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A compactness theorem for rotationally symmetric
Riemannian manifolds with positive scalar curvature

JIEWON PARK, WENCHUAN Ti1AN, CHANGLIANG WANG

Abstract: Gromov and Sormani have conjectured the following
compactness theorem on scalar curvature to hold. Given a sequence
of compact Riemannian manifolds with nonnegative scalar curva-
ture and bounded area of minimal surfaces, a subsequence is con-
jectured to converge in the intrinsic flat sense to a limit space,
which has nonnegative generalized scalar curvature and Euclidean
tangent cones almost everywhere. In this paper we prove this con-
jecture for sequences of rotationally symmetric warped product
manifolds. We show that the limit space has an H' warping func-
tion which has nonnegative scalar curvature in a weak sense, and
has Euclidean tangent cones almost everywhere.
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1. Introduction

In [Grol4a] and [Grol4b], Gromov conjectured that the intrinsic flat conver-
gence may preserve a generalized notion of nonnegative scalar curvature. In
light of this and examples constructed by Basilio, Dodziuk, and Sormani in
[BDS17], Gromov and Sormani proposed the following conjecture in [GS18]
(see also [Sorl7]).

Conjecture 1.1. Let {Mf} be a sequence of closed oriented manifolds with-
out boundary satisfying

(1) Vol(M;) <V,

(2) Diam(M;) < D,
(3) Scalar; > 0,

and

(4) MinA(M;) > A > 0.

Here, MinA (M) is defined as the infimum of areas of closed embedded min-
imal surfaces on Mj. Then a subsequence of {M;} converges in the volume
preserving intrinsic flat sense to a limit space My,

(5) M;, 25 My, and M(M;,) — M(My).
Moreover, My, has nonnegative generalized scalar curvature, has Fuclidean

tangent cones almost everywhere, and satisfies the prism inequality.

The convergence in Conjecture 1.1 is under the Sormani-Wenger intrinsic
flat (SWIF) distance between integral current spaces introduced by Sormani
and Wenger in [SW11]. In this paper, we will prove the first two parts of
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Conjecture 1.1 in the case when M; are rotationally symmetric Riemannian
manifolds. Namely, we prove the convergence to a smooth manifold with C°
metric which has Euclidean tangent cones almost everywhere and nonnegative
scalar curvature in the sense of distributions.

We briefly recall the notion of the intrinsic flat distance following [Sor17].
An integral current space (X,d,T') is a metric space (X,d) with an inte-
gral current structure 7. An oriented Riemannian manifold (M™, g) of finite
volume can be naturally viewed as an integral current space, since it has a
natural metric induced by the Riemannian metric g, and an integral current
structure 7" acting on differential m-forms w as

(6) T(w) = /Mo.).

The mass of an integral current space M(T) can be understood as a
weighted volume. When the integral current space is an oriented Riemannian
manifold, its mass is just its volume, M(M) = Vol(M). The boundary of
an integral current space was defined by Ambrosio and Kirchheim in [AK00]
so that it satisfies Stokes’ Theorem. In particular, when the integral current
space is a Riemannian manifold M, then its boundary is just the usual bound-
ary OM. We refer to [AKO00] for more details about integral current spaces.

Let Z be a metric space and 171 and 15 be two m-integral currents on
Z. Recall the flat distance between integral currents 77 and 75 defined by
Federer and Fleming in [FF60] is

(1) dA(Ty,Ty) = inf {M(Bm“) FM(A™) [ Ti— Ty = A+ 6B}.

Definition 1.2 ([SW11]). The SWIF distance between integral current spaces
(X1,dy,Th) and (Xa,ds, Tb) is defined as

(8) dr((X1,d1,Th), (X2, d2,T3)) = inf {d%(%#Tb ouTo) | i+ Xi — Z};

where the infimum is taken over all common complete metric spaces Z and
all isometric embeddings ¢; : X; — Z, where ;4 is the push-forward map
on integral currents.

We refer to [SW11] for properties of the SWIF distance and only mention
here Wenger’s Compactness Theorem [Wen11], which says that if a sequence
of Riemannian manifolds M; satisfies

9) Diam(M;) < D,
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(10) Vol(M;) <V,
(11) Area(0M;) < A,

then there exists a subsequence M;, such that M;; 7 Moo, where My is
an integral current space, possibly the 0 space. In Ambrosio and Kirchheim’s
work [AKO00] and Sormani and Wenger’s work [SW11], it has been shown
that M, can have tangent cones that are normed spaces. Note that there is
no hypothesis on MinA or scalar curvature in this compactness theorem. In
[AS18], Allen and Sormani constructed rotationally symmetric examples with
bounds on MinA, but without bounds on the scalar curvature, which have
non-Euclidean tangent cones.

When M; has nonnegative scalar curvature, Gromov proved in [Grol4b]
that if the limit space is smooth and the convergence is C°, then indeed
the scalar curvature is nonnegative on the limit space. In [Bam16], Bamler
proved the same result using Ricci flow. In general, the volume is only lower
semicontinuous; collapsing, or cancellation, can happen even with a scalar
curvature bound, and the mass of the limit space can be 0. Such examples
are given in Example 3.1 and by Sormani and Wenger in [SW10]. Also note
that the SWIF limit does not always coincide with the Gromov-Hausdorff
limit; see Example 3.2, which is an example constructed by Lakzian.

Now we consider rotationally symmetric Riemannian manifolds (M;’ . 95),
that is, M]?’ are diffeomorphic to S? with the metric tensor

(12) g9; = ds® + fj(S)QgSQ,

where 0 < s < Dj, and f;(s) is a smooth nonnegative function with f;(0) =
fi(Dj) =0 and f; > 0 everywhere else, and f(0) = 1, f;(D;) = —1, so that
the metric tensor is smooth. Our main result confirms Conjecture 1.1 in this
rotationally symmetric setting.

