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Orbital stability of solitary wave solutions of
Zakharov—Rubenchik equation®

X1a0oHuA Liu

Abstract: We study orbital stability of bell-shaped solitary wave
solutions of the Zakharov—Rubenchik equation for the interaction
of high—frequency and low—frequency waves in an arbitrary medium.
Our approach is based on the theories of orbital stability presented
by Grillakis, Shatah and Strauss, and relies on a reformulation of
the coupled equations in Hamiltonian form. We investigate stabil-
ity of solitary wave solutions by ascertaining the number of nega-
tive eigenvalues of the linear operator and the number of positive
eigenvalues of its Hessian of the scalar function.

Keywords: Solitary wave solution, undeterminded coefficient method,
orbital stability, the Zakharov—Rubenchik equation.

1. Introduction

The Zakharov equation [1] in a commonly form

@ {iBt+AB:Bp, reR' teR n>1

pit — Ap = A(’BP)

deduced by Zakharov, model the nonlinear interaction of high—frequency and
low—frequency waves in an arbitrary medium, where B denotes the slowly
varying envelope of high—frequency electic field, p denotes the low-frequency
variation of density of ions. Tsutsumi and Ozawa [2] investigated the local
well-posedness of equation (1.1). The more research about Zakharov equation
and their multiple variants were presented in the literatures [3, 4, 5, 6, 7, 8, 9].
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By a quantum fluid approach Garcia, Haas, and Oliveira et al. [8] obtained
the following modified Zakharov equation:

1By + sz - HQBmxxx =B )
(1.2) { ! P

Pt — Pzz + H2p;r:r:1:z = (|B|2)ZEI

You, Guo and Ning [3] proved the existence and uniqueness of solutions
to the initial boundary value problem for equation (1.2).

The one—dimension version of equation (1.1) is the following Zakharov—
Rubenchik equation [10]:

iBy +wByy = y(u— $p+q|B*)B,
(1.3) GPt + (U - Up):r = _7(‘3‘2)%
Oue + (Bp — vu)e = 3(1BI*)a,

where z, t € R, B is a complex—valued function, p and w are real-valued
functions, v, 5, ¢, w, v and 0 are real parameters and satisfy the conditions

that w > 0, vq <0, q=’y+ggg:%;, >0 and 3 # v

Setting u = 0, equation (1.3) become the Benny equation

iBy + Byy + eftvB + ¢|B|*?B = 0,
» { t fiB + B

ey + ey = f‘B‘i

The well-posedness of equation (1.4) has been studied in [11], and the
study of stability of solitary wave type solution of equation (1.4) in the case
where ¢ = 0 has been found in [12].

Oliveira [13] studied stability and existence of solitary wave solutions of
equation (1.3) for small enough positive 8, and he also proved the local and
global well-posedness for data in H?(R) x H*(R) x H'(R) by the ideas of
Tsutsumi and Ozawa [2]. Oliveira [14] investigated that the magnetic field
B of equation (1.3) converge point by point to a solution of the nonlinear
Schrodinger equation i By +w By, + %BPB = 0, in the case of adiabatic
limit § — 0. Ponce and Saut [15] studied the local well-posedness of multi—
dimensional version of equation (1.3). The numerical solution of equation (1.3)
has been considered in [16].

Setting

p =11+, u= /B — ),
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equation (1.3) become the following form:

iBt + wB:L‘l‘ = 7(\/_ - )B¢1 - 7(\/B+ %)B’Lﬂg + ﬁyq’BPBv

(1.5) O + (VB = 0)tore = 3 (=14 2=)(1BP).,

0ot — (VB 4 v)thar = 3(—1 — ﬁ)(\BP)x.

Linares and Matheus [17] proved that equation (1.5) was globally well-
posedness for data in H*(R) x H'(R) x H'(R)(0 < k < 1+ 4) with the help
of the methods presented by Colliander, Holmer and Tzirakis in [9]. To the
best of our knowledge, there is no references in the literature of the stability
of solitary wave solutions of equation (1.5) for any 6 > 0.

