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Refined SU(3) Vafa-Witten invariants and modularity

LoTHAR GOTTSCHE AND MARTIJN KOOL

Abstract: We conjecture a formula for the refined SU(3) Vafa-
Witten invariants of any smooth surface S satisfying Hy(S,7Z) =
0 and py(S) > 0. The unrefined formula corrects a proposal by
Labastida-Lozano and involves unexpected algebraic expressions
in modular functions. We prove that our formula satisfies a refined
S-duality modularity transformation.

We provide evidence for our formula by calculating virtual .-
genera of moduli spaces of rank 3 stable sheaves on S in examples
using Mochizuki’s formula. Further evidence is based on the re-
cent definition of refined SU(r) Vafa-Witten invariants by Maulik-
Thomas and subsequent calculations on nested Hilbert schemes by
Thomas (rank 2) and Laarakker (rank 3).

1. Introduction
1.1. Physics background

In 1994, C. Vafa and E. Witten proposed tests for S-duality of N = 4 su-
persymmetric Yang-Mills theory on a real 4-manifold M [VW]. This theory
involves coupling constants #, g combined as follows

0 n 4mi
Ti=—+ —.
2r g2

S-duality predicts that the transformation 7 +— —1/7 maps the partition
function for gauge group G to the partition function with Langlands dual
gauge group “G. Vafa-Witten consider M underlying a smooth projective
surface S over C and G = SU(r). Furthermore, they consider a topological
twist of the original theory. Roughly speaking, the partition function is the
generating function of topological Euler characteristics of moduli spaces of
instantons and the transformation property implies that it is a modular form.

Referring in part to the mathematics literature [Kly, Yosl, Yos2, Nakl,
Nak2], Vafa-Witten perform non-trivial modularity checks for S = P? K3,
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blow-ups, and ALE spaces. Most of these checks are for rank r = 2. In [VW,
Sect. 5], they predict a formula for their invariants when r = 2 and S contains
a smooth curve in its canonical linear system. This formula was generalized to
arbitrary S satisfying py(S) > 0 by R. Dijkgraaf, J.-S. Park, and B. Schroers
[DPS]. At the time, there were no purely mathematical verifications of these
“general type” formulae, due to the lack of a precise algebro-geometric defi-
nition of Vafa-Witten invariants.

1.2. Tanaka-Thomas’s definition

Recently, Y. Tanaka and R. P. Thomas proposed an algebro-geometric defi-
nition of SU(r) Vafa-Witten invariants [TT1, TT2]. Let S be a smooth pro-
jective surface over C with polarization H. For any line bundle L, consider
the moduli space of H-stable Higgs pairs

Nt =N (r,Lycs) = {(E,¢) : det EX L, trp =0, ca(E) = ca}.

Here E is a rank r torsion free sheaf, ¢ : E — E ® Kg is a morphism, called
the Higgs field, and the pair (E, ¢) satisfies a (Gieseker) stability condition
with respect to H. Assuming stability and semistability coincide, Tanaka-
Thomas show that N+ admits a (delicate) symmetric perfect obstruction
theory. The C* scaling action on the Higgs field lifts to N+, which is therefore
non-compact. However, the fixed locus (N+)® is compact and the SU(r)
Vafa-Witten invariants are defined by virtual localization

(1) VVVg(r7 L,c9) ::/ ! € Q.

[Ng(77L762)C*]Vir e(NVir)

There are two types of C* fixed Higgs pairs (E, ¢). Higgs pairs with ¢ = 0
form a component isomorphic to the moduli space M = M (r, L, cy) of H-
stable rank r torsion free sheaves E with det F = L and ca(E) = co. We call
this the instanton branch [DPS]. The contribution of the instanton branch to
(1) is

(_1)vd(M)evir(M> €z,

i.e. the virtual Euler characteristic defined by B. Fantechi and the first-named
author in [FG]| (see also [CFK]) and where

(2) vd = 2rcy — (r —1)c — (r? — 1)x(Os)

is the virtual dimension of M. We refer to the connected components of
(NH)E" consisting of Higgs pairs with ¢ # 0 as the monopole branch [DPS].
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Since Vafa-Witten invariants are defined by localization, the contribution of
the monopole branch is in general a rational number. When deg Kg < 0
or Kg = Og, there are no contributions from the monopole branch, M is
smooth, and e""(M) equals the topological Euler characteristic e(M) of M
[TT1, Prop. 7.4].

Tanaka-Thomas’s definition has been generalized in two directions:

e adding strictly H-semistable Higgs pairs [TT2],
e y-refinement VWY (7, L, ¢, y) defined by D. Maulik and Thomas [MT]
(see also [Thol).

The contribution of the instanton branch to VWE (r, L, ¢, y) equals [Tho]

v —vir v _vdM) vir 1
(=) AODRYE (M) = (—1)" My~ T\ (M) € Z[y*2),

which is the (normalized) virtual y,-genus defined in [FG].
1.3. Previous calculations

When deg Kg < 0 or K¢ = Og, Vafa-Witten invariants are Euler character-
istics of smooth moduli spaces (assuming “stable equals semistable”). Modu-
larity of generating functions of Euler characteristics of smooth moduli spaces
of sheaves has been verified by direct calculation in many examples; mostly
for rank 2 (see references in [GK1]). For some higher rank calculations, see
[BN, Koo, Man, Moz, Wei].

Henceforth, S is a smooth projective surface such that b1(S) = 0 and
pg(S) > 0. Except for S = K3 or an elliptic surface [GH, Yos3], until recently
very few calculations of invariants of moduli spaces M4 (r, L, c5) were known.
The following invariants were recently calculated for some examples of general
type surfaces:

o x\y"(ME(2,¢1,¢2)) for roughly ¢ < 7, and ¢; < 30 when y = —1
[GK1],!
e monopole contribution to VW (2, L, ¢5) for ¢y < 3 in [TT1].

In fact, conjectural formulae exist in both cases following from (generaliza-
tions of) a formula from Vafa-Witten [VW, (5.38)]. See Remark 1.7. The
above-mentioned calculations all match the conjectural formulae, which pro-
vides strong evidence that Tanaka-Thomas’s definition is correct.

1See [GK2] for refinements to virtual elliptic genus/cobordism class.
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1.4. Instanton branch

Our first conjecture concerns the virtual y,-genera of M (3,c1,c2) when
there are no rank 3 strictly Gieseker H-semistable sheaves on S with Chern
classes ¢y, co. The rank 1 case was covered by [GS] and, as just mentioned, a
conjectural formula for the rank 2 case was proposed in [GK1].

Denote by SW(a) the Seiberg-Witten invariant of S for class a € H?(S,
7).2 We refer to a as a Seiberg-Witten basic class when SW(a) # 0.

The As-lattice consists of Z? together with bilinear form (v, w) := v' Aw
defined by

2 -1
(3) A:z(_1 5 >

We also need the dual lattice Ay consisting of Z? and (v, w)" := v'AVw where

v o4 1(21

s

Let ¢ := 5. The following theta functions feature in our conjectures

O ooy (m,) i= 3 (a?)HeEritnte)

vEZ?
_ Z m?(m2 7mn+n2)ym+n7
(m,n)€z?
@Ag (1 0) (x7y) = Z ($2)%<U+(%77%)’U+(%77%»627”;(”7(272:))
veEZ?

T e
(m,n)€Z?
Oy 0,0)(T,y) == Z (xG)%(v»v>ve2wi<v,(z,z)>v
29\
vEZ?
= ) gAmTmmant)men,
(m,n)€Z2
Ouy o) (@,y) = O (a%)300n) 2ritw(52)+(1-1)”
vEZ?
TS gty

(m,n)ez?

2We use Mochizuki’s convention: SW(a) = S’\VN(2a — Kg) with é—\VN(b) the usual
Seiberg-Witten invariant in class b.
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where z = €5, y = €272, (1,2) € H x C are the modular parameters (which
feature later), and $ denotes the upper half plane. We also use the normalized
Dedekind eta function 7(z) = [],5¢(1 — 2™). Furthermore, we abbreviate

x = x(0s), K := Kg, bj(S) 1= bi, pg :=py(S5), and e :=e(S) = [4ca(S).

Conjecture 1.1. Let S be a smooth projective surface satisfying by = 0
and py > 0. Let H,c1,ca be chosen such that there are no rank 3 strictly
Gieseker H-semistable sheaves on S with Chern classes c1,co and let M :=
Mg (3,c1,¢2). Then X (M) equals the coefficient of xvdM) of

9 1 * 9,4;,(0,1)(1’; Y)
3112, (1 — 27)10(1 — a2ny)) (1 — 220y~ 1) 3m(20)3

X " SW(a) SW(b) €D Z, (2, y)® Z_(x, y) K -DEH),

—K?

where the sum is over all (a,b) € H*(S,Z) x H*(S,Z) and Z+(x,y) are the
solutions to the following quadratic equation in (

= (Z(x,y)? +3Z(z,y)Z(x, 1)) + Z(x,y) + 3Z(x,1) =0,

9AV ,0,0) (@, Y)

where Z(x,y) == W

Let S, H,c; be chosen such that there exist no rank 3 strictly Gieseker
H-semistable sheaves on S with first Chern class ¢;. We define

ins 2 —vir vd
(5) ZSI-tITq(q y) = q 27 + K ZX (MS (T 01762))(1%7

Cc2

which we refer to as the instanton contribution to the Vafa-Witten generating
function and where vd is given by (2). The normalization becomes important
in Section 1.6 when we discuss modularity. Let ¢_» ;1 be the weak Jacobi form
of weight —2 and index 1 with Fourier expansion

—1)2

or (1—q"y)*(1—q"y
¢-21(q,y) = (y2 —y~2) H (1)_(qn)4

Denote the discriminant modular form by A(q) = ¢[,-0(1 — ¢")**

Corollary 1.2. Let S be a smooth projective surface satisfying by = 0 and
pg > 0. Let H,cy be such that there are no rank 3 strictly Gieseker H-
semistable sheaves on S with first Chern class c¢1. Assume Conjecture 1.1
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holds for S, H,c1 and all co. Then we have

28% 3.0, (0, )
_1

(y2 —y 2)x

_3< 1 >X<9A;,(0,1)(qé,y)>
3¢_21(q7,y)7A(g7)3 3n(q)®

x Y SW(a) SW(b) a0t 7 (g5 ,1)® Z_ (g7, y) K- E=D)

+ 324 ( 1 )X (9A;,<o,1><6qé : y>)
3¢_0.1(e2q3,y)2 A(e2g7) 3n(q)?