Theorem 1.3. Let (MJ?’, gj) be a sequence of oriented rotationally symmetric
Riemannian manifolds without boundary satisfying

(13) Diam(M;) < D,
(14) Scalar; > 0,
(15) MinA(M;) > A > 0,

then a subsequence converges in the volume preserving intrinsic flat sense to
a metric space (Moo, Goo)

(16) M, 55 My and M(M;,) — M(My).
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The metric g is rotationally symmetric, C°, H', and has nonnegative gen-
eralized scalar curvature, meaning that the warping function satisfies the in-
equality in Lemma 2.4 in the sense of distributions.

Remark 1.4. In Theorem 1.3, when Scalar; > 0 is replaced by Scalar; >
H > 0, we have the same convergence result and that M., has generalized
scalar curvature at least H in the sense of distributions.

Remark 1.5. Note that in Theorem 1.3 we do not need to assume a uni-
form upper bound on volume as in Conjecture 1.1. Actually, with the help of
Lemma 2.6, a uniform upper bound on volume follows from the non-negativity
of scalar curvature and uniform upper bound on diameter. Lemma 2.6 also
implies that the tangent cones are Euclidean almost everywhere on the limit
space.

Remark 1.6. In Section 3, we will illustrate that if MinA(M;) has no pos-
itive lower bound then the sequence M; could collapse to the zero current.
We will also recall an interesting example obtained by Lakzian in [Lak16]
to illustrate the difference between SWIF limit and Gromov-Hausdorff limit
of sequences of rotationally symmetric Riemannian manifolds satisfying hy-
potheses in Theorem 1.3.

The SWIF convergence has been applied to study sequences of warped
product type Riemannian manifolds with non-negative scalar curvature in
various interesting problems, see Lee-Sormani [LS14], LeFloch-Sormani
[LS15], and Allen-Hernandez-Vazquez-Parise-Payne-Wang [AHPPW18]. Es-
pecially, LeFloch and Sormani [LS15] proved a compactness theorem for
Hawking mass in the rotationally symmetric setting. They proved that for
a sequence of three dimensional oriented Riemannian manifolds Mj3 with
boundary, with nonnegative scalar curvature and certain bounds including
a bound on Hawking mass, a subsequence converges in the volume preserving
SWIF distance to a limit space with nonnegative generalized scalar curvature
in a generalized sense. This theorem is proved by showing H} . convergence
of a subsequence of the manifolds with a well chosen gauge and showing that
the H} . limit coincides with a F limit using Theorem 5.1. In general it is
unknown whether H} . convergence implies F convergence, but the mono-
tonicity of the Hawking mass allows for the implication in this setting. The
limit space is a rotationally symmetric manifold with a metric tensor g € H}.,
and it is possible to define generalized notions of nonnegative scalar curvature
in a weak sense.

The organization of this paper is as follows. In Section 2 we derive some
basic consequences from the hypotheses on volume, diameter, scalar curva-
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ture, and MinA. In Section 3 some interesting examples of SWIF convergence
are given to better illustrate this notion in the context of the paper. In Sec-
tion 4 we prove uniform convergence of f; to a limit function f and construct
the limit space My (Theorem 4.1). Then we show that M, has Euclidean
tangent cones almost everywhere (Theorem 4.6), and nonnegative general-
ized scalar curvature (Theorem 4.9). Here, we use the notion of distributional
scalar cuvature, which is studied by LeFloch and Mardare in [LMO7]. Finally,
in Section 5 we prove the SWIF convergence of M; to M, after taking a sub-
sequence (Theorem 5.6). The proof relies on the technique of identifying large
diffeomorphic regions on M; and M, introduced by Lakzian and Sormani
[LS13].

It remains an interesting open question to prove or disprove the prism
inequality on the limit space. This question is so challenging even for smooth
metric spaces that it was only recently settled by Li in [Lil7].

2. Basic consequences of the hypotheses

In this section, we derive basic consequences from the hypotheses in Theo-
rem 1.3. Recall that M; is diffeomorphic to S* and equipped with a smooth
rotationally symmetric Riemannian metric g; = ds? + f;(s)?g,2, where 0 <
s < Dj, fj>00n (0,D;), f;(0) = f;(D;) = 0, fj(0) = 1, and fj(D;) = —1,
along with the bounds

(17) Diam(M;) < D,
(18) Scalar; > 0,

and

(19) MinA(M;) > A > 0.

2.1. The upper bound on diameter

Lemma 2.1. Diam(M;) = D; < D.

Proof. Let d denote the distance function on M;, and N, S the north pole
(corresponding to s = 0) and south pole (corresponding to s = D;) respec-
tively. First we check that d(N,S) = D;. Fix 6 € S? and let v : [0, D;] —
[0, D] x S? be a path defined as v(¢) = (¢,0). Then v is a path connecting N
and S, and has length D;. Let 6 : [a,b] — [0, D;] x S?, 8(t) = (s(t),0(t)) be
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an arbitrary path connecting N and S, that is, §(a) = N and §(b) = S. Let
L;(9) be the length of 6. Then we have L;(§) > D;. Indeed,

1,0) = [ \IOF + R, d

b
>[I0 a
b

/a s'(t) dt

= [s(b) = s(a)| = Dj.

>

S)

Because ¢ is arbitrary, we obtain d(N, S) = D;
1, d(p,S) = ds, d(q,N) = ds, and

For any p,q € M;, let d(p, N)
d(q,S) = dy. Then

|
.

(21) d1+d2=d3+d4:d(N,S):Dj.

Indeed, let p = (tp,0,) € M;. By a similar argument as in (20), one can
easily see that the path 1 : [0,t,] — [0, D;] x S* defined as y1(t) = (¢,6,)
realizes the distance between N and p, and so d(N,p) = t,. Similarly, the
path vo : [0, D; —t,] — [0, D;] x S? defined as vo(t) = (t, +t,6,) realizes the
distance between p and S, and so d(p, S) = D; —t,. Thus,

(22) dy +dy = d(N,p) +d(p,S) = t, + (D; — tp) = D;.