Our purpose is to investigate the orbital stability of solitary wave solutions
for equation (1.5). The rest of content is structured as follows, in Section 2,
we state the main result of the orbital stability of solitary wave solutions
of equation (1.5) for any positive 0, using the abstract theories of orbital
stability proposed by Grillakis, Shatah and Strauss [18, 19]. In Section 3, we
prove the stability. The main intermediate step is to determine the number
of negative eigenvalues of the linear operator H) . and the number of positive
eigenvalues of its Hessian of the scalar function d(\,¢) at ¢, which Hy . and
d(A, c) is denoted by (2.33) and (2.40), respectively.

2. The main result

In order to state the main result, we firstly study the exact solitary wave
solutions of equation (1.5).

2.1. The exact solitary wave solutions

By SubStitUting kl = \/B_ga k2 = \/B—’_%u k3 = \/B_va k4 = \/B—i_v? k5 =
-1+ ﬁ and k¢ =1+ ﬁ into equation (1.5), it can be rewrited as

iBy = —wByy + vk1 By — vk Bys + vq| B|*B,
(2.1) 01y = —kath1e + ks (| BI?)a,
0o = kathoe — Tke(|B|?)a-

B(z,t) = e” e =t p(z — ct),
P1(z,t) = d1(z —ct), Ya(x,t) = da(x —ct)
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be the solitary wave solutions of equation (2.1), where A, f, ¢ are real num-
bers, ¢, ¢1, ¢ are real functions. Substituting (2.2) into (2.1), we have the
following equations:

(2.3)
cfo+ Ao —icp = —we"” = 2iwfo’ +wfie+ yhipdr — ke + 1qp°,
—cO¢) = —ks¢| + vkspy,
— B¢y = kady — ko',

where the prime denotes the derivative with respect to x. In order to study
the exact solitary wave solutions of equation (2.1), we consider the exact
solutions of ordinary differential equation (2.3).

Firstly, by integrating the second and third equation of (2.3) with respect
to x from —oo to x, we obtain that

vks 2 ke 2
2.4 =—"" -
( ) (rbl 2(]{:3_69)()0 ) ¢2 2(k4+09)¢ )

in the above process of calculation, we use the boundary conditions: ¢, ¢
and ¢y — 0 as |z| — oco.

By calculating and simplifying the first equation of (2.3) with the help of
expressions (2.4), we have

(2.5) f=5-

and

(2.6) " +

where

272wk1k5 2")/271)]{12]{36
2.7 = — 4 .
(27) m ks — Oc ky + Oc A

Equation (2.6) is a second order ordinary differential equation, we can
convert it into the equivalent of planar dynamical system, by taking advantage
of the theories of qualitative analysis and method provided by Zhang [20, 21],
we can investigate many exact traveling wave solutions. In here, we mainly
consider the orbital stability of exact bell solitary wave solutions. By using
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the undeterminded coefficient method which has been presented by Zhang
[22], we may assume that equation (2.6) have solutions in the following form
Asech?(5x
2

(28) ple) = 4 4+ Bsech (2x)

+ D,

where A, B, D and r are undeterminded real parameters.
Substituting (2.8) and ¢”(x) into (2.6), we obtain the following algebraic
equations with respect to A, B, D and r:

D3 c+4w)\D:0

T 4w?
_ —2D2 C +4w/\ =0
(2.9) - ’
—2m DA — 3r? (2+B) =0,
— A% —8r — DA(2+ B)2% — %2+ B)? = 0.

We solve equations (2.9) by using Maple 10.0 and obtain that its solutions
are

[ e+ awx [8(c2 + 4w
(210) r=+ —617;”, Ao BEHAN p s poy,
w m

the solutions (2.10) of A, B, D and r are meaning in the case of m < 0, ¢® +
4w < 0.

We simplify expression (2.8) by using the solutions (2.10), and obtain the
following solutions of equation (2.6):

2 44 2 44
(2.11) /c + w/\ / c + w/\

In the above process of calculation, we use the property of sech(z) =
sech(—x). On the basis of expressions (2.4) and (2.5), along with solutions
(2.11) of equation (2.6), the exact solutions of ordinary differential equa-

tion (2.3) are:
o(z) = +4/ CQJrﬁAsech\/ ——CZI:;%”’\ (z),
(2.12) b1(w) = Lol TN gech? | [ EIA (),

a(x) = TG sech /=S @)
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where m < 0, ¢® + 4w\ < 0.

