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Jacobian-squared function-germs

TAKASHI NISHIMURA

Abstract: In this paper, it is shown that, for any equidimensional
C* map-germ f : (R™ 0) — (R™,0), the map-germ F : (R™,0) —
R" xR defined by F(z) = (f(2), pa ()| T (@), -+, pe()| T f|*(2))
is always a frontal, where p; is a C*° function-germ and |J f| is the
Jacobian-determinant of f. Moreover, it is also shown that when
the multiplicity of f is less than or equal to 3, any frontal con-
structed from f must be A-equivalent to a frontal F' of the above
form.

Keywords: Jacobian-squared, Frontal, Opening, Ramification
module, Equidimensional map-germ.

1. Introduction

Throughout this paper, let n, £ be positive integers; and all map-germs, vector
fields and differential forms are of class C'*° unless otherwise stated.

Let f: (R™,0) — (R™,0) be a map-germ and let |.J f| denote the Jacobian-
determinant of f. The square of |J f| is called the Jacobian-squared function-
germ of f. In the theory of singularities of mappings, it is well-known that the
function-germ |J f| plays an essential role to investigate the behavior of f (for
instance, see [2, 17]). However, to the best of author’s knowledge, so far there
have been no literatures to emphasize the importance of the Jacobian-squared
|Jf|2. In this paper, it is explained that |.J f|? is very significant to construct
non-trivial frontals from a given equidimensional map-germ f : (R™,0) —
(R™,0).

Let F: (R™,0) — (R™"* 0) be a map-germ and let TR"** be the tangent
bundle of R"*. A map-germ ® : (R",0) — TR"* is called a wvector field
along F if the equality 7 o ®(x) = F(z) holds, where 7 : TR" ¢ — R+ is
the canonical projection. Namely, ® has the form ®(x) = (F(z), ¢(x)) where
¢(x) € TpR"™. A map-germ F : (R",0) — R™™ is called a frontal if
there exist vector fields ®1,...,®, : (R",0) — TR"** along F such that the
following two conditions are satisfied:
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(1) ¢i(x) - tF(&)(x) = 0 for any @ (1 < i < ¢) and any & € 6(n), where
®;(x) = (F(x),¢;(x)) and the dot in the center stands for the scalar
product of two vectors in T ()R

(2) ¢1(0),...,¢¢(0) are linearly independent.

Here, tF and 6(n) are the notations defined by J. Mather in [12] (For details,
see § 2). Given an equidimensional map-germ f : (R",0) — (R™,0), the pull-
back f* : &, — &, is defined by f*(n) = no f (for the definition of &,, see
Subsection 2.1). The pull-back f* gives an &,-module structure via f*. In this
paper, an &,-module via f* is called and denoted by an f* (&,)-module. For
example, f*(&,) itself is an f* (&, )-module.

Definition 1 ([9, 10]). Let f = (f1,..., fn) : (R",0) — (R™,0) be an equidi-
mensional map-germ.

(1) Let Q! denote the £,-module of 1-forms on (R™, 0). Then, the £,-module
generated by df; (i = 1,...,n) in QL is called the Jacobi module of f
and is denoted by Jf, where dh for a function-germ h : (R",0) — R
stands for the exterior differential of h.

(2) The ramification module of f (denoted by Ry) is defined as the f* (&,)-
module consisting of all function-germs ¢ such that dy belongs to J;.

Though frontals have been already well-investigated (for instance see [10]),
it seems to be desired to obtain how to construct non-trivial frontals easily
and systematically from a given equidimensional map-germ f : (R",0) —
(R™,0) which is not necessarily finite (for the definition of finite map-germ,
see Subsection 2.1).

Theorem 1. Let f : (R",0) — (R™,0) be an equidimensional map-germ.
Then, the following inclusion holds:
| Tf1, € Ty
Since d(ulJf[?) = [T f|(|J fldu + 2 d| T f|) € [TfIQy, for any p € &, the
following corollary can be obtained from Theorem 1.

Corollary 1. Let f : (R",0) — (R™,0) be an equidimensional map-germ.
For anyi (1 <1 <¥), let p; = (R",0) — R be a function-germ. Then, the
map-germ F : (R™,0) — R"** defined by

F=(fomlIfP . el TFP)

is always a frontal.
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It is clear that f*(&,) itself is contained in Ry. By using the notion of
the ramification module Ry, Corollary 1 is equivalent to assert that

(7f%)e, + [ (En) C Ry,

where (|Jf]?)¢, is the £,-module generated by |J f]?.