Similarly, d3 + ds = d(N,q) + d(q, S) = D;.
We observe that

and similarly, d(p,q) < da + dy. Since (dy + d3) + (d2 + dy) = (d1 + d2) +
(d3 + du) = 2Dy, it follows that either (d; + ds) or (do + d4) is at most
D;j. Therefore, d(p,q) < D;. Thus Diam(M;) = Dj, and so D; < D, since
Diam(M;) < D. 0

2.2. The upper bound on volume

Lemma 2.2. Vol(M;) = 47THfj||2L2([o,Dj])'
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Proof. The volume is given by

Dj
(24) Vol(M;) = [ £3() ds = wall 0.0,

where wy = 47 is the volume of the unit sphere S2. O

Lemma 2.3. By extending f; as 0 on [D;, D],

v
(25) il zzqo.0n <4/ —
w2

and a subsequence of the f; converges to some f € L*([0, D]) weakly.

Proof. By Lemma 2.2, Vol(M;) < V implies a uniform bound on the L? norm
Of fj7

b 1/2 D, 1/2 ”
(26) Hfjllmqo,m):(/o ff) :(/ ff) <\

and thus, a subsequence of f; converges to some f € L?([0, D]) weakly. O

2.3. Scalar curvature bounded below

i 21— (1))
T

Proof. The scalar curvature of the metric ds® + f;(s)%ggn—1 is given by

Lemma 2.4. Scalar; =

" 1— 1\2
(27) Scalar; = —2(n — 1)?—3 +(n—1)(n— 2)#
J J
(see [LS14] or [Pet16], section 3.2.3). In our case we have n = 3. O

Lemma 2.5. Scalar; > 0 is equivalent to

3. _1/3
(28) By < Sh; /3

where hj(s) = f;’/Q(s).
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Proof. The lemma follows from substituting f; = h?/ ® Then we have

(29) fi=2/3)n; " *n!
and
_ —4/3 2 -1/3
(30) ]’,’ = —(2/9)h; (h;) +(2/3)h; h;’.
Substituting into Lemma 2.4 and simplifying gives the desired result. O

2.4. Lipschitz bound from nonnegative scalar curvature

Lemma 2.6. If Scalar; > 0 then |fi| <1 on (0, D;).

Proof. Suppose to the contrary that |f}(zo)| > 1 for some z¢ € (0, D;). We
may assume that fj(zo) > 1. Let z1 = inf{y € (0,20 | fj(x) > 1 Vx €
(y, 0]} Then 21 < x9 and fi(v1) = 1 by definition of z; (if z; = 0, we
understand that f7(0) = 1 from smoothness of the metric). Since f} is C*°
on (0, D;) and continuous at 0, by the mean value theorem there exists o €
(z1,%0) such that f/(z2)(wo — 21) = fj(z0) — fj(z1) > 0, where the last
inequality follows from that fi(zo) > 1 = fj(z1). On the other hand, 7; <
Ty < xo implies that f}(z) > 1. Therefore 1 — (fj(z2))* < 0. By Lemma 2.4,
Scalar; > 0 implies that

1= (fj(x2))?

(31) fi (@2)(w0 — 21) < 2 (a)

(xg — 1) < 0.

Hence we have that 0 < f}'(z2)(vo — #1) < 0, a contradiction. Therefore
f; <1on (0,D;). A similar argument gives that f; > —1. O

2.5. The minimum area of minimal surfaces bounded below

Lemma 2.7. If fi(so) = 0, then {s = so} is a minimal surface.

Proof. Define ¥, as the level set of the coordinate function s. Then for all
s € (0,Dj), 3y is an embedded submanifold with mean curvature

20s)
(32) Hi=Fe

Therefore H;(s) = 0 if and only if ¥ is minimal. O
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Definition 2.8. Define 0 < A; < B; < Dj as

(33) A; =sup{s| f; is increasing on [0, s] },
(34) B; = inf{s | f; is decreasing on [s, D;] }.
=

/\&"< N
y =

0 Ay A3 A B;B; B, D

Lemma 2.9. f/(A;) =0 and fj(B;) = 0. Moreover, 47 f7(A;) > MinA(Mj)
and 4w f?(B;) > MinA(M;).

Proof. Suppose fi(A;) > 0. Then fi(s) > 0 for s € [A; —¢,A4; + €] for
some € > 0. Hence f; is increasing on the interval [0, A; + €], a contradiction.
Similarly, f;(A;) < 0 cannot hold, which proves that fi(A;) = 0. By the same
argument f;(B;) = 0. By Lemma 2.7 there is a minimal surface at s = A;
and s = Bj, which have areas 47 f7(A;) and 47 f7(B;) respectively, and hence
the conclusion follows from the MinA bound. O

Lemma 2.10. If A; < Bj, then 4w f7(s) > MinA(M;) for all s € [A;, By].

Proof. If A; < Bj, then by continuity there exists sy € [A;, B;] such that
fi(s) > fj(so) for all s € [A;, Bj]. By Lemma 2.7 there is a minimal surface
at s = sg. As a result, by definition of MinA (M), we have

(35) 47rfJ2(5) > 47rfj2(50) > MinA(M;)

for all s € [A;, Bj]. O

Lemma 2.11.

[A
— < D;<D.

Proof. In Lemma 2.1 we have obtained D; < D. On the other hand, from
Lemma 2.6 and the definition of A;, we have f;(A;) < A; < D;. Combining

A
this with Lemma 2.9 gives e < Df. O
T



A compactness theorem for positive scalar curvature 539

3. Examples

Example 3.1. We will construct a family of 3-dimensional smooth closed ro-
tationally symmetric Riemannian manifolds M;, which are isometric to three-
spheres with the Riemannian metrics g; = ds® + ff(s)gsz, where s € [0, Dj],
such that

(37) Scalar; > 0, forall jeN,
(38) MinA(M;) =0, as j — oo,
and

(39) M; 250, as j— oo,

where 0 is the zero current, since Vol(M;) — 0 as j — oo.
Let ¢; be a sequence of smooth functions defined on [0, D] satisfying:

(a) 65(0) = 1, and 65(D) = 1
(b) ¢; is monotone non-increasing; that is, ¢ < 0;
(c) ¢; is symmetric about the point (D/2,0); that is, ¢;(s) = —¢;(D — s)

for all s € D;
lim / ¢;(s) ds = 0.
J—00

Define functions f; on [0, D] as

(40) 59) = [ o) at

For example, we can set D = 2, and
(41) ¢i(s) =(1— 5)2 7+ defined on [0,2].