1
x 3 SW(a) SW(b) @0 Z, (eqs, y)® Z_(eqi, y) K-

X 1
2 @ v 2 5,
+3(—1)X601< 1 ) ( A2,<o,1>(63q y)>
3¢_2,1(eq7,y)2 A(eq3 )z 3n(q)

%
X 3" SW(a) SW(b) =0 Z, (g5, y)™ Z_(e*qs, y) K= D),
a,b

_K?2

—K?

—K?2

Proof. Define

Z8% 3.0, (4, y) Z_m ME (3, ¢1,¢0)) 2%

Denote the formula of Conjecture 1.1 by s, (7,y) = 32,50 ¥n(y) " Then

2
1 >
ZlSnSIPI 3 ,C1 (x y) Z ¢TL (y) mn = Z §€k(201+8X)¢S,Cl (ekx7 y)
n=—2c?—8x mod 3 k=0
The result follows by setting 2 = ¢s and multiplying by ¢~ 8X+sK”, O

Remark 1.3. The rank 2 analog of Conjecture 1.1 was given in [GKI,
Conj. 6.7]. Assuming the absence of strictly Gieseker semistables sheaves,
conjecturally

. 52
inst

SH2a(B:Y) _

Z§% 2.0, (4, 2( 1 >X<93(q,y)+92(q,y)>
(y2 —y 3)X 26_51(¢%,y)7A(g?)? 2n(q)?

acr [ 03(a:y) + 02(q,)
: ;SW(Q) =) <9§(q7y) — 2(q, y))

aK
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+ 220%< . 1 . . 1>X<03(q7 y) + ZZQ(Q? y))
20_21(—q2,y)2 A(—q2)2 2n(q)

aK
acr [ 03(0,y) +i02(q,y)
g ;Sw(a) =) (92(61, y) —iﬁg(q,y)> ’

2

where 1 = v/—1 and

Os(a.y) = "y, Olay)= > ¢ "

neZ n€Z+3i

We note that 03(q,y) + 62(q,y) is the theta function of the lattice AY. This
is a refinement of lines 2+3 of [VW, (5.38)], which inspired this formula.

Remark 1.4. Let S be any smooth projective surface satisfying b, = 0 and
pg > 0. As mentioned earlier, for any H,r,c;, Tanaka-Thomas define SU(r)
Vafa-Witten invariants in the presence of Gieseker strictly H-semistable Higgs
pairs [TT2] (combined with [Tho] for the y-refinement). We conjecture that
the formulae of Corollary 1.2 and Remark 1.3 also holds when there are strictly
semistable sheaves. This expectation is based on the fact that Vafa-Witten’s
original formula [VW, (5.38)] should hold for any c;. However, we have done
no verifications when strictly semistable sheaves are present. See [TT2, Tho]
for refined /unrefined calculations on K3 in the semistable case.

In Section 2, we verify Conjecture 1.1, modulo z for some N, for:

(1) K3 surfaces, and their blow-ups in one or two points,

(2) elliptic surfaces of type E(3), E(4), E(5), and blow-ups of elliptic sur-
faces of type E(3),

(3) double covers of P? branched along a smooth octic and their blow-ups,

(4) double covers of P! x P! branched along a smooth curve of bidegree
(6,6) and their blow-ups,

(5) smooth quintic surfaces in P? and their blow-ups.

We also present a numerical version of Conjecture 1.1, which can be seen as
a statement about intersection numbers on Hilbert schemes of points (Sec-
tion 2.4). This numerical conjecture implies Conjecture 1.1 for surfaces sat-
isfying by = 0, p, > 0, and whose only Seiberg-Witten basic classes are 0
and K # 0. We test our numerical conjecture in various examples, which
include some minimal general type surfaces found by V. Kanev, F. Catanese
and O. Debarre, and U. Persson (Section 2.4).
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These verifications are obtained by writing X" (M) in terms of (rank 3
descendent) Donaldson invariants of S. By Mochizuki’s rank 3 formula [Moc,
Thm. 7.5.2], the latter can be expressed in terms of Seiberg-Witten invariants
and integrals over products of Hilbert schemes of points on S. We show that
these integrals are determined by their values on S = P? and P! x P!, which

can be calculated by localization. A similar strategy was employed in the rank
2 case in [GK1, GK2] (which in turn was inspired by [GNY1, GNY3]).

1.5. Monopole branch

For any H,r, c1,cs, we denote the generating functions of y-refined Vafa-
Witten invariants by
vd

1 i vd
ZS7H77'701 (q7 y) =q 27‘X+24K2 Z(_]‘)Vd ng(’f’, C1,C2, y) qz,

Cc2

where vd is given by (2). We write

ZS, e (0. Y) = Z8% e (0, Y) + Z895 . (0, ),

where the first term on the RHS is the contribution from the instanton branch
(i.e. (5)) and the second term is the contribution from the monopole branch.
We view these as Fourier expansions in modular parameters

q= 627”'7'7 y = 627Tiz, (7_7 Z) €9 x C.

For all a,b € H?(S,Z), define (suppressing 7 from the notation)

e 2
(6) 5ab::{ 1 if a—berH*(S,Z)

0 otherwise.

Conjecture 1.5. Let S be a smooth projective surface satisfying Hy(S,Z) =0
and py > 0. For any H,c; we have

—_K?
7mono

S,H,3,c1 (q7 y) _ ( 1 )X (6142,(1,0) (q% ) y))
Wz —y 2 \o-21(¢% %) 2 A(g%) n(q)?

X D~ SW(a) SW(b) Geran Wi (47,9)" W (g2, ) ),
a,b
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where the sum is over all (a,b) € H*(S,Z) x H?(S,Z) and W(z,y) are the
solutions of the following quadratic equations in w

w? — (W (2, y)* 4+ 3W (2, )W (z,1)) w + W(z,y) + 3W(z,1) =0,

L ®A2,(0,0)($7y)
where W(x,y) := T 0@y

Remark 1.6. Note that the formula for the instanton branch (Conjecture 1.1)
only features the lattice Ay whereas the formula for the monopole branch only
involves the lattice Ay. We will see later that (part of) the instanton branch
gets swapped with the monopole branch under 7 — —1/7 (Section 4). More-
over, we have (Lemma 4.9)

Z(x,y)+2

W(l‘3,y) = Z(I,y) 1

Remark 1.7. We have a parallel conjecture in the rank 2 case:

Wi (0) _ ! Yo\
1 _1 - 1 L 2 ( 1)
(y2 —y 2)x d-21(¢%,y%)2A(¢?)2 n(q)
aK
93(q7y)
g ;SW(Q) o (92(61,1/))

where we note that 65(q,y) is the theta function of the A; lattice.

Altogether 1.3+1.7 and 1.241.5 provide closed conjectural formulae for
the y-refined SU(2) and SU(3) Vafa-Witten invariants of any polarized surface
(S, H) satistying by = 0 and p, > 0, and any ¢;. We explore some consequences
of these formulae, e.g. to blow-ups, in Section 5.

Remark 1.8. For any prime rank r > 2, there exists a formula for SU(r)
Vafa-Witten invariants in the physics literature [LL, (5.13)]. This formula
supposedly applies to any smooth projective surface S such that Hy(S,Z) = 0
and | K| contains a smooth connected curve. However, this formula is incorrect
as can be seen from the following example. Let S — P! be an elliptic surface
with section, 36 rational nodal fibres, and no further singular fibres. Let F be
the class of a fibre and B the class of a section. Then |K| = |F| and taking
c1 = B, Labastida-Lozano’s formula reduces to zero. However, taking co = 3
and a suitable polarization H, a result of T. Bridgeland [Bri] implies that
M (3, B, 3) is smooth of expected dimension and consists of a single reduced
point, so e"T(M) = e(M) = 1 (consistent with Conjecture 1.1).
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We have the following evidence for Conj. 1.5 and Remark 1.7 (Section 3):

e Let (S, H) be a polarized surface satisfying by = 0, |K| contains a
smooth connected curve, and any line bundle L on § satisfying 0 <
deg L < % deg K is trivial. Take ¢; = K. Then the monopole branch of
NH(2,¢1,¢9)C is smooth if and only if o = 0,1,2,3 [TT1]. For ¢y =
0,1,2, Thomas calculates the monopole contribution to VW? (2,1,
¢2,y) [Thol. His result matches the prediction of Remark 1.7.

e Suppose S, H,c; are as in the previous item. The monopole branch of
N (3, c1,¢2)C is smooth if and only if ¢o = 0, 1,2 [Laa]. For g = 0, 1,2,
T. Laarakker determines the monopole contribution to VWg (3,1,
¢c2,y). His result matches the prediction of Conjecture 1.5.

e Let (S, H) be polarized surface satisfying H;(S,Z) = 0 and py > 0. Let
r,c1 be chosen such that r is prime and there exist no rank r strictly
Gieseker H-semistable Higgs pairs on S with first Chern class ¢;. Then
A. Gholampour and Thomas [GT1, GT2| express the monopole contri-
bution to the Vafa-Witten invariants in terms of (virtual) intersection
numbers on nested Hilbert schemes of points and curves on S (see also
[GSY, Tho]). Based on this result, Laarakker expresses Z§%9 . (¢,)
in terms of Seiberg-Witten invariants and universal power series, which
can be written in terms of intersection numbers on S x ... x Sl
The latter are entirely determined on S = P?, P! x P! much like in
Section 2 of this paper. Localization calculations allow him to verify
Remark 1.7 and Conjecture 1.5 up to certain orders (Section 3).