Definition 2 (]9, 10]). Let f : (R",0) — (R™,0) be an equidimensional
map-germ and let 1y, . .., be elements of Ry. Then, the map-germ

(fﬂbla---ﬂh) : (Rn,o)—)RnXRZ

is called an opening of f.

By definition, for any equidimensional map-germ, its opening is always a
frontal. Corollary 1 guarantees that even for non-finite equidimensional map-
germs, it is constructed automatically infinitely many non-trivial openings.
This is one advantage of Theorem 1. In Subsections 5.1-5.7, by direct elemen-
tary calculations, it is easily shown that the normal forms of known frontals
are actually A-equivalent to the frontals constructed by Corollary 1. In other
words, in Subsections 5.1-5.7, frontals constructed by using Jacobian-squared
function-germs are already very near (with respect to A-equivalence) to the
normal forms of celebrated frontals, and therefore criteria for these noticeable
frontals are not needed. Since the normal forms of these frontals seem to be
not easy to memorize, this may be another advantage of Theorem 1.

Proposition 1 ([10]). For any frontal germ F : (R™,0) — (R"*£,0), there
exist germs of diffeomorphism h : (R",0) — (R™,0) and H : (R"* 0) —
(R"+.0), an equidimensional map-germ f : (R",0) — (R™,0) and elements
P1,..., % of Ry such that the following equality holds:

HOFOh:(f?¢17"'7¢Z)'

Based on Proposition 1, it is natural to ask the converse of Corollary 1.
Subsections 5.1-5.7 suggest that if f satisfies dimg Q(f) < 3, then asking the
converse of Corollary 1 is reasonable (for the definition of Q(f), see Section 2).
This question can be answered affirmatively as follows.

Theorem 2. Let F: (R*,0) — (R" 0) be a frontal germ. Suppose that
there exist germs of diffeomorphism h : (R™,0) — (R",0) and H : (R"**,0) —
(R"*0), an equidimensional map-germ f : (R™0) — (R™0) with
dimg Q(f) < 3 and elements 11, ..., 1, of Ry such that the following equality
holds:

HOFOh:(f?¢17"'7¢Z)'
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Then, the following holds:
2 * _
(P), + 5 () =Ry

Corollary 2. Let F : (R, 0) — (R"** 0) be a frontal germ. Suppose that
there exist germs of diffeomorphism h : (R™,0) — (R",0) and H : (R"**,0) —
(R"*.0), an equidimensional map-germ f : (R™,0) — (R™ 0) with
dimg Q(f) < 3 and elements 11, ..., of Ry such that the following equality
holds:

HOFOh:(f7¢17“~7wZ)'

Then, there exist a germ of diffeomorphism H : (R"¢ 0) — (R™*,0) and
function-germs p; : (R™,0) = R (1 <14 < {) such that

HoHoFoh=/(fml|Jf% .., mlIf]?).

On the other hand, if dimg Q(f) > 3, it turns out that there exist coun-
terexamples against the converse of Corollary 1 (see Subsection 5.9). Thus,
in general, it is natural to ask the following:

Question 1. Let f : (R",0) — (R™,0) be an equidimensional map-germ.
Then, does the following equality hold?

(JfP)e, = {h €& |dhe \Jf|Q,1L} .

Question 2. Let f : (R",0) — (R™,0) be an equidimensional map-germ.
Then, does there exist a finitely generated &,-module A such that the following
holds?

At 17 (&) =Ry

Notice that by Ishikawa ([8, 9], see also [10]), it is known if “f is finite
and of corank one” or “it is A-equivalent to a finite analytic map-germ”, then
there exists a finitely generated f* (&,)-module B satisfying the equality:

B+ f* (&) = Ry.

Notice also that in the case of Mather’s A, tangent space for a map-germ g :
(R™,0) — (RP,0), the corresponding &,-module is nothing but tg(f(n)) (for
the definition of Mather’s A, tangent space, see Section 2). Thus, Question 2
asks whether or not the ramification module R, has a similar structure as
TA(9)-

This paper is organized as follows. In Section 2, preliminaries are given.
Theorem 1 (resp., Theorem 2) is proved in Section 3 (resp., Section 4). Finally,
in Section 5, examples concerning Theorem 1 and Theorem 2 are given.
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2. Preliminaries
2.1. Theory of singularities of mappings

In this subsection, it is partially reviewed several well-known notions/
terminologies in the theory of singularities of mappings which are mainly
developed by J. Mather in [12, 13]. [17] is an excellent survey article on no-
tions/terminologies reviewed in this subsection, which is recommended to
readers.