In according to the relationship between the exact solitary wave solutions
of equation (2.1) and exact solutions of ordinary differential equation (2.3),
We have result:

Theorem 2.1. If parameters m, ¢, A\, w satisfy m < 0, ¢ + 4w\ < 0, then
equation (2.1) has the solitary wave solution with the form (2.2), where f and
©, &1, ¢ denoted by (2.5) and (2.12) respectively.

In the following content, we study the orbital stability of solitary wave
solutions (2.2) of equation (2.1) for any 6 > 0 by employing the method
represented by Guo and Chen [23].

2.2. The orbital stability of solitary wave solutions

Setting B = Bj + iBy and rewriting equation (2.1), we have

By = —wBayy + Yk1y1 By — vkotpo By + vq(B3 + B3)Ba,
Bt = wB1zy — Yk111 By + vkatha By — yq(B? + B3) B,
e = Ykyths + 2ha(B2 4 B,

Yo = £katps — Lko(B} + B3],

(2.13)

Assuming that
(214) U= (Bh B27 Q/Jh ¢2)T7

where .7 denotes the column vector. Let X = H'(R)x H'(R) x L?(R) x L*(R)
with the inner product

(2.15) (f,9) = /R(flgl + f12912 + f292 + fo2920 + [393 + faga)dx,

where f: (f1, for f3, [T, G= (91, 92, 93, g4)T in X. The dual space X* =
H YR) x HY(R) x L*(R) x L?(R), a natural isomorphism [ : X — X*
denoted by

(2.16) (11.9) = (1.9).

with < j§)> = [p(Xis1 figi)da.
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According to (2.15) and (2.16), we have

1— 0 0 0 0
0 1-0, 0 0
(2.17) I=
0 0 1 0
0 0 1

Let T, T5 one-parameter group of unitary operators on X, and

(2.18) Ti(s))u() =u(- —s1), for u(-)e X, s €R,
cossy sinsy 0 0 B;
. —sinsy cossy O 0 B
(2.19) Ti(so)u(") = :
0 0 1 0 Un
0 0 0 1 (I

for u(-)eX,s2€R

We derivative (2.18) and (2.19) with respect to s1, sa, respectively, and
have

(2.20)
-0, 0 0 0 0 1 0 O
o] " 9, 0 0 B | 1000
o0 e, 0 |0 R Lo o000
0 0 0 =0 0 0 0 O
Letting
(2.21)
- c o c
Baelr) = (onele)cos o prela)sin oo, Guae). dmela) )

In the light of definitions (2.18) and (2.19) of T, T», comparing (2.21)
with (2.12), we find that T} (Ct)TQ()\t)(f))\yc(l’) is the solitary wave solution of
equation (2.13). Next we need the following definition of orbital stability of
solitary wave solutions:

Definition 2.2. [17] The solitary wave solution T} (ct)Tg()\t)é),\yc(:c) is or-
bitally stable: if for all € > 0, there exists § > 0, with the following property:
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if || @ — @ ||x< & and @(t) is a solution of (2.13) in some interval [0, to)
with @(0) = o, then @(t) can be continued to a solution in 0 < ¢ < +o0, and

f inf T1(51)To(s2)® [|x< e
ot S I TE) ~ T o) Te(22) I

Otherwise, T} (ct)Ta(At)® Ac(2) is called orbitally unstable.

The above definition can also be found in [22]. We can rewrite equa-
tion (2.13) as the following Hamiltonian system with the form

(2.22) 2—1; = J E(u),
where 4 denoted by (2.14),
0 1
-1 0 0
(2.23) =1, so, o |
00 0 {50,
and

E(d) = [p[%(B}, + B3,) + $k1¢1(B} + B3) — 3kats (B} + B3)
+9(B? + B3)? - Glay? + Skt de,

E'(@) is the Fréchet derivative of E(«).
FE is invariant under T4, T5, that is

(2.25) E(Ty(s1)T5(s2)u) = E(1), for s1, sse Riue X

and for t € R, E(u(t)) = E(4(0)) under the flow @ of equation (2.13).
Let be

0 0 O 0

1000
-0, 0 0 0 01 0 0
=1 g o —em and - Fa=19 900 |
0 0 o -t 000 0

By (2.20) and (2.23), we have

T/(0) = JFy, T5(0) = JF.
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Introducing the functional

1,1 Ok Ok
(2.26) Q1(u) = 5 (M, @) = 5 / [Blez — ByBy, — -t — 2 %] dx
2 2 Jr ks ke
and
A R | 0 o
(2.27) Qu(id) = = (Fyi, if) = —/ (B + B3) da.
2 2 Jr