1.6. Refined modularity

Let » = 1 or r > 1 prime. Assume H;(S,Z) = 0. Motivated by S-duality,
physicists predict that Zg s, (¢) only depends on [¢;] € H%(S,Z)/rH*(S,Z)
and is the Fourier expansion of a meromorphic function Zg g, (7) on $
satisfying [VW, (5.39)], [LL, (5.22)]

mir 2 _ mi(r—=1) o
ZS,H7T701 (T + 1) = (_1)TX e e A ZS,HW,Cl (7—)7

7 - —e (T -3 PL
O 2y (1) = (1)1 (5) " e Zsmra(r),
]

where the sum is over all [a] € H2(S,Z)/rH?(S,Z). We refer to the second
transformation in (7) as the S-duality transformation.

Remark 1.9. There is a subtlety in the interpretation of these statements
(and the statement of the conjecture below). More precisely: conjecturally
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there exists a series ZS, Hr,e (q) defined for any S, H,r as above and any pos-
sibly non-algebraic ¢; € H?(S,Z) such that:

o 7511, (q) only depends on [¢;] € H2(S,Z)/rH?(S,Z),

. zS,H,r,cl(Q) = Zs.1.r. (q) for algebraic classes ¢; € H%(S,Z),

. ZS,H’T,cl(q) is the Fourier expansion of a meromorphic function
ZS,H’T’C1 (1) on $ satisfying (7).

Indeed, after multiplying by (y% — y*%)x and setting y = 1, the expression for
ZS, H,2,c,(q) is obtained by summing the RHS of 1.341.7, which makes sense
for any c; € H?(S,Z) and which only depends on [c1] € H?(S,Z)/2H?*(S,Z).
Similarly for 257}[’3’61 (¢) using 1.2+1.5.

We conjecture the following y-refinement of (7):

Conjecture 1.10. Let S be a smooth projective surface satisfying H1(S,Z) =
0 and p; > 0. Let H be a polarization on S, r = 1 or r prime, and c¢; €
H*(S,7Z). Then Zs e, (q,y) only depends on [c1] € H*(S,Z)/rH?*(S,Z) and
is the Fourier expansion of a meromorphic function Zs p ¢, (7,2) on $ x C
satisfying

w_iere_ mi(r—1) 2

= (—1) X TR T e

ZS,H,r,cl (7-, Z) = " 1 ZS,H,T,cl (7—7 Z>7
(t+1,2)

K2 2miz?

_r 77‘(7“2—1) 2
ZS,H77‘7CI(T7 Z) :(_1)7-)(7‘17%2.7%27_75)(4, e T ( X~ " 21 K)

(y% — yfé)x ‘(—1/7,2/7—)

(8)

where the sum is over all [a] € H?(S,Z)/rH*(S,Z).
In Section 4, we provide the following evidence for this conjecture:

e Conjecture 1.10 holds for » = 1 and implies (7).

e For r prime, we conjecture a formula for Zgs g, ., (7, 2), refining an
existing formula for Z s g1y, (7), which satisfies Conjecture 1.10.

e Assume Remarks 1.3, 1.4, 1.7. Then Conjecture 1.10 holds for r = 2.

e Assume Conj. 1.1, 1.5, and Rem. 1.4. Then Conj. 1.10 holds for r» = 3.
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2. Instanton branch
2.1. Descendent Donaldson invariants

Let S be a smooth projective surface satisfying b; = 0. For a polarization
H, we denote by M := M éf (r,c1,c2) the moduli space of rank r Gieseker
H-stable sheaves on S with Chern classes c1,co. We assume there are no
rank r strictly Gieseker H-semistable sheaves on S with Chern classes ¢q, ¢s.
Consider the projections

The moduli space M admits a perfect obstruction theory with virtual tangent
bundle [Moc]

V" = RHom,(E,E)[1],
where E denotes the universal sheaf on M xS, (-)o denotes trace-free part, and
RHomug,, (-, ) := Rmae RHom(-, ). Although the universal sheaf E may only

exist étale locally, the complex TV always exists globally [HL, Sect. 10.2].
We have a corresponding virtual cycle

[M]""" € Haya(M),

where vd = vd(M) is given by (2).
Next, we assume the universal sheaf E exists globally on M x S.* For any
o€ H*(S,Q) and o > 0, we define the descendent insertion

Ta(0) = Tars (chayo(BE) N 75 0).

Let P(E) be any polynomial in descendent insertions. Then we refer to

/ PE)eQ
[

as a (descendent, algebraic) Donaldson invariant. These Donaldson invariants

were studied in depth by T. Mochizuki. In [GK1], we observe that x}™ (M)

can be expressed in terms of Donaldson invariants. We recall the precise
statement.

3We will get rid of this assumption in Remark 2.3.
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Let X be a projective C-scheme and denote by KY(X) the K-group gen-
erated by locally free sheaves on X. For any vector bundle E on X, define

rk(E)
AE =) [NE]y € KO(X)[[y]).

p=0

See [FG] for an extension of this definition to arbitrary elements of K°(X).
Furthermore, for any element E of K°(X) we set

(9) Ty(E,t) :=t"™F> {ch(A,EY)td(E)}, t*,
k

where {-}; € A*(X)g denotes the degree k part in the Chow ring. We have
the following list of basic properties [GK1]:

o T,(Ey + Ea,t) =T, (F1,t) Ty(Ea,t) for all By, By € KY(X),
t) = 20 for any line bundle L on X with ¢1(L) = z,

® ( 1—e—=t

o T,(E,1+7y)€Ql+y] forall Ee K°X),

. Ty(E OF 14+y)=T,(E,1+y) forall E € K°(X) and r > 0,
e T,(E,1+y) = ¢(E), i.e. the total Chern class of £ € K°(X).

Using virtual Hirzebruch-Riemann-Roch, Grothendieck-Riemann-Roch, and
Kiinneth decomposition, one can show the following [GK1, Prop. 2.1]:

Proposition 2.1. For S, H,r,c1,co as above, there exists a polynomial ex-
pression P(R) in certain descendent insertions 7o(0) and y such that

ij;(Mé{(r,cl,cz)) :/ - P(E).
[Mé{ (r,c1,02)]Vir

2.2. Mochizuki’s rank 3 formula

In his remarkable book [Moc|, Mochizuki derives a formula for (descendent, al-
gebraic) Donaldson invariants for any rank in terms of Seiberg-Witten invari-
ants and integrals over Hilbert schemes of points [Moc, Thm. 7.5.2]. For rank
r = 2, his formula has interesting applications to Witten’s conjecture [GNY3],
SU(2) Vafa-Witten invariants [GK1], and refinements thereof [GK1, GK2|. In
this paper, we apply Mochizuki’s formula for rank r = 3 to y-refined SU(3)
Vafa-Witten invariants.

Let S be a smooth projective surface satisfying b; = 0 and p, > 0. As in
the introduction, we denote the Seiberg-Witten invariants of S by SW(a) and
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the Hilbert scheme of points n points on S by SI™. The latter has a universal
subscheme

ZC L 9 x S
/\
S Sl

We denote the universal ideal sheaf by Zz. When L is a line bundle on S, we
denote the corresponding rank n tautological vector bundle by LI := p,¢*L.
Consider a product of three Hilbert schemes

(10) Sl glnal 5 glnal,

Denote the pull-backs of the various universal ideal sheaves on S x [T3_; S
by T1, I, Z3. We endow (10) with a trivial C* x C* action and we denote the
generators of the corresponding character group by s1,$2. Moreover

H*(B((C* X (C*)v Q) = H(E*x(c* (pta Q) = @[Sla 82]7
where
s1=cy ““(s1), sa=cf " (s2)

are the corresponding equivariant parameters. For later use, we introduce
“characters™

1 1
(11) Ti=5," Ty=s575," T3z=s]5

and we define T; := & (T;).
Some more notation. Let a € A(S) be a divisor class on S, then we denote
the corresponding line bundle (up to isomorphism) by O(a). Furthermore

a®> — aK

x(a) = — X

where K := Kg and x := x(Os). Furthermore, for ch = (r,c1, 3c¢f — ¢3) €
@, H*(S,Q), we write

x(ch) ::/Sch-td(S).

*These are elements of X (C* x C*)®zQ, where X (C* x C*) denotes the character
lattice.
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When H is a polarization on S, we denote the reduced Hilbert polynomials
associated to a and ch by (provided r > 0)

pa(m) = x (™) = x(mH + a) pen(m) = x(e™ - ch)/r.

Let P(E) be any polynomial in descendent insertions 7,(c) arising from
a polynomial in Chern numbers of TV (e.g. like in Prop. 2.1). For any
ai,ag € AL(S) and ny,ny € Zso, define ¥(ay,az,as,n1,n2,n3) by the fol-
lowing expression

3 2

Resg,—oResg,—o <P( @L—(ai) ®T;) H EU(O(ai)["i})

i=1 =1

=14, x(wj)
Si -

X

10 Eu(O(a))M @ %, @ T,
(Tj = T)X)Q(Zi(ai) ® Ty, Zj(aj) ® T5)

1<i<j<3

1
(12)  where y; = (1, a;, ia? —n;).

We explain the notation. In this formula, Z;(a;) is short-hand for Z; @ 7§O(a;).
Furthermore, Eu(-) denotes C* x C* equivariant Euler class. Note that Z;(a;)
and O(a;)™] have trivial C* x C* equivariant structures, so the equivariant
structures come entirely from the characters ¥;. Next, Resg,—(+) is the residue
at s; = 0, i.e. the coefficient of s; ! of (-) viewed as a Laurent series in s;. For
any C* x C* equivariant sheaves E;, E on S x H?Zl Sl flat over H?:1 Sl
define

Q(El,Eg) = Eu(—RHomﬂ(El,Eg) — R?—lomﬂ(Eg,El)),

where 7 : S x [[2_, Sl — [T2_, S denotes projection. Moreover, P(-) is
the expression obtained from P(E) by formally replacing E by -. For later
use, we define

U(ay,as, ag,ni, ng, ng, s, s2)

by expression (12) but without applying Ress,—oRess, —.