Two map-germ f,g : (R",0) — RP are said to be A-equivalent if there
exist germs of diffecomorphism A : (R™,0) — (R™,0) and H : (RP, f(0)) —
(RP, g(0)) such that Ho foh =g.

Given a map-germ f : (R",0) — (RP,0), the A-equivalence class of f
is denoted by A(f). Let &, be the R-algebra consisting of function-germs
(R™,0) — R and let m,, be the unique maximal ideal of &,. Let f : (R™,0) —
(RP,0) be a map-germ. The set consisting of all vector fields along f is denoted
by 0(f). Notice that 6(f) is a finitely generated &,-module and it is a &,
module via f. For the identity map-germ id,, : (R™,0) — (RP,0), 0(id,) is
denoted by #(n). The mapping tf : 0(n) — 0(f) (resp., wf : 6(p) — 0(f))
is defined by (€) = df o & (resp., wf(n) = n o f). The set A(f) may be
regarded as an orbit of f by the direct product of the following two groups:

{a germ of diffeomorphism A : (R",0) — (R",0)},
{a germ of diffeomorphism H : (R?,0) — (RP,0)}.

Thus, the tangent space of A(f) at f is naturally defined as follows:

TA(f) = tf(mnf(n)) + wf(myd(p)).

It is meaningful if {diffeomorphism A : (R™,0) — (R™,0)} (resp., {diffeomor-
phism H : (R?,0) — (RP,0)}) is replaced with {diffeomorphism A : (R™,0) —
(R™ h(0))} (resp., {diffeomorphism H : (RP,0) — (RP, H(0))}). In this case,
tf(0(n)) +wf(0(p)) is denoted by TA.(f).

TAL(f) = tf(0(n)) + wf(0(p)).

Two map-germ f,g : (R",0) — (RP,0) are said to be R-equivalent if
there exists a germ of diffeomorphism A : (R™,0) — (R™,0) such that foh =
g. Given a map-germ f : (R",0) — (RP,0), similarly as in the case of A-
equivalence class of f, TR(f) and TR.(f) can be naturally defined as follows:

TR(f) = tf(ma0(n))



716 Takashi Nishimura

TRe(f) = tf(0(n)).

Therefore, the condition (1) of the definition of frontal may be regarded as
the condition that ¢ € §(F) is perpendicular to TR.(F) in 6(F).

Given a map-germ f : (R",0) — (RP,0), the R-algebra &,/ f*m,&, is
denoted by Q(f). The R-algebra Q(f) is called the local algebra of the map-
germ f. Since the local algebra Q(f) is an R-algebra, it is a vector space. A
map-germ [ : (R",0) — (RP,0) is said to be finite if the vector space Q(f)
is of finite dimension. The dimension of Q(f) as R vector space is called the
multiplicity of f.

2.2. Openings

In this subsection, it is partially reviewed several well-known notions/
terminologies in the theory of openings which are mainly developed by
G. Ishikawa. [9, 10] are excellent survey articles on notions/terminologies
reviewed in this subsection, which are recommended to readers. There is one
remark. In [10], openings are defined for a map-germ f : (R”,0) — (R™,0)
(n < m); and in [9] they are defined even for any multigerm f : (R™,S) —
(R™0) (n < m). However, in this paper, it is needed only openings of an
equidimensional mono-germ. Thus, for the sake of clearness, in this subsec-
tion, we concentrate on reviewing notions/terminologies of opening only for
an equidimensional mono-germ.

Definition 3. Let f : (R",0) — (R™,0) be an equidimensional map-germ.
An opening F' = (f,1,...,%¢) of f is called a versal opening (resp., mini-
versal opening) of f if 1,11, ..., 1, form a system (resp., minimal system) of
generators of Ry as an f* (&,)-module.

Lemma 1 ([9]). Let f: (R",0) — (R™,0) be an equidimensional map-germ.
Then, the following hold.

(1)  f (&) C Ry C&,.

(2)  Ryisa f*(E,)-module.

(3) Ry is a C subring of &,.

(4)  For a germ of diffeomorphism on the target space H : (R",0) —
(R™,0), Ruof = Ry holds. For a germ of diffeomorphism on the source

space h: (R™,0) = (R",0), Rfon = h* (Ry) holds.