1 1— 2j+2
Then f; = — —( ‘8)
25 +2 27 +2
From the above properties of ¢;, we have
(a") f5(0) =1, and f;(D) = —1;
(b') f” ¢ <0, and [fj| = |¢;] < 1;
(') f; >0 with f;(0) = f;(D) = 0 and f; > 0 everywhere else;
)

(d’ Jax, {fi(s)} = f3(D/2) = 0 as j — oc.

on [0, 2].
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By (a') and (¢/) above, g; = ds® + f7(s)gs is a smooth Riemannian metric
on S3.

By (b'), g; have nonnegative scalar curvatures. Indeed, (b) implies
(42) 2f5(s)f7 (s) <0< 1= (fi(s))?
for all s € [0, D]. This further implies

" (12
47 20 - ()7

(43) Scalar; = St > 0.
Finally, by (d’), we have

(44) MinA(M;) < Vol({D/2} x §?) = 4x f7(D/2) — 0,

and

(45)

D D
Vol(M;) = /O 8 f7(s)dvoly, = 4r /0 f7(s)ds < 4m f7(D/2)D — 0,

as j — 00.

Example 3.2 (Example 5.9 in [Lak16]). In Example 5.9 in [Lak16], Lakzian
has shown that there are metrics g; on the sphere S® with positive scalar cur-
vature such that the family of rotationally symmetric Riemannian manifolds
M; = (S, g;) has the SWIF limit round sphere S?, and the Gromov-Hausdorff
limit S*1[0, 1], the round sphere S? with an interval of length 1 attached to it.
Actually, these M; satisfy all hypotheses in Theorem 1.3. Lakzian has shown
that Scalar; > 0 and Diam(A/;) < m + 3. Moreover, one can easily check
that MinA (M) = 4r. Lakzian’s examples are S* with a spline of finite length
and arbitrary small width attached to it, and have positive scalar curvature.
In Lakzian’s construction, he employs some ideas related to the mass of ro-
tationally symmetric manifolds. He first finds an admissible Hawking mass
function which provides a three dimensional manifold embedded in R* which
is a hemisphere to which a spline of finite length and small width is attached.
Then a standard hemisphere is attached along its boundary to get M. For
more details about this example we refer to [Lak16].

Example 3.3 (Example 3.12 in [AS18]). In Example 3.12 in [AS18], Allen
and Sormani construct a sequence of warped product metrics on S* x S? where
the warping functions converge to 1 on a dense set. However, the metrics
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converge in Gromov-Hausdorff and SWIF sense to a metric space which is not
a Riemannian manifold. In fact, no local tangent cone on this limit is isometric
to the Euclidean space. It is possible to construct warped product metrics on
S? by cutting S! to get an interval and capping off with hemispheres. Then
the tangent cones in the middle region are not Euclidean. For details we refer
to [AS18].

4. Properties of the limit space

In this section, we will define the limit space with the continuous limit metric,
and show that it has Euclidean tangent cones almost everywhere. We will also
show that the metric is H' and has nonnegative scalar curvature in the sense
that it satisfies (28) as a distribution.

From now on, we extend the warping functions f; defined on [0, D;] to
functions defined on [0, D] by setting f; = 0 on [D;, D]. Then f; are contin-
uous on [0, D] and smooth everywhere on (0, D) except at D;.

Take 0 < A; < B; < D as in Definition 2.8. There is a subsequence such
that A; — Ay and Bj — B, where

(46) 0< Aw < B < D.

Theorem 4.1. A subsequence of f; converge uniformly to a Lipschitz func-
tion foo on [0, D], which has Lipschitz constant 1 and satisfies the following
properties.

(1) foo(0) =0 and foo is nondecreasing on [0, Ax],
(i) foo = VA/4T 0n [As, Beo] if Aso # Boo,
(i) foo(D) =0 and f is nonincreasing on [Bs, D].

Proof. By Lemma 2.6 all functions f; are Lipschitz with Lipschitz constant
1 on the interval [0, D]. Indeed, take any x < y € [0,D]. If =,y € [0, D,],
then Lemma 2.6 implies |f;(z) — fi(y)| < |z —y|. If 2,y € [Dj, D], then
fi(@) = fi(y) = 050 |f;(x) — f;(y)] < |z —y|. Finally if 2 < D; <y < D,
then since f;(D;) = f;(y) = 0, we have

550 = )| _ 1F@) ~ FD)] _ 1)~ £(D)
o el sl S oDl "

By combining with Arzela-Ascoli theorem we obtain the uniform convergence.
(ii) is then immediate from Lemma 2.10. (i) and (iii) follows from the mono-
tonicity of f; on [0, A;] U [B;, D]. O
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Lemma 4.2. Given sufficiently large k > 0, the set

(43) o= {o| fu0) 2 1}

is a connected interval, I, = [ay, by].

Proof. I is closed since fo, is continuous. If A, # Be, by Lemma 2.10,
fj > VA/Am on [A;, Bj] for all j. Since A; - Ay, and B; — By as j — o0,
if j is large then f; > \/A/16m on [As, Bs|. Take k large enough so that

n{foomoo),foo(Boo), 1%}

If A, = By, then take k large enough so that % < foo( ). Then by
Theorem 4.1, Ij, is a connected interval containing [As, Boo]- O

(49)

=l

1
Note that fu(ar) = foo(br) = T We set

(50) Uoo :=sup{s | foo(t) =0o0n [0,s]} € [0, As]
and
(51) boo :=1nf{s | foo(t) =0o0n [s,D]} € [Bx, D].

Then we immediately have the following lemma.

Lemma 4.3. Let a = inf{ay | k > 0} and b = sup{by | k£ > 0} so that

(52) (a,0) = | L.

k>0
Then (a,b) = {x : foo(z) >0} 50 a = ax and b = b
Proposition 4.4. fo(a) = foo(b) = 0.