Fix a Chern character ch = (3, ¢1, 10% — ¢). For any decomposition ¢; =

2
ai + ay +az € AY(S), define

A(al,ag,ag,(:g) = Z /H3 gin) \I/(al,ag,ag,nl,ng,ng).
i=1 ‘

n1+nz2+nz=cs _Zi<]‘ aia;

Denote the same expression, with ¥ replaced by \TI, by j(al, as, as, c2, S1,52).
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Theorem 2.2 (Mochizuki). Let S be a smooth projective surface satisfying
bi = 0 and py > 0. Let H,ci,cy be chosen such that there exist no rank 3
strictly Gieseker H-semistable sheaves on S with Chern classes c1, co. Suppose
the following conditions hold:

(i) There exists a universal sheaf E on ML (3,¢c1,c9) x S.
(ii) x(ch) > x, where x := x(Og).
(iii) pen > pi-
(iv) For all Seiberg- Witten basic classes ay, as, as satisfying asH < agH and
aH < %(ag + a3)H, both inequalities are strict.

Let P(E) be any polynomial in descendent insertions, which arises from a
polynomial in Chern numbers of TV (e.q. like in Prop. 2.1). Then®

PE)=3 Z SW(ay) SW(as) A(ay, as, as, cs).
c1 = a1 + a2 + a:
a1 H < %((12 + a3)3H
a2H < agH

/[Mg (3,e1,00)]v

Remark 2.3. In this theorem, assumption (i) can be dropped. Since E always
exists étale locally, the complex TV* = — RH om,(IE, E)q exists globally so the
left-hand side of Mochizuki’s formula makes sense. Furthermore, Mochizuki
[Moc] works over the Deligne-Mumford stack of oriented sheaves, which al-
ways has a universal sheaf. From this it can be seen that global existence of
the universal sheaf can be omitted from the assumptions. Another advantage,
when working on the stack, is that P can be any polynomial in descendent
insertions defined using the universal sheaf of the stack.

Remark 2.4. In [GNY3], the authors conjecture that assumptions (iii) and
(iv) can be dropped and the sum can be replaced by a sum over all Seiberg-
Witten basic classes. Assumption (ii) is necessary. We call this the strong
form of Mochizuki’s formula.

2.3. Eleven universal functions

In this section, we want to isolate the part of Mochizuki’s formula (Theorem
2.2), which involves integrals over Hilbert schemes of points. These are best
studied by combining them into a generating function.

50ur formula differs by a factor 3 from Mochizuki’s. Mochizuki works on the
moduli stack of oriented sheaves which maps to M via a degree % : 1 étale morphism.
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Let S be any smooth projective surface. We recall that the tangent bundle
to the Hilbert scheme satisfies

Ts[n] = R"Homﬂ (I, I)Q[l} y

where m : S x Sl — S denotes projection. Furthermore, on the triple
product of Hilbert schemes we use the projections

Sl o glnal « glns]
S x Sl x Glna] i glns]

P

Slnal Sln2] Slnal
Definition 2.5. Let a1, az, a3 € A'(S). Define:

Zs(a1,as,as3,51,52,Y,9q)

= Y (a/s)™(a/(s152))"(a/(s152))™

ni,n2,n3=>0
C*xC*
% / T—y>< (En11n21n37 1- y)
3
H3:1 Sinil Eu(Enl,nmns - Zizl 7Tz"ﬁTS["i])

2
xHEu( DL HEu lo% %),

1<J

Here TC*XC* denotes the C* x C* equivariant analog of (9), m; denote the
pI“OJGCthIlS from the various factors of H 1S 7] and

Enynamg = ZW Tgin;1 "‘Z( i) ® O — RHomx(Z(a;), Ij(%‘)))

i#]
®%; ®T; ,

was ¥; were defined in (11) in terms of s1,82. The generating function Zg is
normalized, i.e. it satisfies

Zs(a1,az,as3,51,52,9,9) € 1 +qQ((s1,52))[y][[g]]-
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We define the following normalization term

—14> 0 x(a) —14)> . x(ai) 1
nS(a17a2;a3751752) =951 - S2 B H a;
1<isj<s (T‘] — T’Z)X( i)
1

X — - .
g TE (x4 —a) @ T, 0% 1~ y)

Let S be a surface satisfying by = 0, p, > 0, and suppose the assump-
tions of Theorem 2.2 are satisfied. Then x_, (M (3,¢1,¢c2)) is given by the
coefficient of 2¥4 of the following series

3 Z SW(a1) SW(az) Ress,—o Ress,—o

c1 =a1 +az2+as
a1H < %(az + a3)H
asH < asH

—8 2 . aja;—2 a?
x g 2Dy @i =2 ) ns(ay,az,as, s1,s2) Zs(a1, az, az, s1, s2, 1°).
(13)

Let us go back to an arbitrary surface S and arbitrary as, as, az € A'(S).
Then Zg(a1, as,as, s1, 2, q) has two significant properties:

e As a power series in ¢, the coefficients of Zg(ay, as, as, s1, s2, ¢) are uni-
versal polynomials in

2 2 2 2
ay,aiaz, ay, asasz, ds, ajas, a1K7 CLQKa a3K7 K » X

where K := Kg and x := x(Og). This essentially follows from [EGL].
e Suppose S = S"UUS" is a disjoint union of two surfaces and a; = a/, +a//
with a; € AY(S"), af € A(S”). Then

! li ! " 1 "
ZS(ala ag, a3, 51, 52, Q) - ZS/(ah g, A3, 51, 52, Q)ZS”(alv Ay, a3, 51, 52, q)

This essentially follows from the property T,(E) + Ea,t) = T, (E1,t) x
T, (Es,t) discussed in Section 2.1.

These facts imply the following proposition (for the proof, see [GK1,
Prop. 3.3]).

Proposition 2.6. There exist universal functions

Ai(51,82,9,9)5 - -+, Ar1 (51, 52,9, 9) € 1+ qQ[y](s1, 52))[[¢]]



Refined SU(3) Vafa-Witten invariants and modularity 485

such that for any smooth projective surface S and ay,as,asz € A*(S) we have
2 2 2
Zs(a17a2’a3’81752’y7q) — AilA§1“2A§2AZ”3Ag3AZMA?KA?KAS‘“’KA{%ZAﬁ
2.4. Computer verifications

Let S be a smooth projective surface satisfying by = 0 and p, > 0. When the
assumptions of Theorem 2.2 are satisfied, formula (13) expresses x*7 (M, H(3,
c1,¢2)) in terms of SW(a) and Zg(ay, as, as, s1, s2,q). Seiberg-Witten invari-
ants of algebraic surfaces satisfying by = 0 and p, > 0 are often rather easy to
calculate. E.g. when S is minimal of general type, the Seiberg-Witten basic
classes are 0 and K and

The generating function Zg(a1,as,as, s1, S2,q) is determined by eleven uni-
versal functions A; (Proposition 2.6).

Since Zg(a1,az,as, s1,S2,q) is defined for any surface S, the universal
functions are determined by

P?,0,0,0),
P! x P 0,0,0),

(Sv ag, ag, (13)

P' x P!, O(~1,0),0,0
P! x P, 0,0(-1,0),0
I'x P O,0,0(-1,0)
Lx P O(-1,1),0,
1

1

g B S
X

A

S i
QT
|
Loc

P! x P O,0,0(-

P! x P!, O(-1,0),0(0,-1),0),
P! x P!, O(-1,0
P! x P, O, 0(-1,0),0(0, —1)).

~
a
S
—
=
|
—_
~—
~—

=(
(
(
(
(
(
(
(
(
(
(

Then (a2, ayaz, a3, asas, a3, ajaz, a1 K, as K, a3 K, K?, x) determines an 11x
11 invertible matrix. Moreover, we can use the C* x C* torus action and
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Atiyah-Bott localization to express Zg(a1,as,as, s1,S2,¢q) in terms of sums
over torus fixed points of H?:l Sl which are indexed by partitions. This
turns the calculation of Zg(as,as,as, s1,s2,q) into a purely combinatorial
problem, which can be implemented in Maple or Pari/GP. For details see
[GK1, Sect. 4]. This allows us to determine A;(s1, $2,¥, q) up to the following
orders in s1, So, ¥, q:

o Ai(s1,52,1,q) up to (and including) orders (35,40, 12) in (s1, S2, q),
o A;(s1,$2,v,q) up to (and including) orders (19,24, 2,6) in (s1, $2,¥, q)-

Remark 2.7. If M is a proper C-scheme with perfect obstruction theory of
virtual dimension d, then x"% € Z[y] has degree < d and satisfies x*"' (M) =

—y
ydx‘fi/y(M) [FG, Thm. 4.5, Rem. 4.13]. Therefore

X(M) mody®, (M) =x_1(M)

determine x** (M) when d < 7.

We use this data to verify Conjecture 1.1 in various examples by using
Theorem 2.2, equation (13), and Proposition 2.6. Suppose S, H,cy,co are
chosen such that there exist no rank 3 strictly Gieseker H-semistable sheaves
on S with Chern classes c1, co and suppose

1
Co < 561(01 — K) + 2X,
which is condition (ii) of Theorem 2.2. In most examples, we also assume
1
(14) gHer > HE.

which, in these examples, implies conditions (iii) and (iv) of Theorem 2.2.
In some examples, indicated by %, we do not assume (14) in which case we
assume Remark 2.4 holds (strong form of Mochizuki’s formula).