3
4

Proposition 2 ([8]). Let f : (R™,0) — (R™,0) be a finite map-germ of corank
one. Then, the following hold.
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(1) Ry is a finitely generated f* (E,)-module. Therefore, there is a versal
opening of f.

(2)  Function-germs 1,71,...,1%¢ € Ry generate Ry as f(&,)-module if
and only if [1],[Yn],..., [¢e] generate the vector space R/ (f*my,) Ry,
where [a] stands for a + (f*m,) Ry.

Proposition 3. Let f : (R",0) — (R, 0) be a map-germ A-equivalent to a
finite analytic map-germ. Then, the following hold.

(1) Ry is a finitely generated f* (£,)-module. Therefore, there is a versal

opening of f.
(2)  Function-germs 1,91,...,¢%¢ € Ry generate Ry as f(E,)-module if
and only if [1],[¢1],. .., [¢e] generate the vector space R/ (f*my,) Ry.

For the proof of Proposition 3, see [7, 9].

Proposition 4 ([9]). Let f : (R",0) — (R™,0) be a finite equidimensional
map-germ. Then, every versal opening F : (R™,0) — (R"*¢,0) is injective.

Here, a map-germ is said to be injective if it has an injective representa-
tive.

3. Proof of Theorem 1

Let :f}l be the cofactor matrix of the Jacobian matrix Jf. Then, notice that
JfJf = |Jf|E, where E, is the n X n unit matrix. For any 1-form a =
Yoy aidx;, we have the following:

dxy df

\Jfla=(ar,...,an) JFIf | © | =(ar,...,a) Jf| | €Ty

This completes the proof. O
4. Proof of Theorem 2
4.1. The casen =1

Set 6 = dimg Q(f). In the case of n = 1, there exists a germ of diffeomorphism
h:(R,0) — (R,0) such that g(z) = f o h(z) = $2°. By [6], the ramification
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module of g can be described as follows.

Dgeeny =M, (0=1),
Ry =3 (L2%) e (6 =2),
<1,x4,x5>g*(51)
On the other hand, since |Jg|?(z) = 22?1 the following holds.
(D, (0=1),
<\Jg|2>(51 = (2 x3>51 (0 =2),
<x4,x5>gl (0 =3).

Thus, we have the following inclusion.
(I1gP), +g(€) DRy,

Combining this inclusion with Theorem 1, the following equality holds.
(1gl*), +9" (€)= Ry.

Since h is a germ of diffeomorphism, we have the following by the chain rule.

(1732),, = (9o mE), = b ({1772, ).
It follows
w ((1R),, + 7 () = b (Ry).

Hence, by pulling both sides back by (h’l)*, the desired equality can be
obtained as follows.

(I17), +f () =Ry.

4.2. The case n > 2

Again in this subsection, dimg Q(f) is denoted by ¢. The assumption § < 3
implies that f is of corank one. Since z* + tx (resp., :U3 + tr) is an R-
versal unfolding of %xQ (resp., %x‘?‘), it is deduced that there exist germs of
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diffeomorphism h, H : (R™,0) — (R",0) and a function-germ « : (R*~1,0) —
R such that

ofoh(x,)\l,...7)\n_1)

(527 + «
(%.%3—1—0[()\1,...,)\n_l)x,)\l,...,/\n_1> ((5:3),
where (z,A1,..., \,_1) is an element of R x R"! = R". Set g = Ho foh

and A = (A1,..., Ay—1). By [6], the ramification module of g can be described
as follows.

Ry = <1 1234+ 1a )\)x2> (6 =2),

(1, (0=1),

(UgP), =4 (+a@))s, — (G=2)

(@ + o)),  (0=3)

Since
(z+a(V))? = 2 (%ﬁ + a(/\)q:) + (a(V)?,
z(z+aN)? = 3 (é:ﬁ + %a()\)xQ) +a()) (%ﬁ + a(/\)x> ,
(x2 + oz()\))2 = 4 (ix‘l + ;a()\)xg) +(a(N)* and

x (xQ + oz()\))2 =5 (éx‘r’ + %oz()\)x?’) + a(N) (%xS + oe(/\)x> ,

the following holds.
(17gP), +9" (&) O Ry.

Combining this inclusion with Theorem 1, we have the following equality.

(1gI*), +97 (€)= Ry,
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Since h, H are germs of diffeomorphism, it follows the following.

