,n —1)

—J(r,m —1)J(r,n) + kJ(r,m —1)J(r,n+1) — jJ(r,m —1)J(r,n + 2)

+jJ(r,m)J(r,n—1) = kJ(r,m)J(r,n) — J(r,m)J(r,n+1)

+iJ(r,m)J(ry,n+2) + kJ(r,m+1)J(r,n—1) 4+ jJ(r,m+1)J(r,n)

—iJ(rom+D)J(rn+1)—Jr,m+1)J(r,n+2))
=2"J(r,m—1)J(r,n)+ (4" +8")(J(r,m —2)J(r,n — 1)

+ (2" J(r,m —1)J(r,n+ 1)+ (4" +8")J(r,m — 2)J(r,n))

+j2"J(r,m —1)J(r,n+2) + (4" +8")J(r,m —2)J(r,n + 1))

( (

+ k2" J(r,m—1)J(r,n+3)+ (4" +8")J(r,m —2)J(r,n+2))
+1(2"J(r,m)J(r,n) + (4" +8")J(r,m —1)J (r,n — 1))
)J(r;n = 1))

+ 72" J(r,m+1)J(r,n) + (4" +8")J(r,m
+ k2" J(r,m)J(r,n+2)+ (4" +8")J(r,m —1)J(r,n+ 1))
—2"J(r,m)J(r,n+1) — (4" 4+ 8")J(r,m — 1)J(r,n)
=2"J(r,m+1)J(r,n+2) — (4" +8")J(r,m)J(r,n+ 1)
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—2"J(r,m+2)J(r,n+3) — (4" +8")J(r,m+1)J(r,n+2).
Using Theorem 5 again, we obtain

2"JQ 1 JQ + (47 +87)JQy, ,J Q4
=2(J(r,m+n)+iJ(r,m+n+1)+jJ(r,m+n+2)
+kJ(r,m+n+3))— (J(r,m+n)+ Jr,m+n+2)
+J(r,m+n+4)+J(r,m+n+06))
=2JQ, . — (J(r,m+n)+ J(r,m+n+2)
+J(r,m+n+4)+ J(r,m+n+6)),

which ends the proof. O

At the end we shall give the ordinary generating functions for the J(r,n)-
Jacobsthal quaternions.

Theorem 12. The generating function for the J(r,n)-Jacobsthal quaternion

sequence {JQI} is

_ JQo+ (JOI —2"JQp)x
Gla) = 1—2rx — (2r +47)2?

Proof. Assuming that the generating function of the J(r,n)-Jacobsthal qua-
ternion sequence {J@7 } has the form G(z) = Y JQ)a", we obtain
n=0

(1—2"2 — (2" +4")2*)G(2)
= (1-2"2— (2" +4")2?) - (JQh + JQjz + JQha?* +...)
= JQb+ JQix 4+ JQha? + ...

— 2" JQhr — 2" JQx? — 2" JQha — ...

— (2" 4" JQha? — (27 4+ 47)JQa — (27 +4T)JQhat — ...
= JQy + (JQ1 —2"JQp)z,

since JQ| =2"JQ;_; + (2" +4")JQ}_5 and the coefficients of 2™ for n > 2
are equal to zero.
Moreover,

JO =14i(2-2"+1)+j(3-4"+2-2")+ k(5-8 +5-4"+2")
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JQT =27 JQl = 2"+ 14i(4"+27 )+ (2-8"+3-4"+2") + k(3-16" +5-8"+2.47). O
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