We verified Conjecture 1.1 in the following cases:

(1) S= K3 and
o vd <8,
e y=1and vd < 20,
(2) S is K3 blown up in a point and
o vd <8,
e y =1, and vd < 20,
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(3) Sis K3 blown up in two points and
o vd < 10,
e y=1,and vd < 14,
(4) S is an elliptic surface and
S of type® E(3) and vd < 6,
S of type E(4) and vd < 4,
S of type E(5) and vd < 2,
S of type E(3), ¢1 satisfies c; F' = 1,2 mod 3,y =1, and vd < 18,
S of type E(4) or E(5), y =1, and vd < 16,

(5) S is the blow up of an elliptic surface of type F(3) in a point, y = 1,
and vd < 20,
(6) S is a double cover of P? branched along a smooth octic, y = 1, and
vd < 4,
*(7) S a double cover of P? branched along a smooth octic and

o vd < 4,
e y=1and vd <12,

(8) S is the blow up of a double cover of P? branched along a smooth octic,
y=1,and vd < 4,
*(9) S is the blow up of a double cover of P? branched along a smooth octic
and

o vd < 4,
e y=1and vd <8,

*(10) S is a double cover of P! x P! branched along a smooth curve of bidegree

(6,6), y =1, and vd < 6,
(11) S is the blow-up of a double cover of P! x P! branched along a smooth

curve of bidegree (6,6), y = 1, and vd < 6,

*(12) S is the blow-up of a double cover of P! x P! branched along a smooth
curve of bidegree (6,6), y = 1, and vd < 8,

*(13) S is a smooth quintic surface in P?, y = 1, and vd < 4,

*(14) S is the blow up of a smooth quintic surface in P3, y = 1, and vd < 6.

6An elliptic surface S — P! is of type E(n) when it has a section, 12n 1-nodal
singular fibres, and no further singular fibres. We denote the class of its fibre by F.
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For y = 1, this list contains several verifications for surfaces satisfying
K? > 0. For general y, the only verification for surfaces satisfying K2 > 0
are (7) and (9). In order to get further evidence, we turn our attention to a
numerical version of Conjecture 1.1.

Suppose S is a surface satisfying by = 0, p, > 0, and its only Seiberg-
Witten basic classes are 0 and K # 0. Then SW(0) = 1, SW(K) = (—1)X
and the formula of Conjecture 1.1 only depends on

(517627637 54) = (0%7 ClKa K27X)'

So for each v := vd, the formula for Y‘EZ(M ) of Conjecture 1.1 gives an explicit
universal function

(15) (B1, Ba, B3, Ba) = Fo(Br, B2, Ba, Ba,y) € QlyT3).

Assume the strong form of Mochizuki’s formula (Remark 2.4) and S is a sur-
face as above. Multiplying by y~ 2, expression (13) is also a universal function
in v and (B4, S2, B3, B1), which we denote by

(16) (B1, B2, 3. Ba) = Gio(Br, B, B3, b1, y) € Qly*3].

This follows from Proposition 2.6. Turning away from geometric examples,
one can wonder whether (15) equals (16) for all (B, 52, 33, 84) € Z* and
v > 0. This turns out to be false. However, we conjecture the following:

Conjecture 2.8. For all (B1, 32, 83, 81) € Z* and v > 0 satisfying

Bl = 52 mod 27
(17) 0<v< B — 3B+ 40,
53254*37 532*17

we have Fy (51, B2, B3, Ba, y) = Gu(b1, B2, B3, B4, ).

The first equality of (17) corresponds to ¢} = ¢; K mod 2. The second
inequality corresponds to the essential condition (ii) in Mochizuki’s theorem.
The last two inequalities were found to be necessary from computer experi-
ments.

Remark 2.9. Conjecture 2.8 and the strong form of Mochizuki’s fomula
(Remark 2.4) imply Conjecture 1.1 for surfaces S satisfying by = 0, p; > 0,
and whose only SW basic classes are 0, K # 0. The rank 2 analog of this
statement was proved in [GK1, Prop. 6.3]. The same proof applies to the rank
3 case.
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We checked Conjecture 2.8 in the following cases, for many values of

617&2:

) fs=1, 4y =1, and v <6,
) fs=1, 4y =2, and v < 4,
) B3=1, 44 =3,and v < 4,
5) B3 =2, 4 =0, and v < 2,
) B3=2,B1=1,and v < 4,
) B3 =2, s =2,and v < 4,
(8) B3 =2, B4 =3,and v < 4.

Cases (1) and (5) do not correspond to smooth projective surfaces (their Euler
characteristic is negative, yet K2 > 0). For cases (2) and (6), there (obviously)
are no smooth projective surfaces with b; = 0 and p, > 0. Interestingly, there
are minimal surfaces of general type satisfying b; = 0 and

e p,=1,K? =1 (case (3)) by Kanev [Kyn],
e p, =1, K? =2 (case (7)) by Catanese-Debarre [CD],
o p,=2,K?=1,2 (cases (4), (8)) by Persson [Per, Prop. 3.23].

3. Monopole branch
In [MT], Maulik-Thomas introduce y-refined SU(r) Vafa-Witten invariants
VW (r, c1, ¢2,9).

See also [Tho|]. As mentioned in the introduction, on the instanton branch
the definition reduces to virtual x,-genus. On the monopole branch the defi-
nition is more subtle. The evidence we present for Conj. 1.5 and Rem. 1.7 in
this section comes entirely from calculations by Laarakker [Laa] and Thomas
[Tho].

Remark 3.1. We initially found Conjecture 1.5 as follows. First we ob-
tained an unrefined version of Conjecture 1.1 using computer experiments
and Mochizuki’s formula as described in Section 2. The modularity transfor-
mation (7) from the physics literature [VW, LL] swaps (part of) the instanton
contribution with the monopole contribution. Together with the formula of
Conjecture 1.1, this gives a natural guess for the monopole contribution. We
learned this trick from Dijkgraaf-Park-Schroers [DPS] who used it in the rank
2 case in order to find the instanton formula from the monopole formula. Fi-
nally, we made a y-refinement of each step.
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Smooth moduli spaces

Suppose (S, H) is a polarized surface such that b; = 0, | K| contains a smooth
connected canonical curve, and any line bundle L on .S satisfying 0 < deg L <
% deg K is trivial.

The monopole branch of N (2,¢;,c9)¢ is smooth if and only if ¢; < 3
[TT1]. Similarly, the monopole branch of N (3, c1, c2)®" is smooth if and only
if ¢ < 2 [Laal. In these cases, the monopole contribution to the Vafa-Witten
invariants can be calculated directly by intersection theory on the moduli
space.

Theorem 3.2 (Thomas). Let S be as above. For co = 0,1,2, the contribution
of the monopole branch to VW?(Z, K, co,y) is given by Remark 1.7.

Theorem 3.3 (Laarakker). Let S be as above. For co = 0,1,2, the contribu-
tion of the monopole branch to VW?(S, K, ca,y) is given by Conjecture 1.5.

For completeness we list the predictions of Remark 1.7 and Conjecture 1.5
for ¢y = K for ranks 2 and 3 respectively:
gy ) K

x {1 — 2%+ ((—y +2K% = 2=y DK + (5 + 10+ 57 2)x) ¢ +}
(—1)Xg 2= (y 41 4 y‘l)"“”{l —(y+2+y YK

+ %((KQ — 1)+ (AK? — 2)y + 6K% — 6 + (4K2 — 2)y
e

The terms ¢°, ¢', ¢* correspond to monopole components of the moduli space
for co = 0,1, 2.

Monopole universality
Let (S, H) be a polarized surface with H; (S, Z) = 0 and p, > 0. Suppose 7, ¢1

are chosen such that there are no rank r strictly Gieseker H-semistable Higgs
pairs on S with first Chern class ¢;. A Higgs pair (E, ¢) on the monopole
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branch N (r,c1,¢2)®" decomposes into eigensheaves with respect to the C*
action
E=@E,
i

where finitely many F; # 0. Higgs pairs with different sequences of ranks
{r;}; occur in different connected components of N (r, c1,c2)®". Denote the
contribution of Higgs pairs with ranks (1,...,1) to Zg%9. . (¢,y) by

1
Z4 ) e (0.9)-

In [GT1, GT2], Gholampour and Thomas express this contribution in terms
of virtual cycles on nested Hilbert schemes of curves and points on S (see also
[GSY]). This leads to an expression in terms of Seiberg-Witten invariants of .S
and intersection numbers on S x ... x Sl Based on this result, Laarakker
shows the following [Laa]:

Theorem 3.4 (Laarakker). For any r > 1, there exist universal Laurent
series

A(T) (Q7 y)7 qiﬁB(T) (qa y)7 {Cz(jT) (Q7 y)}lSiSjST—la

n Q(y%)((q;T)) with the following property. Let S be any smooth projec-
tive surface with polarization H and satisfying pg > 0 and H(S,Z) = 0.
Let H,r,c1 be chosen such that there exist no rank r strictly Gieseker H -
semistable Higgs pairs on S with first Chern class c¢1. Then

17‘
Z5 0 e (@,1)

SN e e

ai,....,ar—1€H?(S,Z =1 1<j

where dqp was defined in (6).

Similar to Section 2, Laarakker shows that these universal functions are
determined on P? and P! x P'. Using torus localization, he calculates these
universal functions up to some order. Normalizing such that the RHS is a
formal power series in ¢ starting with constant coefficient 1, he obtains [Laal:

(y—y g
$-21(¢%,y?)2A(¢?)2
_ 1 2
—1 e ¢ ()
q 1z B = 77
03(q,y)

—(y +y77)gA® = mod ¢’

mod ¢*
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y: +y 2)qsCyy = mod ¢’
( Ja O 02(q, )
3 3
1y, (y> —y 2)¢? 6
(y+1+y Hg2A® = mod ¢
¢-21(¢%,y%) 1 A(¢%)3
3 1
ip® = 4 s1(q) W-gq%y) mod ¢
@AQ,(l,O) (q2 5 y)
1+yYgs
(y+1+y~ )q3C(3) v+ +ly )& mod ¢°
W_(q2,y)
1+y Vgs
(y+1+y_1)q§C§g):(y+ +ly )° modq6
W_(q2,y)
y+1l4+y™t 1 3 y+l+yt 1 1 6
z - J C = —¢sWi(q2,y)W_(q2, dqg°.
I Sy LA Sy sy (g2, y)W_(q2,y) mod g

This precisely recovers Remark 1.7 and Conjecture 1.5 up to the given or-
ders.