(99P),, = (oo fomp), =n ((r2), )

Combining this property with two facts ¢*(&£,) = h*((Ho f)* (&)
=h*(f* (&) and Ry = Ruofon = h* (Ruos) = h* (Ry), we have

B (T P)e, + 1" (€a)) = " (Ry).

Therefore, also in this case, we have the following desired equality.

([JFP), + 17 (€)= Ry.

5. Examples of Theorems 1 and 2

All map-germs h; : (R, 0) — (R",0) and H; : (R"* 0) — (R"** 0) appear-
ing in this section are germs of diffeomorphism.

5.1. Fold singularity

Let f : (R%,0) — (R?,0) be the map-germ defined by f(z,y) = (322 + zy, y).
The map-germ f is A-equivalent to the map-germ named Type 2 in the list
of [14]. Tt is clear that |J f|(x,y) = x+y and dimg Q(f) = 2. Set py(z,y) = 1.
Then, by Theorem 1, the map-germ F : (R? 0) — (R3,0) defined by

Flay) = (f,y)m@g)l7fP ()

1 1 1
= (5952 + 2y, v, (x+y)2) = (5 (I+y)2 - 53/23 Y, (1:+y)2>

is a frontal. Set Hy(X,Y,Z) = (X —3Y?, Y, Z). Then,

HyoF(z,y) = (%(Hy)z, v, (w+y)2>-

Secondly, set hi(z,y) = (z —y,y) and Ho(X,Y,Z) = (2X, Y, Z — 2X).
Then,

H2OH1°FOh1(l"ay) = (I27 Y, 0) .

In Differential Geometry, the map-germ Hy o Hy o F'o hy is called the normal
form of fold singularity ([4]).
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5.2. Cuspidal edge

Not only in this subsection, but also until Subsection 5.4, we start from
the same map-germ f : (R?,0) — (R?,0) as in Subsection 5.1. Namely, in
this subsection, f is the map-germ defined by f(z,y) = (322 + 2y, y). Set
pi(z,y) = x. Then, by Theorem 1, the map-germ F : (R2 0) — (R30)
defined by

Fay) = (fy), m@ )l fP )
1

(29: +ay, y, @ (x+y)2>

1

(2 r+y)? ——y v, (x+y)3—y(x+y)2)
is a frontal. Set Hy(X,Y,Z) = (X — 3Y% Y, Z). Then,

1

HioF(z,y) = (—

2(33 +y)% y, (z+y)? —ylr+ y)2> )

Secondly, set hy(z,y) = (x —y,y) and Ho(X,Y,Z) = (2X, Y, Z — 2XY)).
Then,

H2 o Hl oFo hl(xay) = (xza Y, $3> )
well-known as the normal form of cuspidal edge (for instance, see [11]).
5.3. Folded umbrella (cuspidal crosscap)
As explained in the last subsection, in this subsection again, f : (R?,0) —

(R?,0) is the map-germ defined by f(z,y) = (32% + 2y, y). Set p1(z,y) = 2>
Then, by Theorem 1, the map-germ F : (R%,0) — (R3,0) defined by

Fa,y) = (f@y)m@y)lIfP@y)
1
= (M o)
1
<§x2 + xy, vy, o+ 2:1:3y + :1:2@/2)

is a frontal. Set Hy(X,Y,Z) = (X, Y, Z — X?). Then,

1 3 )
HyoF(x,y) = (51‘2 + xy, v, Zx4 + x5y> .
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Secondly, set hy(z,y) = (z, 3y). Then,

1 1 1 3 1
HyoFohy(x,y) = (5372 + 3% 5Y; 1354 + §x3y> .

Thirdly, set Hy(X,Y, Z) = (2X,2Y, 3Z). Then, we have

2
Hyo Hyo Fohy(z,y) = <x2 + xy, v, ot + §x3y> ,

called the normal form of folded umbrella (for instance, see [10]). A folded
umbrella is also called a cuspidal crosscap. As the normal form of cuspidal
crosscap, Some references adopt (z,y) — (2%, y, ¥3y) (for instance, see [5]).