Proof. Since f, is continuous,

(53) o) = Jim foo(ar) = Jim 7 =0

Similarly f(b) = 0. O
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Definition 4.5. The limit space
(54) My = [, boo] X S?

is a warped product Riemannian manifold, diffeomorphic with S3, with the
continuous metric tensor

(55) goo = ds* + f3.(s)gs2.

Theorem 4.6. The local tangent cones of My, are E3 almost everywhere.
Proof. Since f. is Lipschitz, it follows that f., is differentiable almost ev-
8;) — S
erywhere on [a, bsol; that is, the limit a, = lim Joo(si) = foo(sp)
5—Sp 8; — Sp
almost every p = (s, 6,). Let I(s) = f(sp) + ap(s — sp) be the linear function
that best approximates f(s) at s = s,. Then the tangent cone of M., at
p is the warped product ds? + I(s)?gs2, which is isometric to the Euclidean
space. Ol

exists at

Remark 4.7. The scalar curvature control, which in turn gave Lipschitzness
of fso, is of crucial importance in this argument; compare with Example 3.3.

Theorem 4.8. The sequence h; = ff/Z, after possibly passing to a sub-
sequence, converges in HL . to ho € HY(I), where I is the open interval
(oo, boo). Defining foo = hi!f”, a subsequence of f; also converges in H}. to
foo € HY(I).

Proof. First we will show that when k is large enough, there is a uniform
bound on the variation of h;, that is,

/
(56) sgp ‘ hj BV(I},)
By definition of h; we have
(57) W (s) = 2 £13(5) ()
J 97 J\°l

for s € [0,D;). By Lemma 2.6 we have [f}(s)] < 1 for all j and for all
s € [0, Dj], hence we have 0 < fj(s) < D;/2 < D/2 for all j and all s €
[0, Dj]. As a result, |h}(s)] < D/2 for all s € [0,D;). Recall that f; has
been extended as 0 on [Dj, D], so hj =0 on [Dj;, D], and h} = 0 on (Dy, D].
Thus by the same argument as in proof of Theorem 4.1, {h;} is uniformly
Lipschitz. Then by Arzela-Ascoli we have that a subsequence of h; converges
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to some heo uniformly in [0, D]. The limit function s is also Lipschitz, and
hoo = (fo)?? (since we only need this pointwise). Since a Lipschitz function
defined on an interval is actually W1 we have ho, € W5H*(I). Since for
each large enough j, h;» is smooth on [, we have

/ o / "
| Bv(m/lk , ds+/jk n!| ds
— [ Ju5] s+ y ds— | W' ds.
I {s€Ii|h!(5)>0} {s€Ii|h!(5)<0}
Note that
59 B! — 3 -1/2 / 2 3 1/2 "
(59) U= )+ 1),
Let 5 be so large that
1 1 3/2
(60 (s) ~ o)l < 5 ()
for all s € (ag,bx). Then by definition of I}, we have
2 (1\%? 1 /1\*?
1 — | = <hs(s)—=| = < h;
(o1 (1) =m-5(5) =me
for all s € (ag,by). Moreover, by Lemma 2.5, we have
3 3 (2 1\
2 "(s) < Zhi(s) V3 < Z —<—)
(62 W) < thato) P < (5 (5
for j large enough and for all s € I;. As a result, we have when j is large,
3 (2 /1\¥2\ *
63 / ! ds < — —(—) b — ag).
(63) {s€l|h!(5)>0} J 4 <3 k (b k)

Moreover, since

(64)

h;-’ ds +

b
Wy ds = [ B (s) ds = Iy (0) — B )

/{sefkmy(s)zo} /{sezk|h;(s)<o} "
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we have
| — [ |} s+ | Wy ds— [ W ds
BV (1) I {s€lx|hY (s)>0} {s€lx|n (s)<0}
< [ |p] ds2 B! ds + B (ag) — B (bi)
Iy {Selk I h;’(S)ZO}
(65) 3 (2 /1\¥2\ /*
! ! !
< /]k hj ds + 5 (g (E) ) (b — ax) + hj(ak) - hj(bk)
D 3 (2 (1\32\ D D
S?”i(ﬁ(z) ) (e —a) + 5+ 5

for all j large enough.

As a result, by Theorem 5.5 in [EG15] we have that A’ converges to some
¢ € BV (Iy) in L'(Ix) norm. It is easy to show that ¢ = h/_ in the weak sense
by a density argument. Moreover, since hy, € W1°(I) and

< 00,

(66) sup ||
J

Leo(I)

we have h; — Rl in L?(I) norm. Note that by the Holder inequality,

(67) /1 k

As a result h; — hoo in H} (1)) norm.

Now we turn to the convergence of f;. First note that the function f(§) =
€23 is C1 with f'(¢) bounded when & > € > 0 for some ¢ € R. By the chain
rule for weak derivatives we know that the weak derivative of f., exists, and
that

/ !/

2
/ / ! !
hj_hoo S‘h’]_hoo 7~ oo

LY(I1) ‘Loo(fk) '

2
(65) oo = ShH

1 3/2
Since hj — he uniformly on [0, D], we have h; > — (k’> >0 on [ for

\)

large j. Therefore,

2 (1 1\
) n-n<3 (3 (2)7) w-

for large j. Since hj — hoo in H} (), it follows that f; — fo in HL (I). O
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Theorem 4.9. goo has nonnegative generalized scalar curvature on the in-
terior Moo = Moo \ ({aoc} X S* U {boo} X §?) of M, in the sense that fo
satisfies (28) as a distribution on M.