Besides providing evidence for our conjectures, Laarakker’s calculations
suggest the following

(18) Z8 ) e (00y) = 28590 (4. ).

For rank 2 this is obvious and for rank 3 it implies that Higgs pairs with ranks
(1,2) and (2, 1) do not contribute. Indeed, for low prime rank (such as r = 3)
or S = K3 and any prime rank, Thomas establishes (18) using an interesting
cosection argument [Tho].

4. Modularity

In this section, we give evidence for Conjecture 1.10. We show, among other
things, that that our conjectural formulae for Zg i, (¢,y) and Zs 3.6, (¢, y)
(Conjecture 1.5 and Remark 1.7) satisfy the y-refined modularity transfor-
mation of Conjecture 1.10. This involves a delicate interplay between quite
diverse mathematical objects:

e properties of Seiberg-Witten invariants,
o lattice theory of (H?(S,Z),U),

e Gauss sums and Dedekind sums,

e transformations of theta functions.
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4.1. Seiberg-Witten invariants

Let S be a smooth projective surface satisfying p, > 0 and b; = 0. Then any
Seiberg-Witten basic class a € H?(S,Z) satisfies ([Moc, Sect. 6.3] or [Mor])

(19) aK = a?, SW(K —a) = (=1)*SW(a).
4.2. Lattice sums and Gauss sums

Let S be a smooth projective surface satistying H; (S, Z) = 0 and p, > 0. Then
H?(S,Z) is torsion free and we consider the unimodular lattice (H?(S,Z), U).
For any prime p, we have

H2(57 Z)/pHQ(S7Z) = HQ(Sv Z) ®ZP = H2(szp)

with its induced pairing. We denote the Betti numbers of S by b; and its
signature by o. In particular, by = by + b, and o = bj — b, . Define

5® . 1 if a—bepH*(S,Z)
ab ) 0 otherwise.

We usually write dqp = (56(370 g, when p is fixed. The following results are due to

Vafa-Witten and Labastida-Lozano [VW, LL].
Proposition 4.1 (Vafa-Witten).

Z (_1)Clw — 2b2501’07

[z]€eH?(S,Z2)
ST (—nem = 0%Ed
[(E]GHz(S,Zz)
Proposition 4.2 (Labastida-Lozano). Forr > 2 prime andm = 1,...,r—1,

we have

27
Z GT(CII) = TbQécl,Oa
[zleH?(S,Zr)

2mi mi(r—1) 2 by mif,. 1)\2 wi(r—1) o
2 : e r (clx)eiT mz ZE(m)b2T2€ s (r—1) T ncl’

[x]€H?(S,Zr)
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where mn = —1 mod 7,

(mT/Q) if m is even

e(m) == { (w) if m is odd

T

and (%) denotes the Legendre symbol.

Since (H?(S,Z),U) is unimodular of rank by, the first equation in both
propositions is clear. As described by Vafa-Witten and Labastida-Lozano,
the other two identities can proved using basic facts from lattice theory and
Gauss sums. For the sake of completeness, we include the argument.

For any r > 2 prime, m = 1,...,r — 1, and unimodular lattice L, define
G(L) = RS e
[z]€L/rL
Then
(20) O(L1 & La) = ¢(L1)p(Lo),

for all unimodular lattices Ly, Ls. Let I+ denote the rank 1 lattice Z with
quadratic form +z2. Any odd indefinite unimodular lattice is of the form
ml; @ nl_ for some m,n > 1 [Ser, Ch. V.2.2]. We can make H?(S,Z) odd
and indefinite after adding I or I_, so (20) implies

(21) G(H2(S,2)) = S(I,)% $(I_)" = $(1,)% $(15) " .

This argument requires ¢(/y) # 0, which we now show by calculation.
For r = 2, we have
1474
I))=——
¢( +) \/5
and the second equation of Proposition 4.1, for ¢; = 0, follows from (21). The
formula for ¢; # 0 follows by replacing the sum over z by a sum over x + ¢;.
For r > 3 prime and m = 1,...,r — 1, we want to calculate

G(m/2,r) if m even
G((m+r)/2,r) if m odd,

Vro(ly) = {

where

2mi 2

r—1
G(m,r) = Z e M
x=0
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This is a familiar object from number theory known as a Gauss sum. The
second equation of Proposition 4.2 for ¢; = 0 follows from [Lan, Ch. 4.3],
which states (after some rewriting)

G(m,r) = ( )\/767”(’“ v
for any odd number r > 0 and m € Z such that ged(r,m) = 1. The formula
for ¢; # 0 follows by replacing the sum over x by a sum over x 4+ ncy, where
mn =—1 mod r.

4.3. Dedekind sums

We often encounter the expression

=
m
l\)l»—‘

b2a(0.9) A} = ( ﬁ (1= ") - g")(1 - "y ),

where ¢_21(¢,y)A(q) is the unique Jacobi cusp form of weight 10 and index
1 [EZ]. It transforms as follows

ar +b z 3 at + b\ 3
gZ)72’1(c7'—i-d’ c7'+d) (CT+d)
(22) = e(a,b,c,d)(ct + d)Pesa ¢_g (7, 2) 2 A(T)2

for all

( Z Z ) € SL(2,Z),

where €(a, b, ¢, d)? = 1. Clearly €(a, b, c,d) = e™ when c = 0 and a = d = 1.
The following lemma determines the signs €(a, b, ¢, d) for ¢ > 0.

Lemma 4.3. For ¢ > 0 we have

e(a.b,c.d) = 767ri<%d+123(7d,c)) ’

where s(h, k) denotes the Dedekind sum
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Proof. Using
ewiz —c iz :CT+d+O(Z)7

ecT+d —_ 6_ cet+d

and setting z = 0, (22) becomes

(aT—i-b

12
— 6 12
n(g) = abe d)er +d)n(r)

ﬂi(%d+123(fd,c))
= —e€

= n(r)*?,

where the second equality follows from the transformation laws of the Dede-
kind eta function [Apo, Thm. 3.4]. O

4.4. Theta functions

In this section, we review some facts about theta functions (e.g. see [GZ,
Sect. 3.3]). Let I" be a positive definite lattice of rank r. We write V =T'® C
and Vg = I'® Q. For vectors v, w € V| let (v,w) be the bilinear form. Denote
by Mr the set of meromorphic functions f :  x V — C. For (A\,u) € V x V|
let

IO ) () = @2V exp(@mi(\ @ + 1/2)) f(7,2 + AT + ).

We also write

_r
2

f’T/QS(T7 x) = (g) e*m’(z,x)/-rf(_l/ﬂ /7).

It is easy to see that

(23) f|(>\7ﬂ)|r/25(77 l’) - f|r/25‘(lu’v _)‘)(7_7 x)
The theta function for I' is

Orp(r,z) = Z q%<”7”>62”<”7’”> c Mr.
vel

If " has rank r it is well-known that

(24) VN Or|,/28(r,z) = Orv(r,2) = > Or|(v,0)(r, 2).

vEP
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Here is N the determinant of the matrix of the bilinear form on I'" and
Vi={vel'®Q| (v,w) € ZVw e T}

is the dual lattice to I'. For the second equality of (24), we assume that I" is
integral and P is a system of representatives of T'V/T.

The A; lattice consists of Z with bilinear form with “matrix” (2). Then
the theta functions appearing in the rank 2 conjectures of Section 1 can be
expressed in terms of © 4, (7,7) and © 4y (7, ) as follows

03(q,y) = ©4,(7,2/2), 03(q,y) + 02(q,y) = Oay (7, 2/2).

Next, consider the As lattice and let A denote the matrix corresponding
to its bilinear form (see (3)). We also consider the dual lattice Ay. Taking

(25) (2/3,1/3),(1/3,2/3)

as its basis, the matrix corresponding to its bilinear form is A™! (see (4)).
Then the theta functions appearing in the rank 3 conjectures of Section 1 can
be expressed in terms of ©4,(7,x) and © 4y (7, z) as follows

©.4,(7, (2,2)),
©.4,|(1/3,=1/3),0)(7, (2, 2)),
©.y (7, (2,2)),

=0.y/(0, (1, =1))(7, (2,2)).

qz,y

9A2 1,0Gq?,Y

= = D=

9AV ,0,0\4°%,Y

N

0
(
(
(

~— ~— ~— ~—

1
@AV,(O nl\gs,y
5. Rank 1 and specialization

Proposition 4.4. Conjecture 1.10 holds for r = 1.

Proof. Let S be a smooth projective surface satisfying by = 0 (p, > 0,
H,(S,7Z) = 0 are not needed in this proof). When r = 1, we have

Zo e (g,y) = ¢ Xk’ ZX (Hilb™(S)) ¢"
n=0

:< yr —y e >X<1>
¢-21(0,9)2A(q)z ) \n(a)

by a result of the first named author and W. Soergel [GS].
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Step 1: For 7 — 7+ 1, z — z, the result follows from the following transfor-
mations

n(q) ~— eBn(q),
$—21(0,y)2A(g3)% = —d_21(q,y) 2 A(g2)>.

Step 2: For 7 — —1/7, z — z/7, the result follows from the following
transformations

T

n(@) = (=) nla).
6o (@) AGH)E o —r5e™ o1 (q,m)FA(gH)E,

where the minus sign in the second equation comes from Lemma 4.3. O

NI

Proposition 4.5. Conjecture 1.10 implies transformations (7).

Proof. Taking the limit z — 0, (8) implies (7). This follows from

)

y%_y_

Al
J—

=
\]

and a simple calculation involving Noether’s formula

K? O]
X = 12( +e).

4.6. K3 surfaces

In [LL] (and [VW] when ¢; = 0), the authors conjecture a formula for
Zk3 Hre (q) for v prime. When ¢; = 0, this formula was proved by Tanaka-
Thomas [TT2] (and extended to all integers r > 0). When 7 does not divide
Hey, ME(r, ¢y, cz) is deformation equivalent to S¥4/2 [Yos4] and the formula
essentially follows from [GS]. We conjecture a natural y-refinement:

Conjecture 4.6. For any K38 surface with polarization H, first Chern class
c1, and r prime, we have

_ 1 _1
inst 1 <« Mmci (y2 -y 2)2
ZK&HTQ(Qay)*;Ze " +m r4m )’
m=0 ¢-21 (T;Z)A( v )

mono (y% B yié)Q 5
K3Hrcl(q y) ¢—2,1<7“7_; TZ)A(TT) c1,0-
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The following can be seen as evidence for Conjecture 1.10. The proof uses
the well-known transformation properties of ¢_5; and A [EZ].