Set ha(z,y) = (3(z — y),y) and
H3(X,Y, Z)
- (4 <X+ iw) Y, —6 <Z— (X+ iw)Z — % (X+ %W) y? — 1—161/4)).
Then, it is easily confirmed
HyoHyoHioFohyohs(z,y) = (:;:2, Y, x?’y) .
5.4. Open folded umbrella

As explained, we start from the same f : (R%0) — (R?0) as in Subsec-
tion 5.1. Thus, f is defined by f(z,y) = (32% + 2y, y) in this subsection. Sup-
pose that £ > 3 and set u1(z,y) = 22, po(z,y) = 2%|Jf|(z,y) and p;(x,y) =0
(3 < i < ¢). Then,

Fla,y) = (f@g)mlTfPy),. . nea,g)l TP (.y))

1
= (52 o v PP o0, 0)

1
= (212 + xy, ¥, o+ 2x3y + x2y2,
2° + 3zty + 323y? + 2%43,0, . .. ,O) .
Set

Hi(X,Y, Uy, Us, Us, ..., Up) = (X, Y, U — X2 Uy = YUy, Us,...,Up).



Jacobian-squared function-germs 723

Then,

1 3
HyoF(z,y) = <§x2+xy, Y, Zx‘l—i—x?’y, m5+2x4y+x3y2,0,...,0).

Set hi(z,y) = (z, 3y). Then,
Hyo Fohi(x,y)
= (%ﬁ + %xy, %y, %:ﬁl + %x?’y, 0+ :U4y + ix?’y% 0,... ,0) .
Nextly, set
Hy(X,Y,U1,Us,Us,....U)) = (X, Y, Uy, Up— YUy, Us,...,Up).
Then, we have
Hyo Hyo Fohy(z,y)

1 1 1 3 1 )
= (5552 + ixy, §y7 Zm‘l + §x3y, 0+ §m4y, 0,... ,O) .

Finally, set
4
H3(X,Y,Uq,Us,...,Up) = <2X, 2Y, gUl, Us,..., Ug) :
Then,
Hz o Hyo HyoFohy(z,y)
2 5
= <x2 + zy, vy, ot + éx?’y, z° + §x4y, 0,.. .,O) ,
called the normal form of open folded umbrella ([1, 10]).
5.5. Swallowtail

Let f: (R 0) — (R2,0) be the map-germ defined by f(z,y) = (%xd + zy, y).
The map-germ f is A-equivalent to the map-germ named Type 3 in the list of

[14]. Tt is clear that |Jf|(z,y) = 22 +y and dimg Q(f) = 3. Set p1(z,y) = 1.
We consider the map-germ F : (R% 0) — (R?,0) defined by

Fa,y) = (f@y)m@y)IfP )
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1
= (5303 +ay, y, (2° + y)2>
1
= (5553 +zy, y, ot + 22%y + y2) .

By Theorem 1, F' is a frontal. Set Hi(X, Y, Z) = (X, Y, Z —Y?),
Ho(X, Y, Z) = (—12X, 6Y, 3Z). Then,

Hyo Hyo F(z,y) = (—4x3 — 12zy, 6y, 3z* + 6x2y) :
Next, set hy(z, y) = (z, §y). Then,

Hyo HyoFohy(x, y) = (—4353 —2zy, y, 3zt + x2y> ,
well-known as the normal form of swallowtail (for instance see [3], page 129).
5.6. Open swallowtail
As in Subsection 5.5, let f : (R%,0) — (R?,0) be the map-germ defined by
f(z,y) = (32° + zy, y). Suppose that £ > 3 and set p1(z,y) = 1, po(z,y) =

zpui(x,y) =0 (3 < i </f). Let F: (R?0) — (R**,0) be the map-germ
defined by

Fay) = (Fy),mlTfP@y), . wl T y))

1
= <31‘3+$y, Y, (xQ +y)27 x(xQ +y)27 0770)

1
= <§x3+xy, Y, x4+2x2y—|—y2,x5+2x3y+xy2,07...,0>.
Set

H(X,Y,Uy,Us,Us, ..., Up) = (X, Y, Uy = Y?, Up = XY, Us,...,Up).

Then,

1 5
HyoF(x,y) = (3953 +zy, v, ot +22%y, 2° + §x3y, 0,.. .,O) .