Proof. Fix a large k. For j large enough, and for any u € C2°(}) such that
u > 0, by Lemma 2.4 after some calculation we have

(70) / (1+ (f)2)u ds > 2/ (F1f;)'u ds.
Ik Ik
After integration by part on the right hand side, we get
(71) / (1+ (f)2)u ds > —2/ (F1f;)u ds.
Ik Ik
Since
! 2 /2)
) = u ds
J((5) -z
< Wellmgry - (|51, = 102
(72) — LOO(I]C) ¥ L2(Ik) 0 LQ(I]C)
!/ ! !/ !
< Wellmay - (5] g+ 1M ) - 10y = I ez
!/ ! !/ !
< Wellmiay (5] gy + 1l ) - 145 = Fol sy
and

(538 = ft) ol s
- J Vit = gigo] -t as+ [
= ‘fﬂ/ L2(I,

P

fjlfoo - féofm‘ | ds

o Mi = oo llgay Ml
fi = fo

/
(1) el ooy »

by Theorem 4.8 and density, we have

(74) | () uds = =2 [ (g ds

Which means for any v € C2°(I) with u > 0, we have

(75) J (1 () uds =2 [ (o) wds,
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where we think of (f/fs)" as a distribution on /. Define @ on Mag by
(76) u(s,0) := u(s).

Then by the previous argument we have

(77) / ~ Scalar @ dvoly > 0
Moc

is viewed as

in the sense of distribution. Here Scalar,, = _4(fé°f°°)}4;2(1+(fé°)2)

oo

a distribution on Moo, and dvole = f2 dsdvolg: is the volume form on M.
For a general 0 € C° (M) with © > 0, define

(78) o(s) = /g 3(s,6) db.

Since S? is compact, differentiation by s commutes with integration. As a
result, v € C°(I). By the previous argument we have

(79) / Scalars, 0 dvoly, > 0
Moo

in the sense of distribution. O

Remark 4.10. When Scalar; > 0 is replaced by Scalar; > H > 0, as men-
tioned in Remark 1.4, we can still use Scalar; > H > 0 to get uniform
convergence to a Lipschitz function (as in Lemma 2.6 and Theorem 4.1) and
H}. convergence (as in Theorem 4.8). Then we can use a similar argument
as in Theorem 4.9 to show Scalar,, > H > 0 in the sense of distributions.

In Theorem 4.9 we have obtained nonnegativity of scalar curvature of g
restricted on M. in the sense of distributions. Now we consider generalized
scalar curvature in the sense of small volumes at the two poles of M., which
are po., = (Goo,0) and pp.. = (bso, ). Recall that on a 3-dimensional smooth
Riemannian manifold (M, g) the scalar curvature at a point p € M can be
expressed as

4m .3
oy i 37 — Vol(B(p,r))
(80) Scalary(p) = 30 7lq1_r>% I,

)

where B(p,r) is the ball in M centered at p of radius r. Thus we will show
that g, has nonnegative generalized scalar curvature at points p, . and pp_
in the sense of satisfying the following inequalities.
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Proposition 4.11. The limit metric go, satisfies

Fr® — Vol(B(pas., 7))
. 37 Y PassT
(81) hgl}lélf 5

>0

— )

and

4m .3
.. 3 = V01<B(pboc ) T))
(82) hgl_)%lf 5

> 0.

Proof. We will prove the inequality (81). Using polar coordinates,

T+0o0o

(83)  Vol(B(pa_,r)) = / T ()2 Area(S?) ds = 4 / 12 (s)ds.

Goo

Therefore, to prove (81) it suffices to show

(84) lminf 2T 47 Jae ™™ f2(s)ds
r—0 4%7“5

> 0.

Note that this limit can be written as

T+0o0o i 2 2
(85) hITn*}é,lf 3faoo ((8 C;O;) foo(s))ds

We claim 0 < foo(s) < s — aso for s € [aoo, oo + €] for small € > 0, from
which (81) would follow. Indeed, for any s € [aeo, Goo + €] With a fixed small
e > 0, by applying Lebesgue form of the fundamental theorem of calculus for
the Lipschitz function f.,, we have

S

(6) ) < [ 1Ot < 5= an

Qoo

Here we used that fo is Lipschitz with Lipschitz constant 1 with fo(as) = 0.
Therefore 0 < foo(s) < $—aoo. The inequality (82) can be shown similarly. [

Remark 4.12. Whether Proposition 4.11 is true everywhere on My, is an
interesting question that we have not been able to answer so far. If it is true,
it gives another way of generalizing nonnegativity of scalar curvature to the
possibly singular space M., as “small infinitesimal volumes”.
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5. Intrinsic flat convergence to the limit

In this section we will prove that there exists a subsequence of M; that con-
verges to My, in the sense of the SWIF distance.

Recall that in Theorem 4.1 we obtained the uniform convergence (possibly
passing to a subsequence)

(87) fj = foo on I C (a,b) C [0, D].
For each k£ > 0 we define the following sets

(88) W; = WF:={(s,0) € M;: s€l,0eS}C M,
(89) We = WE :={(5,0)€ My:s€el, 0eS*}C M,

which are diffeomorphic to W := I}, x S? by diffeomorphisms
(90) Vi W —=W; and Yo : W = W,

with metric tensors induced from M; and M, respectively. We will use the
uniform convergence of the metric tensors g; — goo on W to prove the SWIF
convergence. To do so, we will apply the following theorem of Lakzian-Sormani

[LS13]:

Theorem 5.1 (Theorem 4.6 in [LS13]). Suppose (Mj,g;) and (Moo, goo)
are oriented precompact Riemannian manifolds with diffeomorphic subregions
W; C M; and Wy C M. Identify W; = W = W by diffeomorphisms
Vi W = W and oo : W — W Assume that on W with induced metrics
by v; and Vo we have

(91) g <(1+6)g0  and goo < (1+¢)%g;.
Then the SWIF distance satisfies

dr(Mj, Mu) < (2h+ o) [ VoL(W;) + Vol(Wec) + Area(9WV;)
92
%) + Area(0Wao) | + Vol(M; \ W) + Vol (Moo \ Wao),

(93) h = max {h, Dove? + 25} .
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Here, a, h, and Dy are defined as follows:

(94) max{Diam(A/;), Diam(Mu)} < Do,
(95) A= S |, (15(2), ¥5(y)) — date (Voo (), Yoo (y)]

(96) h = \/A(Do + \/4) < 22Dy,

- arccos(1 +¢)~! Dy,

s

First note that by the uniform convergence proven in Theorem 4.1 for any
k > 0 we can take j large enough to have (91).