Proposition 4.7. Conjecture 4.6 implies Conjecture 1.10 for K3 surfaces.
Proof. Step 1: For 7 — 7+ 1, z +— 2, we claim

im(r—1) c2

Zgstre(0:y) = e 7 ULk e (4, )

The monopole branch contribution does not transform. For the transforma-
tion of the instanton contribution we use
T+m T+m+1
M=) = A=)
T+m T+m+1
(——=)

¢—2,1( 72) = G2

This transformation maps term m to term m + 1 (modulo r) up to a factor
mi(r—1)
e In particular, term r — 1 gets mapped to term 0, for which we use

67ri(r—1)cf -1
This equality follows at once from the fact that ¢? is even on a K3 surface.
Step 2: For 7 — —1/7, z — z/7, we claim

ZK37H7"“701 (Q7 y) s 7"_11 7_—10 6—@7’ Z 62”61aZK3 Hra(q y)

(yz —y72)? 7 (yz —y72)

Foranym =1,...,r—1, wedefinen € {1,...,r—1} by the equation mn = —1
mod 7. In order to prove the claim, we use the following transformations

arm) = (7)8(7),
M) a5,
G_o1(rT,r2) —~ (—) - 6@7@72,1 (;, z),
o 21<T+m ) e aa "o 21(7-1”,2).
We also use the following lattice identities (Propositions 4.1, 4.2)

27
= (c1x 22
> e () =225, 0,
[z]eH?(K3,Z)
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; i(r—1 i(r—1
Z €¥(Clx)6_m(: ) i :Tlle—m(: )ncf7

[z]eH2(K3,Z,)

where we used (—1)¢% = 1. The result now follows from a direct calcula-
tion. (]

4.7. Rank 2 modularity

Proposition 4.8. The formula for Zs o (q,y) from Remarks 1.3 and 1.7
satisfies Conjecture 1.10.

Proof. Step 1: For 7 — 74+ 1, z — z, we use the following transformations

n(q) — eTinlg),
621(¢%, 1) 7 A(g7)F > 6 21(—q%,y)TA(—q?)3,
$-21(—q7, )7 A(g7)? = —6_21(q?, )3 A(—q)?

03(q,y) = 05(q,y),

02(q,y) = 102(q, ).

The rest of the calculation is straight-forward. On the instanton branch, it
involves changing the summation variable a in

Y SW(a) (=12 )"

a€H?(S,Z)
to K — a, which gives

S SW(K — a)(—1)E-a)(.. (K=K
acH?(S,Z)

In addition, one requires the following equations
(26) oK =d%  SW(K—a)=(~1)¥SW(a), (-1 = (—1)%,

where the first two equations hold for any Seiberg-Witten basic class a by
(19). The third is Wu’s formula, which holds for any ¢; € H?(S,Z). On the
monopole branch, one only requires

—aK -—a? —c2
? 601,11 =1 6::1,(1 =1 1501,aa

where again a is a Seiberg-Witten basic class.
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Step 2: For 7+ —1/7, z + z/7, we use the following transformations

6-an(d yPAP)T = —(5) ¢ 6aa(ah,9)3 Al)2,

1 1 1.1 iz2 1 1.1
¢-21(—q%,y)2A(q2)2 = =7’ 7 ¢_21(—q?,y)2A(q?)?,

2 miz?

03(q,y) — —(%) e > (03(q,y) + 02(q,9)),

1
T\ 3 miz2

02(¢,y) — ﬁ(;) e (03(¢,y) = 02(¢,)).
For the third transformation, we use coordinates 7 = TT“, Z = z, which allows
us to apply (22) and Lemma 4.3. The transformations for the theta functions
are standard (see (24) or [VW, Sect. 5]).
Using Proposition 4.1, changing the summation variable a as in Step 1
and using equations (26), the result follows. O

8. Rank 3 modularity

Lemma 4.9. Under the transformation 7 +— —1/7, 2+ z/T we have

2miz?2

1 1 /7 1
(27) 9A2,(0,0)(q2,y)'—>%(;>6 T O4y,00)(45,9).

Furthermore, we have the following identities

1

1
O4,,(1,0)(4%, ) = __®A2,(0 0)(a2,y) + 6A2,(00 (q°,v),

3 1 1 1
2

9,4;,(0,1)((11 Y) = 50.4,,00(q2,9) — §@Ag,(0,o)(q5,y),

. Oay,00)(€a5,) = (2+ €)O.; 0,0)(a%, ) — (1 + €O ay (0.0 (%, ¥),

@AV,(00(62q6 y) = (1 —€)Oy,, 00)(612 Y) +€Oay (0,0)(q5, 1),

1-— l+e
(a2, y) + O.ay.00) (4%, ),

Oay. 0.1 (€qs,y) =

€

@A;,(o,l)(ézq%,y) = ( )9A2 o, 0)(f1 Y) — —@ AY (0, 0)(‘]6 Y),
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2mi .
where € :== e’ . In particular, under T — —1/7, z — z/T we have

1
1 Z(qs,y) + 2
Z(q67y)}_> ( 1 ) —W(qQ,y),
Z(gs,y)—1
1 1
Z+(qs,y) = Wx(q?,y),
1 2 1
Zi(eqs,y) = eZ1(e°q5,y),
1 2 1
Zi(€q0,y) — € Z¢(eqb, ).

Proof. The first equality of (24) gives

2miz?

—1 1
ﬁ(;) €T 04,000 Y(r)=(-1/r2/m) = Oy 00)(a5, 1),

(29) 1 /71 _2mis? 1
#(5) T 000 Wlea=1masm = Qa0 (@)

1

Here we note that (z, z) with respect to the basis (25) is also (z, z). Using the
first equality of (24) combined with (23) gives

T _1 271-7,2 1
(;) 70 45.(1,0) (@2 V)| (r.2)=(—1 /)

= 04,[((1/3,-1/3),0)[15( (2, 2))
—@AQ(T 2)[151(0, (=1/3,1/3))(7, (2, 2)),
1

:%@A;\(O( L 1D)(7, (2,2)),
= %GAQV,(O,l)(q%7y)-

Here the third equality uses that (—31, 1) with respect to the basis (25) equals
(—1,1). This shows

T\ _2mis? 1 1
(30) ﬁ(;) € 7 Ou,00/(07Yl(r)=(-1/r2/1) = Oay,01)(q°,y)-

Since (0,0),(1/3,—1/3),(—1/3,1/3) is a system of representatives for
AY /As, the second equality of (24) gives

© .4y (0,0) (47, 2)
= @A\; (7—7 (Zv Z))
= Oy, (T7 (Zv Z)) + 6142‘((1/3’ _1/3)a 0)(7—7 (Zv Z))
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+04,[((=1/3,1/3),0)(, (2, 2))
= @AQ,(O,O)(Q% S Y) + 29,42,(1,0)((1% JY)-

Therefore, we obtain

1 1 1 1 1
(31) ©42,00(4%:9) = =50 2,000 (4%:Y) + 5Oy, 00 (%, y)-

Applying 7 — —1/7, z — z/7 to this equation and using (29), (30) gives

1 3 1 1 1
(32) Oay,0,1)(q%,y) = 594,00 (q2,y) — 59,4;,(0,0)(616,1/)-

Applying 7 — 74 1 to (31) and then using (31) again gives

1 1
O4y,(0,0)(€7q%,y) = 2¢ 9A2,(1,0)(q2 Y) +Ou,,000(q7%, 2)

(33) 1
= (1 — 6)@,427(070) (q2 s y) + € @AZ,(0,0) (qé’ y)

Similarly applying 7 +— 74 1 to (32) and then using (33) gives

1 1 1

=04,,00 (42 )__@AV 0.0 (€45,y)
€

3
2
( >@AQ,(00)(€]2 )—_9 2,(00)(‘16 y).

1

@Ag,(o,l)(ﬁgqg; y) =

The other two formulae of (28) follow by applying 7 — 7 + 1 again.
The rest of the lemma follows from (27) and (28). E.g. the first two

equations of (28) imply (Z(q¢,y) — \)W(q2,y) = Z(q5,y) + 2. O

Proposition 4.10. The formula for Zsm3.,(q,y) from Corollary 1.2 and
Conjecture 1.5 satisfies Conjecture 1.10.

Proof. Step 1: For 7 — 7+ 1, z +— 2, we use the following transformations

n(q) = en(q),
6—21(%, 1) 2 A(P)2 = —d01 (6 yP) 2 A(G1)2,
G—2,1(45.y)2A(g5)7 > d_o1(eq5, )3 Aegs)3,

¢ 21(eq%,5)7A(eq3)2 = 91 (g5, )7 A(2g5)7,
6-2,1(%4%,y)TA(247)% > —_21(q5, )3 A(¢5)3,

1
) y) = 6/—127(0,0) (q2 ) y)7

NI

© 45,(0,0) (¢
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Y) = €04, 1, o)(CI"’ Y),

9A2,(1 0(q2,y)

,y) = Oay. (€47, y),
Y)
y)

(
(q
2

= =

Oay . ( = Oay (q 2 Y),

1
Oay.0(eqs,y) = Oay.(as,y),
for both v = (0,0), (0,1).
We deduce that the contribution of the instanton branch gets mapped to

itself up to a factor (—1)X€%K ¢!, The same holds for the contribution of

the monopole branch, where we use the following identity

—-K? 6abe(Kfa)(be)(s 2abfa27b25 2(b—

2 _ 2
€ @) 5cl+a,b =€ cl(sclJra,ba

ci1+ab = € c1+ab = €

which holds for all Seiberg-Witten basic classes a, b by (19).