Set hi(z,y) = (z, 3y). Then,

1. 1 1 2 5 .
HyoFohy(z,y) = <§x3+ gajy, gy, ot + §x2y x5+ §x3y, 0,...,0).
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Set Hy(X,Y,Un,...,Us) = (3X ,3Y, Uy,...,Us). Then,

2 )
Hyo HyoGohy(z,y) = (:cg—i—:vy, Y, m4+§m2y7m5—|—§x3y, O,...70>,

known as the normal form of open swallowtail ([10]).
5.7. Opening of 4; in the list of [14]

Let k be an integer greater than 1 and let fr 4 : (R?,0) — (R2,0) be the
map-germ defined by fi+(z,y) = (32 = zy*, y). The map-germ fj 1 is A-
equivalent to the map-germ named Type 4 in the list of [14]. It is clear that
|Jf|(x,y) = 22 & y* and dimg Q(f) = 3. Set pu1(z,y) = 1. We consider the
map-germ Fj, 1 : (R?,0) — (R?,0) defined by

Fra(@y) = (foale,y)m@y)lJfP(,))

1
(—xS Lay, y, (a® £ y’“)2>

3
1
= <§m3 + 2y, y, 2t £ 2028 + y2k> .
Theorem 1 guarantees that Fj 1 is a frontal. Set Hi(X, Y, Z) = (X, Y, Z —
YY) and Ho(X, Y, Z) = (6X, 6Y, 3Z). Then,

Hyo HyoFyy(x,y) = (2363 + 6zy*, 6y, 3z* + 6x2yk) )

Next, set hy(z, y) = (x ) and Hy(X, Y, Z) = (X, LY, Z). Then,

Y
Hsyo Hyo HyoFyyohy(x, y) = (2x3 + 2y, y, 32 + nyk) .

The form of Hs o Hy 0o Hy o F5_ o h; is exactly the same as the map-germ
called a double swallowtail given in [15].

5.8. A non-analytic example
Let ¢ : (R,0) — (R, 0) be a flat function-germ (i.e. j*°¢(0) = 0) and let f :
(R?,0) — (R?,0) be the map-germ defined by foo(z,y) = (32° £ 2¢(y), v).

It is clear that dimg Q(fs) = 3. Thus, by Theorem 2, the following equality
holds even for the fu.

(M fol?),, + 2 (&) = Ry
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Therefore, for any opening F : (R?,0) — (R2T*,0) of f, there exist germs
of diffeomorphisms A : (R%,0) — (R2,0), H : (R*** 0) — (R?>*%,0) and
function-germs g1, ..., pe : (R?,0) — R such that the following holds.

HoFoh= (fe, mlJfocl®, - s el fool?).
5.9. Ag-front singularity

Let k be an integer greater than 1 and let f; : (R*,0) — (R* 0) be the
map-germ defined as follows:

fe(z1, .. xE) = <k41_11’lf+1 + k: i 1x’f_1xg 4+ -+ TR, T, .. ,xk) )
The map-germ fj, is a generalization of f given in Subsection 5.5 because f,
is exactly the same as the f. The map-germ f; is well-known as the normal
form of corank-one isolated stable singularity (for instance, see [2, 13]). For
the fi, dimg Q(fx) = k + 1 and |J f3|?(1,0,...,0) = 2%,

From now on, suppose that k is greater than 2. Let p: (R",0) — R be a
function-germ. Since 2k — (k + 1) = k — 1 > 1, for the normal vector field v
of the frontal (fx, u|J fx|?), v(21,0,...,0) must be singular at the origin.

On the other hand, since f, is a polynomial map-germ of corank one, R,
can be described explicitly by [6]. In particular, there exists an opening Fj, of
fr whose normal vector field v is non-singular with respect to z1 (A concrete
construction of v can be found in [16]). Therefore, if £ > 3, it is impossible
to expect the converse of Theorem 1 for the frontal ﬁk.

Acknowledgement

The author would like to thank Goo Ishikawa for his helpful suggestions. This
work was supported by JSPS KAKENHI Grant Number 17K05245.

References

[1] V. I. ARNOL'D, Lagrangian manifold singularities, asymptotic rays
and the open swallowtail, Funct. Anal. Appl, 15 (1981), 235-
246. MR0639196

[2] V. I. ArRNOL'D, S. M. GUSEIN-ZADE and A. N. VARCHENKO, Sin-
gularities of Differentiable Maps I (Monographs in Mathematics 82)
(Birkhéuser, Boston, 1985). MRO777682


http://www.ams.org/mathscinet-getitem?mr=0639196
http://www.ams.org/mathscinet-getitem?mr=0777682

[3]

[4]

[12]

[13]

Jacobian-squared function-germs 727

J. W. BRUCE and P. J. GIBLIN, Curves and Singularities (second edi-
tion) (Cambridge University Press, Cambridge, 1992). MR1206472