5.1. Small volumes

Next we show that the volumes of M; \ W; are small.

Lemma 5.2. For each fized large k > 0, if j is sufficiently large then the
following bounds hold.

32nD
(98) Vol(M; \ W;) < iz
AnD

Proof. We choose and fix a large k > 0 so that [ defined in Lemma 4.2 is a
connected interval, I, = [ag, bg]. Then,

(100) M;\W; ={(s,0) | s € [0,ax) U (b, D], 6 € S*} C M;.

Because f; converges to fu uniformly on [0, D] (by passing to a subse-
quence, if necessary), there exists a large jo such that for all j > jo,

1
(101) 1fi(s) = fool8) < 2o Vs €[0,D].
In particular, for any j > jo and any s € [0, ax) U (bg, D], we have

(102) fi(s) < fools) +

22
=

ol e
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Thus,

a D
Vol(M; \ W;) = / ' ff(s) dvoly,, ds +/ ff(s) dvoly,ds
0o Js2 b Js2

ag D

< 47'1'?@]@ + 471'?( — bk)
327D

< —F.

= k2

This completes the proof of the first inequality. Similarly, note that
(104) Mo\ Wo = {(5,0) | 5 € [aoo, ar) U (bg, bso], 0 € S*} C M.

Thus, similarly we have

Vol(Moo \ Woo / / A ( s) dvoly,,ds + / 12 (s) dvoly, ds
(105) < dr k2( — o) + 47rk (b — )
47D
< —.
S 2
This completes the proof of the second inequality. O

2. Uniformly bounded volumes and areas

Lemma 5.3. For each fixed k > 0 we have uniform upper bounds on volumes
of the diffeomorphic regions:

(106) Vol(W;) < Vol(M;) < 4w D3,
and
(107) Vol(W,) < 4nD3.

Proof. The first half of the first inequality is clear, since WW; is an embedded
Riemannian submanifold of M;. Since f; converges to fo on [0, D] and

(108) 0< fi(s)< D, Vselo,D)
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it follows that

(109) 0 < fols) < D, Vs € [0, D].

Thus,

(110) Vol(M / f7(s) dvoly,ds < 47r/ D? ds = 4nD>.
S2

Similarly,

b
(111) Vol(Wo, )—/ / (s )dvolg2d5<47r/ D?ds =4rxD?. O

Lemma 5.4. For each ﬁxed k > 0 we have uniform upper bounds on the
areas of the boundaries,

(112) Area(OW;) < 87D?,
(113) Area(0W,,) < 87D

Proof. For each fixed k > 0,
(114) OW; = ({ar} x S?, f7(ar)gs2) U ({br} x S?, f7(br) gs2)-
Thus,

(115) Area(OW;) = 4 f7(ax) + 4 f7(be) < 4nD? + 4w D? = 87D,

Moreover,
(116) MWoo = ({ar} x %, f2,(ar)gs2) U ({0} x §2, f2,(bk)gs2)-
Thus,

(117) Area(0Wy) = 4 f2 (ay,) + 4n f2 (by) < 4nD* 4+ 47 D?* = 87D?. O
5.3. Diameter and distance bounds

In this subsection we prove the SWIF convergence to M.,. We begin by
estimating h, h, A\, h, « appearing in Theorem 5.1. Following Theorem 5.1,
define Dgy by

(118) Dy = D + Diam (M) + 4.

Lemma 5.5. For each fized large k > 0, there exists jo(k) such that for all
j > ]O(k)7
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(119) A= sup |dar, (95(2), 05()) — dar (o (2), Yoo (9))] < 2.

z,yeW k

Thus h and h can be made arbitrarily small.

Proof. Because f; uniformly converges to fo, on [0, D], passing to a subse-
quence if necessarily, for any fixed large k, there exists jo(k) such that for all
J > jo(k) and s € [0, D] we have

(120) |£i(s) = foo(8)] <

Thus, for all s € [0, D]\ I = [0, ax] U [bx, D], and all j > jo(k),

1
k(k+ 1)

1 2
Kh+D) SR

+

=

(121) fi(s) < fools) +

<

1
Moreover, because foo(s) > — for all s € I, we have that for all j > jo(k)

and s € I,

o

1 1
k(k+1) = foo(s)+foo(8>k+1

(122)  f(s) < fools) +

on the other hand,

T 2 foo<s> o)y = )

(123)  f(3)> foolo) -
= o)

Thus, on W = I}, x S2, for all j > jo(k), we have

1\’ 1\2
124 ) g <g <(14+=) g
(124) (H%)g _gg_<+k>g

Then for any z,y € W, and any piecewise smooth path ~(¢) lying in W
connecting x and y, we have

(125) < k ) \/goo ), Y (t)) < \/gj(v’(t),v’(t))
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Therefore

(126) =g (Y (D, 7(1) < /g5 (7 (0.7 (1) = /e (/D). (1)

that is,

(127) Mgm'(t),v'(t))—¢gmw<tw<t>>\s% goo (7' (£).7'(1)).

Now let L;(v) and Loo(7) denote the length of the path v with respect to
Riemannian metrics on (A}, g;) and (Moo, goo) respectively. Then by (127),
we have

(128) 1L50) = L] € 7 Loul),

for any path v in W.

Let 7; : [0,1] — M; = [0, D;] x S? be the path that realizes the distance
of ¢ (x) and ¢;(y) in (Mj, g;) so that L;(v;) = da; (v5(x), ¥;(y)). Let voo be
the path in M, = I, x S? that realizes the distance of 1. () and Vs (y) in
(M007 goo) so that Loo(’}/oo) =dnm,, (%o(x), 1/100(9))

Note v; may not entirely lie in W even though its endpoints are in W. The
boundary OW = {ax} x S2U {b;} x S? of W has two connected components.
If ~; does not entirely lie in W, there are two possibilities: either the first
and the last intersecting points of v; and OW are in the same component,
or the first and the last intersecting points of v; and 0W are in different
components.