Step 2: For 7 — —1/7, z — z/7, we use the following transformations
(Lemma’s 4.3 and 4.9)

n(a) = () nla).
D-21(a 5 AN o —(5) ™ oau(ad ) A3,

6_2,1(245, )2 A(Eq5)2 = 707 ¢_y1(eq5,y) 2 Alegd)?,
1 ]. T 2miz 1
© 4,,00,0)(q%,Y) = %(;)e T 0,0 (a5, y)

The other required transformations can be derived from these using the identi-

1 1
ties of Lemma 4.9. The terms involving © ay (0,1)(€¢%,y) and @A¥7(0’1)(62q5 ,Y)
in LHS of (8) map to the terms involving @Ag,(og)(qu%,y), @Ag,(0,1)(6q%,y)
in RHS of (8). Here we use (besides the transformations listed above):

. Pr0p051t10n42 and e( )= (—) =1,¢1)=(3) =1,
o 3 =1, where ¢ = ¢5* S X = 15 (K2+e),anda:—8x+K2,

e replacing summation varlables in >, , SW(a)SW(b)--- by K—a, K—b,
e aK = a? and SW(K —a) = (—1)XSW(a) for all SW basic classes a (19).

1

The term involving © ay (0,1)(¢%,y) in LHS of (8) map to the term involving
O 44,(1,0) (q27 y) in RHS of (8) (and vice versa). O
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5. Consequences

In this section, we discuss some consequences of our conjectures. In particular,
we specialize to the following settings:

e Ssatisfies H1(S,Z) = 0, py; > 0 and only has SW basic classes 0, K # 0,
e | K| contains a reduced curve with irreducible connected components,
e S is the blow-up of S in one point.

5.1. Minimal surfaces of general type

Let S be a smooth projective surface such that H;(S,Z) = 0, p, > 0,
and its only SW basic classes are 0 and K # 0. Then SW(0) = 0 and
SW(K) = (—1)X. Prominent examples are minimal surfaces of general type
satisfying Hy(S,Z) = 0 and p, > 0. In this case, the conjectural formulae
for Zs o, (q,y) and Zs m 3. (¢, y) from the introduction simplify as follows

(recall that ¢ = y/—1 and € = e%):

Z§%2.6(0Y) 2( 1 )X{ (93(61, y) + 0s(a, y))
(yz —y 2)x 20 51(q2,y)2 A(g?)? 2n(q)*
03(q,y) — 2(q, y)>K }

2n(q)?

2

=

- (—1)C?—X<

+2<—1>><w%< ! )X
2¢—2,1(—q%7y)éA(—q )
y {(93(q,y) — (g, y)>_K

2n(q)?

-K
a—x [ 03(a:y) +ib2(q. y)
+(=1) (3 20(0)? ) }

Wl
Nl

mono

§H.a(0Y) ( 1 X{(—l)x(s (93(q,y)>
[ I T c1,0 3
(y2 —y 2)x $-21(¢% y?)2A(¢?)2 n(q)
—K?2
+ 5017K<92(Q7 y))
n(q)?

Zgﬁt]’g,cl (q,v) _ 3< 1 )X (@Ag,(0,1)(q%7y)>
(yz —y 2)x 36_21(q7,y)2 A(g5)? 3n(q)?

D=
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2

g {Z+(q€,y)K2 +Z_(q5,y)" + (—1)X(enK +€_C1K)}

) X
2

"’36261( 5 1 1 211)
3¢_21(q7,y)2 A(?g3)2

—K?
©.4y,0,1) (eqs,y)
X 3

3n(q)

2

X {Z+(€qé, DX+ Z_(eqs,y)"

1 X
+ 3(_1)X€C%< 1 1 )
3¢_21(€q3,y)2 Aleq3)

1 —K?

©.ay,0,1)(€°¢5,y)

X 3
3n(q)

+ (=1)X (R 4 GC]K)}

Wl
=

X {Z+(€2qé7y)K2+Z(€2qé7y)K2—i—(_l)X(GClK—i—E—ClK)}’

Z?%%m(%y)::< 1 >X<9AMmeédn>
(2 —y 2 \bo1(® v?)2A)? n(q)?

x{%awmﬁww+wwﬁyﬁﬁ

+ (_1)X(5C1,K + 561,—K)}'

5.2. Disconnected canonical divisor

Let S be a smooth projective surface such that by = 0, p; > 0, and |K]|
contains a reduced curve with irreducible connected components C1, ..., Cp,.
E.g. elliptic surfaces over P! of type E(n) with n > 3, which have 12n rational
1-nodal fibres, a section, and no further singular fibres. Then |K| = |(n—2)F,
where F' is the fibre class.

For any I € M := {1,...,m}, define C; := ¥ ,.; C; and write [ ~ J
whenever C; and C are linearly equivalent. In [GK1, Lem. 6.14] we prove
that the Seiberg-Witten basic classes are {C}rcp and

(34) SW(Cy) = |[1]] (= 1) Newrs),

iel
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where |[I]| denotes the number of elements of equivalence class [I] and N, /g
denotes the normal bundle of C; C S.

Suppose H, c; are chosen such that there are no rank 3 strictly Gieseker
H-semistable sheaves on S with first Chern class ¢;. Let

Zg‘lsfliicl T y Z_Vlr MS 3 01702)) dv

where vd is given by (2). Then Conjecture 1.1 applied to S gives

Zg}bl’tl 3 ,C1 (‘,I: y)
—_K?2

_ 3< 1 ) (9,4;,(0,1)(93,?/))
- \BILZ (1 = 22)10(1 — a2ny) (1 — a2y ~1) 3n(x0)?

% H <Z+ x y) —|—Z ( )CJZ + (_1)}10(ch/s)(€c10j _|_€—CIC]')>

7=1

X
+ 321 +2x 1
3T (1~ a2 )0 (1 — enatg)(1 — Py )

—_K?2
y Oy, 0,1) (€2, )
3n(x0)?

X H <Z+(6.CL"y>CJ2 +7Z_ (61’ y) H +( )hO(ch/S)(EaCj + 6C]Cj)>

X
1
B3I (1 — ema®)10(1 — era?ry)(1 — E”xzny_1>>

—_K?
y Oay,0,1)(€2,y)
3n(af)3

H <Z+ [ y a +7Z_ (E T y) J Jr( )hO(ch/s)(eij +€—clcj)>'

+ 3eTTX <

The rank 2 analog of this formula is given in [GK1, Prop. 6.11].

Proof of formula. As in the proof of Corollary 1.2, we denote the formula of
Conjecture 1.1 by ¥sc, (7,y) = 32,50 ¥u(y) 2" Then

2
Z8Y 56, (T,y) = > Un(y)a™ =)

n=—2c?—8x mod 3 k=0

LR (e y)
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Therefore, it suffices to calculate ©g., (x,y), which equals

0 1 * ©.4y.0,1)(7,y)
ST (0 )00 — )2y )\ 8o

x > SW(a)SW(b)el* D4 Z, (z,y)* Z_(z, y) KK,
a,b

K2

Using (34), the second line becomes

Z(_1)h0(NCI/S)JrhO(NCJ/S)G(CI*CJ)Cl Z4(x, y)CICJ Z_(x, y)(K*CI)(K*CJ)7
I1,J

where the sum runs over all pairs I, J C M. Writing I; :=1NJ, [ =1\ J,
Is=J\I,1,=M)\ (IUJ) and using K = Cyy, this can be rewritten as

(—1)hO(NCI2 /S)+hO(chs/5)6(012*C13)01 Z4(x, y)c?l Z_(r, y)C?4

UL UIsUly,=M

)

where LI stands for disjoint union, from which the result follows. O
5.3. Blow-ups

Let 7 : S — S be the blow-up in a point of a smooth projective surface S
satisfying by = 0 and p, > 0. Let H,c; be chosen such that there are no
rank 3 strictly Gieseker H-semistable sheaves on S with first Chern class ¢;.
Furthermore, let

51 = 7T*Cl —EE,

where E' denotes the exceptional divisor and ¢ = 0,1,2. Suppose H is a
polarization on S such that there are no rank 3 strictly Gieseker H-semistable
sheaves on S with first Chern class ¢;. As in the previous section, we consider
8% 5. (z,y), 235%7351 (z,). Conjecture 1.1 applied to S, S gives

© 3, i .
D T s wy) =0

o 39) —in .
%ﬁy) Zsjﬁ}&q (x,y) ifL=1,2.

(33) 7% () =

Specializing to y = 1 gives a blow-up formula for virtual Euler characteristics.
Surprisingly, the latter coincides with the blow-up formula for topological
Euler characteristics [Got, Prop. 3.1]. The rank 2 analog of (35) is [GKI,
Prop. 6.9].
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Proof of formula. Using the same notation as in the previous section, we have
inst : 1 k(Z’C?-FSX(O’V)) k
Z§7ﬁ737’g] (.I', y) = Z 5€ o ¢§,Zl (6 xz, y),

k=0 3

where ¢ = ¢ — ¢ and x(Og) = x(Os). We calculate Y5z (x,y). The Seiberg-

Witten basic classes of S are m™*a, m™a + F, where a runs over all Seiberg-
Witten basic classes of S, and [Mor, Thm. 7.4.6]

(36) SW(n*a) = SW(r*a + E) = SW(a).
Conjecture 1.1, x(Oz) = x(Os), K5 = Ks + E, and (36) together imply

Oy ;
Vg (@) = (%M)[zm o) 2w ) T s ()

O 4y (0.0) (T, y) + (" + e *)O 4y (0.1) (2, )
= 2 ( ) — 6\3 : ( ) 1/)5,01(1‘73/)7
3n(x%)

where the second equality uses

©.4y,0,0) (%, )

Zo(x,y) Y+ Z (z,y) "t = Z(x,y) = ,
(7,y) (z,y) (z,y) Ot (o) (7.9)

which follows from the definition of Z, Z,.. The rest of the proof follows by
splitting up the cases £ = 0, 1,2 and some rewriting using Lemma 4.9. O
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