S. Fuismvori, Y. W. KiMm, S.-E. KoH, W. RossMAN, H. SHIN, M.
UMEHARA, K. YAMADA and S.-D. YANG, Zero mean curvature surface
in Lorentz-Minkowski 3-space and 2-dimensional fluid mechanics, Math.
J. Okayama Univ., 57(2015), 173-200. MR3289302

S. Fuisimorl, K. Saji, M. UMEHARA and K. YAMADA, Singularities
of maximal surfaces, Math. Z., 259 (2008), 827-848. MR2403743

G. ISHIKAWA, Parametrization of a singular Lagrangian variety, Trans.
Amer. Math. Soc., 331-2 (1992), 787-798. MR1044961

G. IsHIKAWA, Parametrized Legendre and Lagrange wvarieties, Kodai
Math. J., 17-3 (1994), 442-451. MR1296914

G. IsHIKAWA, Symplectic and Lagrange stability of open Whitney um-
brellas, Invent. math., 126-2 (1996), 215-234. MR1411129

G. ISHIKAWA, Opening of differentiable map-germs and unfoldings, Top-
ics on real and complex singularities, 87-113 (World Sci. Publ., Hacken-
sack, NJ, 2014). MR3616642

G. ISHIKAWA, Singularities of frontals, (Adv. Stud. Pure Math. 78), 55—
106, Math. Soc. Japan, Tokyo, 2018.

M. KokuBU, W. RossMaN, K. SAJi, M. UMEHARA and K. YAMADA,
Singularities of flat fronts in hyperbolic space, Pacific J. Math., 221-2
(2005), 303-351. MR2196639

J. MATHER, Stability of C° mappings, 1II. Finitely determined
map-germs, Publ. Math. Inst. Hautes Etudes Sci. 35 (1969) 127-
156. MR0275459

J. MATHER, Stability of C* mappings, IV. Classg'ﬁcatz'on of stable map-
germs by R-algebras, Publ. Math. Inst. Hautes Etudes Sci., 37 (1970)
223-248. MR0275460

J. H. RIEGER, Families of maps from the plane to the plane, J. London
Math. Soc. 36 (1987) 351-369. MR0906153

K. Saji, M. UMEHARA and K. YAMADA, The geometry of fronts, An-
nals of Math., 169-2 (2009), 491-529. MR2480610

K. Sajy;, M. UMEHARA and K. YAMADA, Ay singularities of
wave fronts, Math. Proc. Cambridge Phil, Soc., 146-3 (2009), 731
746. MR2496355


http://www.ams.org/mathscinet-getitem?mr=1206472
http://www.ams.org/mathscinet-getitem?mr=3289302
http://www.ams.org/mathscinet-getitem?mr=2403743
http://www.ams.org/mathscinet-getitem?mr=1044961
http://www.ams.org/mathscinet-getitem?mr=1296914
http://www.ams.org/mathscinet-getitem?mr=1411129
http://www.ams.org/mathscinet-getitem?mr=3616642
http://www.ams.org/mathscinet-getitem?mr=2196639
http://www.ams.org/mathscinet-getitem?mr=0275459
http://www.ams.org/mathscinet-getitem?mr=0275460
http://www.ams.org/mathscinet-getitem?mr=0906153
http://www.ams.org/mathscinet-getitem?mr=2480610
http://www.ams.org/mathscinet-getitem?mr=2496355

728 Takashi Nishimura

[17] C. T. C. WALL, Finite determinacy of smooth map-germs, Bull. London
math. Soc., 13 (1981), 481-539. MR0634595

Takashi Nishimura

Research Institute of Environment and Information Sciences
Yokohama National University

Yokohama 240-8501

Japan

E-mail: nishimura-takashi-yx@ynu.jp


http://www.ams.org/mathscinet-getitem?mr=0634595
mailto:nishimura-takashi-yx@ynu.jp

	Introduction
	Preliminaries
	Theory of singularities of mappings
	Openings

	Proof of Theorem 1
	Proof of Theorem 2
	The case n=1
	The case n2

	Examples of Theorems 1 and 2
	Fold singularity
	Cuspidal edge
	Folded umbrella (cuspidal crosscap)
	Open folded umbrella
	Swallowtail
	Open swallowtail
	Opening of 4k in the list of rieger
	A non-analytic example
	Ak-front singularity

	Acknowledgement
	References