From (2.18) and (2.19), we obtain that @1, Q2 are also invariant under
Tl; T27

Q1(T1(s1)Ta(s2)u
Qa(T1(s1)Ta(s2)d

Q1 (1),

for sy, sse R,ue X

Q2(10),

~—

(2.28)

~

@1, Q2 are conserved under the flow # of equation (2.13), namely

(2.29) Q1(u(t)) = Q1(u(0)),  Q2(i(t)) = Q2(u(0)), t € R
By (2.24), we obtain the Fréchet derivatives E’'(@) of E(#), that is

—wB\ae + k11 By — Yhatha By + vqB1 (B} + B3)
—wBagy + Yk191 By — Ykt By + By (B} + B3)
1k (B} + B3) — Blsy,) ’
—3ko(B} + B3) + Kk

(2.30) E'(@) =

According to (2.26) and (2.27), we have the Fréchet derivatives Q1 o(%)
Of Q1’2<ﬁ)2

BQm B;
—Bis B
(2.31) Q' () = , pa)y =
! —%7/11 ? 0
Oko
_k_6w2 0

By (2.13), (2.21), (2.30) and (2.31), after simply calculation, we get

(2.32) E'(Bre) — cQ)(Pre) — AQ(Pre) = 0.
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In order to discuss the stability, we need the linear operator H)y . from X
to X*, denoted by

(2.33) Hye = E"(®yc) — cQY(Prc) — AQ5(Prc)-
Noting that ¢ = pre, d1 = @1re, P2 = Pax, then
(2.34)
L + vyqp® cos oz yqp? sin cx—cOy 7kipcosszx —vkapcoss-x
o vqp® sin cx+cld, L— vqp* cos cx  vYkipsingox —vkapsing-x
Ae vk1pcos 5= Ykipsin 5z %(c@ — k3) 0 ’
—vk2p cos 5= —vk2psin 5= 0 ’;—2 (cO + ka)

where L = —w0,, + Yk101 — Ykatda — X + 27qp?.

It is easy to test that H). is a self-adjoint operator in the sense that
Hj{’c = H) .. This means that ]71H>\,c is a bounded operator. The spectrum
of Hj . consists of the real numbers p such that Hy . — pf is irreversible.

By (2.20), (2.21), (2.34) and (2.32), we have

(2.35) H o(T}(0)®yo(x)) = 0, H o(T3(0)®(2)) = 0,

so we claim that A = 0 belongs to the spectrum of Hy . and T}(0)®y (),

T3(0)® () are the corresponding eigenvectors with eigenvalue zero.
Denoted by

(2.36) Z = {mT{(0)Bxr(x) + haT3(0)Brc(x) | hu,hs € R}

It follows (2.35) that Z is included in the kernel of H) .
Lemma 2.3. (Spectral decomposition of Hy.) For any 6 > 0, if the wave

velocity ¢ satisfies 7\/9571) <c< @71}7 then the space X is decomposed as a
direct sum
(2.37) X=N+Z+P,

where Z is defined by (2.36), N is a finite-dimensional subspace such that
(2.38) (Hy o, @) <0, for 0#£ueN,
and P is a closed subspace such that

(2.39) (Hy o0, @) > 6 || 4 ||%, for @€ P,
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with some constant 6 > 0 which is independent of u.

In Section 3, we prove Lemma 2.3. Let d(\,¢) : R x R — R be

(2.40) d(X ) = E(Py.) — cQ1(Prc) — AQa(Prc)
and d”(\, ¢) be the Hessian matrix of function d(J, c).

Lemma 2.4. [15] For any (B, Bao, b10, ¢20, ) € H' 2 (R) x H™"2(R) x
HYR) x HY(R), 1 > L, there exists a unique function B : [0, T] x R — C
satisfying (2.13) such that @ € X for all T > 0.

Lemma 2.5. For w > 0, m < 0, if parameters c, \, w satisfy ¢* + 4w\ < 0,
then p(d") = n(Hx.), where n(Hy.) denotes the number of negative eigen-
values of Hy ., p(d") denotes the number of positive eigenvalues for Hessian
matriz d” at (A, c).

The proof of p(d”) = n(H) ) has been given in Section 3.
We give the main results in the following theorem.