In the first case, without loss of generality, we may assume that the first
and the last intersecting points of v; and OW are p = v;(t1) and ¢ = ~;(t2)
and both in {ay} x S%. Here t; < t5. Now we replace 7], 4, by the shortest
geodesic 0; connecting p and ¢ in {ax} x S?, whose length is less than 2%,
since the diameter of {aj} x S? is less than 2. Then we obtain a piece-wise
smooth curve 5; = 7;|(0,¢,) U 8 U Y;l[t,,1, which is in .

In the second case, without loss of generality, we say that the first in-
tersecting point of v; and W is p = 7;(t1) € {ax} x S? and the last in-
tersecting point of v; and W is ¢ = 7;(ts) € {br} x S% Let p' = ~;(t2)
be the last intersecting point of v; and {ax} x S?, and ¢’ = 7;(t3) be the
first intersecting point of ; and {bx} x S? after p’ = v;(t2). Note 0 < t; <
ty, < t3 <ty < 1. Now we replace ’Vj‘[tl,tz] by the shortest geodesic ¢; con-
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necting p and p’ in {ax} x S?, whose length is less than 27“ Similarly, we
replace ;|4 ,) Dy the shortest geodesic & connecting g and ¢" in {bx} x S?,
whose length is also less than %’T Then we obtain a piece-wise smooth curve
v = ”yj|[0,t1] Ud; U ’yj|[t27t3] U 5; U ’yj’m,l], which is in W.

Similarly, if 7. is not entirely in W, then we do the same thing as above
for v to obtain 7., which is in W. Clearly, 7;,7,, C W. Moreover, by the
construction of ; and 7, we can easily obtain

Lj('yj) < Lj(7j>v Loo(Y0) € Loo(Fso),
(129) dm dr
Lj(ij) T < Li(v), Loo(Foo) — 7 < Lo (Yoo)-

Here, in the last inequality we used the fact that
1
(130) foolar) = foo(br) = T
If v; (or 1) already entirely lies in W, then we keep it and simply say
¥; =) (Or Joo = Yoo) SO the inequalities in (129) still hold.

Finally, by using inequalities in (128) and (129), we have

de (% (I)’ %‘ (y)) - dMoo (woo(x)v 1/100 (y))
= L;j(7;) = Loo(7o0)

_ 47
< Lj() = Loo(Toa) + =
k . 47
< Li(vj) — (k—+1) Li(Voo) + T
k 47
< Lilv:) — [ =) L, =
(131) = J('YJ) (k—|—1) J(%)"‘ L
1 4
— L~ =
<Diam(Mj) 4m
- k41 k
D i
~k+1 k

< D + Diam(My,) + 4w

— )
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on the other hand,

da; (V5(2), 15 (y)) — dat (Yoo (7)), Yoo (y))
= L;j(7j) = Loo(7Ve0)

= 41
2 Lj(’Yj) T Loo(7o0)
k—1 i
> 5 Lo (7) = = Loolme
2 ——Loo(7) — 7 (Yo0)
(132) S k-1 4
—Loo o) T T T Loo o8]
2~ Loo(yee) = (Yoo)
1 4dm
- __Loo c0) T
1 Loo (o) = -
- Diam (M) + 47
- k
S D+ Diam(My) + 47
- k
Since Dy + D + Diam(My,) + 4, this completes the proof. O

Finally we can prove the following theorem applying these lemmas and
carefully balancing the choice of k& and taking j large enough.

Theorem 5.6. Under the assumptions in Theorem 1.5, there exists a subse-
quence of {M;} that converges to Mo, in SWIF sense.

Proof. By Lemma 5.3 and Lemma 5.4, for all j,

(133) Vol(W;) < 4rD? ~ Area(0W;) < 8xD?
and

(134) Vol(Wa) < 4nD3, Area(0W,,) < 87D
Set

(135) Do = D + Diam(M,,) + 4.

1 2
Choose a sufficiently large integer k such that arccos (—1> <
1

ﬁ;

, for all positive integers i. Now

k
1

2
<
+,%+Z.> VEk+i

which implies arccos (
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take

2Dy

(136) -

By Lemmas 5.2 and 5.5, there exists a subsequence {Ml(l), MQ(D, M?El), y
of {M;} such that

327rD 4r D
(137) V(M (W) < Z5=, Vol (Mo \ W) < =57,
and
D
(138) A< =22
K
Then
2D,
139 h < \2ADg <
(139) < NG
and
i T 2| _ 2D,
14 h= h,Doy/— + =+ < ==,
(140 Doy + £ < 2%

By Theorem 5.1,
dr(M, M) < (204 o) [Vol(W{D)F) + Vol(Wh) + Area(@(W(V)¥)

+ Area(@Wfo)] + Vol(M]O) \ (Wj(l))k) + Vol(My, \ WE)

(141) 4Dy 2D 367D
< 87 D3 + 167 D?) +
< (2 R+ f)< P
1 2D,
<(—= 4D +—> 8rD? + 167 D?) + 367D ,
() ({90 57) )

for all j.
Similarly, we can take a subsequence

2 2 2 1 1 1
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such that

(143)
dr(MP M) < (

1 2Dy
4Dg + —) 8rD3 4+ 16w D?) + 367D ,
VE+ 1> K ot =) )
for all j.
Repeating this process, we have for each positive integer ¢, there are sub-
sequence { MY MY A oy (a0 M -} such that
(144)

; 1
dr (M M) < (

Vk+i

2D
) {(41)0 + 7T°> (87D? + 167 D?) + 367TD] :

for all j.
Finally, we take the subsequence {Ml(l), MQ(Q), M§3), .-+ }. For any € > 0,
there exists a positive integer ig such that for all ¢ > g,

1 2Dq
145 ——— ) | (4D + —) 87D? + 167 D? —|—367TD} <e.
1w () (32022 )
Thus, d]-‘(Mi(i), M) < € for all i > iy. This completes the proof. O
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