Theorem 2.6. Under the condition of Theorem 2.1, if for any 0 > 0, the

#<c<\/§7

wave velocity ¢ satisfying — 7 Y and w > 0, then the solitary
wave solutions Tl(ct)Tg(/\t)@’)\’C(x) of (2.13) with the expression (2.2), (2.5)
and (2.12) are orbitally stable.

Proof. According to Lemma 2.3 and p(d”) = n(Hx ), along with theorem 4.1
of [18], we know that the result is right. O

3. The proof of lemma

In this section, we prove the stability of solitary wave solutions of equa-
tion (2.13). The main intermediate step is to determine the number of negative
eigenvalues of the linear operator H) . and the number of positive eigenvalues
of the Hessian of scalar function d(A, ¢).

3.1. The proof of Lemma 2.3

In this content, we consider the spectrum of the linear operator (2.33). Firstly,
let

cos5-r —sing-r 0 0 Y1

(3.1) 1;: sin ﬁx cos ﬁx 0 0 Y2 ’
0 0 10 Y3
0 0 0 1 Ya
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and

7= (y1, Y2, y3, ya)* € X.

Obviously, <z/7, ’lE> = (¥, 1), by (2.34) we have
(3.2)

o 2
<H,\,c?ﬁ, 1/)> = (Liyr, v1) + (Laya, y2) + [ (0 — ks) [ys + 9ka5 90?/1} dx

B2 (0 + y) [y — 72 oy | d
+fR ke( c+ 4) Y4 90+k4()0y1 xz,

where

A+ Dw 3m LQZ_wam_CQ—i—ZL/\w moo

3.3) L1 = —wO0yp— _
( ) 1 WOy dw 4w90> 4w 471)()0

By the Wely theorem and the solitary wave solutions (2.12), the essential
spectrum of L1, Lo, denoted by

(34) Uess(Ll) = Uess(LQ) = aw

2+ 4w )
4.

By (2.3), (2.5), (2.7) and (2.32),(3.3), we get
(35) ngox = 0, LQQO =0.

By the Strum-Liouville theorem and the fact that ¢, has simple zero at
x = 0, we can deduce that zero is the second eigenvalue of L; which only
owns one negative eigenvalue denoted by —o?, the corresponding eigenvector
denoted by x1, that is

(3.6) Lixi = —0°x1, (x1: x1) = 1.

Zero is also the simple eigenvalue of Ly. From (3.3),(3.4) and (3.5), we
obtain the following two lemmas.

Lemma 3.1. For any real function y, € HY(R), satisfying (y1, x1) =
(y1, pz) = 0, then there exists a positive constant 61 such that

(3.7) (Bayr, y1) > 6 o 7 -

Lemma 3.2. For any real function yo € HY(R), satisfying (yo, ©) = 0, there
exists a positive constant do such that

(3.8) (Laya, y2) > 02 || v |31 -
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Let be

_ _ _ ks - k
Yr = X1, Yo =0, y3 = —55-0X1, Vi = g PX1

(3.9) LR
VT =Y, Yo Y3 Ya )

By using (3.2), we have

(3.10) <H/\,cz/77> 1;7> = (Lix1, x1) = =0 {x1, x1) < 0.

Assuming that
(3.11)

Z:{h11/701+h21,502 | h1>h2€R}a NZ{W;’}ZGR},
P = {ﬁe X ‘ ﬁ: (p17 D2, P3, p4)T}7 <p17 X1> = <p17 (Px> = <p17 (10> =0.

On the base of (3.10), (3.11), (2.38) is correct.

For u = (yla Y2, Ys, y4)T S X7 let be a = <y17 X1>7 bl - %’ b2 -
<<“:; y;;, then @ can only expressed as

(3.12) i =a” +bifor + bobor + 5, PFEP.

So the decompose expression (2.37) for direct sum of space X holds.

Lemma 3.3. For any 6 > 0, the wave velocity ¢ satisfying _\/f_v <c<

\/E—’U

o there exists constant 43 > 0 such that

(3.13) (Hxep, ) 2 05 || 7'l x

where 03 > 0 is independent of p, P € P denoted by (3.11).

Proof. For p'€ P, by (3.2) and (3.11), we have
(3.14)

2
(Hof, ) = 00 || o1 I, +02 1 po 3, +82(0c = ks) f [ps + 525 0m | do

ko ke 2
+12(0c+ ka) [ [p4 - m‘ﬁpl} dx,

By B < 0,2 < 0and Y < ¢ < VI then B(ge — k) > 0, £2(0c +
k4) > 0. We discuss that the sign of expression (3.14) in the following content:

Case 1 if || p3 ||2.> P kEM

@erorz || p1 (72, then
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(3.15)
2 2
B (0c — ks) [ [ps + i om | dx > §(0c — k) |[pslls — 22t (o1 |2

2k Oc—k3)?k
> k1(6c — k) || ps 3 — 2ol CoobMh || py 130= £ (Be — ks) | ps I3

. Ay2k2M
Case 2 if || p3 [|3.< (elkisykﬁ | p1 [|72, then

Oc—k3)“k
(3.16) o1l o1 B> 5 1o 130+ S s 12
A 2k2
Case 3 if || pa [|3.> % | p1 [|72, then

(3.17)
2 2
B2(0c + ka) [ [pa — siiseom | dw > 82(0c + ka) || pall3e — 255 |Ip1 112

272ke M (Bc+ka)’k
;?2(90+ ka) |l pa |72 — (92+ki)k2 (4672;:2)1\42 | pa |172= gkﬁ 2 (0c+ky) || pa |32 -

. 4v2 k2 M
Case 4 if || p4 ||%2§ (ezug—fykg | p1 ||2L2, then
Oc+ka)?k
(3.18) o o 130> 5 1o 30 +3 S [ pa 12,

where M =| ¢ |2,. Let

o= min{ﬁ(ﬁc— k3), QW},

2ks 2 APREM
(3.19) :
_ : k S5 (06+k4)2k2
5 = mln{ﬁ(&—i— ky), éW} :

It follows (3.14)—(3.19) that

(Hxel, 2) = % [ 1 3, +02 || p2 I, +07 103 172 +85 | pa |72,
then
(3.20) (Hxep, P) = 63 |1 7' llx,
where d3 = min {%1, da, 0, 55} be independent of p.

Using (3.10), (3.12) and (3.20), we establish the proof of Lemma 2.3 and
71(}JA,C) =1. ]
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3.2. The proof of Lemma 2.5

By (2.40), we have

(3.21) dy = —Qa(Bh), de=—Q1(Pyc).

According to (2.12), (2.21), (2.26), (2.27) and (3.21), after the simple
calculation, we obtain

(3.22)
1 41 4\

dy = — (Bl+32)d— C+ w/ \/710 :_<0
2

and

(3.23) d, = -2 Yo *0kiks(—c® — dwd) | yor Okake(—c? — dw))

2wm 3m?2(ks — 6c)? 3m?2(ky + 6c)? ’

where yo = \/—4w?(c? + 4 \w). Further more, by (3.22) and w > 0 we have

Sw?
(3.24) dyy=—""->0
mYo
and
4ew? _ 2yyo
(325) d)\c - - 9
myo m
— 02wk ks 02wk k
where y = ('237“_“92)2 (zﬁei)’?'
By (3.23) we have
(3.26) doy = die
and
d. — Yo _ 2w’ cyoy  cy*Okiksyo + 4720% k1 ksyo(—c® —4w))
¢ T 2mw myo wm? m?(kz—c)? 3m?(kz—c0)?
(3 27) _4"/29k1k5y0(—c2—4w)\) - cv20kakeyo . 47260% ko keyo (—c? —4dw)
: 3m3(ks—ch)? m?2(ka+c)? 3m?2(ka+c)?

4y 0kakeyo(—c2—dw)) -
3m3(katcd) I

By (3.24)-(3.27), we get
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(3.28)
det(d”) = dAAdcc - d}\chA

dw? 16w?(—c? —4w)) —92 o 32w302~2 k1 ks (—c? —4w)) + 32w30%4% koke (—c? —4w))
m?2 3m4 Y 3m3 (ks —ch)? 3m3 (ka+ch)? )

According to m < 0, kiks < 0, kokg > 0, —c? — 4w > 0 and (3.28), after
simple analyzing, we have

(3.29) det(d") < 0.

From (3.22), (3.24) and (3.29), we obtain that d” only owns one positive
eigenvalue and one negative eigenvalue. by using n(Hy ) = 1 which has been
proved in Section 3.1, we get

(3.30) p(d") =n(Hy.) =1.
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